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Abstract

Anomaly detection has important applications in bio-
surveilance and environmental monitoring. When compar-
ing measured data to data drawn from a baseline distribu-
tion, merely, nding clusters in the measured data may not
actually represent true anomalies. These clusters may likely
be the clusters of the baseline distribution. Hence, a discrep-
ancy function is often used to examine how di erent mea-
sured data is to baseline data within a region. An anomalous
region is thus de ned to be one with high discrepancy.

In this paper, we present algorithms for maximizing sta-
tistical discrepancy functions over the space of axis-parallel
rectangles. We give provable approximation guarantees,
both additive and relative, and our methods apply to any
convex discrepancy function. Our algorithms work by con-
necting statistical discrepancy to combinatorial discrep ancy;
roughly speaking, we show that in order to maximize a con-
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A formal statistical treatment of these problems al-
lows us to abstract them into a common framework.
Assume that data (disease rates, rainfall measurements,
temperature) is generated by some stochastic spatial
process. Points in space are either xed or assumed to
be generated from some spatial point process and mea-
surements on points are assumed to be statistically inde-
pendent and follow a distribution from a one-parameter
exponential family. Also, let b( ) be some baseline mea-
sure de ned on the plane. For instance,b() can be
the counting measure (counts the number of points in
a region), volume measure (measures volume of a re-
gion), weighted counting measure (adds up non-negative

vex discrepancy function over a class of shapes, one needs weights attached to points in a region). In biosurveil-

only maximize a linear discrepancy function over the same
set of shapes.

We derive general discrepancy functions for data gen-
erated from a one- parameter exponential family. This
generalizes the widely-used Kulldor scan statistic for da ta
from a Poisson distribution. We present an algorithm run-
ning in O(%n?log? n) that computes the maximum discrep-
ancy rectangle to within additive error , for the Kulldor
scan statistic. Similar results hold for relative error and
for discrepancy functions for data coming from Gaussian,
Bernoulli, and gamma distributions. Prior to our work, the
best known algorithms were exact and ran in time O(n*).

1 Introduction

Outlier detection (or \bump hunting"[6]) is a common
problem in data mining. Unlike in robust clustering

lance, the counting measure (gives the region popula-
tion) is often used to discover areas with elevated dis-
ease risk. Weighted counting measures which aggregate
weights assigned to points based on some attribute (e.g.
race of an individual) have also been used (seE13] for
an example). Letp be a set of points generating a set
of measurementan(p). Given a measure of discrepancy
f that takes as input the functions m() and b() and

a collection of regionsS, the problem of statistical dis-
crepancy can be de ned as:

Find the region S 2 S for which f invoked on the
measurements for points inS is maximized.

Statistical discrepancy functions arise by asking the
following question: \How likely is it that the observed

settings, where the goal is to detect outliers in order to POINts in S come from a _distri_butio? that is di erent

remove them, outliers are viewed asanomalous events than the distribution of points in S?". The function
to be studied further. In the area of biosurveillance for f i derived using alikelihood ratio test which has high
example, an outlier would consist of an area that had an Statistical power to detect the actual location of clusters,

unusually high disease rate (disease occurence per unitut is computationally dicult to deal with. As a

population) of a particular ailment. In environmental
monitoring scenarios, one might monitor the rainfall

consequence, most algorithmic work on this problem has
focused either on fast heuristics that do not search the

over an area and wish to determine whether any region entire space of shapes, or on conservative heuristics that

had unusually high rainfall in a year, or over the past
few years.
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guarantee nding the maximum discrepancy region and
will often (though not always) run in time less than the
worst-case bound ofjSj times the function evaluation
cost.

Apart from identifying the region for which f is
maximized, it is customary to evaluate the likelihood
of the identi ed cluster being generated by chance, i.e.,
compute the probability (called p-value) of maximum



discrepancy to exceed the observed maximum discrep-consider combinatorial discrepancy over this class. As

ancy under the null hypothesis of no clustering e ect.
A small p-value (e.g. < :05) will mean the identi ed

cluster is statistically signi cant. Since the distributi on
of f is usually not analytically tractable, randomiza-
tion tests ([IZ, [4]) which involve multiple instances of
the maximum discrepancy computation are run for data
generated from the null model. Thus, the computation
of statistical discrepancy is the main algorithmic bot-
tleneck and is the problem we focus on in this paper.

1.1 Our Contributions In this paper, we present
algorithms with non-trivial worst-case running time
bounds for approximating a variety of statistical dis-
crepancy functions. Our main result is a structural
theorem that reduces the problem of maximizing any

convex discrepancy function over a class of shapes toand going backwards in time.

maximizing a simple linear discrepancy function over
the same class of shapes.

The power of this theorem comes from the fact
that there are known algorithms for maximizing special

kinds of linear discrepancy functions, when the class
Given2 Related Work

of shapes consists of axis-parallel rectangles.
two sets of red and blue points in the plane, the
combinatorial discrepancy of a region is the absolute
di erence between the number of red and blue points
in it. Combinatorial discrepancy is very valuable when

derandomizing geometric algorithms; it also appears emphasis on identifying the actual clusters (seel]3

in machine learning as the relevant function for the
minimum disagreement problem where red and blue

a demonstration of the generality of our method, we
also present algorithms for approximately maximizing
discrepancy measures that derive from di erent under-
lying distributions. In fact, we provide general expres-
sions for the one-parameter exponential family of dis-
tributions which includes Poisson, Bernoulli, Gaussian
and Gamma distributions. For the Gaussian distribu-
tion, the measure of discrepancy we use is novel, to the
best of our knowledge. It is derived from maximum like-
lihood considerations, has a natural interpretation as a
2 distance, and may be of independent interest.

Another notion of outlier detection incorporates
a time dimension. In prospective outlier detection
we would like to detect the maximum discrepancy
region over all time intervals starting from the present
We show that linear
discrepancy can be maximized over such time intervals
and, as a consequence of our reduction, show that
any convex discrepancy function can be approximately
maximized.

Detecting clustering e ects in spatial data is a well-
studied problem in statisticd]l. Much of the early
focus has been on devising e cient statistical tests to
detect presence of clustering at a global level without
Chapter 8]). The spatial scan statistic, introduced by
Kulldor [13[Iprovides an elegant solution for detection

points are thought of as good and bad examples for @ ang evaluation of spatial clusters. The technique has
classi er, and the regions are hypotheses. This problem tgund wide applicability in areas like public health,

(and a more general variant of it) was considered by pigsurveillance, environmental monitoring etc.

For

Dobkin, Maass and Gunopoulos in 1995]5], where they jnteresting applications and detailed description of scan

showed that combinatorial discrepancy for axis-parallel
rectangles in the plane could be maximized exactly in
time O(n? logn), far better than the O(n*) bound that
a brute-force search would entail.

We show that the Dobkin et. al. algorithm can
be extended fairly easily to work with general linear
discrepancy functions. This result, combined with our
general theorem, allows us to approximateany convex

discrepancy function over the class of axis-parallel rect-

statistics, we refer the reader to [9[1D]. Generalization
of the spatial scan statistic to a space-time scan statistic
for the purpose of prospective surveillance has been
proposed by Kulldor [L4], and lyengar [B] suggested
the use of \expanding-in-time" regions to detect space-
time clusters. We note that the algorithms described
by Kulldor are heuristics: they do not guarantee any
bound on the quality of the solution, and do not traverse
the entire space of regions. The regions he considers

angles. We summarize our results in Tablel; as angre circular, and cylindrical in the case of prospective

example, we present an additive approximation algo-
rithm for the Kulldor scan statistic that runs in time
O(%nZlog? n), which compares favorably to the (trivial)
O(n*) running time to compute an exact solution.

Essentially, the reduction we use allows us to decou-
ple the measure of discrepancy (which can be complex)
from the shape class it is maximized over. Using our
approach, if you wanted to maximize a general discrep-

surveillance.

Dobkin and Eppstein [4] were the rst to study e -
cient algorithms to compute maximum discrepancy over
a range space. Their algorithms compute discrepancy in

TIt goes without saying that there is a huge literature on
clustering spatial data. Since our focus is primarily on sta tistically

ancy function over a genera| shape class, you need On|ysound measures, a survey of general clustering methods is beyond

the scope of this paper.



This paper Prior work
oPT OPT=(1+ ) | Exact
Poisson (Kulldor )/Bernoulli/Gamma O(%nZlog® n) O(%nZlog® n) o(n%)
Gaussian O(indlognloglogn) | O(n?log” n) o(n%)

Table 1: Our results. For prospective discrepancy, multiply all bounds by n, and for higher dimensions, multiply
by n2d 4

a regionR as a di erence between the fraction of points ts in our framework if we think of the baseline data
in R and the fraction of the total area represented byR. as the uniform distribution, and the counts as the
This measure stems from evaluating fundamental oper- measurements. However, there is no notion of rangés
ations for computer graphics. Their ranges were half and the heavy hitter problem itself is interesting in a
spaces and axis-oriented orthants centered at the ori- streaming setting, where memory is limited; if linear
gin, limited to the unit cube, and their results extended memory is permitted, the problem is trivial to solve, in
to d-dimensional spaces. Subsequently Dobkin, Gunop- contrast to the problems we consider.

ulous, and Maass [5] developed algorithms for comput-

ing maximum bichromatic discrepancy over axis-parallel 3 Preliminaries

rectangl_JIar _regions_, where the bichromatic discrepancy | et P pe a set ofn points in the plane. Measurements
of a region is the di erence between the number of red 5nd paseline measures oveP will be represented by
points and the number of blue points in the region. yyg functions, m: P! Randb:P ! R. R denotes a

This solves the minimum disagreement problemfrom range space oveP. A discrepancy function is de ned
machine learning, where an algorithm nds the region a5¢: (m;b;R) ! R.for R2R.

with the most good points and the fewestbad points, a Let mr 5 b2k M(P)=M; = P s2r K(P)=B,

key subroutine in agnostic PAC learning. where M = m(p), B = b(p), and U is
. . p2U J p2U ’

Recently, Neill and Moore have developed a series ofgome box enclosing all ofP. We will assume thatd
algorithms to maximize discrepancy for measures such .3 pe written as a convex function ofmg:bg. All
works for axis parallel squares [15] and rectangles [16].paper satisfy this condition; most discrepancy functions
Their algorithms are conservative, in that they always considered prior to this work are convex as well. We
nd the region of maximum discrepancy. The worst- -gn write d(m; b; R) as a function d®: [0; 1P ! R, where

case running time of their algorithms is O(n%) for d(m;b:R) = dq(mg; br). We will use d to refer to either
rectangles and O(n?) for xed-size squares since the fynction where the context is clear.

they use ecient pruning heuristics that allow for  giscrepancy functions whered = mg + br +
signi cant speedup over the worst case on most data | js easy to see that combinatorial (bichromatic)

sets. An alternative approach by Friedman and Fisher gjscrepancy, the dierence between the number of red

[6] greedily computes a high discrepancy rectangle, and plue points in a region, is a special case of a linear
but has no guarantees as to how it compares to the discrepancy function.

optimal. Their approach is quite general, and works in The main problem we study in this paper is:
arbitrary dimensional spaces, but is not conservative:
many regions will remain unexplored. Problem 3.1. (Maximizing Discrepancy) Given a

A one-dimensional version of this problem has been point set P with measurementsm, baseline measureb,
studied in bioinformatics [11]. The range space is now a range spaceR, and a convex discrepancy functiond,
the set of all intervals, a problem with much simpler nd the range R 2 R that maximizesd.
geometry. In this setting, a relative -approximation
can be found inO(3n) time. An equivalent formulation, replacing the range R

A related problem that has a similar avor is the Dy the point r = (mg;bg) is:
so-calledHeavy Hitters problem [2, 1]. In this problem,
one is given a multiset of elements from a universe, and
the goal is to nd elements whose frequencies in the
multiset are unusually high (i.e much more than the

average). In a certain sense, the heavy hitter problem ™ ZHjerarchical heavy hitters provide the beginnings of such a
notion.

Problem 3.2. Maximize convex discrepancy function
d over all pointsr =(mg;br);R2R.



Assume that points now arrive with a timestamp
t(), along with the measurement m() and baseline
b(). In prospective discrepancyproblems, the goal is

to maximize discrepancy over a region in space and

time dened as R [t;thow], WhereR is a spatial range.
In other words, the region includes all points with a
timestamp between the present time and some time in

the past. Such regions are interesting when attempting
to detect recent anomalous events.

Problem 3.3. (Prospective discrepancy) Given

a point set P with measurementsm, baseline measure a particular

b, timestampst, a range spaceR, and a convex discrep-
ancy function d, ndtherange T =(R;[t ;1 ]);R2R
that maximizesd.

3.1 Boundary Conditions As we shall see in later

and letm =max(IY(x ;y );dint) . Then

m d m +
If “1;72;:::;7¢ is a relative -approximate family,
then
m d @+ )m
Proof Sketch. By construction, each point

(X33 li(xi;y;)) lies on the upper envelope IY.
The upper envelope is convex, and lower boundsl( ),
and therefore in each patch of 1Y corresponding to
‘i, the maximizing point (x;;y;) also
maximizes d(x;y) in the corresponding patch. This
is only false for the patch of IY that supports the
minimum of d(x;y), where the term involving dins is
needed. This corresponds to adding a single extra
plane tangent to d( ) at its minimumm, which is unique

sections, the discrepancy functions we consider are ex-by virtue of d( ) being convex.
pressed as log-likelihood ratios. As a consequence, they )
tend to 1 when either argument tends to zero (while Leémma 4.2. Let f : [0;1F ! R be a convex smooth

the other remains xed). Another way of looking at

this issue is that regions with very low support often
correspond to over tting and thus are not interesting.

Therefore, this problem is typically addressed by re-
quiring a minimum level of support in each argument.
Speci cally, we will only consider maximizing discrep-
ancy over shapesR such that mg > C=n;bg > C=n,

for some constantC. In mapping shapes to points as
described above, this means that the maximization is
restricted to points in the square S, =[C=n;1 C=n]%.

For technical reasons, we will also assume that for alp,

m(p); b(p) = (1). Intuitively this re ects the fact that

measurement values are independent of the number of

observations made.

4 A Convex Approximation Theorem

We start with a general approximation theorem for
maximizing a convex discrepancy functiond. Let
“(X;y) = a;x + apy + az denote a linear function in
x and y. Dene an -approximate family of d to be

IV(x;y) = max; ¢ i(x;y), the upper envelopeof the “;,

has the property that 1V (x;y) d(x;y) IY(x;y) +
De ne a relative -approximate family of d to be a
collection of linear functions “1; »;:::; ¢+ such that
VOGy)  desy) 1+ )IY(xy)

Lemma 4.1. Let 3; 2;:::;°t be an -approximate
family of a convex discrepancy  function
d [0;1F ! R. Consider any point set
C [01F. Let (x;;y;) = argmaxpac 'i(Px;Py),
and let (x ;y ) = argmaxy y, i(Xi;Vi)- Let
d = suppoc d(px;Py), dint = infg20;152 d(dx; dy)

function. Let ~: [0;1]°! R be the linear approximation

to f represented by the hyperplane tangent td at

p 2 [0;1F. Then f(p) f(p), and f(p) fXq)

kp gk? ,where isthe maximum value of the largest
eigenvalue ofH (f ), maximized along the line joiningp

and q.

Proof. f{q) = f(p)+(q p)>r f(p). The inequality
fp) f (p) follows from the convexity of f. By

Taylor's theorem for multivariate functions, the error
f(p) fla)=(a p)"HE)p )Na p), where H(f)
is the Hessian off , and p is some point on the line
joining p and q.

Writing q p askq pkr, wherex is a unit vector,
we see that the error is maximized when the expression
R H(f )R is maximized, which happens whem is the
eigenvector corresponding to the largest eigenvalue
of H(f).

Let
kp qk?

Let

= SUPp2s, max (H (f)(p)). p(q) =

s R(@)=kp ak® f(p).

Lemma 4.3. Let C S, be a set oft points such that
for all g 2 Sp;minpac p(g)(resp. ff(q)) Then
the t tangent planes at the pointsf (p);p 2 C form an
-approximate (resp. relative -approximate) family for
f.

plane at f (p;). For all i, li(gq) f(q) by Lemma 4.2.
Let j = argmin; p,(q). Then Ij(q) = max; l;(q)
A similar argument goes through for §i (q)

The above lemmas indicate that in order to con-
struct an -approximate family for the function f, we



need to sample an appropriate set of points fromS,. Proof. The proofis by induction. The statement is true
A simple area-packing bound, using the result from forj =1 from Eq.(4.1). Assume it is true upto j. Then
Lemma 4.3, indicates that we would needO( =) . I , I

points (and thus that many planes). However, is X i X i
a function of n. A strati ed grid decomposition can kst = 1+ _ d’ e jn _ d’ e
exploit this dependence to obtain an improved bound. =1 I =1
_ R0 @Dy g
Theorem 4.1. Letf :[0;1°! R be a convex smooth = 1+ d d
function, and x > 0. Let (n) = (Sn). Let i=1,
F (n; ) be the size of an -approximate family for f , and X .
let FR(n; ) denote the size of a relative -approximate d 'l
family. Let (n) = O(n%). Then, =1 | _ |
8 X [ Xt i
EO(1=) d=0 = 1+ d’ ol d' lj1
.y_ O(*logy logn) 0<d< 1 =t =t
F(n; )= 3 O(Llogn) d=1 Setting | 5 kk in Claim 4P1kyield$ the expression
" O(%n? tlogylogn) d>1 !ogn_ =@+ 5 dHl (4 d )l Substitut-
g in the value of I; from Eq.(4.2), logn = (1 +
Let An) = (N)=fmax(n), where f nax (n) denotes :‘:11 d )logng = 1= logng. The number of points
max,zs, f (p). Then FR(n; ) has size chosen from the needed isF (n; )= ¥Znd = k2 pd
above cases according to(n). How large isd ? Consider the case wheml > 1:
Proof. The relation between FR(n; ) and F(n; ) fol- o d — _d1 _ _d<*?
- . . R P+t ; 1 1=d<*? dk+2 1(d 1)
lows trivially from the relationship between 7(q) and 1+ 5 d)
(a).
"t (n) is O(1) , then  can be upper bounded by Setting k = (log 4logn), F(n;) =
a constant, resulting in an -approximate family of size O(*n® *logg logn). For example, F(n;) =
O(1=). The more challenging case is when is an O(*nloglogn) when d = 2. Similarly, set-
increasing function of n. ting k = (log ;—4logn) when 0 < d < 1 vyields
Suppose = O(nY) in the region S,. Consider F(n; )= O(%log,_4logn).
the following adaptive gridding strategy. Fix numbers When d = 1, (1_+p_klel) = % Setting k =

No;N1;:iiNk, Nksr = N. Let Ag = Sy, = [1=np; 1
1=no]®. Let Ai = Sn, [ j« Ai. Thus, Ao is a square of
side 1 2=ng, and eachA; is an annulus lying between

S, and Sn.. A has areaO(1) and eachA,:i > 0 has 5 Algorithms for Comb|.nator|-al D.|screpancy
areaO(1=n; 1). In each regionA;, (A;)= O(nd). Lemma 5.1. ([5]) Combinatorial discrepancy for a set

How many points do we need to allocate toAq? qf red and blue points in the plane can be computed in
A simple area bound based on Lemma 4.3 shows that!Mme O(n?logn).
we need (Aop)= points, which is O(ng=). In each
region A;, a similar area bound yields a value of
O(nf=n; ). Thus the total number of points needed
to congdruct the -approximate family is N(d;k) =

(log n), we getF(n; )= O(%logn).

Proof Sketch. [See [5] for details] A discrepancy max-
imizing rectangle has minimal and maximal points in
the x and y dimensions. These four points fully de-
scribe the rectangle. By specifying the minimizing and

Mo osi ket M=Mi 1. . maximizing y coordinates, the problem is reduced to a
Balancing this expression by setting all terms equal, . ; i L
. _ ; one-dimensional problem of all points within the slab
and setting l; = log n;, we obtain the recurrence . S . .
this de nes. By maintaining the maximal discrepancy
interval in the one-dimensional problem under point in-
41 o= d+l 1 L 2 sertion, only O(n?) insertions are necessary to check the
(4.1) T d maximum discrepancy interval over all possible slabs,
5 | d+1 | and thus over all possible rectangles.
(4-2) 1 d © The one-dimensional problem is solved by build-
_ _ , ing a binary tree of intervals. A node corresponding
aim 4.1, Iy =logn = (L+ i d Dl ju to interval | stores the subinterval i of maximal dis-

( {:1 d Dl i crepancy, the interval | of maximal discrepancy that



includes the left boundary of I, and the interval r of
maximal discrepancy that includes the right boundary
of I. Two adjacent nodes,liest : (iteft ;lieft ; et ) and

lright - (iright ;lright s Fright ), can be merged to form
a single nodesl : (i;l;r) in constant time. i is as-
signed the interval with the maximum discrepancy out
of the setfieft ;irignt ;Tieft [ rert 9. | is assigned the
interval with the maximum discrepancy out of the set

fliest ;liert [ lrignt 9, and r is assigned symmetrically to
|. The entire interval, [0;1] =1 : (i;1;r), is at the root

of the tree, and the interval which maximizes the dis-

required for P m(p) C and P b(p) C. Thus each
interval in the tree structure stores a constant amount
of information.

A merge between two adjacent intervals | e
(ieft s heft ;Tieft ) @nd lrigne = (iright ; lright 5 Tright ) a@lso
can be done in constant time. Computing the maximum
discrepancy interval in | © can be done by checking jeft
gnd iright Versus a}y pairs fromlygnt [ rert such that

m(p) C and b(p) C. There are a constant
number of these. By the local optimality restriction, the
optimal interval in 1 9spanning the boundary must have

crepancy isi. Adding a point requires mergingO(logn) one endpoint in each set. Updatingl and r can be done
intervals if the tree is balanced, and the tree can be by just pruning from le;; and les; [ rerr according to
kept balanced through rotations which only require a the restrictions for |, and similarly for r. These remain
constant number of merge operations each. a constant size after the pruning. Because a merge can
be done in constant time, a point can be added to the

0
Theo'gem 51. LetR I;,be the set of all rectangles suchpgianced tree in O(logn) time. Hence, the maximum

that — ,gm(p) and  ,, B(p) are greater than the yiscrepancy rectangle inR° for any linear discrepancy
constant C.,Then any ﬁpear discrepancy function of ¢ nction can be found in O(n?logn) time.

the forma; m(p)+ az b(p)+ az can be maximized
over this set in O(n?logn) time. A similar argument applies if we consider prospec-

) ) ) tive discrepancy, or higher dimensions. We omit details.
Proof. Becauseasz is constant for all intervals, it can

be ignored. gThus the linear function has the form of
d(m;b;R) = »r (). The algorithm of [5] relies only Lemma 5.2. A linear discrepancy function can be maxi-
on the fact that the discrepancy function is additive, mized over prospective rectangles i®(n* logn) time, or
and hence can be extended to the above discrepancyit can be maximized over axis-parallel hyper-rectangles
function by only modifying the intervals and merge in d-dimensions in time O(n?* 2logn).
operation in the one-dimensional case.

Dene |°to be the set of all intervals such that 6 One-parameter Exponential Families

p21M(P) Cand , bp) C. Foreachinterval Having developed general algorithms for dealing with
| :(i;l;r), i must be in1%and | and r must represent convex discrepancy functions, we now present a general
sets of intervals |, :::1x and ry:::rp, respectively. Ik expression for a likelihood-based discrepancy measure
(resp. ry) is the interval in | ° which contains the for the one-parameter exponential family. Many com-
left (resp. right) boundary that has the maximum mon distributions like the Poisson, Bernoulli, Gaussian
discrepancy. |1 (resp. r1) is the interval which contains  and gamma distributions are members of this family.
the left (resp. right) boundary that has the maximum  Subsequently we will derive speci ¢ expressions for the
discrepancy. For all i I; includes tpe left boundary above mentioned distribution families.
aaninj < jljj for all i <j . Also p21; m(p) < C o _
or b(p) < C for all i < k. Finally, the set | Defmmpn _6.1.. (One-parameter exp. fa}mlly)
must contain all local maximum:; if |; were to gain on The distribution of a random variable y belongs
lose one point, the discrepancy would decrease. Theto a one-parameter exponential family (denoted by
restrictions are the same for allr;, expect these intervals ¥ ~ 1EXP(; ;T;B ¢;a) if it has probability density
must contain the right boundary. given by

The local poptimality restrictjon  ensures L ] _
P p2l m(p) < 021in m(p) aBd 02, ) < fly; )= C(y; exp(( T (y) Be( ))=a())
p21,,, O(P). If either measure ( m(p) or  B(p)) where T() is some measurable function,a( ) is a

increases then the other must also increase or this would function of some known scale parameter (> 0), is

violate the local optimality condition. An increase of an unknown parameter (Ca”ed the natural parameter)’

just a measure that increases discrepancy will cause theand B() is a strictly convex function. The support
previous interval not to be optimal and an increase in fy: f (y; ) > 0gis independent of .

just a measure that causes the discrepancy to decrease
will cause the latter interval not to be optimal. Thus It can be shown Oghat E (T(Y)) =
k and h are constants bounded by the number ofp Var (T(Y))= a( )B.( ). Ingeneral,a( )/

Bo( ) and



Let y fyi : i 2 Rg denote a set of jRj
variables that are independently distributed with vy;

1EXP(; ;T;b;d, (i 2 R). The joint distribution of y
is given by
Y
fly; )= Clyi; i)exp((T (y) Be( )= )
i2R
where 1z P i2r(1=a( 1)), vi = =a i), and
T )= i 2rMTMy)).

Given data y, the likelihood of parameter is the
probability of seeingy if drawn from a distrbution with
parameter . This function is commonly expressed in
terms of its logarithm, the log-likelihood I( ;y), which
is given by (ignoring constants that do not depend on

)

(6.3) IC;y)=(T (y) Be())=

and depends on data only throughT and

Theorem 6.1. Lety = (y; :i 2 R) be independently
distributed with y; 1EXP(; i;T;b;a, (i 2 R).
Then the maximum likelihood esumate (MLE) of is
N = ge(T (Y)), where g = (Be) 1. The maximized
log-likelihood (ignoring additive constants) isl(”;y) =

(T (V)G(T (v))  Be(G(T (V)=

Proof. The MLE is obtained by maximizing (6. 3) as
a function of Since B¢ is strictly convex, B
strictly monotone and hence |nvert|ble Thus, the
MLE obtained as a solution of I( y) 0is ~ =
(B, ) YT (y)) = ge(T (y)). The second part is ob-
tained by substituting ~ in (6.3).

The likelihood ratio test for outlier detection is
based on the following premise. Assume that data is
drawn from a one-parameter exponential family. For
a given regionR; and its complementR3, let g, and

r, be the MLE parameters for the data in the regions.

Consider the two hypothesisHgo @ g, R, and
Hi: r, 6 R,. The test then measures the ratio of
the likelihood of H; versus the likelihood of Hg. The

resulting quantity is a measure of the strength ofHjq;
the larger this number is, the more likely it is that H;
is true and that the region represents a true outlier.
The likelihood ratio test is individually the test with
most statistical power to detect the region of maximum
discrepancy and hence is optimal for the problems we
consider. A proof of this fact for Poisson distributions is
provided by Kulldor [13] and extends to 1EXP without
modi cation.

Theorem 6.2. Let yr, = (Yr;i : i 2 Rj) be indepen-
dently distributed with yg,i  1EXP( r;, Rr;i,T:Be;d),

for j = 1;2. The log-likelihood ratio test statistic for
testingHo : g, = R, VErsusH; : g, 6 g, is given
by

(6.4) =  (Gryi ri)t+ (Gr,i r))  (G)
where (X;y) = £xge(X)  Be(Ge(x))=y, Ggr, =
T (ij);]': R] = i2RJ- (1=a( R]i))v 1= = 1 = R1 +
1= R, bRy = =ity and G = br,Gr, + (1
bR1)GR2'

Proof. The likelihood ratio is  given by

Sup g6 g, L( R1: R2IYR1IYR,)

—— Substituting the MLE
sup L( 5YRrRiiYR,) )
expressions g} and R, frgm Thgorem 6.1, and setting

iz 2 izr; TORji)=a( R;i)
_ . _ g2 iR i i
G=T (le'yRZ)_ j=1:2 iJZRj 1=a( rji) -
1= 1=
5 Ori * a= 712w,y OR: = BRiGr, +(1

(l_ R1+l— Rg)
br,)Gr,, the result foIIows by computing logarithms.

Fact 6.1. TotestHo: R, = R, VErsusH; : g, >
R, the log-likelihood ratio test statistic is given by
(6.5)

=1 "ri > R)( (Gris ri)* (Gr;

Similar result holds for the alternative H; :
with the inequalities reversed.

(G:))

Ry <

Rz)

R>

In the above expression for (with R; = R;R, =
R®), the key terms are the valueshgy and Gg. Ggr =
T (yr) is a function of the data (T is a sucient
statistic for the distribution), and thus is the equivalent
of a measurement. In fact,Ggr is aFyveighted average
of T(y;)s in R. Thus, Gg= g = ior T(yi)=a( i)
represents thetotal in R. Similarly, G= gives the

aggregate for the region and hencang = —R%* is
the fraction of total contained in R. Also, 1= R

gives the total area of R which is independent of the

actual measurements and only depends on some baseline

measure. Hencebr = — gives the fraction of total

area in R. The next theorem provides an expression for
in terms of mg and by.

Theorem 6.3. Let R; = R and R, = R®. To obtain
R 2 R that maximizes discrepancy, assumé& and  to
be xed and consider the parametrization of in terms
of by and mg = bR Gr=G

The discrepancy measure (ignoring additive con-
stants) d(:;:) is given by

d(mR;bR)a = nge(G%) EBe(ge(e‘%))"'
(6.6) 1 m)eGT T fg;w
(1 br) mg
e Be(ge(Gl bR))



Proof. Follows by substituting Gr = G"Q—RR, Gre =
Gll ’ERR in (6.4), simplifying and ignoring additive con-
stants.

7 Discrepancy Measures For

Distributions
We can now put together all the results from the pre-

Specic

vious sections. Section 4 showed how to map a convex

discrepancy function to a collection of linear discrepancy
functions, and Section 5 presented algorithms maximiz-
ing general linear discrepancy functions over axis paral-

lel rectangles. The previous section presented a general

formula for discrepancy in a one-parameter exponential
family. We will now use all these results to derive dis-
crepancy functions for speci ¢ distribution families and

br = s pre @M MR = Ry oiRT
dK(bR;mR)a = mR(Iog(G)+Iog(%)) bR%+
(1 me)(log(G) +log( %)
TR )
= mRIOQJ(%)+
(1 me)log(—p%) + const

and hence dg (br;mr) = c¢(mrlog(fr) + (1
mg) Iog(l1 mbRR )), where ¢ > 0 is a xed constant. Note

compute maximum discrepancy rectangles with respect that the discrepancy is independent of the partition used

to them.

7.1 The Kulldor Scan Statistic (Poisson dis-
tribution)  The Kulldor scan statistic was designed
for data generated by an underlying Poisson distribu-
tion. We reproduce Kulldor 's derivation of the likeli-
hood ratio test, starting from our general discrepancy
function .

In a Poisson distribution, underlying points are

and hence is well de ned.

Maximizing the Kulldor Scan Statistic. Itis
easy to see thatdk is a convex function ofmg and by,
is always positive, and grows without bound as either
of mg and by tends to zero. It is zero whenmgr = by.
The Kulldor scan statistic can also be viewed as the
Kullback-Leibler distance between the two two-point
distributions [mgr;1 mg] and [bg;1 br]. As usual,
we will consider maximizing the Kulldor scan statistic

marked for the presence of some rare event (e.g. presover the regionS, = [1=n;1 1=n]’. To estimate the
ence of some rare disease in an individual) and hence thesize of an -approximate family for dx , we will compute

measurement attached to each point is binary with a 1
indicating presence of the event. The number of points

that get marked on a regionR follows a Poisson process

with base measureb and intensity if (i) N(;) =0, (i)
N (A) Poisson(b (A));A R;b() is a baseline mea-
sure dened onR and is a xed intensity parameter
(examples ofb(A) include the area ofA, total number of
points in A, etc.), and (iii) the number of marked points
in disjoint subsets are independently distributed.
Derivation of the Discrepancy Function. A
random variable y Poisson( ) is a member of
1EXP with T(y) = y=; 1=;a() = ;
log( );Be( ) = exp( );0e(x) = log(x). For a set
of n independentpmeasurq;nents with mean i
L inT= L¥i= a0 o0 n
For a subsetR, assume the number of marked points
follows a Poisson process with base measuré( )
and log-intensity g while that in R® has the same
base measure but log-intensity gc. For any par-
tition fA;jg of R and fBjg of R® fN(Aj)g and
fN(Bj)g are independently distributed Poisson vari-
ables with mean fexp( r)b(Ai)g I_and fexp( re)b(Bj)g

respectively. Then, 1= Rp= A BA)) = B(R),
N(AD)

1= ge = b(Rc)y GR - ZI_ b(A1) N(R)ZKR),

Gre = N(R®=HR®), and G = %. Hence,

overS,.
Let f (x;y) = xIn ¥+ (1 x)In H
X y . Xx 1 X
f = I I + —+
L tn 1 x : 1 vy J y 1 vy
I I
@i &t 1 1
(fK) - g)fg %(f@y = x( 1X) X ya i/) X
@y@x @y ya y) yF o @y
The eigenvalues ofH (f ) are the roots of the equa-
tion jH (f) Ij = 0. Solving for , and substitut-

ing from the expressions for the partial derivatives, and
maximizing over S,, we obtain = ( n).
Invoking Theorem 4.1 and Theorem 5.1,

Theorem 7.1. An additive -approximation to the

maximum discrepancy dx over all rectangles contain-

ing at least a constant measure can be computed in
time O(%nZlog?n). With respect to prospective time

windows, the corresponding maximization takes time
O(in3log? n).

The Jensen-Shannon divergence is a symmetrized
variant of the Kullback-Leibler distance. We mentioned
earlier that dx can be expressed as a Kullback-Leibler



distance.
tance, we get a symmetric version of the Kulldor statis-
tic, for which all the bounds of Theorem 7.1 apply di-
rectly.

7.2 Gaussian Scan Statistic It is more natural to

Replacing this by the Jensen-Shannon dis-

ing at least a constant measure can be computed in time
O(%n3lognloglogn). With respect to prospective time
windows, the corresponding maximization takes time
O(n*lognloglogn).

Trading Error for Speed For the Kulldor

use an underlying Gaussian process when measurement§tatistic, the function value grows slowly as it ap-

are real numbers, instead of binary events. In this sec-

tion, we derive a discrepancy function for an underlying

proaches the boundaries ofS,. Thus, only minor im-
provements can be made when considering relative error

Gaussian process. To the best of our knowledge, this @Pproximations. However, for the Gaussian scan statis-

derivation is novel.

Derivation of the Discrepancy Function. A
random variable y that follows a Gaussian distribu-
tion with mean  and variance k= ? (denoted asy
N(; 1= 2) is a member of 1IEXP with T(y) = v;
Be()= 2220 =1=2%a( )= ;ge(X)= x. Fora
set of n independent measurements with pean and
variances E #h=1;  ;iknown), = ( oAt
and T (y) = [, vi 2= [, 2 Assume measure-
ments in R are independentN ( ;1= ?); (i 2 R) while
those in R® age independentN ( gc;1= ?);(i 2 R°).
'IP'hen,2 R =( i2Ro 2) 1,2 rRe = ( ioge '5.2) 1 GR2 =
pi2 R iyi, Gre = -Pi2R° iYi, and G = i2R+RC i ¥

P

i2R i i2RC i

i2R+RC i
1= Rr

Hpence’sz T = rHl= re) g i2iR2+RRCI 7 and mg =
izr 1Y Thys,
i2R+RC |
mr bk Mg
. _ = Mr R MR
de(ha.mR)G mRGbR Gth
1 mg 1 b .1 mg
1 G G
(1 mg) T b G T b
2 2 2
- (MR, (1 mg) ) 1= g(MrR )
br 1 br bR(1 bRr)
and hencedg (br; mR) = c%, wherec > 0 is a

xed constant. Note that the underlying baseline b( ) is

tic, one can do better. A simple substitution shows
that when x =1 %,y =1 fg(xy) = ( n). Us-
ing this bound in Theorem 4.1, we see that a rela-
tive -approximate family of size O(% logn) can be con-
structed for dg, thus yielding the following result:

Theorem 7.3. A 1=(1+ ) approximation to the maxi-
mum discrepancydg over the space of axis parallel rect-
angles containing constant measure can be computed in
time O(1n2log?n).

7.3 Bernoulli Scan Statistic Modeling a system
with an underlying Bernoulli distribution is appropri-
ate when the events are binary, but more common than
those that would be modeled with a Poisson distribu-
tion. For instance, a baseball player's batting average
may describe a Bernoulli distribution of the expectation
of a hit, assuming each at-bat is independent.

Derivation of the Discrepancy Function. A
binary measurment y at a point has a Bernoulli dis-
tribution with parameter if P(y 1) = Y1
YL Y. This is a member of 1EXP with T(y)
y; =log(1—);Be( ) =log(l+exp( )); =1:a()
1;ge(x) = log(x) log(1 x).

For a set of n independent measurements with
parameter 1=,;T (y) = [, Vvi=n. As-
suming measurements inR and R® are independent
Bernoulli with parameters r and rc respectively,

a weighted counting measure which aggregate weights R = 15Rj; re = 15R;Gr = Y(R)FRj;Gre =

2 attached to points in a region.

Maximizing the Gaussian Scan Statistic.
Again, it can be shown that dg is a convex function
of both parameters, and grows without bound ashg

tends to zero or one. Note that this expression can be

viewed as the 2-distance between the two two-point
distributions [mgr;1 mg];[br;1 br]. The complexity
of an -approximate family for ds can be analyzed as

in Section 7.1. Letfg(x;y) = §/)21 y))/; Expressions for
r fc and H(fg) are presented in Appendix A.1. Solv-
ing the equation jH Ij, and maximizing over S, we

get = O(n?).

Theorem 7.2. An additive -approximation to the
maximum discrepancy dg over all rectangles contain-

iRj . y(R}* Y(R%) .
mj+Re) © iRiFire MR
Y(R)

FR)* y(RY) Note that y(A) denotes the number of 1's
in a subsetA. Thus,

y(RE)FREj; br

do (Brime) = me log(L™ )+

@ molog(—p)+ (& ma)ogt GFE)
HIgR 1emoog 63 —E)

Maximizing the Bernoulli Scan Statistic.
Much like dx, it is easy to see that dg is a con-
vex function of mg and by, is always positive, and
grows without bound as either br or mg tend to zero



or one.

The complexity of an -approximate fam- time O(inZlog®n). With respect to prospective time

ily for dg, the Bernoulli scan statistic, can be ana- windows, the corresponding maximization takes time

lyzed by letting fg (X;y) = xlog§ +(@1

& xlog 1 G + i 1+xlog 1 Gi= ,
where G is a constant. The expressions for fg and
H (fg) are presented in Appendix A.2. Direct substitu-

tion of the parameters yields = O(n).

Theorem 7.4. An additive -approximation to the
maximum discrepancy dg over all rectangles contain-

ing at least a constant measure can be computed in

time O(tn2log?n). With respect to prospective time
windows, the corresponding maximization takes time
O(:n3log?n).

7.4 Gamma Scan Statistic ~ When events arrive one
after another, where a Poisson variable describes the
interval between events, then a gamma distribution
describes the count of events after a set time.
Derivation of the Discrepancy Function. A
positive measurementy has a gamma distribution with
mean (> 0) and shape (> 0) if it has density
- exp( -y)x ! and is a member of 1EXP with

T(y) = y; = (< 0;Be() = log( ) =
1=;a( ) = ;0e(X) = Xl Fopring arguments
similar to the Gaussiap case, r =( i2R )Y Re=

. — _pi iYi. - _pi Vi~ =
( ioge i) 1.Gg = —pizr -G = _pizrt .G =

Srever 'PHence'bRizzR ('l: ST :iZR;F:i;chi :
and mg = % Thus,
d (rima)g = MA( o) o log(GER)+
@ M grry) T 0aG )
= Iog(%) Iog(l1 rE:)+ const
= Belog()+ (1 b)log(;—) + const

and hence ignoring additive constants,d (bg;mg) =
otk log(Z) + (1 br)log(£-2-));¢(> 0) is a xed

constant. For a xed shape paramgter (i.e. ; = for
; - iRj — p i2rYi

eachi), bk = mrjee and Mg = B2 2505
Maximizing the Gamma Scan Statistic. Be-

caused = dk up to an additive constant, f = fx and

thus = O(n) for H(f ).

Theorem 7.5. An additive -approximation to the
maximum discrepancy d over all rectangles contain-
ing at least a constant measure can be computed in

x)log 1% + O(*n%log’n).
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A Gradients and Hessians
A.1 Gaussian Scan Statistic Recall that

(x y)?
fe(xy) = :
yl )
X 2 2y X (X oY) 2y)
r fg=i + ] 5 >
yl ) y@l y) y2(1 y)
2 2 20x A 2) !
— y y) y(l y) yZ(1 y)
H(fe) = 2 X A 2y 2, Ax A 2y) 2x )P, 2x y)PA 2@ 2y°)
y@d y) yZ(1 y)? y@d y) yZ(1 y)? yi y)?

A.2 Bernoulli Scan Statistic Recall that

1 x vy X
1y+§ onglG§+

f(x;y)=xlog§+<1 x) log % 1+x log 1 ei

where G is a constant.

X 1 x 1 x X
rf=i log— log +log 1 G— log 1 G- +
y 1y 1y y
1 X 1 1 x
j =log 1 G- —log 1 G
I g™ y & 1
!
1 1 G G 1 1
H(f) = x* ﬁ:— Ty G(]i X) + y Gx Xy Gx Ty 1G(>:(L X)
y Gx 1y 6@ x) y(y Gx) * 1 A y) 6@ x)
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