The SBC-Tree: An Index for Run-Length Compressed
Sequences

ABSTRACT

Run-Length-Encoding (RLE) is a data compression tech-
nique that is used in various applications, e.g., biological se-
quence databases, multimedia, and facsimile transmission.
One of the main challenges is how to operate, e.g., indexing,
searching, and retrieval, on the compressed data without de-
compressing it. In this paper, we present the String B-tree
for Compressed sequences, termed the SBC-tree, for index-
ing and searching RLE-compressed sequences of arbitrary
length. The SBC-tree is a two-level index structure based
on the well-known String B-tree and a 3-sided range query
structure. The SBC-tree supports substring as well as prefiz
matching, and range search operations over RLE-compressed
sequences. The SBC-tree has an optimal external-memory
space complexity of O(N/B) pages, where N is the total
length of the compressed sequences, and B is the disk page
size. The insertion and deletion of all suffixes of a com-
pressed sequence of length m takes O(mloggz (N +m)) I/O
operations. Substring matching, prefix matching, and range
search execute in an optimal O(logz N + WTJrT) I/O op-
erations, where |p| is the length of the compressed query
pattern and T is the query output size. We present also
two variants of the SBC-tree: the SBC-tree that is based
on an R-tree instead of the 3-sided structure, and the one-
level SBC-tree that does not use a two-dimensional index.
These variants do not have provable worst-case theoretical
bounds for search operations, but perform well in practice.
The SBC-tree index is realized inside PostgreSQL in the
context of a biological protein database application. Per-
formance results illustrate that using the SBC-tree to index
RLE-compressed sequences achieves up to an order of mag-
nitude reduction in storage, up to 30% reduction in 1/Os
for the insertion operations, and retains the optimal search
performance achieved by the String B-tree over the uncom-
pressed sequences.

1. INTRODUCTION

Current databases store massive amounts of data, especially
in text and sequence formats, e.g., biological sequences, text
books, medical record, multimedia files, digital libraries, etc.
With such massive amounts of data, data compression tech-
niques, e.g., [15, 24, 36, 42, 48, 49], gain significant impor-
tance to achieve compact data representation. Run-Length-
Encoding (RLE) [24] is a compression technique that re-
places the consecutive repeats of an element x by one occur-
rence of x along with z’s frequency, i.e., the repeat length.
For example, a sequence S = AAAAEEEBBBBBBB has
an RLE-compressed form S° = A4E3B7. RLE is used
in various applications, e.g., biological sequence databases,
multimedia, and facsimile transmission.

One of the main challenges is how to operate, e.g., indexing,
searching, and retrieval, on the compressed data without de-
compressing it. The goal is to achieve search performance
over the compressed data that is better than or at least com-
petitive with the search performance over the uncompressed
data. Several in-memory algorithms have been proposed to
search various formats of compressed data, e.g., [1, 2, 6,
13, 14, 20, 23, 26, 32, 41]. However, none of the proposed
algorithms address the problem of indexing and searching
compressed data using external memory techniques [46].

In this paper, we propose the SBC-tree (String B-tree for
Compressed sequences) for indexing and searching RLE-
compressed sequences of arbitrary length. The SBC-tree is
a two-level index structure as illustrated in Figure 1(a). The
first level is a modified version of the String B-tree proposed
in [19], and the second level is the optimum 3-sided range
query structure proposed in [8]. The 3-sided structure is
built on top of the leaf entries of the modified String B-tree.
For each suffix k£ in sequence S inserted into the modified
String B-tree, a point containing k’s preceding character in
S and a tag indicating k’s position in the String B-tree is in-
serted into the 3-sided structure. The link that relates each
suffix in the modified String B-tree to a point in the 3-sided
structure is the tag value.

The SBC-tree supports substring as well as prefic matching
and range search queries over RLE-compressed sequences.
A query over the SBC-tree is answered in two steps (See
Figure 1(b)). In the first step, the SBC-tree first level, i.e.,
the String B-tree, determines a range, specified by two tag
values min_tag and max_tag, that contains a superset of the
query answer. This range is mapped in the second step into
a two-dimensional range query over the SBC-tree second
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Figure 1: The SBC-tree design

level to retrieve only the required answer set.

We formalize our problem as follows. Given a set of K RLE-
compressed sequences A = {51, 52, ..., Sk }, where S; is a se-
quence of length n in the form S; = ‘@1 f1 x2fe ... Tnfn,
x; is a character in the alphabet 3, and f; > 1 is the
frequency of z;. We call z;f; an RLE-character. Se-
quence S; has n RLE-suffizes, i.e., RLE-Suffixes(S;) =
{z;f; zj+1fi+1 . @nfn | 1 < j < n}. The length of
the decompressed sequence of S; is the sum of the charac-
ter frequencies forming S;. That is, |decompressed(S;)| =
Z;.L:l fj, which can be much larger than n. The decom-
pressed sequence of S; has Z;;l f; suffixes. The n RLE-
suffixes of S; are a subset of the total 2?21 fj suffixes. The
remaining Z?:l fj —n suffixes are called implicit-suffizes, as
they are not stored explicitly among the RLE-suffixes. Using
the proposed SBC-tree, we achieve the following: (1) store
the sequences in their compressed form, (2) index only the
RLE-suffixes of the RLE-compressed sequences, i.e., index n
RLE-suffixes instead of 3°7_, f; suffixes, and (3) efficiently
answer pattern matching queries over the stored sequences.

The SBC-tree has an optimal external-memory space com-
plexity of O(N/B) pages, where N is the total length of
the compressed sequences and B is the disk page size. The
insertion and deletion of all suffixes of a compressed se-
quence of length m takes O(mlog g (N +m)) amortized, and
worst-case I/O operations, respectively. Substring match-
ing, prefiz matching, and range search execute in an optimal
O(logg N + ""TJFT) I/O operations, where |p| is the length
of the RLE-compressed query pattern and T is the query
output size.

We also present two variants of the SBC-tree: the SBC-
tree that is based on an R-tree instead of the 3-sided struc-
ture, and the one-level SBC-tree that does not use a two-
dimensional index. These variants do not have provable
worst-case theoretical bounds for search operations, but per-
form well in practice.

The contributions of this paper are summarized as follows:

1. We present an index structure, termed the SBC-tree,
for indexing and searching RLE-compressed sequences.
The SBC-tree is realized inside PostgreSQL.

2. The SBC-tree has provable worst-case optimal theo-
retical bounds for the external-memory space require-
ments, and search operations.

3. The experimental results illustrate that using the SBC-
tree to index RLE-compressed sequences achieves up
to an order of magnitude reduction in storage, up to
30% reduction in I/Os for the insertion operations, and
retains the optimal search performance achieved by the
String B-tree over the uncompressed sequences.

4. To the best of our knowledge, this paper is the first to
address indexing compressed data in external memory.

The rest of the paper is organized as follows: In Section 2, we
discuss the related work. In Section 3, we present the com-
ponent substructures that make the SBC-tree, namely, the
modified String B-tree and the 3-sided range query struc-
ture. We present the SBC-tree structure along with its up-
date and search algorithms in Sections 4 and 5. The the-
oretical analysis and experimental results of the SBC-tree
are presented in Sections 6, and 7, respectively. Section 8
contains concluding remarks.

2. RELATED WORK

The concept of searching compressed data was introduced
in [5, 44]. Based on this concept, several in-memory algo-
rithms have been proposed to search various formats of com-
pressed data. Algorithms for searching RLE-compressed se-
quences include substring matching [3, 4, 44], approximate
pattern matching [32], edit distance [7, 14], and longest com-
mon subsequence [6, 23]. Algorithms over other compression
schemes include searching Lempel-Ziv compressed data [2,
38], searching antidictionaries compressed text [41], and
searching Burrows-Wheeler transform (BWT) compressed
data [13]. Several in-memory algorithms and data structures
have been proposed to search entropy compressed text [20,
25, 26]. For applications such as entropy compressed text,
the encoding scheme is complex, and hence the search mech-
anisms and compression formats have to be carefully engi-
neered. For this purpose, several in-memory pattern match-
ing data structures are proposed that are based on Burrows
Wheeler Transform(BWT) [20] and Compressed Suffix Ar-
rays(CSA) [25, 26]. However, indexing and searching com-
pressed data in external memory is more challenging, and
no external memory structures analogous to the structures
above exist.
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Figure 2: (a) Strings on disk, (b) The String B-tree for all suffixes, (¢) The Patricia trie inside one node.

Regardless of the compression technique used, compressed
sequences are usually treated as string sequences. There-
fore, indexing compressed sequences is closely tied to text
and sequence indexing. A model for sequence databases,
called SEQ, is proposed in [40]. SEQ models different types
of sequence data and defines a set of operators to query the
sequences. A data structure for indexing numeric sequences
is proposed in [18], where sequences are mapped into rect-
angles and indexed using multidimensional access methods.
Several well-known index structures for text indexing have
been proposed. These structures include suffix trees [27, 34,
47], suffix binary search trees [31], suffix arrays [21, 27, 33],
inverted files [39], tries [22, 37], B-trees [9, 16], and the prefix
B-tree [10]. Several variants of these structures have been
proposed to index efficiently strings of unbounded length.
The persistent suffix trees have been proposed in [12, 30]. A
buffer management strategy for a practical construction of
suffix trees has been proposed in [43]. An external memory
structure for suffix arrays in a form of B-tree is the String
B-tree [19]. The String B-tree is a combination of the B-tree
and the Patricia trie that is used for I/O-efficient searching
on strings of arbitrary length.

Using existing text indexing data structures to index RLE-
compressed sequences is not straightforward. The reason
is that the structure and search mechanisms of the exist-
ing indexes are based on storing all suffixes of the underly-
ing sequences, which is not the case in indexing the RLE-
compressed sequences, where the indexed RLE-suffixes are
only a small subset of the sequences’ total suffixes. The chal-
lenge is how to efficiently answer pattern matching queries,
e.g., substring matching, prefic matching, and range search,
while indexing only a small subset of the suffixes.

One of the SBC-tree applications is indexing protein sec-
ondary structure sequences. Protein secondary structure
sequences can be highly compressed using RLE compres-
sion technique. Indexing and searching protein secondary
structure sequences is addressed in [29], where a new query
language and a set of algorithms are proposed to search
protein sequences. The algorithms proposed in [29] are for

indexing and searching the uncompressed sequences format.

3. SBC-TREECOMPONENT STRUCTURES
In this section, we present the data structures that we use
to construct the SBC-tree. In Section 3.1, we describe the
String B-tree that is the basis for the first level of the SBC-
tree, and in Section 3.2, we describe the 3-sided structure
that is the basis for the second level of the SBC-tree.

3.1 The String B-tree

The String B-tree [19] is a data structure for indexing strings
of arbitrary length, where the index nodes store the strings’
logical keys instead of the strings themselves. A string logi-
cal key is the start position of the string on disk. Suffixes of
a given string have different logical keys depending on the
suffixes’ start positions in the string. The logical keys are
sorted inside the String B-tree according to the lexicographic
order of the corresponding suffixes (See Figure 2).

The String B-tree is a combination of the B-tree [16] and
the Patricia trie [37], where the entries inside each B-tree
node are organized in a Patricia trie structure instead of a
sequential array (See Figure 2(c)). The goal of the Patri-
cia trie is to avoid the logarithmic search inside each B-tree
node. The reason is that each comparison against an index
key requires performing one I/O to retrieve the key data
from the disk. Using the Patricia trie, we can avoid the log-
arithmic search and perform only one I/O per B-tree node
instead of log, n I/Os, where n is the number of entries in
the B-tree node. For example, consider searching for pat-
tern “tlas” in the node highlighted in Figure 2(c). If the
keys inside the node are stored sequentially, then the bi-
nary search involves three comparisons with logical keys 26,
55, and 32, which requires three I/Os to get the keys’ data.
In contrast, searching the Patricia trie (Figure 2(c)) is per-
formed by following the branching character [ followed by a
to reach logical key 32. Then we perform one I/O to get the
data corresponding to this logical key. The exact location
of the searched pattern inside the node can then be speci-
fied based on the comparison between the pattern and the
retrieved key data without further I/Os.



In Figure 2, we illustrate the String B-tree for a set of strings.
The positions of the strings on disk are presented in Fig-
ure 2(a). The leaf entries of the String B-tree contain the
logical keys of all suffixes ordered in lexicographic order from
left to right. The right-most key in each node propagates to
the parent node (Figure 2(b)). The node highlighted in Fig-
ure 2(c) contains a Patricia trie for substrings, “te”, “tend”,
“tent”, “tenuate”, “t1”, and “tlas”. Each Patricia trie node
stores the position at which the substrings under the node’s
subtree first differ along with the branching characters. For
example, the first position at which the strings illustrated in
Figure 2(c) differ is position 1 (assuming the start position
is 0), and the branching characters are e and I.

To support efficiently the insertion of the strings’ suffixes,
the String B-tree maintains two types of auxiliary pointers.
The standard parent pointer defined for each node, and the
succ pointer defined for each key in the index. The succ
pointer of the key corresponding to suffix k in string S points
to the index node containing the key corresponding to suffix
k+ 1 in S. The succ pointer of the last suffix in a string
points to itself. Using such auxiliary pointers, we perform a
root-to-leaf path traversal in the index tree only for inserting
the first suffix in each string. Then all the succeeding suffixes
are inserted by following the auxiliary pointers.

Searching the String B-tree is done by performing root-to-
leaf path traversals to locate the first and last keys satisfy-
ing the query. All the keys between the first and last keys
are the query answer. For example, in Figure 2, substring
searching for pattern p = “en” proceeds by performing a
root-to-leaf path to locate the lexicographically first suffix
containing p, which is the suffix starting at position 40 on
the disk. Another root-to-leaf path is performed to locate
the lexicographically last suffix containing p, which is the
suffix starting at position 13 on the disk. All suffixes inbe-
tween these two keys satisfy the query, i.e., suffixes starting
at positions 40, 27, and 13.

The String B-tree has good performance in answering pat-
tern matching queries and has worst-case theoretical bounds
like the ones of the regular B-tree. The following lemma
states the theoretical bounds of the String B-tree [19].

Lemma 1. :

a) The space complexity of the String B-tree is O(N/B)
pages, where N is the total length of the strings, and
B is the disk page size.

b) The insertion and deletion of all suffixes of a string of
length m take O(mlogg (NN +m)) I/O operations.

¢) A root-to-leaf path traversal to locate the first or last
occurrence of pattern p executes in O(loggy N + ‘—g‘)

I/0O operations, where |p| is the length of p.

d) Substring searching for pattern p executes in
O(logg N + WTJrT) I/O operations, where [p| is the
length of p, and T is the query output size.

3.2 The 3-sided Range Query Structure

Given a set of N points in a two-dimensional space, a 3-sided
range query is defined as a query with three parameters (al,
a2, bl), where al and a2 specify the lower and upper limits

Query answer

Figure 3: 3-sided query (al, a2, bl).

over the first dimension, respectively, and bl specifies the
lower limit over the second dimension. The answer to the
query is all points (z, y), where al < z < a2 and y > bl
(See Figure 3).

The 3-sided range query structure [8] is an external mem-
ory structure that is based on the external memory priority
search tree [35] and the persistent B-tree [11, 45]. The 3-
sided range query structure has an optimal worst-case theo-
retical bound for the update and 3-sided range query oper-
ations. The following lemma states the theoretical bounds
of the 3-sided structure [8].

Lemma 2. :

a) The space complexity of the 3-sided range query struc-
ture is O(N/B) pages, where N is the number of points
in the space, and B is the disk page size.

b) The insertion and deletion of a point take O(loggz N)
worst-case 1/O operations.

c¢) The 3-sided range query executes in O(logg N + %)
worst-case I1/O operations, where T is the output size.

4. SBC-TREE DESIGN AND STRUCTURE

Indexing the RLE-suffixes of RLE-compressed sequences
means that the generated index will not contain all suf-
fixes of the original (decompressed) sequence. Therefore,
the String B-tree cannot be used directly to search the com-
pressed sequences. The structure and search mechanism of
the String B-tree (See Section 3.1) are based on storing all
sequences’ suffixes inside the index. The following example
demonstrates the problem.

Erample 1. Assume we are indexing two sequences, S1 =
ABE3B6S1A2 and S = ASG2A4E3B4A4C1. We present
the RLE-suffixes of S; and Sz in Figure 4(b). The order
column represents the lexicographic order of the suffixes.
The number of the uncompressed and RLE- suffixes of S
and Sz is 40 and 12 suffixes, respectively. In Figures 4(a)
and 4(c), we illustrate the String B-tree of the uncompressed
and RLE- suffixes, respectively, assuming a maximum B-tree
node size of five entries. Consider a substring match search-
ing for pattern p = A2E3B4 over both indexes. The search
over the uncompressed suffixes (Figure 4(a)) will return two
hits with the suffixes starting at positions 28 and 4 on the
disk. However, applying the same query over the RLE-
suffixes (Figure 4(c)) will not return any hits. The reason is
that the suffixes starting with A2F£3B4 are not stored in the
index. Instead, they are implicit-suffixes and are included
in longer RLE-suffixes, i.e., the RLE-suffix A5 E3B6S1A2 of
S1 and A4E3B4A4C1 of Ss.

The trick to answer the substring matching query cor-
rectly over the RLE-suffixes is to map the query pattern
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Figure 4: Indexing the uncompressed and RLE- suffixes of sequences A5E3B651A2 and ASG2A4E3B4A4C1.

p = A2E3B4 into p’ = A2V E3B4, where A2% means re-
peats of letter A of length larger than or equal to 2. As
a result, RLE-suffixes whose prefix matches p or include
implicit-suffixes whose prefix matches p will be an answer
to the query. For example, the RLE-suffixes A5E3B6S1A2
and A4FE3B4A4C1 starting at positions 1 and 16 on the
disk (Figure 4(c)) are an answer to the query above.
The RLE-suffix A5E3B6S1A2 includes the implicit-suffix
A2E3B6S1A2 whose prefix matches p, and the RLE-suffix
A4FE3B4A4C1 includes the implicit-suffix A2FE3B4A4C1
whose prefix matches p. The following rule formalizes the
substring matching query pattern mapping.

Rule 1. A substring matching query pattern p =
z1fi xafa ... xnfn over RLE-suffixes is mapped into pat-
tern p’ = ar:lfl+ r2fa ... Tnfn, where :C1f1+ means repeats
of character x1 of length larger than or equal to fi.

Although the query pattern mapping returns the correct
answer to substring matching queries, the mapping results
in another problem. The RLE-suffixes that satisfy the
mapped query pattern are not guaranteed to be contigu-
ous inside the String B-tree index. Hence, the String B-tree
search mechanism that assumes the answer set to be con-
tiguous is no longer feasible. If p = xlfl+ x2fo .. Tnfn
is the mapped query pattern, then between any two RLE-
suffixes starting with z1(f1 +17) x2f2 ... Znfn and z1(f1 +
i+ 1) xzafz ... Tnfn, where i > 0, there can be an un-

bounded number of RLE-suffixes that do not satisfy the
query. For example, the two RLE-suffixes A5E3B6S1A2
and A4FE3B4A4C1 starting at positions 1 and 16, respec-
tively, on the disk (See Figure 4(c)) satisfy the query pattern
p’ = A2 E3B4. However, the two RLE-suffixes in-between,
i.e., ADG2A4FE3B4A4C1 and A4C'1, which start at positions
12 and 22, respectively, do not satisfy the query. The pro-
posed SBC-tree index provides a solution to this problem.

4.1 The SBC-tree Structure

The SBC-tree is a two-level index structure. The first level
is a modified version of the String B-tree, and the second
level is a two-dimensional index structure. The first level of
the SBC-tree stores the RLE-suffixes of the inserted RLE-
compressed sequences. The second level of the SBC-tree
stores for each inserted RLE-suffix a reference to that suffix,
i.e., a tag, and the suffix’s preceding RLE-character in the
suffix’s sequence (See Figure 5).

The modification we introduce to the String B-tree is a nu-
meric tag assigned to each leaf entry that reflects the entry’s
position in the index. Tags from the left-most leaf entry to
the right-most leaf entry are of increasing order. Tags are
assigned dynamically at the insertion time using the order-
maintenance technique [17]. We discuss the assignment of
the tags in detail in Section 5.2. The second level of the
SBC-tree can be any two-dimensional index structure. We
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consider, in this paper, the use of the R-tree [28] and the
3-sided range query structure [8]. The R-tree has a good
performance in practice and is available in several DBMSs,
however, no theoretical bounds are guaranteed. The 3-sided
range query structure, on the other hand, has an optimal
theoretical bound for the two-dimensional range searching.
In this section, we use the R-tree as the second level of the
SBC-tree. In Section 5.1, we discuss the use of the 3-sided
range query structure instead of the R-tree.

The SBC-tree is maintained during the insertion as follows
(an example is illustrated in Figure 5). The insertion of
an RLE-compressed sequence S = xi1f1 wa2fs ... Tnfn is
performed as follows.

1. Insert the RLE-suffixes of S into the String B-tree.

2. For each inserted RLE-suffix, e.g.,
Tifi Tit1fit1 .. Tnfn, where 1 < 7 < n, main-
tain two attributes:

(a) The numeric tag assigned to the suffix.

(b) The suffix’s preceding RLE-character, i.e.,
z;—1fi—1. If the inserted suffix is the first suffix of
S, i.e., i = 1, then the preceding RLE-character
is NULL.

3. Insert the two attributes, i.e., the tag and the preced-
ing RLE-character, as a point into the second level of
the SBC-tree. The RLE-suffix’s position on the disk is
attached to the point.

In Figure 5, we illustrate the structure of the SBC-tree for
sequences S1 = ASE3B6S1A2, So = ABG2A4E3B4A4AC1T,
and S3 = E3B5G2E3BT7S1E3B4. The preceding character
dimension of the R-tree is ordered alphabetically, where the
NULL character is considered as the first character in the
alphabet. Each RLE-suffix has a corresponding point in

the R-tree. For example, the first RLE-suffix in the String
B-tree (A2 in sequence S; with tag 5) is preceded by the
RLE-character S1 on the disk. Therefore, the corresponding
point to this suffix is (5, S1) in the R-tree.

In the following sections we discuss how the SBC-tree is
used to answer the substring matching, prefix matching, and
range search queries.

4.2 Answering Substring Matching Queries

Query Definition: Given a query pattern p, where p =
r1f1 w2fs ... Tpfn, find all substrings in the database
whose prefix matches p.

A substring matching query is answered as follows.

1. If the length of p is 1, i.e., p = x1 f1, then execute Step
2, else execute Steps 3 to 5.

2. Search the SBC-tree first level, i.e., the String B-tree,
for p. The answer from the String B-tree is a range
specified by two tags, min_tag and max_tag. min_tag
and maz_tag correspond to the first and last RLE-
suffixes, in lexicographic order, whose prefix matches
p, respectively. All the RLE-suffixes between min_tag
and max_tag are the answer to the substring matching

query.

3. Map the query pattern p, according to Rule 1, into
p =x1fi T2fo o Tofa.

4. Search the SBC-tree first level, i.e., the String B-tree,
for pattern p” = zafs ... Tnfn,ignoring the first RLE-
character (z1f;") in p’. The answer from the String
B-tree is a range specified by two tags, min_tag and
maz_tag. min_tag and mazx_tag correspond to the first
and last RLE-suffixes, in lexicographic order, whose
prefix matches p”, respectively.
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Figure 6: Searching the SBC-tree. Substring matching @, Prefix matching 2, Range query Qs.

5. Apply a two-dimensional range query over the SBC-
tree second level, i.e., the R-tree, where the tag dimen-
sion ranges from min_tag to maz_tag, and the preceding
character dimension ranges from z1 f1 to ¢0, where ¢
is x1’s succeeding character in the alphabet 3. The an-
swer to the range query is the answer to the substring
matching query.

In Step 1, if the length of p is 1, then the query answer is
contiguous inside the String B-tree. Therefore, we retrieve
in Step 2 all the RLE-suffixes between the specified min_tag
and maz_tag values as the answer to the query. If the length
of p is larger than 1, then we execute Steps 3 to 5. In
Step 3, we map p to p’ in order to retrieve the RLE-suffixes
whose prefix matches p and implicit-suffixes whose prefix
matches p. In Step 4, we search for pattern p” instead of
p’ because the RLE-suffixes whose prefix matches p’ are not
guaranteed to be contiguous inside the String B-tree index.
However, the RLE-suffixes whose prefix matches p” are a su-
perset of the required answer and they are contiguous inside
the String B-tree index. Therefore, we can locate the first
and last RLE-suffixes satisfying p” without enumerating the
suffixes in-between. In Step 5, we filter the answer superset
by retrieving only the RLE-suffixes whose preceding RLE-
character satisfies z1f,", i.e., the RLE-suffixes that satisfy
p’. The exact start position of the suffixes satisfying p’ can
be easily computed from the answer to the two-dimensional
range query.

In Figure 6, we give an example of substring match searching
for pattern p = A2E3B4. The corresponding p’ and p”
will be A2YE3B4 and E3B4, respectively. The search for
p” over the String B-tree returns the two tags min_tagl=
160 and maz_tagl= 245. The range query over the R-tree,
denoted by @1, has bottom-left and top-right coordinates
of (160, A2) and (245, B0), respectively. The answer to the
range query is the two RLE-suffixes starting at positions 18
and 3 on the disk (Figure 5(a)). By subtracting the length of
the RLE-characters preceding those suffixes, e.g., A4 and A5
have length of 2, we get the exact start position of the RLE-
suffixes satisfying p, i.e., the suffixes starting at positions 16
and 1 on the disk. Notice that the suffixes at positions 16
and 1 are not contiguous in the String B-tree.

4.3 Answering Prefix Matching Queries

Query Definition: Given a query pattern p, where p =
z1f1 m2fe ... xnfn, find all database sequences whose pre-
fix matches p.

In prefix matching, suffixes that satisfy the query have to
be prefixes to their sequences, i.e., the suffix is the entire se-
quence. In this case, no implicit-suffixes can be an answer to
the query because implicit-suffixes are not prefixes to their
sequences. Therefore, we do not need to apply the mapping
rule (Rule 1) to pattern p.

A prefix matching query is answered as follows.

1. Search the SBC-tree first level, i.e., the String B-tree,
for pattern p = z1f1 x2f2 ... xnfn. The answer from
the String B-tree is a range specified by two tags,
min_tag and maz_tag. min_tag and maz_tag correspond
to the first and last RLE-suffixes, in lexicographic or-
der, whose prefix matches p, respectively.

2. Apply a two-dimensional range query over the SBC-
tree second level, i.e., the R-tree, where the tag dimen-
sion ranges from min_tag to maz_tag, and the preceding
character dimension equals NULL. The answer to the
range query is the answer to the prefiz matching query.

In Figure 6, we give an example of prefix match searching
for pattern p = E3B4. The search for p over the String
B-tree returns the two tags min_tagl= 160 and maz_tagl=
245. The two-dimensional range query over the R-tree, de-
noted by @2, has bottom-left and top-right coordinates of
(160, NULL) and (245, NULL), respectively. The answer
to the range query is one RLE-suffix that starts at position
27 on the disk (Figure 5(a)). All the other suffixes in the
range are not prefixes to their sequences.

4.4 Answering Range Search Queries
Query Definition: Given two query patterns
and pa2, where p; T1fer T2fe2 oo Tnfon, P2
y1fyr Y2fy2 .- Ymfym, and p1 is lexicographically less than
p2, find all database sequences between p1 and p2 in lexico-
graphic order.

p1

In range search queries, suffixes that satisfy the query have
to be prefixes to their sequences, i.e., the suffix is the entire



sequence. Therefore, we do not need to apply the mapping
rule (Rule 1) to patterns p1 and po.

A range search query is answered as follows.

1. Search the SBC-tree first level, i.e., the String B-tree,
to locate the first key larger than or equal to p;. Simi-
larly, search the String B-tree to locate the last key
smaller than or equal to p2. The answer from the
String B-tree is a range specified by two tags, min_tag
and maz_tag.

2. Apply a two-dimensional range query over the SBC-
tree second level, i.e., the R-tree, where the tag dimen-
sion ranges from min_tag to maz_tag, and the preceding
character dimension equals NULL. The answer to the
range query is the answer to the range search query.

The range specified by min_tag and maz_tag in Step 1 in-
cludes the RLE-suffixes whose lexicographic order is between
p1 and p2. In Step 2, we filter this range by retrieving
only the RLE-suffixes that are prefixes to their database
sequences, i.e., the preceding RLE-character is NULL.

In Figure 6, we give an example of a range search query,
where p1 = A5G1 and p2 = B752. The first RLE-suffix
larger than or equal to p; is the suffix starting at position 12
on the disk, i.e., min_tag = 20. The last RLE-suffix smaller
than or equal to p2 is the suffix starting at position 35 on
the disk, i.e., mazr_tag = 100. The two-dimensional range
query over the R-tree, denoted by @3, has bottom-left and
top-right coordinates of (20, NULL) and (100, NULL), re-
spectively. The answer to the range query is one RLE-suffix
that starts at position 12 on the disk (Figure 5(a)). All the
other suffixes in the range are not prefixes to their sequences.
Notice that the suffix starting at position 1 on the disk, i.e.,
ABE3B6S1A2, includes implicit-suffixes that are between
p1 and pe in lexicographic order, e.g., A4E3B6S1A2 and
A3E3B6S1A2. However, these suffixes are not prefixes to
their sequences.

5. THE SBC-TREE DESIGN ISSUES
5.1 The Use of the 3-sided Structure

Although the R-tree has a good performance in practice,
the worst-case theoretical bounds for the update and search
operations are not guaranteed. In this section, we discuss
using the 3-sided range query structure proposed in [8] as the
SBC-tree second level. The 3-sided range query structure
has an optimal worst-case theoretical bound for the 3-sided
two-dimensional range queries as discussed in Section 3.2.
By using the 3-sided range query structure, we can achieve
the SBC-tree claimed theoretical bounds.

The key point is that instead of maintaining one R-tree
structure for all characters in the alphabet X, we maintain a
separate 3-sided range query structure for each character in
3. We then insert each point in the space into the appropri-
ate 3-sided structure based on the point’s preceding charac-
ter dimension. In Figure 7, we illustrate the SBC-tree using
the 3-sided structure for sequences illustrated in Figure 5(a).
We maintain separate 3-sided structures for the characters
NULL,A,B,E,G, and S. The NULL character is a special
character in that its structure is a one-dimensional struc-
ture, i.e., the preceding character dimension contains only

one value, the NULL value. Therefore, the B-tree can be
used to index the points belonging to this structure.

To answer a substring matching query for pattern p’ =
:clffr Tafa ... Tnfn, we map the range obtained from the
String B-tree and specified by the min_tag and mazx_tag val-
ues (See Section 4.2) into a 3-sided query over the structure
corresponding to character 1. The tag dimension ranges
from min_tag to maz_tag, and the preceding character di-
mension is larger than or equal to z1f1. In Figure 7, we
give an example of substring match searching for pattern
p' = A2TE3B4. The min_tag and maz_tag specified by the
String B-tree are 160 and 245, respectively. The 3-sided
query, denoted by @1, has the tag dimension ranges from
160 to 245, and the preceding character dimension is larger
than or equal to A2. The answer to the query is the two
suffixes starting at positions 18 and 3 on the disk.

To answer prefix matching or range search queries, we map
the range obtained from the String B-tree and specified by
the min_tag and maxz_tag values (See Sections 4.3 and 4.4)
into a one-dimensional query over the structure correspond-
ing to the NULL character. We illustrate in Figure 7, a
prefiz match searching for pattern p = E3B4. The min_tag
and max_tag specified by the String B-tree are 160 and 245,
respectively. The corresponding range query, denoted by
Q2, returns one suffix as the answer to the query, i.e., the
suffix starting at position 27 on the disk.

5.2 The SBC-tree Tags Assignment

Each leaf entry in the first level of the SBC-tree is assigned
a numeric tag that represents the entry’s relative position
in the tree. The only invariant that we need to maintain
for the tags is that tags from the left-most leaf entry to the
right-most leaf entry are of increasing order. When a new
leaf [ is inserted between two leaves 1 and l2, [ is assigned
a tag that is between the tags of I1 and I, i.e, tag(ll) <
tag(l) < tag(l2). The tag assignment problem arises when
the tags of I1 and [l> are consecutive, i.e., no tag can be
generated between tag(l1) and tag(l2). In this case we need
to re-assign the tags to the leaf entries in the vicinity of [
to make room for tag(l). Entries that are re-assigned new
tags will be deleted from the SBC-tree second level and re-
inserted with the new tag values.

Dietz and Sleator [17] propose a scheme that maintains dy-
namically the increasing property of N tags in an amortized
O(log, N) CPU time per insertion. That is, on average,
each insertion may require re-assigning tags to log, N en-
tries. The points corresponding to these entries in the SBC-
tree second level will be deleted and re-inserted. The scheme
proposed in [17] does not require any data structure other
than the tags stored inside the String B-tree, and has the
property that the re-assigned tags are in a contiguous re-
gion. Thus, the point updates in the two-dimensional space
are within a contiguous tag-dimension range. Therefore, the
3-sided structure deletes and re-inserts the log, N points in
O(logg N + (logy N)/B) = O(logg N) I/O operations. The
following lemma states the complexity of tag assignment.

Lemma 3. Assigning a tag to a newly inserted RLE-suffix
and updating the 3-sided structure accordingly takes an
amortized O(logg N) I/O operations.
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Parameter Definition The SBC-tree structure consists of a single String B-tree,
B The disk page size anq |3 3—51dgd structures. The space complexity of the
. String B-tree is O(IN/B) pages (Lemma la), and the com-
N The total length of the RLE-compressed sequences. bined space complexity of the |X| 3-sided structures is
Also, the number of points in the 2D space
O(N/B) pages (Lemma 2a). Based on these bounds, we
T "The query output size derive the following lemma.
|p| The length of a RLE-compressed query pattern
Lemma 4. The SBC-tree has an optimal external-memory
m The length of an RLE-compressed sequence .
to be inserted or deleted space complexity of O(N/B) pages.
|3 The alphabet size 6.2 Update

Table 1: The analysis parameters

5.3 The One-level SBC-tree

The structure of the SBC-tree can be simplified, at the
expense of the search performance, by dropping the SBC-
trees second level, i.e., the two-dimensional index structure.
In the one-level SBC-tree, instead of storing the preceding
RLE-character of each RLE-suffix in a two-dimensional in-
dex, we store the preceding RLE-character inside the RLE-
suffix’s entry in the String B-tree in place of the tag entries.
This simplification improves the space requirements and in-
sertion performance because we do not maintain a second
level structure. However, the search performance of the one-
level SBC-tree is not as efficient as the search performance
of the two-level SBC-tree. The reason is that the search,
e.g., substring matching, prefix matching, or range search,
over the one-level SBC-tree is performed by scanning the
keys in the range specified by the two tags, min_tag and
max_tag, sequentially to check whether or not the preced-
ing RLE-character satisfies the query. In the experiments
section (Section 7) we compare the two-level and one-level
SBC-tree variants and illustrate their advantages and disad-
vantages.

6. THEORETICAL ANALYSIS

In this section, we present an analysis of the SBC-tree up-
date and search operations. We consider the SBC-tree as
described in Section 5.1, i.e., the SBC-tree using the 3-sided
structure. We derive the SBC-tree theoretical bounds from
the theoretical bounds of the String B-tree and the 3-sided
range query structures. The parameters used in the analysis
are summarized in Table 1.

6.1 Space Requirement

The insertion of an RLE-compressed sequence of length m
requires (1) inserting m suffixes into the String B-tree that
requires O(mloggz(N + m)) I/O operations (Lemma 1b),
(2) assigning m tags to the inserted RLE-suffixes, and pos-
sibly updating the 3-sided structure in the case of tag re-
assignment, that takes O(mloggz (NN + m)) amortized I/O
operations (Lemma 3), and (3) inserting m points into the
3-sided structure that requires O(mlogz (N 4+ m)) I/O op-
erations (Lemma 2b). The deletion of an RLE-compressed
sequence of length m requires (1) deleting m suffixes from
the String B-tree that executes in O(mlogz(N + m)) I/0
operations (Lemma 1b), and (2) deleting m points from the
3-sided structure that executes in O(mlogg(N + m)) I/O
operations (Lemma 2b). Based on these bounds, we derive
the following lemma.

Lemma 5. The insertion and deletion operations over the
SBC-tree execute in O(m log 5 (N+m)) amortized, and worst-
case I/O operations, respectively.

6.3 Search

Substring matching, prefic matching, and range search
queries over the SBC-tree are answered by performing (1)
two root-to-leaf path traversals over the String B-tree that
execute in O(logy N + %‘) I/0 operations (Lemma 1c), and
(2) a 3-sided range query over the 3-sided structure that ex-
ecutes in O(logz N+ %) I/O operations (Lemma 2c). Based

on these bounds, we derive the following lemma.

Lemma 6. Substring matching, prefix matching, and range
search queries over the SBC-tree index execute in an opti-
mal O(loggz N + WTJrT) I/0 operations.

The theoretical bound for the prefic matching and range
search queries is optimal under the assumption that index-
ing all suffixes is required to answer the substring matching
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queries. If substring matching is not of interest, then a bet-
ter theoretical bound for prefix matching and range search
queries of O(log 5 K+WT+T) I/0 operations can be achieved,
where K is the number of sequences [19].

The following theorem states the SBC-tree theoretical bounds.

Theorem. The SBC-tree has an optimal external-memory
space complexity of O(N/B) pages. The insertion and dele-
tion of all RLE-suffixes of a compressed sequence execute
in O(mlogg (N +m)) amortized, and worst-case I/O opera-
tions, respectively. The substring matching, prefix matching,
and range search operations over the SBC-tree index execute
in an optimal O(logg N + WT+T) I/0O operations.

7. EXPERIMENTAL RESULTS

In this section, we study experimentally the per-
formance of the SBC-tree in the context of pro-
tein secondary structure databases. We use the

Human and SwissProt protein databases available at
http://www. pir.uniprot.org/index.shtml.  These databases
are among the largest protein databases available online.
The String B-tree index size for the uncompressed sequences
of the SwissProt and Human databases is 3.5 GB and 1.2
GB, respectively. The alphabet for the protein sequences
consists of three letters, i.e., ¥ = {FE,H,L}, and the se-
quences consist of long repeats of these letters.
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In our experiments, we study the performance of the SBC-
tree for indexing RLE-compressed sequences against the
String B-tree for indexing the uncompressed sequences. We
consider three variants of the SBC-tree, the SBC-tree using
the 3-sided structure, the SBC-tree using the R-tree, and
the one-level SBC-tree.

In Figure 8, we present the SBC-tree index size relative to
the String B-tree index size. The figure illustrates that the
one-level SBC-tree achieves around an order of magnitude
reduction in storage, and the SBC-tree using the 3-sided
structure or the R-tree achieves around 80% reduction in
storage. The one-level SBC-tree involves the least storage
overhead because it does not maintain a second level index
structure.

In Figure 9, we present the relative performance of the SBC-
tree insertion operation. The figure presents the average
number of 1/O operations performed by the SBC-tree to
insert all RLE-suffixes relative to the average number of
I/0 operations performed by the String B-tree to insert all
uncompressed suffixes of a given sequence. The figure il-
lustrates that the one-level SBC-tree achieves around 80%
reduction in the number of I/Os, whereas, the SBC-tree us-
ing the 3-sided structure or the R-tree achieves around 30%
saving in I/Os. This I/O saving is because the SBC-trees
index the RLE-suffixes that are significantly fewer than the
suffixes of the uncompressed sequences. The big I/O sav-
ing achieved by the one-level SBC-tree is because of insert-
ing the RLE-suffixes into the String B-tree, and no further
1/0Os are required. However, the SBC-tree using the 3-sided
structure or the R-tree requires, in addition to inserting the
RLE-suffixes into the String B-tree, inserting a point into
the two-dimensional space for each inserted RLE-suffix.

In Figure 10, we present the SBC-tree I/O performance un-
der prefix matching queries. The figure presents the average
number of I/O operations performed by the SBC-tree rela-
tive to the average number of I/O operations performed by
the String B-tree. The SBC-tree using the 3-sided structure
or the R-tree achieves around two orders of magnitude re-
duction in I/Os. The R-tree is a little worse than the 3-sided
structure because the R-tree may involve traversing multiple
paths in the tree. The one-level SBC-tree achieves around
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85% 1/0 reduction. This I/O saving is because the SBC-tree
searches a range of RLE-suffixes that is significantly smaller
than the range of uncompressed suffixes that is searched by
the String B-tree. The big difference between the perfor-
mance of the one-level SBC-tree and the performance of the
SBC-tree using either the 3-sided structure or the R-tree is
because the size of the query answer relative to the size of
the searched range, i.e., the range specified by min_tag and
maz_tag, is usually very small. The one-level SBC-tree scans
the entire range to retrieve the query answer set, whereas
the 3-sided structure and the R-tree retrieve only the query
answer set from the specified range.

Notice that, in the previous experiment, we treat suffixes
that are prefixes to their sequences like all other suffixes.
In order to achieve optimal I/O performance for answering
prefiz matching queries by both the String B-tree and the
SBC-tree, we prefix each sequence in the database by a spe-
cial character V. In this case, all suffixes that are prefixes
to their sequences are contiguous in the index tree. By pre-
fixing the query pattern by W, we guarantee that all leaf
entries scanned by both the String B-tree and the SBC-tree
belong to the query answer set. Therefore, the String B-
tree and the SBC-tree can achieve the same optimal I/O
performance.

The I/O performance of the SBC-tree under range search
queries is presented in Figure 11. The figure illustrates that
SBC-tree variants exhibit behavior similar to that of the
prefiz matching queries. The I/O saving in the case of range
search queries is slightly less than that in the case of prefiz
matching queries because range search queries usually in-
volve larger answer sets. The optimal I/O performance for
answering range search queries can be reached by both the
String B-tree and the SBC-tree in a manner similar to that
in the case of the prefiz matching queries.

The SBC-tree relative performance under substring match-
ing queries is presented in Figure 12. The figure illustrates
that the SBC-trees do not achieve I/O savings over the
String B-tree of the uncompressed sequences. The reason
is that the number of I/Os performed by the String B-tree
is optimal, i.e., all leaf entries that are scanned by the String
B-tree belong to the query answer set. Therefore, at least
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the same number of I/Os is performed by the SBC-tree to
only retrieve the query answer set. The SBC-tree using the
3-sided structure is the best among the SBC-tree variants
with 3% and 30% additional I/O overhead for the Swis-
sprot and Human databases, respectively. The R-tree in-
volves higher I/O overhead than that of the 3-sided struc-
ture because the R-tree may traverse multiple paths in the
tree. The one-level SBC-tree is the worst because it scans
the range specified by the min_tag and max_tag sequentially.
This range is larger than the range scanned by the String
B-tree of the uncompressed sequences because we ignore the
first RLE-character in the query pattern, which enlarges the
searched range.

In summary, the performance results illustrate that the SBC-
tree achieves an optimal search performance over compressed
sequences similar to that of the String B-tree over uncom-
pressed sequences, with 85% reduction in storage and 30%
reduction in insertion I/Os.

8. CONCLUSION

We presented the SBC-tree index structure for indexing and
searching RLE-compressed sequences of arbitrary length.
The SBC-tree is a two-level index structure, the first level is
the String B-tree and the second level is the 3-sided range
query structure. The SBC-tree supports substring match-
ing, prefic matching, and range search operations over RLE-
compressed sequences. The SBC-tree has provable worst-
case optimal theoretical bounds for the external-memory
space requirements and search operations that are relative
to the length of the compressed sequences. We presented
also two variants of the SBC-tree: the SBC-tree using the
R-tree and the one-level SBC-tree, that do not have prov-
able worst-case theoretical bounds for search operations, but
perform well in practice. Our performance results illustrate
that the SBC-tree using the 3-sided structure achieves up
to 85% reduction in storage, up to 30% reduction in 1/Os
for the insertion operations, and retains the optimal search
performance achieved by the String B-tree over the uncom-
pressed sequences.
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