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Abstract— Motion planning for systems with constraints on
controls or the need for relatively straight paths for real-time
actions presents challenges for modern planners. This paper
presentsan approach which addressesthese types of systems
by building on existing motion planning approaches.Guided
Expansive SpacesTreesare intr oduced to search for a low cost
and relatively straight path in a spacewith motion constraints.
Path Gradient Descent, which builds on the idea of Elastic
Strips, �nds the locally optimal path for an existing path. These
techniquesare testedon simulations of rendezvous and docking
of the spaceshuttle to the Inter national SpaceStation and of a
4-foot fan-controlled blimp in a factory setting.

I . INTRODUCTION

The need for autonomousservice of satellites and au-
tonomousmaintenanceof theInternationalSpaceStation(ISS)
requiresreal-time obstacleavoidance.Advancedtechnology
programssuchas the DARPA Orbital Expressprogram[18]
arenow underway to demonstratethevarioustechnologiesre-
quiredto achieveautonomousin-orbit servicingcapability. The
rendezvous control problemhas beenextensively researched
[13], [10].

Likewise, control of an autonomousagent,suchasa small
fan-controlledblimp, in a factory-type setting requires the
planning of relatively straight and ef�cient paths.Obstacles
needto be avoidedandthe pathshouldnot wander. Modeling
the motion of andcontrolling small blimps hasalsobeenthe
focusof several researchstudies[11], [2].

This paperpresentsa pathplanningalgorithmfor handling
suchsystems.We test our algorithm by �nding fuel-ef�cient
pathsto dock the spaceshuttleto the ISS amidsta shower of
realisticallymoving asteroidsaswell ason a blimp ef�ciently
maneuvering througha factoryhall mazedwith pipes.

The initial phaseof the algorithm �nds an ef�cient path
usingguidedExpansive SpacesTrees(guidedESTs)to focus
a randomizedsearchon the low cost region while expanding
a tree similar to ESTs [9], [8], a probabilistic sample-based
searchtechnique[12], [16]. Our methodgenerateswaypoints
by probabilistically branchingoff of existing waypoints. It
weightseachwaypointbasedon,not only thenumberof close
waypoints,but alsotheestimatedtotal cost(A* cost)of going
through that waypoint on a path to the goal. This not only
focusesthe searchtowardsthe goal,but it greatlyreducesthe
numberof waypointsrejectedfrom having too high cost.

The secondphaseof the algorithmre�nes the existing path
accordingto a cost function by following the gradientof the

path.This pathgradientdescenttechniqueis similar to work
on Elastic Strips [17], [4], [15], but doesnot enforceelastic
propertiesof thepath,anunrealisticconstraintin thissituation,
andtakesmorerobustprecautionsin repellingfrom obstacles.

Therehasbeena long historyof sample-basedprobabilistic
path planning methods.Somebuild a roadmap(a graph) in
the con�guration space[12], [3] andsomeconstructtreesfor
single queries[9], [16]. However, for the particular classof
problemswe address,none of the existing techniquesmet
our demandsas well as the method presentedhere. The
existing techniquesexpansionpropertieswere important for
robustly �nding paths, but the problems we addressalso
require the pathsgeneratedto obey certain cost constraints
andberelatively straight.This work providesfurtherevidence
that theway samplingis doneandsensitivity of suchschemes
to distancemetricsis far from solved.

SectionII givesa brief backgroundin kinodynamicmotion.
SectionIII outlinestheguidedESTalgorithm,andIV outlines
thepathgradientdescentalgorithm.SectionV summarizesour
setof experiments.And VI concludesthe paperand looks at
future directionsof this research.

I I . KINODYNAMIC MOTION

Kinodynamic motion planning [16] performs in a state
space.A stateis de�ned by a static representation(position,
orientation,andotherstatevariables)of an object,derivatives
of that representationw.r.t. time, and time. Herewe consider
two modeledsystems.

Orbital dynamics for rendezvous and docking problems
canbe effectively modeledwith the Clohessy-Wiltshire (CW)
equations(1) [6], which are a linear function of changein
time, t, andorbital rate,n. Theseequationsallow the system
to be plannedrelative to the target vehicle,insteadof relative
to the earth.For small changesin altitude,orbital rate,n, can
be modeledasconstant.
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Orientationandangularratecansimilarly be modeledwith

a setof linear functionsof time. Controlscanbe modeledas
instantaneouschangesin velocity or rate,resultingfrom short
jet �rings.



The model for blimp motion maneuvering in a factory
setting is very similar to differential drive motion [1]. The
blimp modeledin the paperhasthreeindependentfans,used
for control.The�rst two fansfacealongthemainforwardaxis
of the blimp andareseparatedby a distancel . The weight of
the central control box prevents nonzeropitch and roll, but
yaw canbe controlledby the differencein the controlsof the
�rst two fans:u1 andu2.

q̈ = u1� u2
l

�q f = �qi +
u1� u2

l t
q f = qi + �qit + 1

2( u1� u2
l )t2

(2)

The horizontalaccelerationcanthenbe written:

ẍ = (u1 + u2) cos(qi + �qit + 1
2( u1� u2

l )t2)
ÿ = (u1 + u2) sin(qi + �qit + 1

2( u1� u2
l )t2)

(3)

The control for the third fan, u3, determinesvertical dis-
placementandcanbe modeledindependentlyof the �rst two
controls.A dampingterm, W, is added:

z̈= u3
�zf = ( �zi + u3t)(1� W)
zf = zi + ( 2� W

2 ) �zit + 1
2(1� W)u3t2

(4)

Verticaldisplacementandyaw canthusbedescribedexplic-
itly, but theequationsfor thehorizontaldisplacementhave no
closedform and their Taylor approximationis insuf�ciently
accurate.Thushorizontaldisplacementandvelocity is calcu-
latedusingRunga-Kutta 3/8, which also takes linear velocity
dampinginto effect. Constantcontrol is assumedover a time
step. Only reasonablyvalued controls are consideredand
maximumvalueson angularrateandvelocity areenforced.

I I I . GUIDED EXPANSIVE SEARCH TREES

Guided EST is a variation of conventional probabilistic
path planning strategies: PRM [12], RRT [16], and most
similarly EST [9], [8]. Guided ESTs have advantagesover
the conventionaltechniqueswhenthe statespaceis governed
by higher dimensional kinodynamic constraintsand when
minimizing the control cost of the entire path is important.
GuidedESTsborrow from conventionalexpansiontechniques
for robustnessin �nding paths,andalsousepathcoststatistics
to guidethe tree in the window of acceptablylow-costpaths.

Conventionalprobabilisticpathplanningalgorithmsrely on
a metric to determinewhethertwo con�gurationsare“close.”
But in kinodynamicstatespaces,it is not obvious when two
con�gurationsshouldbe considered“close.” Often a 1-norm
or weighted1-normof the vectorof the con�guration is used
in a kd-tree [7], or a RangeTree [7], or only the 1-norm
of the static representationis used, ignoring the derivatives
and time. These techniquesdo not necessarilyaccurately
representthe reachability of the con�guration–the intended
reasonfor the metric. For instance,two con�gurationswhich
are “close” basedon a 1-norm metric will likely not be able
to reachone anotherwith a reasonablecost. Guided ESTs
addresssomeof theseconcerns.

A. GuidedESTAlgorithm

The basicalgorithm is the sameas the EST [9] algorithm,
except that the weighting function is changed.The pseudo
codebelow outlinesthealgorithm.At eachiteration,an exist-
ing waypoint–acon�guration in the statespace–ischosenat
randomfrom a distribution,basedon its weight.Thewaypoint
is then expandedby applying a randomly chosencontrol to
producea new waypoint after somechosentime step.If the
edgeis in collision or if the new waypointviolatesa velocity
or rate constraint,then it is discarded.Valid waypointsare
addedto the treeandareassigneda weight. Then if the new
waypointcanconnectto the goal, the path is returned.

Algorithm 1 GuidedESTs
1: for i = 0 to N do
2: p = choosewaypoint()
3: n = expandwaypoint(p)
4: if (n is not valid) : continue
5: add to tree(p,n)
6: assignweight(n);
7: if (n connectsto goal) : return add to tree(n,goal)
8: end for

The weighting function for the EST algorithm only looks
at the numberof neighbors(# neighbors) within a range:

weight =
1

#neighbors
(5)

The guided EST algorithm differs in that it additionally
takes into accountthe out-degree, numberof out-goingedges
from the waypoint; the order of the waypoint, how recently
it was created;and the A* cost, estimatedtotal cost to the
goal computedasthesumof thecontrol requiredto reachthe
waypointfrom theroot andtheestimatedcontrolcostto reach
the goal. Thesestatisticsaretaken to the power, a , b , g, and
d, respectively.

weight =
(order)g

(#neighbors)a � (out� degree)b � (A� cost)d
(6)

The out-degree term preventsa highly weightedwaypoint
from being expandedtoo many times. This is incremented
even if the expanded-towaypoint is not valid. The A* cost
termfocusesthesearchtowardsthegoalandpreventsthe tree
from often expandinghigh cost waypointswhich alreadyare
likely to expandinto waypointswhichviolateavelocityor rate
constraint.Theorder term,like thenumberof neighborsterm,
tends to keep the tree expandingon the frontier. For some
extremely high dimensionalproblems[14] when proximity
queriesareunrealizablebecauseit is too expensive or no good
metricexists,thealgorithmcanstill beeffectiveafterdropping
the numberof neighborsterm from (6). However, if a good
metric andway to ef�ciently performproximity queriesexist,
thenusing the numberof neighborsis more robust.



In Figure1 the way the guidedEST algorithmfocusesthe
search(on the right) is comparedto EST (on the left). Note
how guidedEST�nds thegoalwith muchlessspacesearched.

Fig. 1. 2D EST andguidedEST : darker edgescreated�rst

B. Proximity Queries

Thepurposeof usingthenumberof neighboringwaypoints
in the weighting function is to bias the searchtowards ex-
pandingon the frontier. So, whethertwo waypointsareclose
should be de�ned basedon the control cost betweenthe
two con�gurations. This indicateshow likely one waypoint
is to expand into the region of the other. Conventionaldata
structuresfor quick proximity queries,kd-trees[7] andRange
Trees [7], can not handle such a distancefunction. Metric
Trees [5], however, can make proximity queriesef�ciently
with an arbitrary metric. Unfortunately, control cost is not a
metricbecauseit violatessymmetryandthetriangleinequality.
In fact, Metric Treesonly returnedbetween70% and 100%
of the data within a range on random inputs, substituting
control cost as the metric. However, the missing neighbors
did not seemto qualitatively effect the tree expansionin a
3D visualizeranddid not seemto performany differentwith
the samenumber of waypoints comparedto a brute force
approach.

Experimentallywe foundthatmetric treesneededrebalanc-
ing often,causingtheir amortizedquerytime to be slow. This
problemcanbealleviatedandquerytime reducedby building
severalmetric treesindexedby differenttime ranges.Because
waypointsarelimited to only expandingwithin a limited time
frame, only neighborswithin a limited time range need to
be consideredandthusa limited numberof our time-indexed
Metric Trees.This also reducesthe amount of rebalancing
becausethe centerof massof a Metric Treewithin a limited
time rangetendsto drift less.Time-indexedMetric Treeswith
a costdistancefunction areusedfor all experimentalresults.

IV. PATH GRADIENT DESCENT

Although guidedESTsproducecost-constrainedpaths,ap-
plications such as the spaceshuttle docking on the space
stationwant to minimize the cost function. Preexisting paths
can be re�ned to obtain lower cost pathsby calculatingand
following thegradientof thecostfunction.An entirepathhas
many variablesoverwhich to minimize,but by analyzingeach
waypointon thepathindividually andincrementallyfollowing
that waypoint's gradient,the approachbecomesmanageable.

A. Path Representation

A path is stored as an array of waypoints, the controls
applied to them, and the time betweencontrols. Figure 2
shows a cartoon of a path segment where the circles are
waypoints,wp, the solid lines, u, are impulsive controls in-
stantaneouslychangingthederivative partof thecon�guration
at thewaypoint,andthe dottedlines arethe integrationof the
changeof con�guration over time. Alternatively, the controls
andtheintegratedpathcanbecombinedfor continuouscontrol
systems,suchas for a blimp.

Fig. 2. Path segment

B. Path CostFunction

The cost function (7) which favors pathsa safe distance
from obstaclesand low control cost is the sum of a term to
penalizebeingnearobstaclesanda term to penalizefor high
control cost.The cost function canbe written in termsof the
controlsappliedandelapsedtime and its gradientis taken in
termsof the control.

costwpi+ 1(ui) =
avoid(obstacles;wpi+ 1(ui))
+ control(ui)

(7)

In the casewherethe propagationequationsarelinear, like
theCW equations[6], thecontrolcostpartof thefunctioncan
be calculatedexplicitly. An arbitrarysetof linear equationsf
which propagatea kinodynamic con�guration forward as a
function of time, canbe written generically:

�
xf
�xf

�
=

�
f 11 f 12
f 21 f 22

� �
xi
�xi

�
(8)

The control function takes into accountthe control applied
at the particular waypoint and at its neighboringwaypoints.
Considerthewaypointlabeledwpi+ 1 in Figure2. Whenwpi+ 1
is perturbed,thecontrolsui , ui+ 1, ui+ 2 mustbealtered.ui will
determinethe valueof wpi+ 1, then ui+ 1 can be solved for to
extend wpi+ 1 to reachthe position at wpi+ 2 and ui+ 2 can be
solvedfor to appropriatelyadjustthederivative partof wpi+ 2:

ui+ 1 = f � 1
12 (xi+ 2 � f 11xi+ 1) � �xi+ 1

xi+ 1 = f 11xi + f 12( �xi + ui)
�xi+ 1 = f 21xi + f 22( �xi + ui)

ui+ 2 = �xi+ 2 + ui+ 20� f 21xi+ 1 � f 22( �xi+ 1 + ui+ 1):

(9)

ui+ 20is the original valueof the third control.
The avoid function is illustrated in Figure 3. Previous

work in deforming paths [17], [4] propelledobstaclesfrom
waypointsandalso put an elasticforce on the pathsegments



Fig. 3. Graphicalrepresentationof obstacleavoidancefunction calculation.
c1c2 andc2c3 arepathsegments.A andB areobstacles.

betweenwaypoints to prevent the path from stretchingtoo
far. By ensuring that the obstaclesremain outside an e-
ball surroundingeach waypoint and ensuringthat the path
remainedwithin this seriesof e-balls, no collision will occur.
However, the elasticity of the path hasno direct meaningin
our cost function and shouldbe avoided.Without the elastic
term,if anobstacleis closeto thepathbetweentwo waypoints
and aboutequidistantfrom both waypoints,the cost gradient
will force the waypointsapart,but not dramaticallyincrease
the actualpathclearancefrom the obstacle.

Our solutionsimpli�es thepathto a seriesof line segments
betweenwaypoints(c1c2 and c2c3 in Figure 3), and propels
obstacles(A and B in Figure 3) from the line segments.By
guaranteeingthe actualpath stayswithin somed-distanceof
the line segment and that the obstaclesstay further than d
from the line segment,it canguaranteeno collisions.

In this approachthe waypoint only has a repelling cost
on the obstacleif the edge's closestpoint to the obstacleis
betweenthe waypoints (Region A in Figure 3), or if both
edgeswould have their closestpoint to the obstacleif they
wereextendedpastthewaypoint(RegionB in Figure3). These
regionscanbeeasilycalculatedwith dotproductsovervectors.
In Equation(10) �!v is a vectorandu is a unit vector.

� � � � � !
dis1(c2) =

�� � � �!
(c2 � A) � (

�� � � �!
(c2 � A) � (c2 � c1)) (c2 � A)

� � � � � !
dis2(c2) =

�� � � �!
(c2 � A) � (

�� � � �!
(c2 � A) � (c2 � c3)) (c2 � A)

� � � � � !
dis3(c2) =

�� � � �!
(c2 � B) � (

�� � � �!
(c2 � B) � (c1 � c2)) (c2 � B)+

�� � � �!
(c2 � B) � (

�� � � �!
(c2 � B) � (c3 � c2)) (c2 � B)

� � � � � !
grad(c2) = 5 1

� � � � � !
dis1(c2)2

+ 5 1
�� � � � !
dis2(c2)2

+ 5 1
�� � � � !
dis3(c2)2

(10)

C. Algorithm

To minimize the cost of the path, the gradientdirectionof
eachwaypoint is independentlycalculated,with its neighbors
�x ed,andis followedashortdistancee. Theprocessis iterated
N times,as is shown in the pseudocodebelow:

The order the waypointsare visited is randomlypermuted
to prevent bias in how the pathdeforms.

Algorithm 2 Path GradientDescent
1: for i = 0 to N do
2: randomlypermuteorderof waypoints
3: for j = 0 to # waypointsdo
4: calculatecost gradient
5: follow the directionof the gradienta distancee
6: end for
7: end for

D. DynamicObstacleAvoidance

The path gradient descenttechniquecan be extendedto
work in a changing environment simply by updating and
adjustingthecostfunction.It canbeusedasafeedbackcontrol
loop to accountfor errorsin propagationor to avoid dynam-
ically changingobstacles.As the cost function is updated,
the pathwill immediatelydeformto avoid obstaclesandthen
reconvergeto the local minimum–thepathwill remainwithin
the samehomotopy class.But a collision free path can be
extractedat anytime,sothis canbeusedfor real-timeobstacle
avoidance.

V. EXPERIMENTS

Guided ESTs were testedusing a variety of parameters,
including those which representESTs, applied to (a) the
space shuttle docking, to (b) maneuvering a blimp in a
factory setting, and in (c) a simple 2D environment. For
eachexperiment,variationsof the weight function (6) were
tested on 50 independenttrials. Parameterrangeswere as
follows #neighbors f a : 0� 6g; out-degreef b : 0� 3g; order
f g : 0� 3g; A* cost f d : 0� 4g. Restrictionswereenforcedto
boundthetotal controlcostof thepath–thesumof all controls
applied–orin the caseof the 2D environment the total path
length. If this restrictionwas violated, the con�guration was
rejectedas if in collision.

In general,values of b and g in equation(6) are most
effective at 2 or 3. a is more effective near 1 for more
cost-constrainedand less obstacle-constrainedsystems,and
moreeffective near4 or 5 for lesscost-constrainedandmore
obstacle-constrainedsystems.Inversely, d wasmoreeffective
near4 for morecost-constrainedandlessobstacle-constrained
systems,and more effective near 1 for less cost-constrained
andmoreobstacle-constrainedsystems.

An RRT [16] implementationwas tested on the same
experimentsusing the same primitives and data structures
when appropriate.It performedwell on the 2D environment,
but we were unsuccessfulin �nding solution pathswith the
RRT onthecost-constrainedexamples.Theproblemseemedto
be in choosinga boundon thestatespaceto samplefrom and
in trying to move towardsrandomsamplesof the statespace.
Although individual parametersmaybereasonable,parameter
combinationsare not always reasonable,and it is hard to
de�ne thesetof reasonablecombinationsof parametersin the
statespaceas opposedto setting rangesfor eachparameter
individually.

All testswererun on AMD 1GHz processors.



A. SpaceShuttleDocking

In this seriesof experiments,the spaceshuttlebegins 1000
by 1000by 1000 feet away and rotated180 degreesfrom its
dockingpositionon thespacestation.Fifteenmoving asteroids
aregeneratedrandomlysuchthat they do not collide with the
spacestationbut will be within 250 feet of it at the time the
shuttleis scheduledto approach.The simulationplansa path
for the spaceshuttleaccordingto the kinodynamicequations
of motion shown in (1). Controls were chosenuniformly at
randomfrom a reasonablerange.However15%of thecontrols
were chosento go directly towards the goal, as in [16], by
symbolically inverting the matrix in (1) and setting the �nal
con�guration to the goal. This is also how the A � cost is
calculated.

Several combinationssuccessfullyplanneda path100%of
the time. The most ef�cient combinationof parametersset
a = 1, b = 2, g = 3, and d = 3 in equation(6) and found a
pathin anaverageof :254seconds.However, a few parameters
set a = 0, thus not using the samplingdensity information,
even though the metrics trees were still maintained,and
queried.Theseoperationsrepresenta signi�cant amountof
the algorithm's runtime.Whenassigninga = 0, b = 3, g = 2,
andd = 2 in equation(6) 100%of the runsfound pathsin an
averagetime of 1:23 seconds.

Of the parametersets that solved 100% or 98% of the
systems,the assignmentof a = 1, b = 1, g = 1, and d = 4
in equation(6) had the lowest averagepath cost, and solved
in an averageof 1:20 seconds.Of the parameterassignments
with the lowest costs, it was indicative for a = f 0;1g and
d = f 3;4g.

Comparatively, theparameterassignmentrepresentingEST,
a = 1, b = 0, g = 0, andd = 0 in equation(6), only returned
a path2% of the time andof thosepathsreturned,theaverage
cost of successfulpaths was about two times that of the
averagecost for above parametersand requiredan average
searchtime of 3:46 seconds.Note in Figure 4 how the EST
searchesmuchmorespace(theimageis zoomedout),but most
of the this extra coverageis in the wrong direction.

Fig. 4. GuidedESTsfor spaceshuttledocking,with varying parameters

B. Maneuveringa Blimp in Factory Setting

A factory-type setting is simulated as a hallway mazed
with pipes that a 4-foot blimp needsto maneuver 80 feet
throughand rotate180 degrees.The movementof the blimp
is governedby the kinodynamicequationsdescribedin (2),
(3), and (4). For propagation,controlsu1 and u3 are chosen
uniformly at randomly from a reasonablerange,then u2 is
chosenuniformly at randomly from some smaller rangeas
a difference from u1. If it is chosenindependentlyof u1,
the blimp will too often end up with too much angularrate.
Estimatingthe A � cost is harderfor this nonlinearproblem.
Theamountof controlrequiredto independentlyappropriately
direct the displacementvelocities if orientatedcorrectly and
to orient yaw velocitiescorrectly are used.Again, bounding
restrictionswereput on angularrate,velocities,andtotal path
cost,andviolating con�gurationswererejectedfrom the tree.
The blimp's requirementfor minimal control cost is not as
much of an issueas with the spaceshuttle,but thesebounds
tend to keepthe blimp from getting in hard to control spins
and from reachingunreasonablevelocities. In the end, this
leadsto straighter, moredesirablepaths.

The most ef�cient setsof parametersfound paths66% of
the time. The assignmenta = 6, b = 3, g = 1, and d = 4 in
equation(6) found paths66% of the time in an averageof
3:29 seconds.Valuesfor a of 5 or 6 andfor d of 3 or 4 was
indicative of thesetsof parameterswhich hadhigh percentage
of successfulruns.In contrastto theshuttleexample,no setof
parameterswith a = 0 found a pathon morethan28% of the
trials. Thesetimes are much higher than thoseof the space
shuttle experimentmainly becausethe propagationfunction
needsto usenumericalintegration to extenda path.

Of theparametersetswhich foundpathsmorethan60% of
thetime, theseta = 5, b = 2, g= 0, andd = 4 in equation(6)
hadthe lowestaveragecostof thepathsfound.A d valueof 4
wascommonamongthe setsof parameterswith low average
pathcosts.

In comparison,the setof parametersrepresentingthe stan-
dardEST schemeonly solved for paths18% of the time. The
pathswere found in an averageof 5:53 secondsandwith an
averagecostof 3 times that of the bestonedescribedabove.

Figure 5 shows from above a tree which found a path for
the blimp in a randomlygeneratedfactoryenvironment.

Fig. 5. GuidedEST for blimp in factoryenvironment.Darker edgesfor yaw
at goal, lighter edgesfor yaw at start



C. 2D Environment

Experimentsvarying the sameparameterswere run in the
2D environmentin Figure6. Euclideandistancewas usedas
cost for the purposeof calculating the A* cost. The most
time ef�cient setsof parameterssolved for a path in about
:5 secondsandassigneda = f 5;6g andd = f 0:1g. Although
the treeswith d � 1 fruitlessly, almostcertainlyexplored the
large region on the right �rst, whenthat region wasexplored,
they wereableto �nd thepassageon thebottomleft andthen
reachedthe goal about as quickly as treeswith d = 0. An
exampletreewith d = 1 canbe seenin Figure6.

This algorithm with d � 3 and a � 4 in Equation(6) will
searchprimarily in theregionon theright andwill rarelymake
it throughthe passageat the bottom. This exampledoesnot
bene�t from the guidanceof the A* cost as doesa higher
dimensionalproblemwith kinodynamicconstraints.

Fig. 6. 2D Environment:emptyandexplored : darker edgescreated�rst

D. Path GradientDescent

Path gradientdescentwas testedon 50 pathsgeneratedby
the dockingspaceshuttleavoiding 15 moving obstaclesusing
the parametersf a = 1;b = 2;g = 3;d = 3g in Equation(6).
With 10, 20, and 100 iterations, the cost droppedto 52%,
44%, and37% of the original cost found by the guidedEST
algorithm, respectively. Most of the improvementis realized
in the �rst few iterations.The path gradientdescenttook an
averageof :006, :011, and :056 secondsfor eachnumberof
iterations,respectively.

VI . DISCUSSION AND FUTURE WORK

Guided ESTs are an improvement to the repertoire of
motion planningtools andareparticularlyeffective for a hard
classof kinodynamicproblemswith a pathcostfunction.The
path gradient descentalgorithm provides a tool for further
re�ning costdriven paths.

Guided ESTs without the use of nearestneighborsprox-
imity queriescan be particularly useful for high dimensional
problems[14] as well as problemswhere it is expensive or
not clearhow to de�ne a neighborhood.

Although the mosteffective setsof parametersin equation
(6) vary from onesystemto another, �xing thevaluesof b and
g at 2 would not changethe expansionresultssigni�cantly. a
and d needto be adjustedto the speci�c systembasedon
certaincriteria.Higher valuesof a seemto be moreeffective
when thereare narrower passagesdescribedby physicalob-
stacles,andhighervaluesof d seemto bemoreeffective with

moreconstraintson themotion.Potentially, anadaptivesystem
couldbedevisedto occasionallyreadjusttheweightingsbased
on new parametervalueswhich aredeterminedby measuring
the number of collisions with obstaclesto tune a and the
numberof constraintviolations to tuned.

Existing path planningtechniquesare shown to have dif�-
culty with the classof motion- and cost-constrainedsystems
presented.By using a directed sampling technique,guided
ESTsperformmuchbetterin theseconstrainedsystems.This
indicates that guided ESTs provide an important tool for
motion planningand that different samplingtechniquesneed
to be considered.
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