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Abstract

The coalitional manipulation problem is one of the centralglems in computational social choice.
In this paper we focus on solving the problem under the ingmarfamily of positional scoring rules,
in an approximate sense that was advocated by Zuckerman[&GIDA 2008]. Our main result is a
polynomial-time algorithm with (roughly speaking) thelfaling theoretical guarantee: given a manip-
ulable instance withn alternatives the algorithm finds a successful manipulatiith at mostm — 2
additional manipulators. Our technique is based on a remutd the scheduling problem known as
Q|pmtn|Ci.qz, along with a novel rounding procedure. We demonstratedha@nalysis is tight by
establishing a new type of integrality gap. We also resohkm@vn open question in computational
social choice by showing that the coalitional manipulapooblem remains (strongly) NP-complete for
positional scoring rules even when votes are unweightedalllyj we discuss the implications of our
results with respect to the question: “Is there a prominetitg rule that is usually hard to manipulate?”
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1 Introduction

In settings with multiple agents, the agents often need keraaroup decision regarding a set of alternatives
(also called “candidates”). A natural way of doing this is\mting Each agent (also known &ste) is
asked to submit a linear order over the set of alternativégshwepresents her preferences, and a winning
alternative is determined by applyingrating ruleto the collection of submitted linear orders.

Ideally the voters would submit linear orders that represiggir true preferences. However, sometimes
a voter can submit a false vote (an order that does not reyrbsetrue preferences) that makes her better
off. This phenomenon is callegianipulation and the culprit is called manipulator If, under voting rule
r, there is no instance where a voter benefits from manipulatieens is said to bestrategy-proof

Unfortunately, it is impossible to design a strategy-preating rule that satisfies some very basic addi-
tional properties, due to the well-known Gibbard-Satt&etite theorem [12, 18] (see [15] for an overview).
To get around this very negative result, it has been sugfiésteonsider computational complexity as a
barrier against manipulation. The idea is that the merdexi® of an effective manipulation does not guar-
antee that the manipulators can find it in a reasonable anajuimhe. The computational complexity of
manipulation in voting systems is one of the main researpltsan the burgeoning field afomputational
social choice numerous papers have been devoted to this problem, cgveifierent rules and different
assumptions regarding the manipulation setting.

In the earliest work on the complexity of manipulation [2jtMas shown that (if the number of alterna-
tives is unbounded) it is NP-complete to determine whettsngle manipulator can effectively manipulate
the election, under both the second-order Copeland andTiier8es. Later work studied how to modify
prominent voting rules in a way that makes them hard to maaipdior a single voter [4, 8].

A much more general manipulation setting is thatvefighted coalitional manipulation (WCMIn this
setting multiple manipulators have formed a coalition hwifie goal of making an agreed-upon alternative
win the election. Furthermore, the voters in this settirg\vaeighted, that is, a voter with weightis equiv-
alent tok unweighted voters that cast identical ballots. Weightscaramon, e.g., in corporate elections,
where voters are weighted according to the amount of staak tlbld. Conitzer et al. [6] have established
that this problem is computationally hard under a varietpraiminent voting rules, even when the number
of alternatives is constant.

Subsequent work by Hemaspaandra et al. [14] has dealtpeghional scoring rulesEach rule in this
family can be represented by a vecfoe (sq,. .., s, ). Each voter then awards points to the alternative
that she ranks in thé&h position; the alternative with most points wins the at@tt This family includes
three of the most prominent voting rule®lurality (where each voter awards one point to her favorite
alternative),Borda (where each voter awards — ¢ points to the alternative ranketh), andVeto(where
each voter awards one point to all the alternatives, excephé last-ranked one). Hemaspaandra et al. have
established a dichotomy theorem for WCM in scoring ruleds ieither NP-complete or in P, depending
upon the parameters

A special case of weighted coalitional manipulation isuitsveightedversion (UCM), which is perhaps
more natural in most settings (e.g., political electiofspgress on the UCM problem has been significantly
slower than on other variations, but many of the questiore recently been resolved. The exact complexity
of the problem is now known with respect to almost all of therpinent voting rules [9, 20, 21], with the
glaring exception of Borda. Researchers have believedfoesyears that UCM in Borda is NP-complete;
this belief was explicitly put forward as a conjecture by Kerenan et al. [21], but the question still remains
open. In fact, although UCM under some positional scoringsris known to be tractable (e.g., Plurality
and Veto), previous work has failed to establish that UCMasdheven under some specific scoring rule.

The main thrust of the results of Zuckerman et al. [21] is tbsigh of algorithms for WCM and UCM
with unusual approximation guarantees. The most intergsti these results deals with Borda in the context
of WCM: it is shown that a greedy manipulation algorithm Haes turious property that given an instance



of WCM in Borda where there is a manipulation, the algorittenguaranteed to find a manipulation that
requires only one additional manipulator with maximum vgighat is, with weight as large as any of the
original manipulators. Furthermore, it is observed thatuhweighted coalitional manipulation setting begs
the consideration of a natural optimization problamyweighted coalitional optimization (UCOIn this
problem, we are given the votes of an unweighted set of voderd the goal is to determine the minimum
number of manipulators needed to make a given alternativetivg election. It follows from the result
mentioned above that the greedy algorithm approximates W@Eodrda to an additive term of one.

Our results and techniques. In this paper, we focus on WCM, UCM, UCO, and WCO (the weighted
version of UCO) under positional scoring rules; we look fppeoximability in the sense of Zuckerman et
al. [21], as first introduced in SODA-08 and discussed ab@war. main contribution is the exploration of
a surprising and fruitful connection between coalitionampulation and scheduling. We demonstrate that
the huge body of work on the latter problem can be leveragedt&in nontrivial algorithmic results for the
former problem.

The intuition behind the reduction is as follows. The schieduproblem to which we reduce is that of
scheduling on parallel machines where the goal is to mirémimkespan. In the coalitional manipulation
problem, each manipulatgralways ranks the coalition’s preferred alternatv@st, but must award; - w;
points to the alternative it rankish, wherew; is the manipulator’s weight. For any> 2, we define a
machine fors;; the largers; is in relation tosy, the slower the machine is. Furthermore, each alternative
besides: is a job; the larger the gap between the score of this alieenand the score af, the larger the job
is. When a manipulator with weight; ranks an alternative in thgh position, it decreases the gap between
c and this alternative bys; — s;)w; points, which, under the detailed reduction, is equivalemrocessing
the corresponding job on thith slowest machine faw; time units.

In Section 3.1 we consider a version of WCM where votes arsitile, that is, each voter is allowed to
submit a convex combination of linear orders (instead ohglsilinear order, as in the traditional setting).
This “divisible” variant of the problem is denoted by WCMdhereas the traditional coalitional manipula-
tion problem (the indivisible version) is denoted by WCMiGOMd may be interesting in its own right, but
mainly serves to prepare the ground for our results regaMi€Mi. We give a polynomial-time algorithm
for WCMd under any positional scoring rule by reducing ithe tvell-studied scheduling problem known
asQ|pmtn|Cy,q. (in which preemptions are allowed). This algorithm also/eslWCO.

In Section 3.2 we deal with the indivisible case (WCMi), andjment the WCMd algorithm with a
rounding technique. Indeed, based on existing results frmscheduling literature, we can assume that
the scheduling solutions use relatively few preemptivabngoints. We then show that in the coalitional
manipulation problem, we need at most one additional vateppeemptive break point. We obtain the fol-
lowing theorem, which is a somewhat weaker but far more géwersion of the main result of Zuckerman
et al. regarding Borda [21, Theorem 3.4].

Theorem 3.4.Given an instance of WCM under some scoring rule witlalternatives and an upper bound
of W on the weight of the manipulators, Algorithm 2 runs in polgmal time, and

1. if the algorithm return$alse then there is no successful manipulation;

2. otherwise the algorithm returns a successful manimuiatiith at mostn — 2 additional manipulators,
each with weight at modt//2.

Crucially, in most settings of interest (e.g., politicaéetions) the number of alternatives is small
compared to the number of voters, or even the number of miatips. Moreover, WCM is NP-complete
under scoring rules such as Borda and Veto, even when themnéyr three alternatives [6]. Therefore, in
many important scenarios — 2 additional manipulators are a very small fraction of thaltoiumber of
manipulators, that is, the algorithm gives a good “appr@tion” to WCM.



A direct implication of Theorem 3.4 is that in the unweightege (UCMi) our approximation algorithm
always finds a manipulation with at mast — 2 additional manipulators, if there exists one for the given
instance. Put another way, the algorithm approximates UG@mn additive term ofn — 2.

In Section 4 we establish an “integrality gap,” in the foliogy sense: the optimal solution to UCQOi can
requirem —2 more manipulators than the optimal solution to UCOd (Theofe3). Moreover, we show that
there is a family of instances of UCQOi such that any algorithat is based on rounding an optimal solution
for the weighted case (WCO) requires — 2 more votes than the optimal UCOi solution (Theorem 4.4).
These results suggest that the analysis of the guaranteddegnt by our technique is tight.

Our final major result asserts that UCMi under a specific ot scoring rule is strongly NP-complete.
This gives a negative answer to the open question of wheltleee exists an efficient algorithm that solves
UCMi under any positional scoring rule. While the problermegns open for Borda, the positional scoring
rule for which we show the hardness result displays sigmfisamilarities to Borda; hence, we believe that
our result gives strong support to the conjecture that UChian Borda is hard to compute. This result
also justifies our approximation results for UCMi and UCQnce it implies that we are approximating a
problem that is indeed NP-hard. Moreover, our result ingplifeatQ |pmitn|C),.. is strongly NP-complete
in discrete time, that is, when preemptions are only alloatidtegral times; this sheds new light on some
results of Pinedo [16].

Implications with respect to frequency of manipulation. Despite the large volume of work on worst-case
hardness of manipulation, it is becoming increasinglyrdieat the question should be: “Is there a prominent
voting rule that isusuallyhard to manipulate?” A stream of papers in recent years lsmpigort to the belief
that the answer is negative. It is possible to identify twomagpproaches.

One approach tries to define general basic properties thabtde satisfied by any voting rule that
is usually hard to manipulate (see, e.g., [10, 19, 7]). Is time of work, “usually” refers to the uniform
distribution over the preferences of the agents, knownérstitial choice literature as timpartial culture
assumptionHowever, in realistic settings one would expect to encadniased distributions that, e.g., favor
specific alternatives or exhibit a concentration of voteoaiad opposing camps.

A second approach strives to design efficient heuristic mdaiion algorithms for prominent voting
rules that are NP-hard to manipulate. Early work on thisudek the work of Procaccia and Rosen-
schein [17] and Conitzer and Sandholm [5]. The work of Zuaiaan et al. [21] also falls into this framework,
but has the important advantage of allowing for theoreticgrantees without making any distributional as-
sumptions.

Let us reconsider our Theorem 3.4 according to the persgecffered by Zuckerman et al. Our al-
gorithm might fail on a given “yes” instance of WCMi, but giva similar instance with slightly more
manipulation power, the algorithm would be able to find a rpalaition (without requiring additional ma-
nipulators). In other words, adding more manipulatorstea new “yes” instance on which the algorithm
is guaranteed to succeed. Hencenpifis relatively small, the algorithm’s “window of error"—thiamily
of instances on which the algorithm might fail—is relatiwvsmall. Without claiming anything formally, it
would appear to follow that under “reasonable” distriboti@ver preferences, the probability of drawing an
instance on which the algorithm fails is small. Put anothay,wur results suggest that, although coalitional
manipulation is NP-hard under prominent positional sapriries, the problem is in fact usually quite easy
under any positional scoring rule.

Future research. Several intriguing questions remain open. The first is wereghbetter additive approxi-
mation is possible.

Open Question 1.Is there a polynomial-time algorithm that gives an additagproximation of less than
m — 2 to UCOi under all positional scoring rules?

Our Theorem 4.4 shows that any such algorithm will have toauendamentally different technique.
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Another open problem is to understand the guarantees thdtthedy algorithm—the algorithm that was
used by Zuckerman et al. [21] to prove the earlier result forda—qgives with respect to general scoring
rules.

Open Question 2. What additive approximation to UCOi does the Greedy algmnitgive for positional
scoring rules?

Finally, we note that our Theorem 5.1 still has not resoletldomplexity of UCMi for Borda.

Open Question 3.1s UCMi under Borda NP-complete?

2 Preliminaries

Let C be the set oflternatives A linear order orC is a transitive, antisymmetric, and total relation@n
The set of all linear orders ahis denoted by.(C). The set of all convex combinations ove{C) is denoted
by A(L(C)). An (indivisible) voteis a linear order ovet, that is, it is an element af(C). A divisible vote
is an element ofA(L(C)). An n-voter indivisible profileP onC consists ofn linear orders ort, that is,
P = (Ry,...,R,), where for everyi < n, R; € L(C). Similarly, ann-voter divisible profileP onC
consists of: convex combinations over(C). In the remainder of the paper, we tetdenote the number of
alternatives (that ispp = |C|), and letC = {c,c1, ..., ¢m—1}-

A voting ruler is a function from the set of all indivisible profiles @rto nonempty subsets 6f that is,
the rule designates a nonempty subset of winnergoaitional) scoring rulever( is defined by acoring
vectors = (si,...,sm). For any linear ordeV € L(C) and anyc’ € C, lets(V, ') = s;, wherej is the
rank of in V. Foranyk € N, anyV,..., Vi, € L(C), and anyay, ..., a; > 0 such thath:1 a; =1,
we let

k k
S(Z apVi, ) = Z ag - s(Vi,d).
i=1 i=1

For any profileP = (Vi,...,V,,), lets(P,c) = >, s(V;, ). The rule selects alternatives € C that
maximizes(P, ). Three prominent examples of scoring rules Boeda, for which the scoring vector is
(m—1,m —2,...,1,0); Plurality, for which the scoring vector igl, 0, ..., 0,0); andVetqg for which the

scoring vector i§1,1,...,1,0).
The definitions naturally extend to the case in which voteesveeighted; the weights are represented
by a vectori = (wy,...,wy,) € R}, where for anyi < n, w; is the weight of votei. In particular, we let

s(P,d,d) =>""  w;-s(Vi, ), and letr(P, w) denote the set of winners (the alternatives with the highest
score).

Let us now turn to the definition of the computational prokdetimat we shall investigate. We study the
so-calledconstructivemanipulation variants, in which the goal is to make a giveerahtive win

Definition 2.1. The Unweighted Coalitional Manipulation (UCM)roblem is defined as follows. An in-
stance is a tuplér, PNYM ¢ k), wherer is a voting rule,PNM is the non-manipulators’ profile; is the
alternative preferred by the manipulators, a&nd the number of manipulators. We are asked whether there
exists a profileP for the manipulators such thatc »(PNM U PM),

Definition 2.2. TheWeighted Coalitional Manipulation (WCMoblem is defined as follows. An instance
is a tuple(r, PNM NM ¢ | M), wherer is a voting rule,PVM is the non-manipulators’ profile;™~ !

Contrast with thelestructiveversions of these problems, where the goal is to ensure tiata alternative doesotwin. The
constructive versions are by far the more commonly studregbpin part because an algorithm for a constructive versionbe
used to obtain an algorithm for a destructive version, sjrhglsolving the constructive version for each other altévea



represents the weights 88 ¢ is the alternative preferred by the manipulatdrss the number of manip-
ulators, ands™ = (wy,...,w;) represents the weights of the manipulators. We are asketharhiere
exists a profileP for the manipulators such thatc ((PNM | PM) (VM M),

Since we only focus on positional scoring rules in this papeiill simply be represented by the scoring
vector (s1, s2,...,Sm). In the above definitions, we use the-winnerformulation. Another possibility
is to consider theinique winnerformulation which is similar, only we require that the wingiset be the
singleton{c}, that is,r((PYM PM) (VM M)) = {c}. Unless explicitly mentioned otherwise, our
results hold for the unique winner formulation as well.

Zuckerman et al. [21] noted that the unweighted maniputasietting allows for a natural optimization
problem: theunweighted coalitional optimizatioproblem. Given, essentially, an unweighted coalitional
manipulation instance, we aslow manymanipulators are needed in order to makein. Formally:

Definition 2.3. The Unweighted Coalitional Optimization (UCQyroblem is defined as follows. An in-
stance is a tuplér, PVM  ¢), wherer is a voting rule,PNM is the non-manipulators’ profile, andis the
alternative preferred by the manipulators. We must find tlrémum & such that there exists a a profiRé!
consisting oft manipulator votes that satisfiess »(PNY U PM),

In the weighted case of the optimization problem, we looktf@ minimum totalweightof the ma-
nipulators that is sufficient to makea co-winner. Note that this problem is not well-defined forque
winner.

Definition 2.4. TheWeighted Coalitional Optimization (WC@joblem is defined as follows. An instance is
atuple(r, PNM GNM c), wherer is a voting rule,PNM is the non-manipulators’ profile;¥! represents
the weights of PV andc is the alternative preferred by the manipulators. We aredsk find the
minimum W™ such that there exist weights" that sum up tdv* and a profileP for manipulators
with these weights, such thatc r((PVM, PM) (VM M),

We let WCMd, UCMd, UCOd denote the subproblems of WCM, UCM,@JCespectively, in which
votes are divisible; and we let WCMi, UCMi, UCOi denote thdgroblems in which votes are indivisible.
For WCO, the minimum sum of weights for the divisible and uigible cases is the same, so we use WCO
to represent either one. We note that for the non-manipglasdl our results are the same whether their
votes are divisible or not; what matters is whether the maatprs’ votes are divisible.

3 Algorithms for WCM/WCO

In this section we present algorithms for WCM. For the dbhlisicase, we devise a polynomial-time algo-
rithm that solves WCMd by reducing it to the scheduling peoblknown as)|pmin|Ci,q.. This algorithm
also solves WCO (exactly). For WCMi, we augment the algarifor WCMd with a rounding technique,
and obtain an approximation algorithm as a result. While smlution for WCMd may be interesting in
its own right, its main purpose is to provide intuitions aedhniques that are subsequently leveraged for
approximating WCMi.

3.1 The divisible case

We will show how to reduce WCMd/WCO to the scheduling probleinparallel uniform machines with
preemption categorized ag)|pmin|C,,.. (see, for example, [3] for the meaning of the notation). In an
instance of|pmin|Ci,q., we are givem’ jobs 7 = {Jy, ... J,» } andm’ machinesmM = {M, ..., M,/ };
each jobJ; has aworkloagh; € R, and the processing speed of machligis s € R, that is, it will finish

s" amount of work in one unit of time. Areemptionis an interruption of the job that is being processed on
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Figure 1: An example schedule. The machindsigure 2: Conversion of an optimal schedule to
are idle in shaded areas. a solution for WCMd.

one machine (the job may be resumed later, not necessarihe@ame machine). Preemptions are allowed
in Qpmin|Ciq.. We are asked for the minimum makespan, i.e., the minimura tomcomplete all jobs,
and an optimal schedule.

We first draw a very natural connection between WCMd/WCO urmissitional scoring rules and
Q|pmin|Cq.. After counting the non-manipulators’ votes only, eacleralative will have a total non-
manipulator score. For any< m — 1, we letp; denote the gap between the non-manipulator scorearid
the non-manipulator score ef(which is positive if the former is larger; the case wheredhp is negative
is trivial). We note that, without loss of generality, themiulators will always rank in the top position.
Therefore, a manipulator vote in whief is ranked in theth position decreases the gap betwegandc
by s1 — s; points. In particular, the;'s can be seen as the workloadmaf— 1 jobs.

We consider a set afi—1 machines\fy, . .., M,, 1 whose speeds asg—so, . . ., 51 — Sm, respectively.
A ranking (a vote) is equivalent to an allocation of the— 1 jobs to machines: an alternative ranked
1 positions belowe corresponds to a job allocated to tfib slowest machine. We can now see that the
minimum makespan of the scheduling problem is the minimuia tweight of the manipulators required
to makec a winner, that is, the optimal solution to WCO. For WCMd, tlealgis to compute the votes for
Zle w; “amount” of manipulators (since the votes are divisible rabem instance wittk manipulators
with weights is equivalent to a problem instance with a single manipulatoose weight ist:1 w;),
such that the final total score ofis at least the final total score of any other alternative sThiequivalent
to computing a schedule that completes all jobs within tinmacastzf:l W;.

Formally, for any WCMd instanc€(s1, . .., s,,_1), PYM wNM ¢ k, (w1, ..., w)), we construct an
instance ofQ|pmin|Ci,q, With m — 1 jobs andm — 1 machines (that is;)” = n’ = m — 1) as follows.
Foranyi < m — 1, we lets’ = s; — s;11, p; = max{s(PYM wNM ¢;) — s(PNM wNM ¢) 0}. We do
not distinguish between alternatiegand jobJ;. Let Wy = 0, W = max;<; w;, and for anyl < i <k,
W; = 23':1 w;. A schedule is usually represented b§antt chart as illustrated in Figure 1.

Let w be the minimum makespan for tigpmitn|C,,.. instance constructed above, and fét: M x
[0,w] — J U {I} be an optimal solution t6)|pmin|Cp.., Wherel means that the machine is idle. If
w > Wy, then there is no successful manipulation that makasvinner. Ifw < W, we first extend the
optimal solutionf* to make it fully occupy the whole time intervé), Wy |; any way of allocating jobs to
machines in the added time would sufficeet f be the solution obtained in this way.

Given f, for any timet € [0, W], we say that is apreemptive break poirif there is a preemption
at t—formally, there exists a machingf; such that for some’ > 0, we have that for alk € [0,¢€/],

2This works for the co-winner case. For the unique-winneecarsorder to have a solution we need< W}, and then we
need to make sure that in the added time frorto W no job runs on a machine with speed zero all the time.



f(M;,t —€) # f(M;,t+ ¢€), that is, the job being processed at time ¢ on M; is different from the job
being processed at tinte+ e. We letB; = {T},...,7;} denote the preemptive break pointsfofwhere
0<Ty <1y <...< Ty < Wy Forexample, the set of preemptive break points of the sd¢aen Figure 1
is Bf = {Tl, T5,T5, T4}
Any solution to theQ|pmtn|C;,q. instance obtained from the reduction can be converted ttuticro
to WCMd in the following way. First, we assign jobs to all idkeachines arbitrarily to ensure that at
any time betweer® and 17, no machines are idle and all jobs are allocated. Formaléydefinef’ :
Mx[0, W] — T suchthaf f'(My,t),..., f (My—1,t)} ={J1,..., Jm—1}forall¢,and foranyM € M
andt € [0, W], we have that iff (M, t) € 7, thenf'(M,t) = f(M,t). For example, we can assign jobs
to the shaded areas (which represent idle time) in the sthédkigure 1 in the way illustrated in Figure 2.
Next, for anyl < ¢ < k, we convert the schedule to the manipulators’ votes in thaerabway:

e If there are no preemption break points(i;_1, W;), we let manipulatoi vote for
c > f/(Ml, Wi_1 + 6) - f/(MQ, Wi_1+ 6) - .. f/(Mm_l, Wi_1 + 6),
wheree > 0 is sufficiently small.

e If there are preemptive break points (i#;_1, W;), denoted byl,, Tp11,. .., T,1p—1, then we let
Vf, ey V}jH denote the orders that correspond to the schedule atWmeste, Ty +¢, ..., Turp_ 1+
¢, respectively. Let| = T, —W;_1, o = Typ1 — Ty, ..., a); = Wi —T,4p—1. We let manipulator

i vote for Y0} [l /(W; — Wiy)] - V7.

For example, suppose there are two manipulators whose tgeiglandw, are illustrated in Figure 2.
Manipulator 1 voteg(1/4)(c > ¢1 = ¢3 = c2) + (1/4)(c = ¢c1 = ca > ¢3) + (1/2)(c = c2 > c1 = ¢3)];
manipulator 2 vote§(1/3)(c > ca = ¢1 = ¢3) + (1/3)(c = ca = c3 = c1) + (1/3)(c = c3 = ca = c1)].

On the basis of the exposition above, we now present Alguarithgiven on the next page. The algorithm
solves WCMd in three steps: 1. convert the WCMd instance €{;antn|C,,., instance; 2. apply a
polynomial-time algorithm that solve@|pmin|C,,.. (for example, the algorithm in [13]); 3. convert the
solution of the scheduling problem to the solution of WCMdgdtithm 1 also solves WCO, because the
makespanv computed in Line 3 is the optimal solution to WCO. It is easyéaify that the algorithm runs
in polynomial time. To conclude, we have the following reésul

Theorem 3.1. Algorithm 1 solves WCMd and WCO (exactly) in polynomial time

3.2 The indivisible case

We now move on to the more difficult indivisible case. We firstenthat Algorithm 1 cannot be directly ap-
plied to WCMi, because the manipulators’ votes construgtiddne 16 can be divisible. For any positional
scoring rule, if there is a successful manipulation (in vatadl manipulators rank in the top position), and
we increase the weights of the manipulators, thetill wins the election. This property is known asno-
tonicity in weightgsee [21] for a formal definition and the proof). Thereforestéad of having manipulator
i cast the divisible vote -, [aﬁ-/(W,- - Wi—1)] - VJZ we let her cast the indivisible voﬁéj’;, which is one
of the Vji with the highest weight among all tﬂg.’"s constructed for manipulatar In addition, for any
j # j*, we add one extra manipulator whose weighijsand let the new manipulator votgi. It turns out
that if we use a particular algorithm for the scheduling peoh then the solution will not require too many
additional manipulators. This gives us Algorithm 2 for WCMriesented on the next page.

For example, suppose there are two manipulators whose tgeighillustrated in Figure 2. The vote of
manipulator 1 is: > ¢ > ¢; = c3, and we introduce two new manipulators with weight/4 whose votes
arec = c¢; = c3 = co ande = ¢; = ¢o = c3; the vote of manipulator 2 i8 = ¢y = ¢; = c3, and we
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Algorithm 1: compWCMd
1 Vigm—l,si<—31—si+1
2 Vi <m — 1, p; « max{s(PYM wNM ¢} — s(PNM wNM c) 0}
3 Solve theQ|pmin|C),q. instance (for example, using the algorithm in [13]). keand f denote the
minimum makespan and an extended optimal schedul&] et . , T; denote the preemptive break
points.
if w > Wj then
| return false
end
Let f': M x [0,Wy] — J be such thaf f'(My,t),..., f'(Mpy—1,t)} = {J1,...,Jm-1}, and for
any M € M, anyt € [0, W], we have that iff (M, t) € 7, thenf'(M,t) = f(M,1).

~N o o b

gfori=1tok—1do

9 Let Vli =e= f[(My,Wi—1+¢€) = ... = f(Mp—1,Wi—1 +¢€)]

10 j—2

11 for each preemptive break poifit € (W;_1, W;) (in order) do

12 LetV) = [c = f'(My,T+¢€) = ... = f'(Mp—1,T +¢)]

13 j—j+1

14 end

15 For anyj, let a;l be the length of thgth interval in[IV;_1, W;] induced by the preemptive break
points.

16 | Letmanipulator vote" [o//(W; — Wi_1)] - V/, and add this vote t&"/

17 end

18 return PM

Algorithm 2: compWCMi
This algorithm is the same as Algorithm 1, except for theofwlhg two lines:
3 Use the algorithm in [13] to solve the scheduling problem
16 Let manipulator; vote forV.’., where for anyj # j*, o. > af; and for anyj # j*, we add a new
manipulator whose weight is}, and let her vote fob’;

introduce two new manipulators with weight /3 whose votes are > ¢, = c3 > ¢ andc = c3 > co = 1.
Since|By| (the number of preemptive break points)ighere are in total four additional manipulators.

For any;j # j*, we must havey; < (Wi = Wi—1)/2 < W/2 (recall thatl = max ;< w;). Moreover,
for any preemptive break point we introduce at most one eximaipulator. Therefore, we immediately
have the following lemma that relates the number of the newipugators to the number of preemptive
break points.

Lemma 3.2. If w > Wy, then there is no successful manipulation for WCMd (nor f@My); otherwise,
Algorithm 2 returns a manipulation with at mogs | additional manipulators, each with weight at most
W/2.

Therefore, in general, the smallgB/| is, the fewer new manipulators are introduced by Algorithm 2
| B¢| depends on which algorithm we use to solygmin|C,,., in Line 3. In fact, there are many efficient
algorithms that solveQ|pmtn|Cyu... For exampleQ|pmitn|C, ... can be solved in time(n>m’) by
a greedy algorithm [3]. At each time point the algorithm (called théevel algorithn) assigns jobs to
the machines in a way such that the greater the remainingleautiof a job, the faster the machine it is



assigned td. However, this algorithm in some cases generates a schéuitlaas as many as’(m’ —1)/2
preemptive break points. Therefore, we turn to the algarity Gonzalez and Sahni [13], which runs in
time O(n’ + m’logn’) using at mosg(m’ — 1) preemptions. Gonzalez and Sahni also showed that this
bound is tight. We note that one preemptive break point eporeds to at least two preemptions, and in
the instances that were used to show thatihe’ — 1) bound is tight;n’ — 1 preemptive break points are
required. Therefore, we immediately have the following hean

Lemma 3.3. The number of preemptive break points in the solution of {gerdhm of Gonzalez and
Sahni [13] is at mostn’ — 1. Furthermore, this bound is tight.

We note thatn’ = m — 1. Hence, combining Lemma 3.2 and Lemma 3.3, we have the fiolipw
theorem, which is our main result.

Theorem 3.4. Algorithm 2 runs in polynomial time and
1. if the algorithm returndalse then there is no successful manipulation;

2. otherwise, the algorithm returns a successful maniputatvith a set of at most» — 2 additional
manipulators, each with weight at mdst/2.

4  Algorithms for UCM/UCO

We now consider the case where votes are unweighted. UCMddJ&n be solved using Algorithm 1.
As for UCMI/UCOI, every manipulator’s weight is one (so tH& = 1), and we are only allowed to
add new manipulators whose weight is also 1. We recall thatasing the weights of the manipulators
never prevents from winning. Therefore, in the context of UCMI/UCOi we uselaght modification of
Algorithm 2, by adding one unweighted manipulator whenedgiorithm 2 proposes adding a weighted
manipulator (whose weight can be at mog).

Algorithm 3: compWCMi
This algorithm is the same as Algorithm 1, except for theofwlhg two lines:
3 Use the algorithm in [13] to solve the scheduling problem.
16 Let manipulatori vote forV}; for anyj > 1, we add a new manipulator who votes i(gf

The following corollary immediately follows from Theorend3

Corollary 4.1. For UCMi, if Algorithm 3 returndfalse then there is no successful manipulation; otherwise,
Algorithm 3 returns a successful manipulation with at nmast 2 additional manipulators.

Recall that Lines 1-3 of Algorithm 3 compute the minimum mepganw (the solution to WCO) of the

scheduling problem reduced from the UCMi instance. It iyyd¢assee that if votes are divisible théw]

is the minimum number of unweighted manipulators requiedhtikec win the election, that isfw] is
the optimal solution to UCOd. Therefore, Algorithm 1 canilgalse modified to yield an algorithm that
solves UCOd. We further note that Algorithm 3 is an approstiamalgorithm for UCOi, as the number of
manipulators returned by Algorithm 3 is no more tHan + m — 2. Put another way, Algorithm 3 returns
a solution to UCOi (with indivisible votes) that approxireatthe optimal solution to UCOd (with divisible
votes) to an additive term of — 2.

3The greedy algorithm of Zuckerman et al. [21] is effectivalgliscrete-time version of the level algorithm.



Generally, if there exists a successful manipulation, #igorithm 3 returns a manipulation with addi-
tional manipulators. However, there are some specialipasitscoring voting rules under which UCMi can
always be solved exactly by Algorithm 1. We say that a scorirg is a0-1 scoring ruleif the components
of its scoring vector are either zero or one. For exampleralty (with scoring vector(1,0,...,0)) and
Veto (with scoring vectof1, ..., 1,0)) are both 0-1 scoring rules. We note that UCM under any 0-firsgo
rule reduces to the scheduling problem in which all machiree® the same speed. This corresponds exactly
to the scheduling proble®|pmin|C),.. in discrete time, which has a polynomial-time algorithnongest
Remaining Processing Time first (LRHI®]. Therefore, if we modify Algorithm 3 by solving the recied
scheduling instance with LRPT, then we can solve UCMi unaigrG1 scoring rule in polynomial timeé.

To summarize:

Corollary 4.2. UCMI/UCOi under any 0-1 scoring rule is in P.

4.1 On the tightness of the results

We presently wish to argue that we have made the most of obnitpee. The next theorem states that
them — 2 bound is tight in terms of the difference between the optisadlition to UCOi and the optimal
solution to UCOd under the same input. It also implies thaiofithm 3 is optimal in the sense that for any
g < m — 2, there is no approximation algorithm for UCOi that always$poiis a manipulation with at most
g manipulators more than the optimal solution to UCOd. Thisitecan be seen as a new type of integrality
gap, which applies to our special flavor of rounding.

Theorem 4.3. For anym > 3, there exists a UCO instance such that the (additive) gayvdxen the optimal
solution to UCOd and the optimal solution to UCOiris— 2.

See Appendix B for the proof. We next ask the following ndtgp@estion: is it possible to improve
the rounding technique so that the algorithm achieves atatiund, relative to the optimal solution for the
indivisible case? This is not ruled out by Theorem 4.3, sihe¢ theorem compares to the optimal UCOd
solution rather than the optimal UCOi solution. Nevertbslehe answer is negative, as long as all linear
orders in an optimal solution to the WCO problem appear incigut of the algorithm. We say that an
approximation algorithmA for UCOi is based on WCG¥ for any UCO instance, there exists an optimal
solution to WCO such that every linear order that appearsangolution also appears in the outputdfas
the vote of some manipulator).

Theorem 4.4. Let A be an approximation algorithm based on WCO. For amy> 3, there exists a UCO
instance such that the gap between the optimal solution t@i#Dd the output ofd ism — 2.

The theorem'’s proof is relegated to Appendix C.

5 UCMiI under positional scoring rules is strongly NP-complé¢e

In this section, we show that UCMi under a specific positisaaring rule is strongly NP-complete, even
when there are only two manipulators. We slightly abuse itestogy here, since a voting rule is formally
defined with respect to a specific number of alternativeshi®purposes of this section, a positional scoring
rule defines a separate score vector for each possible nwhbéernatives. Indeed, Plurality, Veto, and
Borda fit this description, so the rule that we introduce her single positional scoring rule in the same
sense that these three rules are.

4The simple observation that UCMi is in P under 0-1 scoringsulvas also recently made by Andrew Lin (via personal
communication), who employed a completely different (gsgeapproach.
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Let us define our positional scoring rule, denotggry. Given K € N, the scoring vector fo8 K2 + 1
alternatives is

(10K,10K —1,...,10K —1,10K —2,...,10K —2,... 9K, ... 9K,

~—
2K 2K 2K
7K,...,7TK,3K,... 3K, K,.... K, K —1,...,K—1,...,1,...,1)
~— —
2K?2 2K?2 2K 2K 2K

If the number of alternatives. cannot be written a&K 2+ 1 for somek’, our scoring rule behaves arbitrarily.
We have the following theorem, whose proof appears in Apped

Theorem 5.1. UCMi underryeirg is strongly NP-complete, even when the number of manipsladwo.

It follows from the proof that)|pmtn|Ciyq. is strongly NP-complete in discrete time.
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A An Integer LP for UCMIi

In this appendix we provide a novel ILP formulation for UCMider positional scoring rules, which may
help design future algorithms for the problem (e.g., by @ering an LP relaxation and rounding the solu-
tion). Letpy,...,p,—1 be defined as in Algorithm 1. For ay< i, j < m — 1, the variabler; ; denotes
the number of times that the alternativds ranked in positior{j + 1) (the first position is always reserved
for ¢) in the manipulators’ profile. We show that UCMi has a solatiioand only if the following ILP has a
feasible integer solution.
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find L1153 Tm—1,m—1
s.t. 1,182 + 1253 + ... + T1m—15m + p1 < ksy
Z2,152 + 2,253 + ... + T2 m—15m + P2 < ksy

: )
Tm—1,152 + Tm—1253 + - - + Tm—1,m—15m + Pm—1 < ks1
Vi<m—1 S la=k
Vi<m—1 Srltaii=k
It is easy to check that if the UCMi problem has a solutionnttiere is a feasible solution to the above LP.
In the other direction, assume that the ILP has a feasiblgisnol The matrix(z; ;) is a doubly stochastic
matrix, in which each entry is an integer, and the sum of eaalicolumn isk. Therefore, by the Birkhoff-
von Neumann theorentz; ;) is a linear combination of permutation matricés; ;) = > 7_, k. M,, where
M, is a permutation matrix, and the are positive integers such that?_, k, = k. This decomposition
can be computed in polynomial time. Note that each pernmurtatiatrix corresponds to a linear order, i.e.,
the matrix

010
1 00
0 01

corresponds to, > ¢; > c3. We letl,. be the linear order that/,. corresponds to, and obtaihfrom [, by
putting ¢ in the top position. Alternative can now be made a co-winner by having, for everg group of
k. manipulators that cast the vafe

B Proof of Theorem 4.3

For anym > 3, we let the scoring vector be
(m(m—-1)(m—-=2)—1,...,m(m—1)(m —2) — 1,m(m — 1)(m — 2) — 2,0).

LetV = [c; = ... = em—1 > ], and letr be the cyclic permutation ofi \ {c}, thatis,m : ¢; — ... —
¢m—1 — ¢1. Foranyi < m—1, letV; be the linear order ovétin which c is ranked in positiorim — 1), and
Wi(cl) >V, 7Ti(62) =V, .. 7V Wi(cm_l). LetP = (V, Vi, ..., Vm—l): PNM — PU?T(P)U. . .Uﬂ'm_z(P).
It follows that for anyi < m —1, s(P"M ¢;) —s(PM"M ¢) = (m—1)2 1. LetV' =[c>=c1... = cm_1];
it can be verified that the divisible vote

1 ! / 2 / m—2 !
m(V,W(V),w(V),...,w V")

is sufficient to make win, hence the optimal solution to UCOQi is 1.

We next prove that the solution to UCOiis— 1. Clearly the profil V', = (V'), #2(V"),..., 7™~ L(V"))
is a successful manipulation. Hence, it remains to showtligasolution is at least, — 1. For the sake of
contradiction we assume that the solutiomis- 2, and P is the corresponding successful manipulation.
Therefore, there must exists< m — 1 such that; is not ranked at the bottom of any of the votesri¥f. .
Therefore,

s(PM ) —s(PM,¢;) <m—2< (m—1)% -1,

which means that(PYM U PM ¢) — s(PNM U PM ¢;) < 0. This contradicts the assumption that! is
a successful manipulation. O
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C Proof of Theorem 4.4

For anym > 3, we construct a UCO instance such that the solution to the igpg@blem is 1, and at least
m — 1 linear orders appear in any optimal solution to WCO (so theiga: — 2).
We let the scoring vector ben + 2,1,0,...,0). Let

V=lerc1>... = cm1l,

and
Vi=lem_1>=cl>=c>=cCa> ... Cn_a].

Furthermore, let

micCl —C — ... = Cpy —C1,

and

T™ic— e — ... = Cp1 — C.

We define preference profiles by lettidiy= (V', V, 7*(V), (7*)2(V), ..., (=*)™"2(V)) and
PNM — pyg(P)U...ur™%(P).

We have that(P,c) = m+2, s(P,c1) = m+4,andforany <i <m—1, s(P,¢;) = m+ 3. Therefore,
s(PNM ¢) = (m+2)(m —1)and forany2 < i <m —1, s(PNM ¢;) = (m +3)(m — 1) + 1. Therefore,
foranyi < m — 1, s(PNM ¢;) — s(PNYM ¢) = m. It follows that one manipulator suffices to makéhe
winner (by votingc > ¢1 > ... > ¢p—1).

On the other hand, the minimum total weight for WCQris — 1) /m, for example,

pM (V,m(V),..., 7™ 2(V)).

1
- m
In any manipulators’ profile corresponding to the minimurtataveight, every alternative exceptmust
appear in the second position for a fraction of vote. Theegfany algorithm based on WCO must output at
leastm — 1 linear orders. O

D Proof of Theorem 5.1

We prove the hardness by a reduction frRIMERICAL MATCHING WITH TARGET SUMS (NMTS), which
is strongly NP-complete [11]. An NMTS instance consistshoée disjoint setsl, B, Y where|A| = |B| =
Y| =1 > 2, and a weight functionv : AU BUY — N. We are asked whether there is a partition
S =5U...uS of AUBUY suchthat forany <[, S; = {a’,b’,y'}, wherea’ € A,b' € B,y' € Y
andw(a®) + w(b*) = w(y?).

Let A, B,Y,w be an NMTS instance, whet¢ = {ay,...,a;},B = {b1,..., 0}, Y = {y1,.- ., ui}s
w(ay) < wlag) < ... < w(a), wb) < wbe) < ... < w(b). W.lo.g.,, we make the following
assumption about the NMTS instance.

Assumption 1.
e Foranya,d’,a* € A, and anyb € B, we havew(a*) < w(a) + w(a’) < w(b).
e Foranya € A, and anyb, b’ € B, we havew(a) < w(t') < w(a) + w(b).

e Foranyb,b’ € B,and anyy € Y, we havew(b) < w(y) < w(b) + w(b').
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This assumption does not limit generality since we can aoramy instanced, B,Y,w’ to an NMTS
instanceA, B, Y, w whose inputs are polynomially larger (in the unary sensé)énfollowing way: let

Wmax = aeA,Iggg(,yEY{w,(a)’ w/(b)v w,(y)}
Foranya € A,b € B,y € Y, letw(a) = w'(a) + 2(wWmqes + 1), w(b) = w'(b) + 6(wmaes + 1), and
w(y) = w'(y) + 8(wmaz + 1).

Given an NMTS instance that satisfies Assumption 1, we coctsthe UCMi instance as follows. The
manipulators’ goal is to makea co-winner. A similar reduction exists for the case of umiguinner. Let
K = max{wmqz,}.

Alternatives: There ar&8 K2 +1 alternativesC = {c}UY UD UDpUD, whereD 4 = {d{, ... dJs>_,},
Dp={dP,...d5. }, D ={dy,... dyr>y}

Non-manipulators’ profile: PN™ = P, U P,. We first describe the properties thiat and P, satisfy, then
show how to construct them.

e P satisfies the following condition: L&t be a multiset, defined as

F={1,...,1,2,....,2,...,K,...,K}.
—— —— —_——
2K 2K 2K

That is, F' is composed o2 K copies of{1,2,...,K}. LetE = E4 U Ep, whereE4 = F \ w(A)
andEp = F \ w(B), wherew(A) is a multiset, defined as(A4) = {w(a) : a € A} (similar for
w(B)). We also writeE 4 = {ef,... et} Ep={efl,... el }.

Foranyi < 2K2—1, we haves(Py,c)—s(Py,d{) = e 17K ands(Py,c)—s(Py,dP) = e —17K;
foranyl < j <[, welets(P,c) — s(P1,y;) = w(y;) — 20K.

e P, satisfies the following conditions: for anyc Y U D4 U Dp, we haves(P,,c) = s(P,,x); for
anyi < 4K2 + 1, we haves(P; U Py, c) > s(P, U Py, d;).

To constructP;, we first make the following observation: for afy,...,z} = X C C where
L < 4K? let
Vlz(xl =Ty = ... X[ - (C\X))

and
Vo= ((C\X) = ap a1 > ...-x1),

where the elements i@ \ X are ranked in an arbitrary way; letting* = (14, V3), we must have that
forany2 < i < L, s(P*,z1) — s(P*,z;) = 1. Therefore,P; can be constructed out of no more than
220K - (4K? — 1) votes (by choosin = {c} UY U D4 U Dg), and for anyd € D, we haves(P;,c) —
s(Py,d) > —2-20K - (4K? —1) - 10K.

Next we show how to constru@®,. Let; be the cyclic permutation ofr} UY U Dy U Dp, defined
asc - Yy, — ... — Yy — d‘fl — ... = d124K2—l —dP - . = d2BK2_l — c¢. Letm, be the cyclic
permutation oD, defined asdy — dy — ... — dyg2; — di.

For anyt € N, we letr} = m oﬂ_l, 71'% = m, Where foranyr € {c}UY UD4,UDp, m ow’i_l(:n) =

m (75 (x)). 4 is defined similarly. We note that'"~+2 = 1) z3K*+1+1 — 7, For anyj € N, we let

Wi =[(x](c) = (1) = ... = 7] () = 7l (d}) = ... = 7] (dio_,)
J

=l dP) = ... =l (dBs ) = mh(dr) = .= T (dygeo )]
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Let P/ = (Wi,..., Wug2_i41yak2+0)- It follows that for anyz € Y U D4 U D, we haves(P',c) =
s(P', z); for anyd € D, we have

s(P',c)—s(P',d) > (A4K*4+1)-TK -(4K? —1+1)— (4K?—1+1)4K%- 3K+ 7K -1) = (4K%—1+1)16 K>
Let P, be composed of 25 copies &f. For anyd € D, we have
s(PLU Pa,c) — s(Py U Py, d) = s(P1,¢) — s(P1,d) 4+ s(Py, c) — s(P3,d)
> —400K2(4K? — 1) 4+ 25 - 16K2(4K? — 1 + 1)
> 0.

This completes the description of the reduction.

Next, we show that the UCMi instance has a solution if and dfrlye NMTS instance has a solution.
Assume that the NMTS problem has a soluti®n . . ., S;. W.l.o.g., for anyi < 1, S; = {ax(, bya), ¥i}
wherer and-~y are permutations ovell,...[}. We construct two vote§);, Q- that satisfy the following
conditions.

e Foranyi < 2K2 — [, we haves({Q1},d?) = e,5({Q1},dP) = 3K; for anyj < [, we have
s({Q1},y5) = wlaxg)).

e Foranyi < 2K2 — I, we haves({Q2},d?) = 3K,s({Q2},dP) = €P; for anyj < I, we have
s({Q2},y5) = w(by())-

In Q1 and@4, cis ranked in the top position, and the alternative®iare ranked arbitrarily); and@, are
well-defined, becausg = E; Uw(A) = E; Uw(B). Let PM = (Qq,Q2). For anyj < [, we have the
following calculations. First,

s(PNMyPM ¢) — s(PYMyPM ) = w(y;) — 20K + 20K — (w(ar)) +w(bys))) = 0.
For anyi < 2K? — [, we have
s(PNM U PM ¢) — s(PYM U PM df) = e — 17K 4 20K — (e +3K) = 0,

and
s(PNM yPM o) — s(PNM y PM By = P — 17K + 20K — (eF + 3K) = 0.

For anyl < i < 4K? + [, we have
s(PNMypPM ¢y —s(PYM U PM d;) > 042> 0.

Thereforec is a co-winner of the election.

Finally, we prove that if the UCMi instance has a solutiBfY = (Q1, Q2), then the NMTS instance
has a solution. First we note that for ahy< i < 2K2 — [, d* must be ranked withid K2 positions from
the bottom in both); and@-, otherwised{‘ will obtain at leas7 K points inPM | thus

s(PNMyPM o) — s(PYM U PM 4y < K — 17K + 20K — 7K < 0,

which means that does not win the election. Similarly, any alternativelliz andY must be ranked within
4K? positions from the bottom in botf); andQs.

It is easy to check that for any < i < 2K? — I, we must have that(P™ d{) = 3K + e and
s(PM dP) = 3K + eP; for anyy € Y, we must have that(PM ) = w(y).
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Next, for anyl < i < 2K? — [, we must have that

(s(Q1,d), s(Q2,d)} = (3K, '}

and
{S(QlﬂdiB)73(Q27diB)} = {3K7 eiB >
because < K ande? < K. Foranyy € Y, 3K ¢ {s(Q1,v), s(Q2,y)}, becaus8K > w(y). Hence,

{5(Q1,9),5(Q2,y) :y € Y} ={w(ay),...,w(a),wby),...,w(b)}

Note that both sides are multisets. We further note thatgriac Y, anya,a’ € A, and anyb, V' ¢
B, we havew(a) + w(d') < w(y) < w(b) + w(b') andw(a) < w(b) (Assumption 1). Therefore,
{min(s(Q1,v),s5(Q2,y)) : y € Y} = w(A) and{max(s(Q1,y),s(Q2,y)) : y € Y} = w(B). Let
fa:Y — Abe abijection such that for anyc Y, min(s(Q1, ), s(Q2,2)) = w(fa(y)); letfz: Y — B
be a bijection such that for any € Y, max(s(Q1, ), s(Q2,z)) = w(fz(y)). It follows that the partition
{y1, falvr), fB(w1)}, -« {ui, falw), fe(y)} is a solution to the NMTS instance.

We remark that the size of the input of UCMi is polynomialliandw,,.., even if all parameters are
represented in unary form. Because NMTS is strongly NP-der@pUCMi is also strongly NP-hard. It is
easy to check that UCMi under any positional scoring rulenislP. It follows that UCMi undetyeirq iS
strongly NP-complete. O
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