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Abstract. Region Connection Calculus (RCC) is one primary formaligmualitative spatial rea-
soning. Standard RCC models are continuous ones where egic iis in nitely divisible. This
contrasts sharply with the predominant use of nite, disenmodels in applications. In a recent
paper, Li et al. (2004) initiate a study of countable modbtt tan be constructed step by step
from nite models. Of course, some basic problems are leftalved, for example, how many non-
isomorphic countable RCC models are there? This papertigagss these problems and obtains the
following results: (i) theexoticRCC model described by Gotts (1996) is isomorphic to the mahi
model given by Li and Ying (2004); (ii) there are continuummnqanon-isomorphic minimal RCC
models, where a model is minimal if it can be isomorphicattybedded in each RCC model.
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1. Introduction

Region Connection Calculus (RCC) is one primary formaligmqualitative spatial reasoning. As a rst
order theory, RCC is based on one primitive contact relatia satis es several axioms. Models of
RCC have been studied by several authors, see e.g. [3, %41526].
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Given a topological space , write for the regular closed Boolean algebra of For two

regions , that is, two nonempty sets in , is said to be incontactwith , written , if

. If  happens to be connected and regular, then Gotts [3] shows tha is indeed an
RCC model. Later, Liand Ying [4] also show that is an RCC model if and only if is connected
and the open set lattice of is inexhaustible in the sense of Stell [9]. Recently, Déhtand Winter [2]
show that, under the mild condition thatis semi-regular, is an RCC model if and only if is
weakly regular connectedThey further show that any RCC model can be isomorphicallpesded in
a connected weakly regular space.

Standard models of RCC are continuous, that is, regionsendrerin nitely divisible. This contrasts
sharply with nite, discrete models predominantly used ppkcation. In a recent paper, Li et al. [6]
initiate a study of countable models that can be construstieyl by step from nite models. Of course,
some basic problems are left unsolved, for example, how manyisomorphic countable RCC mod-
els are there? This paper investigates these problems d@aith®ithe following results: (i) the exotic
RCC model described by Gotts [3] is isomorphic to the minimaldel given by Li and Ying [5]; (ii)
there are continuum many non-isomorphic minimal RCC moaehere a model is minimal if it can be
isomorphically embedded in each RCC model.

The structure of this paper is as follows. Section 2 rechéscbncept of RCC models and introduces
the minimal RCC model given in Li and Ying [5]. Then in Section 3 we show that Gottodel is
isomorphic to Li and Ying's minimal model. Section 4 intradis a sequence of sub-RCC models of.
The key notion of -chain is also de ned here. We then show these sub-RCC madelson-isomorphic.
Based on this result, we in Section 5 construct for each pinastring a sub-RCC model of , and
show that they are non-isomorphic. Conclusions are givedertion 6.

2. A minimal RCC model

2.1. Models of the Region Connection Calculus

The RCC theory was initially described in [7, 8], we here ddopequivalent formulation given by Stell
[9].

De nition 2.1. ([9])
An RCC model is a Boolean algebracontaining more than two elements, together with a binanauzi
relationC on that satis es the following conditions:

Al. Cis re exive and symmetric;
A2. ;
A3. or ;

A4.

A topological space is called semi-regular if has a basis of regular open sets; and a semi-regular spaateid weakly
regular if for each nonempty open sethere is another nonempty open setuch that the closure ofis contained in [2].
This last condition is precisely the so called “inexhaubtii of the open lattice of given in [4].
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where and are, respectively, the bottom and the top element,of isthe complement of in
is the least upper bound (lub) ofand in

Given an RCC model , aregionin is an element other than. For two regions ,we

write if they are not in contact; write if are inexternal contacti.e. but
. We call apartof , write , if , and call aproper partof , write ,
if . For , We say is atangential proper par{tpp for short) of , write , if there
is a third region such that and ; otherwise, we say is anon-tangential proper part
(ntpp for short) of , write (or for short). It is easy to show that for any ,
if and only if

Lemma 2.1. For regions in an RCC model , If , then only if
Proof:
Suppose and . Then by A3. of De nition 2.1, we have since

. This contradicts

In what follows we call a boundary of if . In other words, for two regions , we call a
boundaryof if . Notice that by Lemma 2.1 we know a boundary a$ in contact with all
regions that are in external contact withThis justi es the wordboundary

Another important concept is connectedness of a region.

De nition 2.2. Aregion inan RCC model is connectedf
For any two regions in  if then D)
By the de nition of RCC models, we know particularly, the universe, is connected.

Lemma 2.2. Given an RCC model , Suppose are regionsin with for
. For a connected region , iIf is covered by ,l.e. ,then is
a part of some .

Proof:
If not so, then the set contains at least two regions. Any two such regions are
clearly not in contact, this contradicts the assumptiom tha connected.

Given an RCC model , suppose is a subalgebra of containing more than two elements. We
now consider the sub-structure on Using , the restriction ofC on , and , we can de ne all
aforementioned RCC relations on Interestingly, these relations oncoincide with the corresponding
relation de ned in . In other words, for any two regions , holds in if and only if
holds in , where [6, Proposition 3.1}
For a sub-model of ,we say aregion is connectedn  if for any two regions ,
only if . For , itis clear that is connected in only if it is connected in .

The converse, however, is not always true.

2This property, however, cannot apply to all binary relasiole nable byC [6].
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2.2. Standard RCC models

Given a topological space, denote by the complete Boolean algebra of regular closed subsets of
. Two regions, that is, two nonempty regular closed seéd in , are incontactif

If this is the case, we write . Itis well-known that, if is a connected regular topological space,

then is an RCC model [3]. We call , together with the contact relation , thestandard

RCC model over . Note that each standard RCC model is a complete (uncoejtBbblean algebra.

This suggests that regions in these models can not be cotegtritom basic ones in nite steps. In [5],

Liand Ying provide a general approach for constructing table (thuson-standard RCC models step

by step from sequences of nite models. We next recall themmh RCC model described there.

2.3. Arepresentation of the atomless countable Boolean agra

Let be the set of nite binary strings over . As usual, we write for the empty string.
For a string , we denote by its length. Now for each string , We associate a
left-closed-and-right-open sub-interval of  as follows: Take

, , , : and so on.

In general, suppose has been de ned for a string , we de ne to be the rst half left-
closed-and-right-open sub-interval of, and the second half Write
Then , with the ordering of set inclusion, can be visualized asranite complete binary tree (See
Figure 1).

Write  for the subalgebra of the powerset algebra generated by . Clearly is countable.

Lemma 2.3. For each region , there exists some such that either or
for any string with

Proof:
Follows directly from the de nition of

De nition 2.3. ([5])
De ne to be the smallest binary re exive and symmetric relation on that satis es the following
conditions:

1 Fortwo different binary strings with same length, if and only if there exists a binary
string  such that for some , where  denotes the (sub-)string
2 For any two nonempty , if and only if or there exist binary strings
such that , and
Then is a countable RCC model [5]. In what follows we simply write for this model. It

was shown in [5] that is a minimal model, that is, it can be isomorphically embeboleany RCC
model.



L. Xia and S. Li/On minimal models of the Region Connectiolc@as 5

X
Xo X1
Xo0 Xo1 X10 X11
X000 Xoo1 X010 Xo11 X100 X101 X110 X111

ANVARVARNA

Figure 1. The in nite complete binary tree
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Figure 2. Construction of the contact relation

Proposition 2.1. For any nonempty binary string and any region , if and only if
and for some

As a consequence, any two regions that are in external domitficthe same  intersect.

Proposition 2.2. ([6])
For any binary string, is connected in

Proposition 2.3. Given a nonempty binary stringand a region in , is aboundary of |,
i.e. , iff for some ; or, equivalently, is an ntpp of iff for any
Proof:

Notice that only if for any and any . This follows from the de nition of
boundary.

Proposition 2.4. Given a nonempty binary stringand regions in , suppose

forms a partition of . Then there is exactly onesuch that is a boundary of .

Proof:
Follows from Proposition 2.3.



6 L. Xiaand S. Li/On minimal models of the Region Connectioic@as

Proposition 2.5. Suppose is a connected region in , and is a binary string such that
Then is also connected in

Proof:

Because of the connectedness pfve know . Now suppose is disconnected.
Then we can nd such that but . Because is connected,
we have and . Thus by De nition 2.1 A3, is in contact with both

and . This is impossible, since, by Proposition 2.1, bothand  would contain a boundary of

3. Gotts' model

The rst countable (hencaon-standarl RCC model was constructed by Gotts in [3]. We in this section
show this model turns out to be isomorphic to the minimal nhode.

Let be the unit Euclidean square. Set  to be the standard RCC model on Recall
regions in this model are just nonempty regular closed gslwde , and two regions are
in contactif . We next describe how to construct Gotts' model step by step.

Figure 3 (left) illustrates the result of the rst few stagesbuilding this model. The rst stage in
construction is to draw a unit square The second is to draw a sub-square ddit the center with length
-. In the third stage ve more sub-squares of lengthare added; the fourth adds 25 more, smaller still.
Continue this process and writefor the set of all squares produced after some nite numbestades.
The Gotts' model, denoted by, is therefore the sub-model of generated by these squares in
Thatis, aregion in will be any square in , any nite sum of such squares, and the difference between
any two such sums of squares. Notice that each nonemptynreggio contains at least one square in
as a non-tangential proper part. This sub-model clearlp REGC model.

Toshow isisomorphic to , we need to establish a Boolean isomorphism . To this
end, we now give a correspondence between squaresimd binary strings.

First, write for all sub-squares in that are maximally connected. That is, for each sub-square

in , ho square other than contains . Clearly, is countable in nite. We write these squares

as a sequence

Figure 3 (right) gives an illustration of such an ordering.

We associate a binary string for each as .

For each square , Write for all sub-squares contained inthat are maximally connected.
Clearly there is a natural corresponding between squares inand squares in . We write squares
in as

where isthe corresponding square ofin . Note also that any is a non-tangential proper
part of .

Next, we classify squares in into groups. We denote and , and,
in general, if  has been de ned for some , we de ne . Then it is clear

and these are pairwise disjoint.
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Figure 3. First few steps of Gotts' model (left) and an ordgmf maximal squares (right).

For each region in , suppose for some . Then there exist ,
. such that and for any . Suppose is
the -th square in , isthe -th squarein for , and suppose is the -
th square in . Then this region is uniquely determined by the sequence
De ne . This gives an injection .

On the other hand, given a nonempty binary stringf ends with a , then has form

2)
if ends with a and there is no appearing in, then ;if ends with a and there is some
appearing in, then has form

3)
where for all :

Now de ne as follows, where

if is a string with form (2) and ;
if ;

if is with form (3) and , Where

It is straightforward to show that satis es the following conditions:
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(@) iff , .e., iff is an initial segment of; and
(b) iff ,i.e., iff
Notice that is generated by , can be extended to in a natural way. Write also for the
resulted mapping. Then it's straightforward to show that is a Boolean isomorphism and
iff for any

4. How many minimal RCC models are there?

A minimal RCC model is a model that can be embedded into argratiodels. Li and Ying [5] show
that the RCC model (see De nition 2.3) is a minimal model. Naturally, we ads“ the unique
minimal model? and “How many minimal models are thefePhe rest of this paper is devoted to the
solution of this problem.

We rst note that each minimal model is countable. Recalbalsat there is up to isomorphism
only one atomless countable Boolean algebra. Now, singe @ire at most continuum many different
contact relations on the atomless countable Boolean ag#i®re are at most continuum many different
countable RCC models. As a result, there are at most comtimnany minimal RCC models.

In the rest of this paper, we show that there are exactly woath many non-isomorphic minimal
RCC models. This is justi ed by constructing for each binargtring a minimal RCC model

To make the construction more comprehensible, we give alskdtthe proof.

4.1. A sketch of the proof

The basic idea is to construct for each binamnstring over an RCC model , which is a
sub-model of the minimal model . This model is clearly minimal. We then need show that any two
models and are non-isomorphic if

To this end, we introduce the key notion ofthain ( ). This is an invariant property of RCC
models, i.e. for two isomorphic RCC modelsand , contains a -chain if and only if does.
Next, we construct a sequence of sub-RCC models

(4)

of , such that, for two , contains a -chain if and only if
Given a binary -string , the minimal model can be constructed, roughly speak-
ing, as follows: for each ,if , then replace the local structure of at with
Then we prove  contains a -chain ( ) if and only if . As a result, for two string
and , if they differ at the -th ( ) symboal, i.e. , then
and are non-isomorphic since one contains-ehain but the other doesntt.
In the following sections, we rst construct sub-models of ,then we show these models

can be differentiated by the notion ofchain. Using these non-isomorphic models, we construct fo
each binary -string a minimal model.



L. Xia and S. Li/On minimal models of the Region Connectiolc@as 9

‘ 5" X100 ! >” X110 o
\ LE2 : : / \
X0000 ! ) LEs | X

o~ X1110 o X1111
I /\
|

|

|

Figure 4. Left edges of the complete binary tree

4.2. A sequence of sub-models of

For each , We in this subsection construct a subalgebraof
We need some additional notations concerning For each , write

Note in Fig 4, contains regions in theth left edge of the complete binary tree. For example, the

second left edge contains regions
For each and any region , de ne to be the largest region (possibly empty) in

contained in , i.e.

Clearly if and only if . Notice that no region other than the universecan contain
some ( ) as an ntpp. We call each aboundaryof the universe. For any region , write
Then if and only if contains a boundary of the universe.

The following two simple properties will be useful in latasdussion.

Lemma 4.1. For any region , any , if and only if , Where s the
complement of in

Proof:
Notice that by Lemma 2.3, there exists some such that or for any string with
length . In particular, or . That is, is contained in either or

. This shows one of and is nonempty. Since , only one can be nonempty.
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Lemma 4.2. For two regions , any , iff either or  isnonempty, and
iff both and  are nonempty.

Proof:
This follows from the similar argument as given in Lemma 4.1.

Next, we de ne a subalgebra of for each

De nition 4.1. For each ,dene tobeasubset of such thataregion is in if
one of the following two conditions is satis ed:

(i) Forall , ; or

(i) Forall :
By Lemma 4.1 and Lemma 4.2, we know eachis a subalgebra of , and is a subalgebra of
Proposition 4.1. For each , is a subalgebra of . Moreover, we have and is

a subalgebra of for any

The key character of is its uniformity on left edges . By the de nition of
for a region , isin if and only if are collectively empty or nonempty.
Take asexample. Then region isnotin . Thisis because , but
But isin , since and .

What should be stressed is, a connected region in may be disconnected in , hence discon-
nected in . Take the above as an example. Since is notin contact with in ,
we know is not a connected region in . But the next proposition shows thats a connected region
in

Proposition 4.2. For each and any region , we have
Q) If , then is connected in if and only if is connected in
2) If , then is connected in
Proof:
For the rst case, if ,thenwe know arealsoin . Thisis because for each

. Therefore and are in contactin if and only if they are so in . So, by the de nition
of connectedness, is connected in  if and only if it is connected in
For the second case, suppose are two regions in  such that . By Lemma 4.2 and
, we know either  or iS nonempty.
Suppose both and are nonempty. Then by is a connected region in , we know

and are in contactin . So are and . Moreover, since , they are also in contact in .
Suppose is empty. Then by all are empty and all are nonempty for
Clearly cannot be true for all . This is because and

. Without loss of generality, we assume . Then , since . Note that
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is also nonempty. This is because otherwise we shall have , hence .
Now, since is connected and , we know is in contact wit
. This suggests and are in contactin  and, hence, in
The situation when is empty is similar.

De nition 4.2. (Basic regions in )
For aregion , we call basic if for some binary string or .
For easy of reference, we call regions in like  Type-1 regions, and call the others Type-2 regions.

Note rst that each Type-1 region is connected in . This is because is connected . By
Proposition 4.2, we know Type-2 regions in are also connected.

The following lemma then shows that each region incan be decomposed into a collection of basic
regions.

Lemma 4.3. For a basic region , can be decomposed into a collection of disjoint basic regjion
where “disjoint' is in the sense of set theory. In particuifar , then can be represented as the
union of one Type-2 region and a collection of Type-1 regions

Proof:
Set . Then s either empty or a Type-2 region. Since for
, isalsoin . Suppose is a disjoint decomposition of in
, Where are binary strings. Then each isin , since it is a sub-region of . In this way

we decompose into a collection of disjoint basic regions.

Now we turn to the contact relation on inherited from . Itis easy to show that the sub-model
is indeed an RCC model.

Theorem 4.1. For , is an RCC model.

Proof:

We need only to show that, for any region , there exists such that . f all

( ) are empty, let be any region in  such that . Notice that since all  are
empty. On the other hand, if all ( ) are nonempty, that is for some

Let . Then and ( ). Therefore we have some

with in both cases.

As a consequence, we obtain a sequence of sub-RCC models.dfor convenience we write for
. Itis natural to ask Are these models all differeritth the next subsection, we prove that
this is true.

4.3. Ntpp-chain and -chain

In an RCC model, each region contains a non-tangential pymgoe That is, for each region we can
nd another region such that , or for short. This procedure can be continued for
any length of steps. The following de nition @itpp-chaincaptures this notion.
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Table 1. A segment of 2-chain in

are connected in
, are connected in

De nition 4.3. (ntpp-chain)
Suppose is an RCC model. A sequence of regions in is called amtpp-chainif

An ntpp-chain is said to beonnectedf all  are connected.

The collection of RCC models constructed in the above subsection can be differentiated
by speci ¢ connected ntpp-chains.
Fix a , for each , let
Then is an ntpp-chain. By Proposition 4.2, we know eachs connected in . Therefore
is a connected ntpp-chain in .
We rst note that, for any ,each isnotaregionin ; and for any ,each isa

disconnected region in . The latter statement follows from the observation that vy regions in
are not in contact.

Second, we note that for . If we set ,
then by Proposition 2.5 each is a connected region in . By the de nition of the contact relation

(De nition 2.3), we know any pair of are not in contact. Moreover, by
and , we know . But since , the complement of

, we know each s in contact with

In summary, we have a connected ntpp-chain in such that the difference of any two
and ( ) contains precisely connected components in , where any two components
are not in contact. Moreover, each component is in contatt thve complement of .

An illustration is given in Table 1 for the case

We call the above speci ¢ ntpp-chain achain
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De nition 4.4. ( -chain)
Suppose is an RCC model. For , @a connected ntpp-chain in is called a -chain, if for any
there exists a partition of satisfying:

1. each isaconnected regionin;
2. and any two  are not in contact;

3. each isin contact with

The above observation then can be summarized as the folldveorem.

Theorem 4.2. For and any , let . Then isa -chain
in

It is also clear that each contains a 1-chain. For each , set . Then it is routine to
check that isal-chainin . Soin what follows, we only considerchains for

In the next subsection, we show the notion ethain can be used to differentiate from all the
other

4.4, has a -chain only if
To prove that  contains no -chain for any , we need several lemmas.

Suppose isa -chainin . Set to be the unionofall ( ). Then we claim
(in Proposition 4.3) that is nonempty and the chain will nally contained in

We achieve this result by two steps. Suppose is a partition of , Where is
a binary string. In this way, we decomposeinto disjoint basic regions in (see Lemma 4.3). Then
Lemma 4.4 asserts that the chain will nally contained in either orsome ,andLemma 4.5

suggests that the latter is impossible because forany .

Lemma 4.4. Given a connected ntpp-chain in , set , and suppose
is a partition of , Where is a binary string. For , Write . Then
there is a unique such that is nally contained in , that is, for all

large enough.

Proof:
Notice rstthat , ( ) are all regions in
For , we de ne
Then is nonempty and if . Because , there exists so that

for any . Write

Then . Our aim s to prove . We show this by reduction to absurdity.
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Suppose . There exists some such that . We assert that and for any
, contains a boundary of .
From the de nition of , . If  contains no boundary of , then by Proposition 2.3
, hence . Notice that since . So we have
. Since both and are regions in , this contradicts the connectedness
of .
Denote . Notice that , we have
. For each , recall or for some . By Proposition 2.5, we know
is also connected in , hence connected in . By , we
have . Now since , we have for
some positive . Recall that each contains a boundary of for any positive . From
we know holds for any . This contradicts the assumption
that is a connected ntpp-chain.

Lemma 4.5. Suppose isa -chainin . Then holds for any and
any

Proof:
Suppose there exist some and some such that . By the de nition of -chain,

we know for any and any , . Set ( ). Then is
a -chain such that holds for any and any . S0 we can assume without loss of

generality that holds for any and any .
Let be a decomposition of . Then for any . Write
. Then ( ). By Lemma 4.4, we know  are eventually contained in, say.
In other words, there exists somesuch that for any
By the de nition of -chain, we can decompose into separate connected components
such that and ( ).
We rst prove that forall . Thisis because, if forsome , then by
, we know . Sinceanytwo  are notin contact, we have ,

hence . This contradicts the connectedness of So for any we have

From and , we know is a

partition of . Noticing has form , by Proposition 2.4 and , there exists such that
contains a boundary of , and for all . Notice that if iS nonempty
either, then and since is connected. This suggests that
cannot hold. Hence for all . Therefore , hence ,
for all . Note that, since , there exists . Now because , we have ,
hence , this contradicts Item (3) of De nition 4.4.

By Lemma 4.5 and Lemma 4.4, we have the following propositignich asserts that a-chain will
nally contained in a Type-2 region.
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Proposition 4.3. Suppose isa -chainin , set . Then is eventually

contained in , that is there exists some such that holds for any

Proof:

By Lemma 4.4, we know is eventually contained in for some , that is

for all bigger enough. Now, recall Lemma 4.5 asserts that holds for any and any
. This suggests for all . As a result, we have and is eventually

contained in

We now prove the main theorem of this subsection, which ts#eat there is no-chainin  for
any

Theorem 4.3. For , ifthereis a -chainin , then
Proof:
Suppose isa -chainin , set . Then by Proposition 4.3 and
( ), there exists such that for any
By the de nition of -chain, we have a partition of , say , such that (i)
each is a connected region; (ii) any two are not in contact; arifiéach is in external contact
with
We rst prove by showing
D) for any ; and
(2) for any there exists a unique such that
Notice that if (1) and (2) hold, then there is a surjectiomiro onto , hence
Suppose for some . By , we have . Recall any two
regions in are not in contact. We have , contradicting the connectedness
of . Thisis because . Hence holds for
any . Therefore (1) has been justi ed.
Next we show (2) holds. Suppose there exist and such that
and . By Proposition 2.4 we have either or isan ntpp of . Take
for example. Notice that if , then by we have
. This is impossible since is a connected region in . So we have
, that is . By we have . This is also
impossible since  is in contact with
Above we have shown , We next prove . By the de nition of -chain, we have a partition
of , say , such that (i) each is a connected region; (ii) any two
are not in contact; and (iii) each is in external contact with

We prove by showing
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(3) for any , there exists some such that ; and
(4) for any there exists a unique such that
Notice that if (3) and (4) hold, then there is a surjectiomiro onto , hence
To show (3) is right, we need only to prove that for any
Suppose not so. Then there exists some such that , or, equivalently,
. Note that since by Lemma 4.5. Note also that by
, we have f , then .
Recall , this gives a contradiction since for any . On the other
hand, if , then and since
is connected in . This further shows that is in external contact with
both  and in therefore in . This contradicts :
We next show (4) is also right. For any , since is connected in  and
, we know . Recall any
two regions in are not in contact. There cannot exist two different such that both
and are nonempty.
In summary, we know . Combining with the early result that , we have

5. Minimal RCC model

So far we have constructed a sequence of countable RCC models such that

Each is asub-model of ;

and is a sub-model of ;
For , contains a -chain if and only if
Since the notion of -chain is RCC invariant, are pairwise non-isomorphic.
Based on these , we construct in this section continuum many non-isomarptCC models. The
strategy is, given any binary-string over , constructing a sub-model, , of
. Roughly speaking, is obtained by replacing, for eachwvith , the local structure of  at
by . For , we can show that the sub-model contains a -chain if and only if

This suggests that no two such models are isomorphic. Sincéself is a minimal RCC model, each
is also a minimal RCC model.
We now examine in detail the construction procedure.
To begin with, we consider the local structure of at , where is a binary string. Write
. Then s asubalgebra of the powerset algebra Note that there is a bijection
, which is de ned as follows

()
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Figure 5. Local structures of at

It is straightforward to show that is a Boolean isomorphism. Note that , the inverse mapping
of ,maps to

Set ( ). We are interested in local structures at these (See Figure 5.) For any
-string , we now de ne  to be the subset of obtained by replacing (when ) each local
structure by . Recall that is a subalgebra of . We know is a subalgebra of

De nition 5.1. Suppose ( ) is a binary -string. De ne a subset of
as follows:
(6)
Suppose is a sub-region of . By the above de nition, we have (i) if , then iff
; and (ii) if , then is always in
Lemma 5.1. For any binary -string is a subalgebra of
Proof:
Recall that each is a Boolean isomorphism. We have in particular ,
This shows and are elementsin . Moreover, for any two , since

we know . Therefore is a subalgebra of
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For any region in , there exists some such that . Now since both  and
are RCC models, there is a region such that . Sowe know isa
sub-RCC model of
What remains to prove is to show no two such models are isdmorguppose and
f , then there exists some such that . Note that if we can prove
that there is a -chain in  iff . Then only one of and contains a -chain. Therefore

they are non-isomorphic.
We now study in detail properties ofchain in a sub-model . The following lemmas show that if

contains a -chain, say , then and is nally contained in . Recall the
construction of . We know, if , then the local structure of at is isomorphic to
So  contains a -chain if

For any region , recall we de ne , and say contains a
boundary of the universe if . The following lemma shows that an ntpp-chain in nally

contains no boundary of the universe.

Lemma 5.2. Suppose is an ntpp-chain in . Then there exists such that for
any

Proof:
We prove this by reduction to absurdity. Suppose all are nonempty. We now prove by induction that
contains a boundary of for each . This suggests is in contact with each , which contradicts
the assumption that
To begin with, notice that contains a boundary of iff contains a boundary of . By our

assumption, we know all contains a boundary of . Note that if for some

, then and hold since both and contain a boundary of . This
contradicts the assumption that . So for any . Furthermore, if contains
no boundary of , then . By the connectedness of we have ,
hence . Because , we have . This is impossible,
since and contains a boundary of , contains a boundary of . As a result

we know all  contains a boundary of .
In general, assuming all contains a boundary of , we show contains a boundary of

Firstly all are nonempty. Recall also contains a boundary of . This follows from the same
justi cation as for . Now if contains no boundary of , then , hence

. By , we have . This contradicts the assumption
that contains a boundary of and that . Therefore all contains a boundary of
Lemma 5.3. Given a binary -string, suppose is a connected region in and for
some . Then for some
Proof:
Note that any two regions in are not in contact. Hence any two regions in are
not in contact. Recall that is connected. Only one of these regions, say ,is

nonempty. Hence holds.
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If the ntpp-chain is connected in , then the following lemma shows that the chain will
be nally contained in for some . Note that by the de nition of , all are (connected)
regions in
Lemma 5.4. Given a binary -string , suppose is a connected ntpp-chain in . Then there
exist and such that for all
Proof:

By Lemma 5.2, we know there exists that contains no boundary of , so does each for

Without loss of generality, we assume all contains no boundary of . Suppose is the smallest
number such that , where denotes the length of. Since contains

no boundary of , we have , that is . By Lemma 5.3 and the
connectedness of , we have , hence all , are included in for some

Moreover, if isa -chainin ,then must be 1, and the chain is nally contained in
Lemma 5.5. Given a binary -string , Suppose isa -chain ( )in . Then
and there exists some such that for all

Proof:
By Lemma 5.4 we know there exist some and some such that for all
If , then for any . Moreover, for any , is connected in  only
if is connected in . This suggests is also a -chainin . Recall , we know by
Theorem 4.3 that , a contradiction. On the other hand, suppose . For any
with , we have , Where is the isomorphism de ned in
Equation 5. It is also clear that if , is connected in , then is connected in

. This shows is a -chain in . By Theorem 4.3 again we know and

for all

Now we can prove that forany ,the RCC model contains a -chain if and only if

Theorem 5.1. Given a binary -string , suppose . Then has a -chain if and only if

Proof:

By Lemma 5.5, we know if has a -chain, then . On the other hand, suppose , We can
nd a -chain. Recall by Theorem 4.2 there is &hain, say in . Itis straightforward to check

is also a -chain in
By this theorem, we obtain our main result in this section:

Theorem 5.2. Giventwo -strings and started with 1, if ,then is not isomorphic to

Since there are continuum manystrings started with 1, we have constructed continuum rmreomy
isomorphic RCC models. Now since each is a sub-model of , which is a minimal model by Li
and Ying [5], we know these models are also minimal. Hencesthee continuum many non-isomorphic
minimal RCC models.
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6. Conclusion

This paper studied minimal models of the RCC theory. We rsived that the exotic RCC model
described by Gotts in [3] is isomorphic to the minimal RCC mlod given in [5]. Then we constructed
continuum many sub-RCC models of . These sub-models are also minimal models. Based on the key
notion of -chain, we showed that no two such models are isomorphic.

Recall that there is up to isomorphism only one atomless tatien Boolean algebra. There are at
most continuum many non-isomorphic countable RCC modeisv $ince each minimal model is count-
able, our result then suggests that there are exactly eamtirmany different countable RCC models as
well as minimal RCC models.

Acknowledgements

We thank the anonymous referee for his/her invaluable sigges.

References
[1] Dintsch, I., Wang, H., McCloskey, S.: A relation-algalc approach to the Region Connection Calculus,
Theoretical Computer Sciencgb5, 2001, 63-83.

[2] Duntsch, I., Winter, M.: A Representation Theorem favdiean Contact AlgebrasTheoretical Computer
Science (B)2005, To appear.

[3] Gotts, N.:An axiomatic approach to spatial information systemesearch Report 96.25, School of Computer
Studies, University of Leeds, 1996.

[4] Li, S., Ying, M.: Region Connection Calculus: Its modasd composition table Arti cial Intelligence,
1451-2), 2003, 121-146.

[5] Li, S., Ying, M.: Generalized Region Connection Calcylérti cial Intelligence, 160(1-2), 2004, 1-34.
[6] Li, S., Ying, M., Li, Y.: On countable RCC modelg;undamenta Informatica®5(4), 2005, 329-351.

[7] Randell, D., Cohn, A.: Modelling topological and metigroperties of physical processesirst Interna-
tional Conference on the Principles of Knowledge Repregemt and Reasonin(R. Brachman, H. Levesque,
R. Reiter, Eds.), Morgan Kaufmann, Los Altos, 1989.

[8] Randell, D., Cui, Z., Cohn, A.: A spatial logic based omjimns and connectionProceedings of the 3rd
International Conference on Knowledge Representation RadsoningB. Nebel, W. Swartout, C. Rich,
Eds.), Morgan Kaufmann, Los Allos, 1992.

[9] Stell, J.: Boolean connection algebras: A new approadhé Region-Connection CalculuArti cial Intelli-
gence 122 2000, 111-136.



