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ABSTRACT

In this paper, we characterize strategy-proof voting ruwleen the
set of alternatives has a multi-issue structure, and thers'opref-
erences are represented by acyclic CP-nets that follow anoom
order over issues. Our main result is a simple full charazer
tion of strategy-proof voting rules satisfying non-impasi over a
very natural sub-domain of any multi-issue domain: we st if
the preference domain is lexicographic, then a voting ratisfying
non-imposition is strategy-proof if and only if it can be degosed
into multiple strategy-proof local rules, one for each &sand each
setting of the issues preceding it.

We then prove impossibility theorems for strategy-proatfing
rules that satisfy non-imposition in two kinds of preferendo-
mains: the first result is for supersets of any lexicogranesf-

erence domain, and the second is for supersets of any ri¢h pre

erence domain (for a notion of richness introduced by LeBret
and Sen). These results immediately imply weaker corekaifior
example, the following variant of Gibbard-Satterthwageicorol-
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1. INTRODUCTION

When agents have conflicting preferences over a set of attern
tives, and they want to make a joint decision, a natural wagoto
so is byvoting Each agent (voter) is asked to report his or her
preferences. Then,\ating ruleis applied to the vector of submit-
ted preferences to select a winning alternative. Howewespime
cases, a voter has an incentive to submit false preferebeeause
this makes the winning alternative more preferable to har.irA
stance of such misreporting is calledrenipulation and the per-
petrating voter is called manipulator If there is no manipulation
under a voting rule, then, the rulesgategy-proof

Unfortunately, there are some very natural propertiesatesat-
isfied by no strategy-proof voting rule, according to the tsaitml-
Satterthwaite theorem [15, 24]. The theorem states thahwiere
are three or more alternatives, and any voter can chaogéin-
ear order over alternatives to represent her preferenbes, no
non-dictatorial voting rule that satisfies non-impositisrstrategy-
proof. A voting rule is dictatorial if the same voter's mgseferred

lary of both: when there are at least two issues and each of thealternative is always chosen; it satisfies non-impositiofori ev-

issues can take at least two values, then there is no noetatiet
strategy-proof voting rule that satisfies non-impositieven when
the domain of voters’ preferences is restricted to linedems that
are consistent with acyclic CP-nets following a common pmer
issues.
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ery alternative, there exisbomereported preferences that make that
alternative win.

There are several approaches to circumventing this imipitissi
result. One that has received significant attention from maer
scientists in recent years is to consider whether finding aipoa
lation is computationally hard under some rules. If so, theen
though a manipulation is guaranteed to exist, it will peghapt oc-
cur because the manipulator(s) cannot find it. Indeed, iteas
shown that finding a manipulation is computationally harain
precisely, NP-hard) for various rules, for various defons of the
manipulation problemd(.g, [5, 12, 16, 13, 29]). On the other hand,
NP-hardness is worst-casenotion of hardness, so that it may very
well be the case thahostmanipulations are easy to find. Various
recent results suggest that this is indeed the case [234130126,
22, 25]. This paper does not fall under this line of research.

Instead, this paper falls under another, older, line ofardeon
circumventing the Gibbard-Satterthwaite result. Thi®Jivhich
has been pursued mainly by economists, is to restrict theaaoaf
preferences. That is, we assume that voters’ preferencayslie
in a restricted class. An example of such a class is thatngfle-
peakedpreferences [6]. Here, it is assumed that each alternative i
associated with a position in some space (for example, teenat
tive’s position on a left-to-right political spectrum), dthat voters
always prefer alternatives that are closer to their moseped al-
ternative. That is, itz is voteri's most-preferred alternative, and
we have that is in the leftmost position) is in the middle posi-
tion, andc is in the rightmost position, then votémust prefe to
c. For single-peaked preferences, desirable strategyf-putes ex-
ist, such as thenedianrule, which, if we assume for simplicity that



the number of voters is odd, chooses the median of the vqieak's
(which is also the Condorcet winner). Other strategy-pratefs are
also possible in this preference domain: for example, ibissible
to add some artificialghanton) votes before running the median
rule. In fact, this characterizes all strategy-proof rutassingle-
peaked preferences [20]. On the other hand, preferencestbav
be significantly restricted to obtain such positive resuftswal et
al. [1] extend the Gibbard-Satterthwaite theorem, showing itha
the preference domainlisked then with three or more alternatives
the only strategy-proof voting rule that satisfies non-isifion is a
dictatorship.

In real life, the set of alternatives often has a multi-isstrec-
ture. That is, there are multipiesues(or attributeg, each taking
values in its respective domain, and an alternative is cetalyl
characterized by the values that the issues take. For erangt-
sider a situation where the inhabitants of a county vote terdene
a government plan. The plan is composed of multiple subsplan
for several interrelated issues, such as the transpartaiwiron-
ment, and health [9]. Clearly, a voter’s preferences forisege in
general depend on the decision taken on the other issuesxdor-
ple, if a new highway is constructed through a forest, a votay
prefer a nature reserve to be established; but if the highsvapt
constructed, the voter may prefer that no nature reservetibe
lished. As another example, in each presidential electear,\the

natural representation language for capturing limitecedeignce in
preferences over multiple issues. Recent work has startiestés-
tigate using CP-nets to represent preferences in votintegts If
there is an order over issues such that every voter’s prefessfor
“later” issues depend only on the decisions made on “eartisues,
then the voters’ CP-nets are acyclic, and a natural apprisaotap-
ply issue-wise voting rulesequentially{19]. While the assumption
that such an order exists is still restrictive, it is muclslesstrictive
than assuming that preferences are separable (for onesshiing
preference domain is exponentially larger [19]). Recetermsions
of sequential voting rules include order-independent setjal vot-
ing [28], as well as a framework for voting when preferences a
modeled by general (that is, not necessarily acyclic) CB-f&].
However, in this paper, we only study acyclic CP-nets thatcan-
sistent with a common order over the issues.

Our results. In this paper, we focus on multi-issue domains that
are composed of at least two issues with at least two possihies
eacht We first show that ovelexicographicpreference domains
(where earlier issues dominate later issues in terms ofiitapce to
the voters), the class of strategy-proof voting rules thtsf/ non-
imposition is exactly the class of voting rules that can beode
posed into multiple strategy-proof local rules, one forte@sue
and each setting of the issues preceding it. Technicallyeikactly
the class of altonditional rule nets (CR-nets)lefined later in this

president as well as members of the Senate and the House enust bpaper but analogous to CP-nets, whose local (issue-wites ane

elected. In principle, a voter's preferences for a senaardepend
on who is elected as president, for example if the voter psedie
balance of power between the Democratic and Republicarepart
A straightforward way to aggregate preferences in mustisésdo-
mains isissue-by-issuéa.k.a.seat-by-seatvoting, which requires
that the voters explicitly express their preferences oaehéassue
separately, after which each issue is decided by applysgisvise
voting rules independently. This makes sense if voterdepeaces
areseparable that is, each voter’s preferences over a single issue
are independent of her preferences over other issues. Howév
preferences are not separable, it is not clear how the vhterd
vote in such an issue-by-issue election. Indeed, it is kntve
natural strategies for voting in such a context can lead tp wade-
sirable results [9, 18].

The problem of characterizing strategy-proof voting ritesulti-
issue domains has received significant previous attenfitategy-
proof voting rules for high-dimensional single-peakedf@rences

strategy-proof. CR-nets represent how the voting rule'glimr on
one issue depends on the decisions made on all issues prgdedi
(conceptually, this is similar to how acyclic CP-nets rejere how
a voter’s preferences on one issue depend on the decisiatesona
all issues preceding it).

Then, we prove two impossibility theorems: one for supsrset
of any lexicographic preference domain, and the other fperets
of any rich preference domain (for the notion of richnessoticed
by LeBreton and Sen [10]). These impossibility theoremtedteat,
under some conditions on the preference domain, the ortegly-
proof voting rule that satisfies non-imposition is a dictakip. A
notable corollary of the impossibility theorems is thedaling vari-
ant of Gibbard-Satterthwaite. When there are at least taweis
with at least two values each, the only strategy-proof ptime
that satisfies non-imposition is a dictatorship. (This legssumes
that each voter is free to choose any linear order that quorets to
an acyclic CP-net that is compatible with a common order tver

(where each dimension can be seen as an issue) have beett charaissues.)

terized [7, 2, 3, 21]. Barberet al.[4] characterized strategy-proof
voting rules when the voters’ preferences are separabtegach
issue is binary (that is, the domain for each issue has twoegies).
Ju [17] studied multi-issue domains in which the domain athea
issue has three elements: “good”, “bad”, and “null”, andrebter-
ized all strategy-proof voting rules that satisfyll-independence
that is, if a voter votes “null” on an issue, then that votertker
preferences do not affect that issue.

The prior research that is closest to ours was performed by Le
Breton and Sen [10]. They proved that if the voters’ prefeesrare
separable, and the restricted preference domain of thesvedtis-
fies arichnesscondition, then, a voting rule is strategy-proof if and
only if it is an issue-by-issue voting rule, in which eachuisavise
voting rule is strategy-proof over its respective domain.

The work by LeBreton and Sen is limited by the restrictivenes
of separable preferences: as we have argued above, in femera
voter's preferences on one issue depend on the decision take
other issues. On the other hand, one would not necessapcex
the preferences for one issue to depend on every other i€Re.
nets [8] were developed in the artificial intelligence conmityias a

We are not aware of any previous characterization or impissi
ity results of strategy-proof voting rules when voters’fprences
display dependencies across issues (that is, when theycateled
by CP-nets).

2. PRELIMINARIES

2.1 Basics of voting

In a voting setting (not necessarily one with multiple isguéet
X be the set oéilternativeg(or candidates A linear orderV on X
is a transitive, antisymmetric, and total relationn The set of all
linear orders ort is denoted by.(X’). An n-voter profileP on X
consists of: linear orders or¥’. Thatis,P = (V4,..., V,), where
for everyj < n,V; € L(X). The setof all profiles oA’ is denoted
by P(X). In this paper, we let denote the number of voters. A

IThis is the standard assumption for studying voting in rrigkue
domains, because otherwise the domain can be simplifiedetby r
moving issues that only take one value), or have no multiess
structure (when there is only one issue).



(voting) ruler is a mapping from the set of all profiles ot to
X, thatis,r : P(X) — X. For example, thelurality rule (also
calledmajority rule, when there are only two alternatives) chooses
the alternative that is ranked in the top position in the moggs. A
voting ruler satisfies
unanimity if top(V) = cforall V € P impliesr(P) = c.
non-imposition if for any ¢ € X, anyn € N, there exists an
n-voter profileP such that-(P) = c.
monotonicity if for any pair of profilesP = (Va, ..., V4),
P’ = (V{,...,V;) such that for any alternativeand any; < n,
we haver ~v; r(P) = ¢ v, 7(P), then,r(P") = r(P).
strategy-proofnessif there does not exist a paft, V;), where
P is a profile, and/; is a false vote of votef, such that
r(P-4,Vj) »v, r(P). Thatis, in any profile, no voter can misrep-

J
resent her preferences to make herself better off.

2.2 Multi-issue domains

In this paper, the set of all alternativasis amulti-issue domain
That is, letZ = {x1,...,x,} be a set ofssueswhere each issue
x; takes values in bcal domain denoted byD;. An alternative is
uniquely identified by its values on all issues, thatis= D; x
... X Dp.

Example 1 A group of people must make a joint decision on the
menu for dinner (the caterer can only serve a single menu {o ev
eryone). The menu is composed of two issues: the main cddise (
and the wine\V). There are three choices for the main course: beef
(b), fish (f), or salad (s). The wine can be either red wineyf)ite
wine (w), or pink wine (p). The set of alternatives is a misisue
domain: X = {b, f, s} x {r,w,p}.

CP-nets [8] are a compact representation that capturesidepe
cies across issues. In this paper, we use them not for theasen-
tational compactness, but rather as useful mathematitatioo for
describing preferences in multi-issue domains, whereepeetes
over one issue can depend on the values of earlier issues.

A CP-netN over X consists of two parts: (a) a directed graph
G = (Z, E) and (b) a set of conditional linear preferenge§over

D;, for any settingd of the parents ok; in G. Let CPT(x;) be

the set of the conditional preferences of a votednthis is called
aconditional preference table (CPT)

Example 2 Let X’ be the multi-issue domain defined in Example 1.
We define a CP-neY/ as follows: M is the parent ofW, and the
CPTs consist of the following conditional preferenc€4T' (M)
{b=f=sh, O PTW)={b:r>=p>w,f:w>p=r5:
p = w > r}, whereb : r > p = w is interpreted as follows:
“when M is b, then,r is the most preferred value faV, p is the
second most preferred value, ands the least preferred valueVV
and its induced partial ordek s are illustrated in Figure 1.

M——mmW

br —— bp—— bw

CPT(M)
CPT(W) i
b:r>=pr-w Sp——» SW——»Sr
frws=p>=r
Siprw>r

(a) CP-netV. (b) The partial order induced hy".

Figure 1. A CP-net NV and its induced partial order.

A linear orderV over X extendsa CP-net\/, denoted by ~
N, if it extends the partial order that” induces. (This is merely
saying thafl” is consistent with the preferences implied by the CP-
netN.) V is separableif it extends a separable CP-net. The set
of all linear orders that extend CP-nets that are compatiblle
O is denoted byLegal(O). Throughout the paper, we make the
following assumption about multi-issue domains and the vars’
preferences.

Assumption. In this paper, each multi-issue domain is com-
posed of at least two issuep (> 2), and each issue can take
at least two values. Moreover, all CP-nets are compatibth wi
O =x1 > ... > xp, and the voters’ preferences are always in
Legal(O) (that is, a voter's preferences over an issue do not de-
pend on the values of later issues).

To present our results, we will frequently use notations tap-
resent the projection of a vote/CP-net/profile to an issughat is,
what are the voter’'s preferences owe), given the setting of all

A CP-netV captures dependencies across issues in the following issues preceding;. These notations are defined as follows. For

sense\ induces a partial preorder - over the alternativeg’ as
follows: for anya;,b; € D;, any settingfof the set of parents of
x; (denoted byParq(x;)), and any setting of Z \ (Parg(x;) U
{xi}), (ai,d, Z) =n (bi,d, 2) if and only if a; =% b;. In words,
the preferences over issue only depend on the setting of the par-
ents ofx; (but not on any other issues). The CPT for iss@pec-
ifies what these conditional preferences oxerare, and this will
allow us to conclude, if we change an alternative by only girvam
the value of theith issue, whether the voter prefers the modified
alternative to the original or vice versa. In general, hasvefrom
the CP-net, we will not always be able to conclude which of two
alternatives a voter prefers, if the alternatives diffetwa or more
issues. This is whyV induces a partial preorder.

We note that when the graph4f is acyclic,> v is transitive and
asymmetric, that is, a strict partial order. I®@t= x; > ... > x,.
We say that a CP-neV is compatiblewith O, if x; is a parent of
x; in the graph implies that < j. That is, preferences over issues
only depend on the values of earlier issues. A CP-nséfmrable
if there are no edges in its graph, which means that thereare n
preferential dependencies among issues.

any issuex;, any settingcf of Parg(x;), and any linear ordeV’
that extendsV, we letV|__yandN|, _;denote the the projection

of V (or equivalently\) to x;, given_ci That is, each of these no-
tations evaluates to the linear ord_e!i; in the CPT associated with
x;. For anyO-legal profile P, P|xi:d~ is the profile overD; that is

composed of the projections of each votdidmon x;, givenci
Thelexicographic extensioof a CP-nefV/, denoted byLex (N),
is a linear ordef” over X’ such that for anyl < i < p, anydz €
Dix...xD;_1,anya;,b; € D;,andanyy, zZ € Diy1 X...X Dy,
if @i = bi,then(ds, ai,§) =v (di, bi, Z). Intuitively, in the
Iexicograﬁhif: extension of/, x; is the most important issug; is
the next important issue, and so on; a desirable change tarbere
issue always outweighs any changes to later issues. We hmte t
the lexicographic extension of any CP-net is unique wtre.drder
O. We say thal/ € L(X) is lexicographicif it is the lexicographic
extension of a CP-neY. For example, letv be the CP-net defined
in Example 2. We havéez(N) = br > bp = bw > fw > fp >
fr = sp > sw > sr.
A profile P is O-legal/separable/lexicographic, if each of its votes
isin Legal(O)l is separable/ is lexicographic.



2.3 Sequential voting

Given a vector ofocal rules(ry, ..., 7p) (thatis, for anyi < p,
r; IS a voting rule onD;), thesequential compositioof r1, ..., 7,
w.r.t. O, denoted bySeq(r1, . .., 7p), is defined for allD-legal pro-
files as follows:Seq(r1,...,rp)(P) = (d1,...,dp) € X, so that
for anyi < p, di = ri(P|x;:d;...q,_, ). Thatis, the winner is se-
lected inp steps, one for each issue, in the following way: in step
i, d; is selected by applying the local rule to the preferences of
voters overD;, conditioned on the valueg, . ..,d;—1 that have
already been determined for issues that precedéWNhen the in-
put profile is separabl&eq(r1, . .., r,) becomes aissue-by-issue
voting rule.

3. CONDITIONAL RULE NETS (CR-NETS)

We now move on to the contributions of this paper. In a sequen-

tial voting rule, the local voting rule that is used for anuisss
always the same, that is, the local votinge does not depend on
the decisions made on earlier issues (though, of coursepties’
preferencedor this issue do depend on those decisions).

However, in many cases, it makes sense to let the local voting

rules depend on the values of preceding issues. For exateple,
us consider again the setting in Example 1, and let us sughate
the caterer is collecting the votes and making the decisi@ed on
some rule. Suppose the order of votingMk > W. Suppose the
main course is determined to be beef. One would expect tbat, ¢
ditioning on beef being selected, most voters prefer recéry,

r > p »= w). Still, it can happen that even conditioned on beef
being selected, surprisingly, slightly more than half théevs vote
for white wine @ > p > ), and slightly less than half vote for
red - = p = w). If the caterer uses an unbiased rule, then pre-
sumably white wine will be selected. While this is in the netst

of slightly more than half the voters and may therefore apfebe

a good idea, consider now a setting where not everyone wHo wil
enjoy the meal is voting. For example, some people may na hav
been available at the time of the vote; some people may binigig t
spouses, who were not present for the voting; perhaps teeecat
(non-voting) crew will be able to eat some of the mes€. In this
case, the caterer, who knows that in the general populatiast m
people prefer red to white given a meal of beef, may “ovefrtile
preference for white wine among the slight majority of théevs,
and select red wine anyway. While this may appear somewbét sn
bish on the part of the caterer, in fact she may be acting ibése
interest of social welfare if we take the non-voting agemtsd are
likely to prefer red given beef) into account.

Of course, if a large majority of the voters prefer white wine
given beef, then the caterer should not overrule this. Tfiece
tively comes down to a local rule where (say) at least 60% t$ngo
need to prefer white wine for it to be selected given beef ifequ
alently, the caterer may add some “phantom votes” for recewin
given beef, to represent the non-voting diners’ likely prefces).
Conversely, when fish is chosen, the caterer’s rule for degithe
wine based on the votes may be slightly biased towards white.w
Hence, in this situation, it makes good sense for the lodalfar
wine to depend on the values of its parent (the main coursékeu
in a typical sequential voting rule.

There are many other settings where we may wish to bias tae rul
for one issue conditioned on the decision for an earliereisstor
example, we may consider letting citizens vote for predidiest,
and for vice-president second; but, given the choice of thsigent,
his or her running mate would need to receive less than 30%eof t
vote to not be elected.

In this section, we introduceonditional rule nets (CR-netsd
model voting rules where the local rules depend on the valbes

sen for earlier issues. A CR-net is defined similarly to a @R-n
the difference is that CPTs are replaced by conditional tatdées
(CRTSs), which specify a local voting rule ovér; for each issue;
and each setting of the parentsxgf (It is not clear how a cyclic
CR-net could be useful, so we only define acyclic CR-nets.)

Definition 1 An (acyclic)conditional rule net (CR-net) over X
is composed of the following two parts.

1. Adirected acyclic graplir over {xi,...,xp}.

2. A set oftonditional rule table¢CRTS) in which, for any vari-
ablex; and any settingfof Para(x:), there is aocal conditional
voting rule M|, - over D;.

A CR-net encodes a voting rule over &klegal profiles (we recall
that we fixO = x1 > ... > x, in this paper). For any-legal

profile P, M(P) = (du, . .., dp) is defined as follows.
1. di = Mlx, (Plxy);
2. d2 = M|x21d1 (P|x2:d1);

p. dp = Mlx,dy...dy_y (Plxpidy...d,_1)-

That is, in theith step, the valuel; is determined by applying
M|xl .d,...d;_, (the local rule specified by the CR-net for tité
issue glven that the earlier issues take the vallies . d;_1; se-
guential voting rules are the special case where the lotaldues
not depend on the values of earlier issuesytQ;.q,...q, , (the
profile of preferences over thith issue, given that the earller issues
take the valued; ...d;—1).

4. RESTRICTING VOTERS’
PREFERENCES

We now consider restrictions on preferences. A restriction
preferences (for a single voter) rules out some of the plespitef-
erences inL(X). A preference domaiis a set of all admissible
profiles, which represents the restricted preferenceseof/thers.
Usually a preference domain is the Cartesian product ofateds
restricted preferences for individual voters. A naturaytearestrict
preferences in a multi-issue domain is to restrict the pesfees on
individual issues. For example, we may decide that w > p
is not a reasonable preference for wine (regardless of thieelof
main course), and therefore rule it out (assume it away).e\jen-
erally, which preferences are considered reasonable ferissue
may depend on the decisions for the other issues. Hencenin ge
eral, for eachi, for each settingfi of the issues before issug,
there is a set of “reasonable” (or: possible, admissiblejgpences
overx;, which we callS|,_ - Formally, admissible conditional
preference setswhich encode all possible conditional preferences
of voters, are defined as follows.

Definition 2 Anadmissible conditional preference sebver X is
composed of multipllacal conditional preference setfenoted by
S|, .z, such that for any < p and anyd; € D1 x ... x D;_1,
S| de is a set of (not necessarily all) linear orders ovBy.

That is, for anyi < p and anyd € D1 x...xDi1, S|,
encodes the voter’s local language over issggven the precedlng
issues taklngiz. In other words, ifS is the admissible conditional
preference set for a voter, then we require the voter's pates
overx; be inS|_

An admissiblé condltlonal preference set restricts thesiptes
CP-nets, preferences, and lexicographic preferences. oféetimat



LeBreton and Sen [10] defined a similar structure, which work
specifically for separable votes.

Now we are ready to define the restricted preferences of a vote
over X. LetS be the admissible conditional preference set for the
voter. A voter's admissible vote can be generated in theotig
steps: first, a CP-ne\/ is constructed such that for any< p
and anyd:- € D1 x ...D;_1, the restriction of\/ on %; givencf
is chosen fronS|, . A ; second, an extension &f is chosen as the
voter’s vote. By restricting the freedom in either of the tsteps (or
both), we obtain a set of the voter’s restricted preferentimnce,
we have the following definitions.

Definition 3 LetS be an admissible conditional preference set.

e CPnet$S) = {N : N isa CP-netovek, andViVd; ; €
D1 x...X D¢71,N|xi:d271 S S'xi:(ﬂ,l}'

o Pref(S) = {V:V ~ N,N € CPnet$S)}.

o LD(S) = {Lex(N) : N € CPnetS)}.

Thatis, CPne{sS) is the set of all CP-nets ovéf' corresponding
to preferences that are consistent with the admissibleitonal
preference sef. PrefS) is the set of all linear order¥ over X
that extend a CP-net in CPngf§—that is, PrefS) is the set of
all linear orders that are consistent with the admissibleditmnal
preference se§. LD(S), called thelexicographic preference do-
main is composed of the lexicographic extensions of all CP-imets
CPnet$S)—thatis,LD(S) is the subset of linear orders in P&
that are lexicographic. For ady C Pref(S), we say that. extends
S ifany CP-net in CPne{s) has an extension if. That is,L ex-
tendsS if for any /' € CPnet$S), there existd” € L that extends
N—in words, for any CP-netin CPnét$), there exists at least one
linear order inL consistent with that CP-net. It follows thatD(S)
extendsS; in this case, for any CP-néf in CPnet$S), there exists
exactly one linear order i D(S) that extendsV.

We now define a notion of richness for admissible conditional
preference sets. This notion says that for any issue, gingrset-
ting of the earlier issues, any value of the current issuebeathe
most-preferred one. (This isot the same richness notion as the
one proposed by LeBreton and Sen, which applies to prefesenc
over all alternatives rather than to admissible conditipneference
sets.)

Definition 4 An admissible conditional preference seifs rich if
for any: < p, any va!uationdz of the preceding issues, and any
a; € D;, there existd”* ¢ S|xi:d~i such thata; is ranked in the top
position of V%,

We remark that richness is a natural requirement, and itsis al
a very weak restriction in the following sense. It only ragsithat
when a voter is asked about her (local) preferences;qvgivemfi,
she should have the freedom to at least specify her mostrpdfe
local alternative inD; at will. We note thatS|, ;| can be as
small as|D;| (by letting each alternative ib; be ranked in the
top position exactly once), which is in sharp contragtteD; )| =
|D;|! (when all local orders are allowed).

We now revisit our example and restrict the voters’ prefeesrin
a reasonable manner. We let the voters’ preferences ovassuny
be single-peaked.

Example 3 Let the multi-issue domai’ be defined as in Exam-
ple 1. LetS be the admissible conditional preference set whose
local conditional preference sets are single-peaked, lastiated

in Figure 2. ThatisS|m = {(b > s > f),(s = b > f),(s >

f > b),(f = s = b)} is the single-peaked preference domain in

which the positions df, s, and f are listed from the left to the right
in the order on a straight lineS|w.» = S|lw.; = S|w:s are the
single-peaked preference domains in which the positions pf
andw are listed from the left to the right in the order on a straight
line (we note that in this example, these three local coodli pref-
erence sets are the same, but they can be different in ggénéris
rich, because in single-peaked domains, any alternativariged
in the top position in some linear order. The CP-nétdefined in
Example 2 is not in CPnetS), becaus€b >~ f > s) € S|m. Let
N’ be a CP-net in whict\”|m = b = s = £, and all other con-
ditional preferences are the same as\fi Then \/" € CPnetsS),
and Lex(N”) € Pref(S).

Slm
beef

Slwib = Slw:t = Slw:s

salad fish red pink white

Figure 2: An admissible conditional preference setS in which
all local domains are single-peaked. Positions of the alteatives
are shown in the figure.

Throughout the paper, we focus on the following prefereree d
mains: for each votef (with j < n), there is an admissible condi-
tional preference sef;, and voter;’s preferences is restricted to a
set of linear orderd; that extendsS;; and we say all votes if;
areadmissible Let L1 be the set of all profiles, in each of which the
alternative;j’s preferences are chosen fraiyg for any j < n, that
is, Ln = [[}_, L;. A CR-netM is locally strategy-prooff all
its local conditional rules are strategy-proof over resipedocal
domains (we remember that the voters’ local preferenced baus
in the corresponding local conditional preference set)atT$ for
anyi < p,cf €D x...xDi_1, M|_ o is strategy-proof over
H” Sily..q.- Mis separablef there are no edges in the graph of
M That is, fhe local voting rule for any issue is independétihe
value of all other issues (which corresponds to sequertiag).

We now propose a locally strategy-proof rule for our example
that captures the idea of the caterer biasing the choicerad.wi

Example 4 Let the multi-issue domaif’ be defined as in Exam-
ple 1, and letS be defined as in Example 3. For agiy< n, let
S; = S. Forany0 < t < 1, letr, be the voting rule over a
single-peaked preference domain that selects the altemntiat is
closest to thg |t(n — 1)] + 1)th leftmost value within the set of
all voters’ favorite values (peaks). For exampte,; selects the al-
ternative that is closest to the median value. Mdtbe a CR-net
defined as followsM v = ro.5, M|w:p = 0.1, M|w:s = 0.9,
M|w.s = ro.5. (This rule is strongly biased towards red wine if
beef is chosen, and towards white wine if fish is chosen, spord-
ing to a very snobby catererM is locally strategy-proof given this
restriction of preferences, because the local rules aratsgry-proof
for single-peaked preferences [20].

5. STRATEGIC-PROOF VOTER RULES IN
LEXICOGRAPHIC PREFERENCE
DOMAINS

In this section, we present our main theorem. We character-
ize strategy-proof voting rules that satisfy non-impasiti when
the voters’ preferences are restricted to lexicograph@&epence
domains. The next two easy lemmas are part of the folklore of
strategy-proof voting and will be frequently used in theqgdsoof
the main theorems (we include the proofs in the appendixHer t
convenience of the reader). Lemma 1 states that any strptegy
rule r satisfies monotonicity, that is, for any profilg if each voter
changes her vote by rankind P) higher, then the winner is still
r(P).



Lemma 1 (Known) Any strategy-proof voting rule satisfies mono-
tonicity.

Lemma 2 states that any strategy-proof rulsatisfying non-
imposition always satisfies unanimity, that is, if all votesk the
same alternative first, that alternative wins.

Lemma 2 (Known) Any strategy-proof voting rule that satisfies non-
imposition also satisfies unanimity.

We are now ready to present our main result, which states the
following: if each voter's preferences are restricted te kxico-
graphic preference domain for a rich admissible conditipnefer-
ence set, then a voting rule that satisfies non-impositistrégegy-
proof if and only if it is a locally strategy-proof CR-net. \Wemem-
ber that the lexicographic preference domain for a rich adibie
conditional preference sé& is composed of all lexicographic ex-
tensions of the CP-nets that are constructed f&m

Theorem 1 For anyj < n, SupposeS; is a rich admissible condi-
tional preference set, and votgis preferences are restricted to the
lexicographic preference domain 6f. Then, a voting rule that
satisfies non-imposition is strategy-proof if and only i a locally
strategy-proof CR-net.

Sketch of Proof: The “if” part is obvious. The “only if” part

is proved by induction orp (the number of issues). More pre-
cisely, suppose the theorem holds foissues. Fop + 1 issue,
let » be a strategy-proof voting rule that satisfies non-impositi
We first prove that- can be decomposed in the following way:
there exist a local rule; over D; and a voting rule'x_,.q, over
Dy x ... x Dpqq for eacha; € Dy, such that for any profilé,
the first component of (P) is determined by applying: to the
projection of P on x;, and the remaining components are deter-
mined by applyingx_,:q, to the restriction of” on the remaining
issues givernx; = a1, wherea; is the first component of(P)
(just determined by1). Moreover, we prove that; andrx_;.q,
(for all a1 € D) satisfy non-imposition and strategy-proofness.
Therefore, by induction hypothesis, for each€ D1, r«x_,:q, iS

a locally strategy-proof CR-net ovédy X ... x Dpy1. It follows
thatr is a locally strategy-proof CR-net ovél; X ... X Dpy1,in
which the (unconditional) rule fat; is 1, and given anyi; € Dy,
the sub-CR-net conditioned on = a1 iS7x_;:q; - O

The proofs of all theorems are relegated to the appendices.
We recall that in this paper, there are at least two issudsatieast
two possible values each.

Theorem 1 has some interesting corollaries. First, we ateat
CR-net is computationally easy to apply, as long as each tata
is easy to apply. This suggests that strategic-proof vatites that
satisfy non-imposition over a lexicographic preferencendim tend
to be easy to apply.

Second, it follows from Theorem 1 that any sequential votirg
that is composed of locally strategy-proof voting rulestisitegy-
proof over lexicographic preference domains, because westiql
voting rule is a separable CR-net. Specifically, when theinsdue
domain is binary (that is, for any < p, |D;| = 2), the sequential
composition of majority rules is strategy-proof when thefipes
are lexicographic. This displays an interesting contragtrévious
works on the strategy-proofness of sequential compostfama-
jority rules: Lacy and Niou [18] and LeBreton and Sen [10]wkd
that the sequential composition of majority rules is styptproof
when the profile is restricted to the set of all separable lpfi
on the other hand, Lang and Xia [19] showed that this rule ts no
strategy-proof when the profile is restricted to the setlo@alegal
profiles.

Of course, Theorem 1 allows for other strategy-proof votirgs
besides sequences of majority rules, when preferencesxoe
graphic. For example, with binary issues, we can set diftereesh-
olds (instead of the 50% threshold of majority), and the shotd
for an issue can depend on the decisions on the previoussissue
With non-binary issues, if the preferences on each localaiom
are restricted to be single-peaked, then a sequence of meoliar
rules is also strategy-proof; we can also add phantom v{2éis
and again, which phantom voters we add for an issue can depend
on the decisions on the previous issues.

Moreover, from Theorem 1 we immediately obtain an impossi-
bility theorem about strategy-proof voting rules that sfgtinon-
imposition, for the case in which each local domain has atlea
three elements (that is, for any< p, |D;| > 3), and every voter
is free to choose any lexicographic linear order o¥erThat is, for
anyj < p,anyi < p, and anyd:- € D1 X ...x D;_1, the local
admissible preference s8|, . ;. is the set of all linear orders over
D;. In this case, because the only local strategy-proof vatirg
over D; that satisfies non-imposition is a dictatorship (by Gibbard
Satterthwaite), it follows from Theorem 1 that any stratpggof
voting rule that satisfies non-imposition must be a CR-nat ih
composed of local dictatorships. This observation is fdized into
the following corollary.

Corollary 1 Suppose that each local domain has at least three ele-
ments and any voter is free to choose any lexicographic tioeter.

Any strategy-proof voting rule that satisfies non-impositnust se-
lect the winner in a sequence pfteps, as follows: in step< p,

the value forx; is determined by applying a dictatorship on the vot-
ers’ local preferences ovex,. (The voters’ preferences as well as
which dictatorship is used can depend on the values of preged
issues.)

Conversely, any local-dictatorship CR-net of the form dibésc
in Corollary 1 in fact is strategy-proof and satisfies nompasition.

Of course, the restriction to lexicographic preferencesiiidim-
iting. Next, we investigate if there is any other preferedoeain
for the voters on which the set of strategy-proof voting sulleat
satisfy non-imposition is equivalent to the set of all Idgatrategy-
proof CR-nets. The answer to this question is “No,” as shawn i
the next proposition. More precisely, over any preferenmmain
that extends an admissible conditional preference setsehef
strategy-proof voting rules satisfying non-impositiordahe set of
locally strategy-proof CR-nets satisfying non-impositere identi-
calif and only ifthe preference domain is lexicographic.

Proposition 1 For any j < n, supposeS; is a rich admissible
conditional preference sef,; C Pref(S;), and L; extendsS;. If
there existg < n such thatL; is not the lexicographic preference
domain ofS;, then there exists a locally strategy-proof CR-ft
that satisfies non-imposition and is not strategy-proof dve.

6. IMPOSSIBILITY RESULT FOR

EXTENSIONS OF LEXICOGRAPHIC
PREFERENCE DOMAINS

The previous section settles the case of lexicographiepates,
but preferences are not always lexicographic, even forliacg®-
nets. For example, in a simplified menu example with beef, fesh
wine, and white wine, a red-wine fanatic may prefer>- fr >
bw > fw. This is consistent with the orddd > W (in fact, the
voter’s preferences are separable), but the prefereneasoatex-
icographic with respect to this order. In this section, weesti-
gate the possibility of strategy-proof voting rules for stgets of



a lexicographic preference domain. For any linear ofidewe let
Top(V') denote the alternative that is ranked in the top position in
V.

Definition 5 A CP-net\ is tops-only-separablié for any i < p,
@i bi € Dy X ... X Di—1, top(N|x;.a;) = top(N1, ).

Thatis, in a tops-only-separable CP-net, the most prefemtkie
for any issue is independent of the values of the other iq$nesgh
there may be dependencies in the lower-ranked values).

We now give a condition on the preference domain that indicat
that any issue can be considered more important than thésficst
in some vote.

Definition 6 (Condition I) Ly satisfiesCondition lif for any j <
n, anyi < p,anyd@ = (au,...,ap) € X, anyV}' € Sj|x, with
top(V}') = a1, anyV; € Sjlx;:a1...a;_, With top(V}') = a;, any
b1 € Dy (b1 # a1), and anyb; € D; (b; # a;), there exists a
tops-only-separable CP-ngt; € CPnet$S;) and a voteV; € L;
that extends\V;, such that

e top(N;) = a.
° Mlxl = ‘/jl"/\/}lxi:al“-ai—l = V]Z
° (bl,(_):fl) >'Vj (d:ubz)

Condition | may seem unnatural and hard to read at first glance
but we argue that it is actually quite a natural approach poucang
the idea that “each issue can be more important than thedasei
in some vote.” In order for issuieto be more important than issue
1 for a voter, it should be the case that (roughly speaking)afy
pair of alternativesi. (br,d@_1) andb. (d—i,bs) (so that
one differs froma on the first issue, and one on tita issue), the
following is true: If it is the case that; is always preferred té; in
the local preferences of the voter on isseegardless of the values
of the preceding issues), then the voter prefierto b.—even if she
prefersa; to b;.

In our definition of Condition I, requiringV’ to be tops-only-
separable implies that; is always preferred to; in the local pref-
erences of the voter on isséeand because this argument should
hold for any local preferences over andx;, we require that we
can choosé/}' andV; freely in Condition I.

A similar notion was adopted by LeBreton and Sen [10] (see Def
inition 7 B(i) in this paper), but there they focus on sep&aiyo-
files, which is significantly different (and more restriej\from the
preference domain studied in this paper. We also argue thadi€
tion | is weaker than Condition B(i) in Definition 7 in some sen
see the discussion after Definition 7.

We also note that even if; satisfies Condition |, it must be
significantly smaller than the universal domain in whichrgweter
is free to choose any linear order ov&r For example, the largest
set that can satisfy Condition | iegal(O), and it has already been
proved that the size afegal(O) is exponentially (by a power of
|X| = 2P) smaller than the number of all linear orders onef27].

We now present the following impossibility result: if thesfier-
ence domain satisfies Condition | and extends an admissilole ¢
ditional preference sef, then any locally strategy-proof CR-net
either does not satisfy non-imposition, or it is a dictabqus

Theorem 2 For any j < n, supposeS; is a rich admissible con-
ditional preference setl; C Pref(S;), L; extendsS;, and Ln
satisfies Condition I. Then, for any locally strategy-pr@R-net
M satisfying non-impositionM is strategy-proof ovefr if and
only if M is a dictatorship.

The following corollary is easily obtained from Theorem 2.

Corollary 2 For anyj < n, supposeS; is a rich admissible con-
ditional preference setL. D(S;) C L; C Pref(S;), and L; satis-
fies Condition I. Then, a CR-n@t! that satisfies non-imposition is
strategy-proof ovel 1 if and only if M is a dictatorship.

Proof of Corollary 2: Let M be a strategy-proof CR-net oveéf;.
BecauseL.D(S;) C L; for all j < n, M is strategy-proof over
H;;l LD(S;), which implies thatM is locally strategy-proof by
Theorem 1. We note thdtD(S;) extendsS; for all j, which means
that L; extendsS; for all j < n. Hence, by Theorem 2M is
dictatorial. a

The next theorem states that over any superset of the lexico-
graphic preference domain, the only strategy-proof votirg that
satisfies non-imposition is a locally strategy-proof CR-ée note
that this result does not directly follows from Theorem lcdugse
from Theorem 1 we only know that this rule must be a CR-net when
all votes are lexicographic, which does not mean that iflisssSER-
net beyond the lexicographic preference domain.

Theorem 3 For anyj < n, supposeS; is a rich admissible condi-
tional preference set, andD(S;) C L; C Pref(S;). If a voting
rule r that satisfies non-imposition is strategy-proof over, then
r is a locally strategy-proof CR-net.

Combining Corollary 2 and Theorem 3, we obtain the following
impossibility theorem on supersets of any lexicographéfgnence
domain.

Theorem 4 For anyj < n, supposeS; is a rich conditional pref-
erence setL.D(S;) C L; C Pref(S;), and L; satisfies Condition
I. Then, the only strategy-proof voting rule ovEr; that satisfies
non-imposition is a dictatorship.

We recall that ifL; satisfies Condition I, that informally means
that any issue is more important than issuein at least one ad-
missible vote. The following corollary is a variant of theb®ard-
Satterthwaite impossibility theorem that immediatelyidals from
Theorem 4 by lettingS;|, .; = L(D;) andL; = Pre{S;) (the
same corollary also follows from Theorem 6 in the next segtio

Corollary 3 If each voter can choose any linear ordetfiagal(O)
to represent her preferences, then there is no strateggfproting
rule that satisfies non-imposition, except a dictatorship.

We emphasize that there are at least two issues with at kwast t
possible values each, aiidgal(©O) is much smaller than the set of
all linear orders ove®X’. Therefore, the corollary doewmt follow
from Gibbard-Satterthwaite.

We recall that Lang and Xia [19] showed that a specific sequen-
tial voting rule (the sequential composition of majorityles) is
not strategy-proof when each voter can choose any linear ord
in Legal(O) to represent her preferences. Corollary 3 is much
stronger, in that it states that over such a preference domai
only does the sequential composition of majority rules faibe
strategy-proof, but in fact all non-dictatorial voting eslthat sat-
isfy non-imposition fail to be strategy-proof; moreoveéhistholds
for non-binary multi-issue domains as well.

7. IMPOSSIBILITY RESULT FOR
EXTENSIONS OF RICH PREFERENCE

DOMAINS



LeBreton and Sen [10] characterized strategy-proof vatings
when preferences are separable, that is, each vote exte@fs a
net with no edges. An admissible conditional preferenceSsist
separableif for any x;, anydiﬁi € Dy x...x D;_1, we have
Slx;:a;, = Sy, 5,- In this case, we writeS|x, = Slx,.a,. For
example, Example 3 has a separable admissible conditioa&l p
erence set (because the allowed preferences for wine doenot d
pend on the choice of the main course). For any separablesadmi
sible conditional preference s&, we let SCPnefsS) = {N :

N is a CP-net with no edge, and for ah p, V|, € S|x, }-

That is, SCPnetsS) is the set of all CP-netd” with no edges, such
that the projection of\ to any issuex; is in S|x,. Let SPrefS)
denote the set of all separable votes that extend some CiR-net
SCPnet&S). We now present the richness definition by LeBreton
and Sen (in our notation).

Definition 7 (LeBreton and Sen [10]) Ry = ;’:1 R; is arich
preference domain, if for any < n, there exists a separable ad-
missible conditional preference s&t such thatR; C SPrefS;)
and
(A) for anyj < n, anyi < p, anya; € D;, there existd/* ¢
Sjlx, such thatop(V*) = a;.
(B) for anyj < n, anyN; € SPrefS;), and any: < p, there
existV;, Vj € R;, V; ~ Nj, V] ~ Nj such that
(i) foranyd,b € X, if a; =y, bi, thend v, b.
issuei dominates all other issues fof; .
(ii) for any @, b € X, if for all &' # 4, a; =N, bir and
there exists’ # i such thata; =Nl by (that is,d—; weakly

That is,

dominatesl;,i), then,d >-Vj, b. That is, issue is dominated by the
(union of) other issues fdr;.

R satisfies condition (A) if and only if is rich (according to
our earlier definition of richness). We note that Conditi¢imIDef-
inition 6) is weaker than condition B(i) in the following s&= if
R; C SPrefsS;) satisfies condition B(i), then, it also satisfies Con-
dition I, because the vote guaranteed to exist by conditignsat-
isfies all the premises of Condition I.

The following is the main theorem by LeBreton and Sen (in our
notation).

Theorem 5 (LeBreton and Sen [10])Let Ry = ;’:1 R; be a
rich preference domain. A voting rulehat satisfies non-imposition
is strategy-proof overRy if and only if it is a separable locally
strategy-proof CR-net.

Theorem 5 works (only) for any rich preference domén C
[I;_, SPretS;), whereS; is the separable admissible conditional
preference set thak; corresponds to. We note that for afi< n,
SPrefsS;) is a strict subset of Pré$;), and SPrefS;) is exponen-
tially smaller than PréfS;). Next, we consider the case that for any
Jj < n, the preference domain of votgr denoted byZ;, is both a
superset of?;, and a subset of Pr8;). We first obtain a corollary
from Theorem 5.

Corollary 4 Let Ri be arich preference domain. For angy< n,
supposeR; C L; C Pref(S;) and L; extendsS;. If a sequential
voting rule M that satisfies non-imposition is strategy-proof over
L, then, M is a dictatorship.

Proof of Corollary 4: For anyj < n, anyd = (a1,...,ap) € X,
any V" € Sjlx, such thattop(V;"') = a1, anyV;"* € Sjlx,
such thatop(V}"") = a;, we let\; € SCPnet§S;) be such that
Nilxy = V"', Njlx, = Vi, andtop(N;) = @; letV; be an exten-
sion of \; satisfying the condition B(i) for issugin Definition 7.

We note that for any; € Di,b1 # a1, anyb; € D;, b, # ai,
(b1,d-1) >v; (bi,d—:), becausey; v, |, b;. Because?; C L;,
we haveV; € L;, which means thak ; satisfies Condition I.

By Theorem 5,M is locally strategy-proof ove]'_[?:1 R;. Be-
causeLr C Pref(S), M is locally strategy-proof oveEr;. There-
fore, by Theorem 2M is dictatorial. ad

Our next theorem states that if for apy< n, L; is a superset of
Rj;, then the only strategy-proof voter rule ovas is the sequential
composition of locally strategy-proof rules, one for eass$uie.

Theorem 6 Let Rip be a rich preference domain. For any <
n, let R; C L; C Pref(S;). If voting ruler that satisfies non-
imposition is strategy-proof ovekr, thenr is a locally strategy-
proof sequential voting rule (separable CR-net).

Finally, by combining Theorem 6 and Corollary 4, we obtaia th
following impossibility result. This theorem states thatdke a
rich preference domain that corresponds to a separablessithhei
conditional preference set, and extend it so that for anglecgP-
net that uses the same admissible conditional preferericevee
include some preferences extending that CP-net, then wegives
up one of strategy-proofness, non-dictatorship, and ngosition.

Theorem 7 Let R be a rich preference domain. For any< n,
suppose tha?; C L; C Pref(S;) and L; extendsS;. A voting
rule that satisfies non-imposition is strategy-proof o¥er if and
only if it is a dictatorship.

We note that Corollary 3 also follows from Theorem 7.

8. CONCLUSION

In settings where a group of agents needs to make a joint de-
cision, the set of alternatives often has a multi-issuectire. In
this paper, we characterized strategy-proof voting rulesmthe
voters’ preferences are represented by acyclic CP-net$aihawv
a common order over issues. We showed that if each voterfs pre
erences is restricted to a lexicographic preference dgntiaém a
voting rule satisfying non-imposition is strategy-profdind only if
it is a locally strategy-proof CR-net.

We then proved that the only strategy-proof voting rulessgti
ing non-imposition is a dictatorship in two kinds of prefece do-
mains: any superset of a lexicographic preference domairstit-
isfies Condition | (Definition 6), as well as any superset ofca r
preference domain (Definition 7) that extends the admisddital
preference set to which the rich preference domain corretgdNe
obtain an important corollary from these impossibility ahems:
if the profile is allowed to be any-legal profile, then the only
strategy-proof voting rule satisfying non-imposition isliatator-
ship.

Our result for lexicographic preferences is quite positivew-
ever, beyond that, our results do not inspire much hope firalde
strategy-proof voting rules in multi-issue domains. Of @l it is
well known that it is difficult to obtain strategy-proofneissvoting
settings in general, and this does not mean that we shouitiaba
voting as a general method. Similarly, difficulties in obtag desir-
able strategy-proof voting rules in multi-issue domainsusti not
prevent us from studying voting rules for multi-issue donsaalto-
gether. From a mechanism design perspective, strate@jfrass
is a very strong criterion, which corresponds to implemiorain
dominant strategies. It may well be the case that rules tleaheat
strategy-proof still result in good outcomes in practices—ore
formally, in (say) Bayes-Nash equilibrium.
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APPENDIX
A. PROOF FOR THEOREM 1

Proof of Lemma 1: Suppose for the sake of contradiction
is strategy-proof but does not satisfy monotonicity. [{dais that
there exists a profilé, 4, andV; such thatV; is obtained from
Vi by raisingr(P), andr(P-;, V) # r(P). If r(P—;, Vi) =y,
r(P), then we must have tha{P_;, V) =v, r(P), which means
that voter: has incentive to falsely report that her true preferences
areV;; if r(P) vy (P, V/), then when votei’s true prefer-
ences aré/;/ and the other voters’ profile iB_;, she has incentive
to falsely report that her preferences &ke In either case there is
a manipulation, which contradicts the assumption thatstrategy-
proof. a

Proof of Lemma 2: Suppose for the sake of contradiction
is strategy-proof and satisfies non-imposition, budoes not sat-
isfy unanimity. There exist an alternativeand a profileP =
(Va,..., V) such thatc is ranked in the top position in each of
V;, butr(P) # c¢. Now, because satisfies non-imposition, there
exists a profile = (W1,...,W,) such that*(Q) = c. For any
0<j<n,weletP; = (Wi,...,W;,Vit1,..., Vo). We note
thatP, = P andP,, = Q. Therefore, there exisfs' < n such that
r(Pj=_1) # candr(P;«) = c. It follows that when the true prefer-
ences of votej* is V;+, and the preferences of the other voters are
as inP;=, voterj* has incentive to falsely report that her true prefer-
ences igV;=, which can improve the outcome froniP;«_1) # ¢
to c. This contradicts the assumption thds strategy-proof. O

Proof of Theorem 1: In the proofs of this paper, for any< p,
we letx_; denoteZ \ {x;}, and we letD_; denoteD; x ... X
Di_1 X Djy1 X ... X D,. Foranyj < n, any profileP of n votes,
we let P_; denote the profile that consists of all votesirexcept
the vote by votey.

First, we prove the “only if ” part by induction op. When
p = 1, the theorem is immediate. Now, suppose that the theorem
holds whenp = k. Whenp = k + 1, for any strategy-proof rule
r that satisfies non-imposition, ovéf, 11 = D1 X ... X Dg41,
we prove that this rule can be decomposed into two parts:, first
it applies a local voting rule; for x;1, and subsequently, it ap-
plies a ruler|x_,:.q, for x_1, which depends on the outcome of
r1. Thus, we have the property that for af € Ly, we have
T(P) = (ri(Plxy)s Tlx_ oy (Play) (Plx_y:m1(Plxy))). Then, we
will show that the induction assumption can be applied toséne
ond part.

First, we claim that for any strategy-proof voting ruleatisfy-
ing non-imposition, and any’ € Ly, the value of issuex; for
the winning alternative only depends on the restrictionhef pro-



file to x;. That is, we show that for any pair of profild3 Q €
Lu, P=(V1,...,Vn), Q@ = (Wh,...,Wy) andPlx, = Qlx,,

we must have (P)|x, = r7(Q)|x,. Suppose on the contrary that
r(P)|x; # 7(Q)|x,. Forany0 < j < n, we definep; =
Wi,...,W;,Vit1,...,Vy). It follows thatPy = P and P, =

Q. We claimthatforany) < j <n —1,7(P;)|x; = 7(Pj+1)]|x; -

For the sake of contradiction, suppase’; )|xl # r(Pjy1)|x, for
somej < n — 1. Letar = r(Pj)|x, andbs = r(Pjt1)|x,. If

a1 v, 1%, 01, then, becauség-+1|x] = Witilxys (Pit1, Vig1)

is a successful manipulation; on the other hané,; iﬁ-VH] ey Q15
then,(P;, W;41) is a successful manipulation. This contradicts the
strategy-proofness of. Thus, we have shown that the value of is-
suex; for the winning alternative only depends on the restriction
of the profile tox; .

Therefore, we can define a voting rute over D; as follows.
ForanyP' € [T7_, Sjlx;, 11(P') = r(P)|x,, whereP € Ln
andP|x, = P'. Such aP exists becausé D(S;) extendsS; for
all j, and this is well-defined by the observation from the previ-
ous paragraphr; satisfies non-imposition becaussatisfies non-
imposition.

Next, we prove that, is strategy-proof. If we assume for the
sake of contradiction that; is not strategy-proof, then there exists
a successful manipulatiofP!, V;*) over D;, where voter is the
manipulator, andP® = (Vi!,...,Vi}). LetNi,..., Ny, N; be
n + 1 CP-nets satisfying the following conditions.

e Foranyj < n, Njl|x, = le;/\[l'xl =V

e Foranyl < j < n, N € CPnetsS;), \; € CPnetsS,).

Forj < n, letV; be the lexicographic extension Af;. LetV; be
the lexicographic extension ;. Let P = (V4, ..., V,,). We note
that thex, component of(P_i, Vi) is r(PL;, V') >y 71(P"),
which is thex; component of (P). Becausé/ is the lexicographic
extension of\;, andNi|x, = V;!, we have that(P_;, Vi) >v,
r(P), which means thatP, V;) is a successful manipulation. This
contradicts the strategy-proofnessrofSo, we have shown that
is strategy-proof.

We next show that the second partrafan be written as
Tlx_1ir (p‘x1)(P|x71:m(p‘x] y)—thatis, the rule for the remaining
issuesx_; only depends on the outcome fei. For anyV €
Legal(O) and anya; € D1, we letV|x_,..,; denote the linear
preference oveD_; that is compatible with the restriction &f to
the set of alternatives whose component isi, that is, for any
6717 571 €D _1,d-1 iv&il ap 571 if and onIy if ((117 (‘1'71) v

(a1,b_1). For anyO-legal profile P, P|x_,.., is composed of
Vlx_y:a, forall Ve P. For any CP-net\, we letN|x_,:a,
denote the sub-CP-net 8f conditioned onx; = a;. It follows
thatif V.~ N, then,Vix_j:a; ~ Nlx_;:a;-

Now, we claim that for any pair of profileB;, P, € Ln, P =
(Vl, ey Vn) ansz = (VVl7 ey Wn), such thath = 7‘1(P1) =
ri(Pz) andPi|x_;:a; = P2lx_,:a;, We musthave(Pr) = r(Pz2).
To prove this, we construct a profife such that(P,) = r(P) =
r(P). Foranyj < n, we letV"" € S;|x, be an arbitrary lin-
ear order overD; in which a4 is in the top position. LetP =
(Q1,...,Qn) € Lu be the profile in which for any < n, Q;
is the lexicographic extension of the CP-n¢} that satisfies the
following conditions.

b M|x1 = Vjal-

e Njlx_,:ay = Nilx_,:a,, WhereN; is the CP-net that; ex-
tends. .

Letd = (a1,d—1) = r(P1). Foranyj < n and anyb € X with
b -q, @ we have that the; component of must beas, because
Q; is lexicographic, and; is in the top position of);|x, . We let

b= (a1,b-1). Itfollows thatby =g, ., @ 1. We note that
Qjlx_,:a, s the lexicographic extension &f;|x_,:a,, Vilx_1:a1
is the lexicographic extension &f;|x_, .a,, and
N|x 1:e1 — N|x 1:a- Therefore Qilx_ a1 = V|x 1:a1s
which means thali_, =Vilx_,.a, G-1. HeENCE, we havée =v, d.
By Lemma 1, we have:(P) = r(P1). By similar reasoning,
r(P) = r(P2), which means that(P,) = r(P) = r(FP2). It
follows that for anya; € Ds, there exists a voting rule|x_,:q,
overDsy x ... x D, such that for any? € L,
F(P) = (r1(Pley), e 1r1 (Plaey) (Pl im (Pl )

At this point, we have shown thatcan be o]Iecomposed as de-
sired. We next show that for anyy € D1, 7|x_,:q, IS Strategy-
proof over][7_, LD(Sj|x_,:a,). Suppose for the sake of con-

tradiction that there exists a successful manipulatiBr, Vfl),
where votei is the manipulator, ang~* = (V;!, ..., V,; 1), Let
Ni,..., N, N; ben + 1 CP-nets satisfying the following condi-
tions.

e For anyj < n, top(Nj|x,) = a1. Thatis,a: is ranked in the
top position in the restriction ok/; to x;. Also,
top(Nilx,) = ai.

e For anyj < n, Nj|x_,:a, is the CP-net oveD_; that Vj’1
extends;Vi|x_, .4, is the CP-net oveD_; thatV,~" extends.

e Foranyj < n, N; € CPnet$S;); N; € CPnetss)).

The existence of these CP-nets is guaranteed by the ricbhess
S; foranyj < n. Forany; < n, letV; be the IeX|cograph|c
extensmn of\/;. Let V; be the lexicographic extension 4f;. Let

(Vl,...,V ). We note that

T(P) = (ri(Plx; ), Tlx_y i1 (Play ) (Plx_y:m1 (P1xy)))
= (a1, 7|x_1:a1 (Plx_1:a1)) = (a1, 7[x_;:aq (Pil))
=V (a1,7lx_;:a (P:llvf/l)) =r(P_, Vl)

This contradicts the strategy-proofness oHence, we have shown
that for anya; € D1, r|x_,:q, IS Strategy-proof over
[T7—, LD(S)]x_a).

Moreover because satisfies non-imposition, for any, € D,
T|x_,:a; Satisfies non-imposition. Hence, for any € D, we
can apply the induction assumptionitx ,.., and conclude that
it is a locally strategy-proof CR-net ovép_;. It follows thatr is
a locally strategy-proof CR-net ovér, completing the first part of
the proof.

We next prove the “if” part. If the proposition does not hold,
then there exists a locally strategy-proof CR-Métfor which there
is a successful manipulatiof, ;). Leti < p be the smallest
natural number such that1(P)|x, # M(P_;, Vi)|x,. Letd;_1
be the first — 1 components of\{(P) and M (P_;, V;). Because
/\/l|x1_,d~i71 is strategy-proof, we have the following calculation.

L (Pla )
] Mlxi:Ji,l (Pfl’ W"‘ﬁ@—l)

M(P)l, = M,

H’l&,@-,
= M(Pi, Vi)lx,
Becausé/] is lexicographic, for any/, Z € D41 X ... X D,, we
have(d;—1, M|,z (P),7) =v (di-1, Ml .z (P-1, Vi), 2).
Therefore,M(P)AM/l M(P-1,V;), which contradicts the as-
sumption thai P, V}) is a successful manipulation. Hence, locally

strategy-proof CR-nets are strategy-proof for lexicopreyprefer-
ences. O



B. OTHER PROOFS

Proof of Proposition 1: If, for somej < n, there is aV/] €
LD(S;) that is not inL;, then there must also belg € L; that
is not in LD(S;), because some vote ity must extend the CP-net
thatV; extends. Hence, it # []]_, LD(S;), there must exist
somej < n, V; € L; such thatV; is not in LD(S;). For thisVj,
there must exist < p, @i—1 € D1 X ... X D;_1, a;,b; € Dy,

ai+1,bi+1 S Di+1 X ... X Dp such thaia; >-\/}‘xi:5i—1 b;, and

(di-1, bs, B}H) =v; (i1, ai,di+1). Now, let us define a CR-net
M as follows.

o M]|y,a,_, is the plurality rule that only counts votérand
voter j's votes; ties are broken in the order > a; = D, —
{ai, bl}

e Any other local conditional voting rule is a dictatorship by
voter1.

Now, let A7 € CPnet$S:) be a CP-net such thabp(N1) =
Gi—1aiit1, and foranyk > i+1, top(Ni|x:a; _1b;ai41..a5_1) =
br. Let N] € CPnet$S;) be a CP-net such thabp(N)) =
@;—1bibi+1. LetVi € Ly be such that;s ~ N;, and letV] € L;
be such thal; ~ N;. SuchVi andV; must exist, becausg,
extendsS;, andL; extendsS;. For any profile
P=0A,...,V;...,V,) € Lu (that is, for anyl # 1,3, V; is
chosen arbitrarily, becaus®e!(P) does not depend on them), it fol-
lows thatM(P) = 6i,1aidi+1, andM(P,j, ‘/J,) = (‘l'iflbigprh
which means thatP, V) is a successful manipulation for votgr
So, M is not strategy-proof (and it satisfies non-impaosition). O

Proof of Theorem 2: The “if” part is obvious, so we only prove
the “only if” part. For any CR-netM, and anya; € D, we say that
voterj is ana;-dictatorif for any i < p, anyds € D2 X...xXD;_1,
we have thatM|,..,a, IS aj-dictatorship (that is, the winner is
always the alternative that is ranked in the top position dtgr;).
We first prove the following lemma.

Lemma 3 Under the conditions of the theorem, let

P! = (V{,...,V,;)) be aprofile in[[7_, Sjlx,, and letM be a
non-dictatorial locally strategy-proof CR-net satisfginon-imposition,
with M|x, (P') = a1. If there existj < n and W, € Sjx,
such thatM|x, (P') # M|x, (P!;,W}), and voter; is not an
az-dictator, then M is not strategy-proof.

Proof of Lemma 3: Suppose on the contrary that there exists a
non-dictatorial locally strategy-proof CR-nétl that satisfies non-
imposition and is strategy-proof ovéry, and satisfies all condi-
tions in the lemma. LeV"* € Sj|x, be such thatop(V;"") = a1;
then, it follows from the strategy-proofness®t|x, and Lemma 1

that M|, (P2, V') = a1. Since voterj is not ana;-dictator,

there exist™ < p,d2 = (az,...,aix—1) € Da X...x D;«_1,and
a profile P*" € [T/—; Silx;»:ara, Such that/\/l|x1.*:ala2(Pi*) £
top(V;").

Letais = M|x,..ara,(P'). We arbitrarily choose

S
Qi 41 = (ai*+1,...,ap) c Di*+1 X ... X Dp

Letb; = M|x, (PL;,W}), b~ = top(V;" ). Next, we construct a
vector of CP-netsVy, ..., Ny, N as follows.
o Foranyl # j, Milx; = Vi', Milxviarar = Vi s
top(Nilx_,:a,) = d2top(V)' )ai=31,
top(Ni|x_q:bq ) = @2bi=az=11.
i /\[j|x1 = Vjalv-/\/'J'|xi*¢a1?iz = VJZ '
top(N;) = a1da2bi az=+1. Let N be any tops-only-separable

CP-net obtained by Condition | (whebe: corresponds ta;
in Condition I, andu;~ corresponds té; in Condition I).
e Njlx, = W}, Nj is tops-only-separable, artdp(\7)
tOp(le)dei* az*—H)
e N € CPnet$S;). For anyl < n, N; € CPnet$S;). All
entries that are not defined above are chosen arbitrarily.

BecauseS is rich, such CP-nets must exist. We 1&tbe the exten-
sion of A/; (which satisfies Condition I). That i$}; ~ N and

— —
bidabix a1 v, a1@2a: @11

LetP = (Va,...,V;-1,V;,Viq1,..., Vi) be such that for all <
n, Vi € LyandV; ~ N;. LetW; € L;j, W; ~ Nj. We next
show that( P, W;) is a successful manipulation for voterWe note
that Plx, = P*, M|x, (P') = aq; for anyi < i*, a; is ranked
in the top position in all votes oP|x;:a;ay...a;_13 Plx;s:a13, =
P, Mlx,uiaran(PT) = ap; for anyi > 4, a; is ranked in
the top position in all votes °P|xi:a1a”2ai*ai*+1mai4 . Therefore,
M(P) = a1@2a:-ai=+1. On the other handM |, (P;, W})
bi; for anyi < i*, a, is ranked in the top position in all votes of
P_jlx;b1a9...a;_1 aNdWjlx, by as...a;_4; bi= IS ranked at the top
position in all votes ofP_;|x,. .b,a, andWj|x,. ., a,; for anyi >
1", a; is ranked in the top position in all votes of
Pl;byasbieageyy.as_y ANAWjlk, b1 a5bm agn iy ;- Therefore,

M(Pfj,Wj) = b152bi*ai*+1
=V a1d20% Qix+1
= M(P)

This contradicts the strategy-proofness.of. (End of proof of
Lemma 3.) a
We prove the theorem by contradiction. Suppose there exists

non-dictatorial locally strategy-proof CR-nét that satisfies non-
imposition and is strategy-proof ovér;. For anya:; € D, we
let Pt = (V{",..., V") be a profile in[[7_, Sjlx, such that
each voter ranka; in the top position. Becaus#1|y, is strategy-
proof and satisfies non-impositioty1|x, satisfies unanimity by
Lemma 2, which means thatf|x, (P*') = a;. For anyb: #
a1, becauseM|x, (P*1) # M|x, (P"), there exists a minimum
j < nsuch that

by by ay ay a1y _
My (VP VAL VA VA V) =
My (V2 v v v v
|X1( 1 s> J=12 Vg s Vg4l ¥Vn )7&0’1

That is, by replacing thé&"* by Vlbl one after another fot =

1,...,n, before stegj — 1, the winner of the profile i, and
in steps the winner is notz;. By Lemma 3, voter; must be an
a:-dictator.

Therefore, for anyi; € Dy, there existg < n such that for any
i>2,anyds € D2 X ...Di_1, M|x,.a,a, IS aj-dictatorship. We
consider the following two cases.

Case 1: there existg < n such that for alk; € D,, voter

j is ana;-dictator. Becaus@1 is non-dictatorial M is not a
j-dictatorship, which means thatt|, is not aj-dictatorship.
Therefore, there exists a profife’ in [17_, Sjlx, such that
Mlx, (P) # top(V}'). Without loss of generality we let
j =1 Weletar = Mlx, (P"), by = top(V}'). Be-
causeM|x, is strategy-proof and satisfies non-imposition,
M, (VE VP V) = by (we recall thattop(Vi')
by, and for all2 < [ < n, top(Vlbl) = b1). Therefore, there
exits2 < k < n such that

1 b1 by 1 1
M, (Vi V5V Vi, Vi, - -

Vi) =a



Mlxl(V117‘/2b17-"7V£117V]§)17Vk1+17--'7Vn1) # ai

Because votet is ana;-dictator, voterk is not ana -dictator.
But this contradicts Lemma 3.

Case 2: there existgj1 # j2 anda; # by such that voter
j1 (j2) is ana (b1)-dictator. Without loss of generality, we let
71 =1,52 = 2. Let

Pl = (VA VR VL V)

Q' = (VML VL VL v

If M|x, (P') # a1, then, becausé |, (V1 ..., Vi) =
a1, Lemma 3 implies that voter 2 is ady-dictator, which
is not possible because voter 1 is @nrdictator. Therefore,
M|x, (PY) = a1. Similarly, M|x, (Q') = b1. Next, we con-
sider the following steps: we change vojés vote fromVj"1
to Vj"l, one after another, f&F < j < n. It follows that there
exists3 < 7 < n such that

ay by b1 ay ai
My (VL VY, VI VL VS

a1y _
J ) J+1"'7Vrl )70’1

My (Vi VY VL VA VAL Vi) £ aa

=1V
Lemma 3 implies that votef is ana,-dictator, which is not
possible because voter 1 is andictator.

Hence, we have obtained the desired contradiction, and @an ¢
clude thatM is dictatorial. a
Proof of Theorem 3: Becauser is strategy-proof ovef, the
restriction ofr to J[7_, LD(S;), denoted by, p(sy,), is strategy-
proof over[]7_, LD(S;). Itfollows from Theorem 1 thaty, p(sy,)
is a locally strategy-proof CR-net, denoted by. Because for any
j < n, LD(S;) extendsS;, M can be naturally extended for.
All that remains to show is thatand M are the same rule.

Lemma 4 For any profileP € Ly, if at most one of the votes iR
is not lexicographic, then(P) = M(P).

Proof of Lemma 4: Suppose that the lemma does not hold. Then,
there existsP? = (Vi1,...,Va) € L such thatr(P) # M(P),
(without loss of generality)s ¢ Lex(S1), and, for anyj > 2, V;
is lexicographic. Let* be the index of the first componentefP)
that is different from the same component/®of(P). That is, the
value of issuex;« in r(P) (denoted bya;+) is different from the
value of issuex;= in M(P*) (denoted by;-); and for anyl < i*,
the value of issug; in r(P) is the same as the value of issugein
M(P). Letd = (au,...,ap) = r(P). Foranyj < n, we define a
CP-netV] as follows.

L4 -/\/‘]llxl* a1...a0_q — ‘/j|x73* fay...ape _q-

e N is tops-only-separable, andp(N;) =

((1,17 e, A1, tOp(‘/j|xi* :almai*,l)y Qi* 41y 7ap)'

For any;j < n, let V; be the lexicographic extension &f;. Be-
causer’ is lexicographic, for any > 2, any(fe X, if J>—VJ, a,
then,d;~ PV ooy, G We note thal/; |x,.:a;...a;« _; =
Vils;«:ay...a;x_,,» Which means thatl;« P Vilxjwiar.apm_, 0%
Therefore;f>‘/j d. It follows from Lemma 1 that
r(Vi,Vs,...,V,) = @ We note that (V{, V3,..., V) =
MWV, V3, .., V) = (@—i=,bix), whereb;« # a;«, because
this is a lexicographic profile. Wi~ v, |, .., .. , @~ then,
(@—i*,bi) =v, @, which means that(V1,V5,..., V), V{)isa
successful manipulation for votér on the other hand, if

Aix >_Vl‘xi*:a1...ai*71 bi*'then’ becaUSV{'xi*:“luﬂi*fl =

Vilx;eia1..a;4 1, W€ haVed =y, (@—i,bi), which means that
((V{,Vs,..., V), Vi) is a successful manipulation for voterThis
contradicts the strategy-proofness-ofEnd of proof of Lemma 4.)

O

Next, we prove the more general proposition that for &hye
L, r(P) = M(P), which will complete the proof of the theorem.
Suppose that the claim does not hold. Then, wesebe the set
of profiles in Ly whose winner under is different from the win-
ner underM, thatis,#? = {P € L : r(P) # M(P)}. We
haveZ # (. Let P* € £ denote a profile in which the number
of non-lexicographic votes is minimized (equivalentlye thumber
of lexicographic voters is maximized). That is, for ahye 27,
the number of non-lexicographic votes i is at least the num-
ber of non-lexicographic votes iR*. Letl be the number of non-
lexicographic votes irP* (by Lemma 4] > 2). It follows that for
any P € Ly, if the number of non-lexicographic votes iis at
mostl — 1, thenr(P) = M(P).

Without loss of generality, we leP* = (V4,...,V,), where
V1, ..., Vi are non-lexicographic, arid 1, ..., V, are
lexicographic. For any < n, we letA; € CPnet$S;) be the CP-
net thatV; extends. LetM (P) = @, r(P) = b. By the minimality
of I, r(Lex(N1), Va,..., Vo) = M(Lex(N1), Va, ..., V) = d,
because the number of non-lexicographic votes in the maddifie-
fileis!—1. Because is strategy-proof, we must have th?a)t-vl a:
otherwise(P*, Lex(N1)) is a successful manipulation for voter 1.

Let ;' be a CP-net in whicth is ranked at the top. It follows
from Lemma 1 and the strategy-proofness: dfiat
r(Lex(N7),Va, ..., V,) = b. Then, because the number of non-
lexicographic votes ifLex(N7), Va, ..., V,) isl—1, we have the
following equations.

b =r(Lex(NT),Va, ..., Vn)
—M(Lex(N7), Va, ..., Vi)
=M(Lex(NT), Lex(N2), ..., Lex(Ny))

The second equation holds because the number of non-leajtloig
votes in(Lex(N7Y), Va,...,V,) isl — 1. By Lemma 4, we have
the following equations.

r(Vi, Lex(N2), ..., Lex(Ny))
=M(V1, Lex(N2), ..., Lex(Ny))
:M(V17 V27 ey Vn) =a

We recall thab >y, @, which means that
((Vi, Lex(N2), ..., Lex(Ny)), Lex(NY)) is a successful manip-
ulation for voter 1. This contradicts the strategy-prostefr.
Thereforey = M. O
Proof of Theorem 6: Becauser is strategy-proof oveRr, by
Theorem 5, there exists a separable CR-kétsuch that for any
P € Rn, r(P) = M(P). We note that the domain o¥1 can be
extended td 7_, Pref(S;) in a natural way, as follows. For any
P e[}, Pref(S;), let M(P) = (di, ..., dy) in which
di = M|x,(P|x;:d;...a;_, ). In this case M is equivalent to the
sequential voting rulSeq(M|x,, ..., M|x,). We next show that
forany P € []j_, PrefsS;), r(P) = M(P). Suppose for the
sake of contradiction that there exists € [[7_, PrefS;) such
thatr(P) # M(P). Letd@ = r(P), b = M(P), and leti* be
the smallest number that satisfies # b;«. LetN1,..., N, be
a set of CP-nets with no edges such that for ang p, i # ",
top('/\/}lxi) = Qi, and'/\/}"‘i* = ‘/jlxi*:akuai*fl' Let P/ =
(Vi,...,V,) be the profile in which for alj < n, V; is the exten-

» V'p
sion of \/; that satisfies condition B(ii) from Definition 7 w.ré:.



That is, for any; < n, anyy,z € X, if y_;» weakly dominates
7+ in N, thenj = 7. Foranyd € X, anyj < n,d =y @ if

and only if for anyi ;éjz'*, d; = a;, andd;~ "V I e vay. ’
We note thal/; |x,. :a; ...a;

Ag*.
A

k1 — ‘/}|xi*:a1,“ai*71- It follows that
d >y, dimpliesd »-v; d. Therefore, by Lemma (P') = d.
SinceP’ € Ru, M(P') = r(P') = d. We note thatP’|x,. =
Plx;«:a...a;«_,,» Which means that

Qi :M(P/)|xi* :M|xi(Pl|xi*)
:M|Xi(P|xi*:a1mai*71)
=b;=

This contradicts the assumption that # b;~. O



