
Strategy-proof Voting Rules over Multi-issue Domains
with Restricted Preferences

Lirong Xia
Department of Computer Science

Duke University
Durham, NC 27708, USA

lxia@cs.duke.edu

Vincent Conitzer
Department of Computer Science

Duke University
Durham, NC 27708, USA
conitzer@cs.duke.edu

ABSTRACT
In this paper, we characterize strategy-proof voting ruleswhen the
set of alternatives has a multi-issue structure, and the voters’ pref-
erences are represented by acyclic CP-nets that follow a common
order over issues. We show that if the preference domain is lexi-
cographic, then a voting rule satisfying non-imposition isstrategy-
proof if and only if it can be decomposed into multiple strategy-
proof rules, one for each issue and each setting of the issuespre-
ceding it. We then prove impossibility theorems for strategy-proof
voting rules that satisfy non-imposition in two kinds of preference
domains: the first result is for supersets of any lexicographic prefer-
ence domain, and the second is for supersets of any rich preference
domain (for a notion of richness introduced by Le Breton and Sen).

Categories and Subject Descriptors
I.2.11 [Distributed Artificial Intelligence ]: Multiagent Systems;
J.4 [Computer Applications]: Social and Behavioral Sciences—
Economics

General Terms
Economics, Theory

Keywords
Social choice, strategy-proof voting rules, multi-issue domains

1. INTRODUCTION
When agents have conflicting preferences over a set of alterna-

tives, and they want to make a joint decision, a natural way todo
so is byvoting. Each agent (voter) is asked to report his or her
preferences. Then, avoting ruleis applied to the vector of submit-
ted preferences to select a winning alternative. However, in some
cases, a voter has an incentive to submit false preferences,because
this makes the winning alternative more preferable to her. An in-
stance of such misreporting is called amanipulation, and the per-
petrating voter is called amanipulator. If there is no manipulation
under a voting rule, then, the rule isstrategy-proof.
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Unfortunately, there are some very natural properties thatare sat-
isfied by no strategy-proof voting rule, according to the Gibbard-
Satterthwaite theorem [15, 24]. The theorem states that when there
are three or more alternatives, and any voter can chooseany lin-
ear order over alternatives to represent her preferences, then, no
non-dictatorial voting rule that satisfies non-impositionis strategy-
proof. A voting rule is dictatorial if the same voter’s most-preferred
alternative is always chosen; it satisfies non-imposition if for every
alternative, there existsomereported preferences that make that al-
ternative win.

There are several approaches to circumventing this impossibility
result. One that has received significant attention from computer
scientists in recent years is to consider whether finding a manipu-
lation is computationally hard under some rules. If so, theneven
though a manipulation is guaranteed to exist, it will perhaps not oc-
cur because the manipulator(s) cannot find it. Indeed, it hasbeen
shown that finding a manipulation is computationally hard (more
precisely, NP-hard) for various rules, for various definitions of the
manipulation problem (e.g., [5, 12, 16, 13]). On the other hand,
NP-hardness is aworst-casenotion of hardness, so that it may very
well be the case thatmostmanipulations are easy to find. Various
recent results suggest that this is indeed the case [23, 11, 14, 29,
26, 22, 25]. This paper does not fall under this line of research.

Instead, this paper falls under another, older, line of research on
circumventing the Gibbard-Satterthwaite result. This line, which
has been pursued mainly by economists, is to restrict the domain of
preferences. That is, we assume that voters’ preferences always lie
in a restricted class. An example of such a class is that ofsingle-
peakedpreferences [6]. Here, it is assumed that there is an order
< over the alternatives (for example, representing their position on
a left-to-right political spectrum), and that voters always prefer al-
ternatives that are closer to their most preferred alternative. That
is, if a is voter i’s most-preferred alternative, anda < b < c or
c < b < a, thenb �i c. For single-peaked preferences, desir-
able strategy-proof rules exist, such as themedianrule, which, if
we assume for simplicity that the number of voters is odd, chooses
the median of the voters’ peaks (which is also the Condorcet win-
ner). Other strategy-proof rules are also possible in this preference
domain: for example, it is possible to add some artificial (phan-
tom) votes before running the median rule. In fact, this charac-
terizes all strategy-proof rules for single-peaked preferences [20].
On the other hand, preferences have to be significantly restricted to
obtain such positive results: Aswalet al. [1] extend the Gibbard-
Satterthwaite theorem, showing that if the preference domain is
linked, then with three or more alternatives the only strategy-proof
voting rule that satisfies non-imposition is a dictatorship.

In real life, the set of alternatives often has a multi-issuestruc-
ture. That is, there are multipleissues(or attributes), each taking



values in its respective domain, and an alternative is completely
characterized by the values that the issues take. For example, con-
sider a situation where the inhabitants of a county vote to determine
a government plan. The plan is composed of multiple sub-plans for
several interrelated issues, such as the transportation, environment,
and health [9]. Clearly, a voter’s preferences for one issuein gen-
eral depend on the decision taken on the other issues: for example,
if a new highway is constructed through a forest, a voter may pre-
fer a nature reserve to be established; but if the highway is not
constructed, the voter may prefer that no nature reserve is estab-
lished. As another example, in each presidential election year, the
president as well as members of the Senate and the House must be
elected. In principle, a voter’s preferences for a senator can depend
on who is elected as president, for example if the voter prefers a
balance of power between the Democratic and Republican parties.
A straightforward way to aggregate preferences in multi-issue do-
mains isissue-by-issue(a.k.a.seat-by-seat) voting, which requires
that the voters explicitly express their preferences over each issue
separately, after which each issue is decided by applying issue-wise
voting rules independently. This makes sense if voters’ preferences
areseparable, that is, each voter’s preferences over a single issue
are independent of her preferences over other issues. However, if
preferences are not separable, it is not clear how the voter should
vote in such an issue-by-issue election. Indeed, it is knownthat
natural strategies for voting in such a context can lead to very un-
desirable results [9, 18].

The problem of characterizing strategy-proof voting rulesin multi-
issue domains has received significant previous attention.Strategy-
proof voting rules for high-dimensional single-peaked preferences
(where each dimension can be seen as an issue) have been charac-
terized [7, 2, 3, 21]. Barberaet al. [4] characterized strategy-proof
voting rules when the voters’ preferences are separable, and each
issue is binary (that is, the domain for each issue has two elements).
Ju [17] studied multi-issue domains in which the domain of each
issue has three elements: “good”, “bad”, and “null”, and character-
ized all strategy-proof voting rules that satisfynull-independence,
that is, if a voter votes “null” on an issue, then that voter’sother
preferences do not affect that issue.

The prior research that is closest to ours was performed by Le
Breton and Sen [10]. They proved that if the voters’ preferences
are separable, and the restricted preference domain of the voters
satisfies arichnesscondition, then, a voting rule is strategy-proof if
and only if it is an issue-by-issue voting rule, in which eachissue-
wise voting rule is strategy-proof over its respective domain.

The work by Le Breton and Sen is limited by the restrictiveness
of separable preferences: as we have argued above, in general, a
voter’s preferences on one issue depend on the decision taken on
other issues. On the other hand, one would not necessarily ex-
pect the preferences for one issue to depend on every other issue.
CP-nets [8] were developed in the artificial intelligence community
as a natural representation language for capturing limiteddepen-
dence in preferences over multiple issues. Recent work has started
to investigate using CP-nets to represent preferences in voting con-
texts. If there is an order over issues such that every voter’s pref-
erences for “later” issues depend only on the decisions madeon
“earlier” issues, then the voters’ CP-nets are acyclic, anda natu-
ral approach is to apply issue-wise voting rulessequentially[19].
While the assumption that such an order exists is still restrictive,
it is much less restrictive than assuming that preferences are sep-
arable (for one, the resulting preference domain is exponentially
larger [19]). Recent extensions of sequential voting rulesinclude
order-independent sequential voting rule [28], as well as aframe-
work for voting when preferences are modeled by general (that is,

not necessarily acyclic) CP-nets [27]. However, in this paper, we
only study acyclic CP-nets that are consistent with a commonorder
over the issues.

We are not aware of any previous characterization of strategy-
proof voting rules when voters’ preferences are modeled by CP-
nets (that is, when they display dependencies across issues). In this
paper, we first show that overlexicographicpreference domains
(where earlier issues dominate later issues in terms of importance
to the voters), the class of strategy-proof voting rules that satisfy
non-imposition is exactly the class ofconditional rule nets (CR-
nets)whose local (issue-wise) rules are strategy-proof. CR-nets
represent how the voting rule’s behavior on one issue depends on
the decisions made on all issues preceding it (conceptually, this is
similar to how acyclic CP-nets represent how a voter’s preferences
on one issue depend on the decisions made on all issues preced-
ing it). Then, we prove two impossibility theorems: one for su-
persets of any lexicographic preference domain, and the other for
supersets of any rich preference domain (for the notion of richness
introduced by Le Breton and Sen [10]). These impossibility theo-
rems state that, under some conditions on the preference domain,
the only strategy-proof voting rule that satisfies non-imposition is a
dictatorship.

2. PRELIMINARIES
We first review some concepts and introduce notation.

2.1 Basics of voting
In a voting setting (not necessarily one with multiple issues), let

X be the set ofalternatives(or candidates). A linear orderV onX
is a transitive, antisymmetric, and total relation onX . Let top(V )
be the alternative that is ranked in the top position inV . The set of
all linear orders onX is denoted byL(X ). An n-voter profileP

onX consists ofn linear orders onX . That is,P = (V1, . . . , Vn),
where for everyj ≤ n, Vj ∈ L(X ). The set of all profiles onX
is denoted byP (X ). In this paper, we letn denote the number of
voters. A(voting) ruler is a mapping from the set of all profiles on
X to X , that is,r : P (X ) → X . For example, theplurality rule
chooses the alternative that is ranked in the top position inthe most
votes. A voting ruler satisfies

unanimity if top(V ) = c for all V ∈ P impliesr(P ) = c.
non-imposition if for any c ∈ X , anyn ∈ N, there exists an

n-voter profileP such thatr(P ) = c.
monotonicity if for any pair of profilesP = (V1, . . . , Vn),

P ′ = (V ′
1 , . . . , V ′

n) such that for any alternativec and anyj ≤ n,
we havec �V ′

j
r(P ) ⇒ c �Vj r(P ), then,r(P ′) = r(P ).

strategy-proofnessif there does not exist a pair(P, V ′
j ), where

P is a profile, andV ′
j is a false vote of voterj, such that

r(P−j , V
′

j ) �Vj r(P ). That is, in any profile, no voter can misrep-
resent her preferences to make herself better off.

2.2 Conditional preference nets (CP-nets)
In this paper, the set of all alternativesX is amulti-issue domain.

That is, letA = {x1, . . . , xp} be a set of issues, where each issue
xi takes values in alocal domain, denoted byDi. An alternative is
uniquely identified by its values on all issues, that is,X = D1 ×
. . . × Dp.

Example 1 A group of people must make a joint decision on the
menu for dinner (the caterer can only serve a single menu to every-
one). The menu is composed of two issues: the main course (M )
and the wine (W). There are three choices for the main course: beef
(b), fish (f), or salad (s). The wine can be either red wine (r),white



wine (w), or pink wine (p). The set of alternatives is a multi-issue
domain:X = {b, f, s} × {r, w, p}.

CP-nets [8] are a compact representation for partial ordersover
multi-issue domains. A CP-netN overX consists of two parts:
(a) a directed graphG = (A, E) and (b) a set of conditional linear
preferences�i

~u overDi, for any setting~u of the parents ofxi in G.
Let CPT (xi) be the set of the conditional preferences of a voter
onDi; this is called aconditional preference table (CPT). WhenG

is acyclic,N is said to be anacyclic CP-net.
A CP-netN induces a partial preorder�N , as follows: for

any ai, bi ∈ Di, any setting~u of the set of parents ofxi (de-
noted byParG(xi)), and any setting~z of A − ParG(xi) − {xi},
(ai, ~u, ~z) �N (bi, ~u, ~z) if and only if ai �

i
~u bi. We note that when

N is acyclic,�N is transitive and asymmetric, that is, a strict par-
tial order. (This is not necessarily the case ifN is not acyclic.) For
any graphG′ on A, a CP-netN is compatiblewith G′ if its graph
G is a subgraph ofG′, which means thatG ⊆ G′. In this paper,
we focus on acyclic CP-nets.

Example 2 LetX be the multi-issue domain defined in Example 1.
We define a CP-netN as follows:M is the parent ofW, and the
CPTs consist of the following conditional preferences:CPT (M) =
{b � f � s}, CPT (W) = {b : r � p � w, f : w � p � r, s :
p � w � r}, whereb : r � p � w is interpreted as follows:
“when M is b, then,r is the most preferred value forW, p is the
second most preferred value, andw is the least preferred value.”
N and its induced partial order�N are illustrated in Figure 1.

M W

CPT (M)
b � f � s

CPT (W)
b : r � p � w

f : w � p � r

s : p � w � r

br bp bw

f w f p f r

sp sw sr

(a) CP-netN . (b) The partial order induced byN .

Figure 1: A CP-netN and its induced partial order.

A linear orderV extendsa CP-netN , denoted byV ∼ N , if
it extends the partial order thatN induces. For any setting~u of
ParG(xi), let V |xi :~u andN|xi:~u denote the the restriction ofV
(or equivalently,N ) to xi, given~u. That is,V |xi:~u (or N|xi:~u) is
the linear order�i

~u.
For any graphG on A, V is compatiblewith G if there exists a

CP-netN such thatV ∼ N andN is compatible withG. If V

is compatible withG, we also say thatV is G-legal; we sayV is
legal if it is G-legal for some acyclic graphG. The set of allG-
legal votes is denoted byLegal(G). A profile is G-legal if all of
its votes areG-legal. For any linear orderO on A, we letGO be
thegraph induced byO—that is, there is an edge(xi, xj) in GO

if and only if xi >O xj . For any directed acyclic graphG, a linear
orderO can be found such thatG ⊆ GO, which means that any
G-legal profile is alsoGO-legal (which we abbreviate asO-legal).
For example, letN be the CP-net defined in Example 2. Any linear
order overX that extends�N is G(M>W)-legal (or, equivalently,
(M > W)-legal).V is separableif and only if it extends a CP-net

in which there is no edge. Therefore, any separable vote isO-legal
for any orderingO of issues.

In this paper, we fixO to bex1 > . . . > xp. The lexicographic
extensionof a CP-netN ∈ Legal(GO), denoted byLex(N ), is
a linear orderV ∈ L(X ) such that for any1 ≤ i ≤ p, any ~di ∈
D1 × . . .×Di−1, anyai, bi ∈ Di, and any~y, ~z ∈ Di+1 × . . . Dp,
if ai �N|

xi:
~di

bi, then ~diai~y �V
~dibi~z. Intuitively, in the lex-

icographic extension ofN , x1 is the most important issue,x2 is
the next important issue, and so on. We note that the lexicographic
extension of any CP-net is unique w.r.t. the orderO (if the order
is changed to another order that the CP-net follows, the lexico-
graphic extension of the same CP-net will be different). We say
thatV ∈ L(X ) is lexicographicif there exists a CP-netN follow-
ing O such thatV = Lex(N ). For example, letN be the CP-net
defined in Example 2. We haveLex(N ) = br � bp � bw �
fw � fp � fr � sp � sw � sr.

2.3 Sequential voting
Given a vector oflocal rules(r1, . . . , rp) (that is, for anyi ≤ p,

ri is a voting rule onDi), thesequential compositionof r1, . . . , rp

w.r.t.O, denoted bySeq(r1, . . . , rp), is defined for allO-legal pro-
files as follows:Seq(r1, . . . , rp)(P ) = (d1, . . . , dp) ∈ X , so that
for any i ≤ p, di = ri(P |xi:d1...di−1

). That is, the winner is se-
lected inp steps, one for each issue, in the following way: in step
i, di is selected by applying the local ruleri to the preferences of
voters overDi, conditioned on the valuesd1, . . . , di−1 that have al-
ready been determined for issues that precedexi. Seq(r1, . . . , rp)
is well-defined, because for anyG-legal profile, the set of winners
is the same for allO′ such thatG ⊆ GO′ (see [19]). WhenG has
no edges,Seq(r1, . . . , rp) becomes anissue-by-issuevoting rule.

3. CONDITIONAL RULE NETS (CR-NETS)
We now move on to the contributions of this paper. In a sequen-

tial voting rule, the local voting rule that is used for an issue is
always the same, that is, the local votingrule does not depend on
the decisions made on earlier issues (though, of course, thevoters’
preferencesfor this issue do depend on those decisions). However,
in some cases, it makes sense to let the local voting rules depend
on the values of other issues. For example, let us consider again the
setting in Example 1, and let us suppose that the caterer is collect-
ing the votes and making the decision based on some rule. Suppose
the order of voting isM > W. Suppose the main course is deter-
mined to be beef. Now, let us suppose that, conditional on beef
being selected, surprisingly, slightly more than half the voters vote
for white wine (w � p � r), and slighly less than half vote for
red (r � p � w). In this case, it may make sense for the caterer,
who knows that red wine goes better with beef than white wine,
to “overrule” the majority and select red wine anyway. Whilethis
may appear somewhat snobbish on the part of the caterer, it may
be in the voters’ best interest if they are not familiar with wine. Of
course, if there is a large majority for white, then the caterer should
not overrule this. Conversely, when fish is chosen, the caterer’s rule
for deciding the wine based on the votes may be slightly biased to-
wards white wine. In this situation, the local rule for wine depends
on the values of its parents (the main course), unlike in a sequential
voting rule.

In this section, we introduceconditional rule net (CR-net)to
model voting rules where the local rules depend on the valuescho-
sen for earlier issues. A CR-net is defined similarly to a CP-net—
the difference is that CPTs are replaced by conditional ruletables
(CRTs), which specify a local voting rule overDi for each issuexi

and setting of the parents ofxi. (It is not clear how a cyclic CR-net



could be useful, so we only define acyclic CR-nets.)

Definition 1 An (acyclic)conditional rule net (CR-net)M overX
is composed of the following two parts.

1. Adirected acyclic graphG over{x1, . . . , xp}.

2. A set ofconditional rule tables(CRTs) in which, for any vari-
ablexi and any setting~u of ParG(xi), there is alocal con-
ditional voting ruleM|x:~u overDi.

A CR-net encodes a voting rule over allO-legal profiles (we recall
that we fixO = x1 > . . . > xp in this paper). For anyO-legal
profileP , M(P ) = (d1, . . . , dp) is defined as follows.

1. d1 = M|x1
(P |x1

);

2. d2 = M|x2:d1
(P |x2:d1

);

...

p. dp = M|xp :d1...dp−1
(P |xp:d1...dp−1

).

That is, in theith step, the valuedi is determined by applying
M|xi:d1...di−1

(in contrast tori in sequential voting rules) to
P |xi:d1...di−1

. It follows that sequential voting rules are a special
case of CR-nets, in which for anyi ≤ p, all conditional voting rules
overDi are the same.

We now consider restrictions on preferences. A restrictionon
preferences rules out some of the possible preferences inL(X ). A
natural way to restrict preferences in a multi-issue domainis to re-
strict the preferences on individual issues. For example, we may
decide thatr � w � p is not a reasonable preference for wine
(regardless of the choice of main course), and therefore rule it out
(assume it away). More generally, which preferences are consid-
ered reasonable for one issue may depend on the decisions forthe
other issues. Hence, in general, for eachi, for each setting~di of the
issues before issuexi, there is a set of “reasonable” (or: possible,
admissible) preferences overxi, which we callL|

xi:~di
. Formally,

admissible conditional preference sets, which encode all possible
conditional preferences of voters, are defined as follows.

Definition 2 An admissible conditional preference setL over X
is composed of multiplelocal conditional preference sets, denoted
by L|

xi:~di
⊆ L(Di). There will be one such local conditional

preference set for eachi ≤ p and ~di ∈ D1 × . . . × Di−1.

That is, for anyi ≤ p and any~di ∈ D1 × . . . × Di−1, we require
the voters’ preferences overxi be inL|

xi:~di
.

An admissible conditional preference set restricts the possible
CP-nets, preferences, and lexicographic preferences.

Definition 3 For any admissible conditional preference setL, we
let

• CPnets(L) = {N : N is a CP-net overX , and∀i∀~di−1 ∈
D1 × . . . × Di−1,N|

xi:~di−1
∈ L|

xi:~di−1
}.

• CPprefs(L) = {V : V ∼ N ,N ∈ CPnets(L)}.

• Lex(L) = {Lex(N ) : N ∈ CPnets(L)}.

That is, CPnets(L) is the set of all CP-nets overX whose condi-
tional preferences over any issue are chosen from the local condi-
tional preference set ofL over the same issue, conditioned on the
same setting of values of preceding issues; CPprefs(L) is the set of
all linear ordersV that extend a CP-net in CPnets(L); Lex(L) is

composed of the lexicographic extensions of all CP-nets in
CPnets(L). Lex(L) is called thelexicographic preference domain
of L. We say thatL ⊆ CPprefs(L) extendsL if for any N ∈
CPnets(L), there existsV ∈ L that extendsN . That is,L extends
L if any CP-net in CPprefs(L) has an extension inL.

We now define a notion of richness for admissible conditional
preference sets. This notion says that for any issue, given any set-
ting of the earlier issues, any value of the issue can be the most-
preferred one. (This isnot the same richness notion as the one pro-
posed by Le Breton and Sen, which applies to preferences overall
alternatives rather than to admissible conditional preference sets.)

Definition 4 An admissible conditional preference setL is rich if
for any i ≤ p, ~di ∈ D1 × . . . × Di−1, and anyai ∈ Di, there
existsV i ∈ L|

xi:~di
such thattop(V i) = ai.

We now revisit our example and restrict the voters’ preferences
in a reasonable manner.

Example 3 Let the multi-issue domainX be defined as in Exam-
ple 1. LetL be the admissible conditional preference set whose lo-
cal conditional preference sets are single-peaked, as illustrated in
Figure 2. That is,L|M = {(b � s � f), (s � b � f), (s � f �
b), (f � s � b)} is the single-peaked preference domain in which
b < s < f ; L|W:b = L|W:f = L|W:s are the single-peaked pref-
erence domains in whichr < p < w (we note that in this example,
these three local conditional preference sets are the same,but they
can be different in general).L is rich. The CP-netN defined in
Example 2 is not in CPnets(L), because(b � f � s) 6∈ L|M. Let
N ′ be a CP-net in whichN ′|M = b � s � f , and all other condi-
tional preferences are the same as inN . Then,N ′ ∈ CPnets(L),
andLex(N ′) ∈ CPprefs(L).

0

beef

1

salad

2

fish

L |M

0

red

1

pink

2

white

L |W:b = L |W: f = L |W:s

Figure 2: An admissible conditional preference setL in which
all local domains are single-peaked.

In this paper, we focus on the following restriction on prefer-
ences: for eachj ≤ n, there is a set of allowed preferencesLj , such
that there exists an admissible conditional preference setLj for
whichLj ⊆ CPprefs(Lj) andLj extendsLj . LetLΠ =

Qn

j=1 Lj

and LΠ =
Qn

j=1 Lj . A CR-netM is locally strategy-proofif
all its local conditional rules are strategy-proof. That is, for any
i ≤ p, ~di ∈ D1 × . . . × Di−1, M|

xi:~di
is strategy-proof over

LΠ|xi:~di
=

Qn

j=1 Lj |xi:~di
. M is decomposableif there are no

edges in the graph ofM. That is, the local voting rule for any issue
is independent of the value of all other issues (which corresponds
to sequential voting).

We now propose a locally strategy-proof rule for our example
that captures the idea of the caterer biasing the choice of wine.

Example 4 Let the multi-issue domainX be defined as in Exam-
ple 1, and letL be defined as in Example 3. For anyj ≤ n, let
Lj = L. For any 0 ≤ t ≤ 1, let rt be the voting rule over a
single-peaked preference domain that selects the alternative that is
closest to the(bt(n − 1)c + 1)th leftmost value within the set of
all voters’ favorite values (peaks). For example,r0.5 selects the
alternative that is closest to the median value. LetM be a CR-net
defined as follows:M|M = r0.5, M|W:b = r0.1, M|W:f = r0.9,
M|W:s = r0.5. (This rule is strongly biased towards red wine



if beef is chosen, and towards white wine if fish is chosen, corre-
sponding to a very snobby caterer.)M is locally strategy-proof
given this restriction of preferences, because the local rules are
strategy-proof for single-peaked preferences [20].

4. LEXICOGRAPHIC PREFERENCE
DOMAINS

In this section, we characterize strategy-proof voting rules that
satisfy non-imposition, when the voters’ preferences are restricted
to lexicographic preference domains. The next two well-known
lemmas (we omit their proofs) will be frequently used in the proofs
of the main theorems. Lemma 1 states that any strategy-proofrule
r satisfies monotonicity, that is, for any profileP , if each voter
changes her vote by rankingr(P ) higher, then the winner is still
r(P ).

Lemma 1 (Known) Any strategy-proof voting rule satisfies mono-
tonicity.

Lemma 2 states that any strategy-proof ruler satisfying non-
imposition satisfies unanimity, that is, if all votes rank the same
alternative first, that alternative wins.

Lemma 2 (Known) Any strategy-proof voting rule that satisfies
non-imposition also satisfies unanimity.

We are now ready to present our first result, which states the
following: if each voter’s preference domain is the lexicographic
preference domain for a rich admissible conditional preference set,
then a voting rule that satisfies non-imposition is strategy-proof if
and only if it is a locally strategy-proof CR-net.

Theorem 1 For any j ≤ n, let Lj be a rich admissible condi-
tional preference set. A voting ruler that satisfies non-imposition
is strategy-proof overLΠ = Lex(LΠ) =

Qn

j=1 Lex(Lj) if and
only if r is a locally strategy-proof CR-net.

Proof of Theorem 1: In the proofs of this paper, for anyi ≤ p,
we letx−i denoteA \ {xi}, and we letD−i denoteD1 × . . . ×
Di−1 ×Di+1× . . .×Dp. For anyj ≤ n, any profileP of n votes,
we letP−j denote the profile that consists of all votes inP except
the vote by voterj.

First, we prove the “only if ” part, by induction onp. When
p = 1, the theorem is immediate. Now, suppose that the theorem
holds whenp = k. Whenp = k + 1, for any strategy-proof rule
r that satisfies non-imposition, overXk+1 = D1 × . . . × Dk+1,
we prove that this rule can be decomposed into two parts: first,
it applies a local voting ruler1 for x1, and subsequently, it ap-
plies a ruler|x−1:a1

for x−1, which depends on the outcome of
r1. Thus, we have the property that for anyP ∈ LΠ, we have
r(P ) = (r1(P |x1

), r|x−1:r1(P |x1
)(P |x−1:r1(P |x1

))). Then, we
will show that the induction assumption can be applied to thesec-
ond part.

First, we claim that for any strategy-proof voting ruler satisfy-
ing non-imposition, and anyP ∈ LΠ, the value of issuex1 for the
winning alternative only depends on the restriction of the profile
to x1. That is, we show that for any pair of profilesP, Q ∈ LΠ,
P = (V1, . . . , Vn), Q = (W1, . . . , Wn) andP |x1

= Q|x1
, we

must haver(P )|x1
= r(Q)|x1

. Suppose on the contrary that
r(P )|x1

6= r(Q)|x1
. For any0 ≤ j ≤ n, we definePj =

(W1, . . . , Wj , Vj+1, . . . , Vn). It follows thatP0 = P andPn =
Q. We claim that for any0 ≤ j ≤ n− 1, r(Pj)|x1

= r(Pj+1)|x1
.

For the sake of contradiction, supposer(Pj)|x1
6= r(Pj+1)|x1

for
somej ≤ n − 1. Let a1 = r(Pj)|x1

andb1 = r(Pj+1)|x1
. If

a1 �Vj+1|x1
b1, then, becauseVj+1|x1

= Wj+1|x1
, (Pj+1, Vj+1)

is a successful manipulation; on the other hand, ifb1 �Vj+1|x1
a1,

then,(Pj , Wj+1) is a successful manipulation. This contradicts the
strategy-proofness ofr. Thus, we have shown that the value of is-
suex1 for the winning alternative only depends on the restriction
of the profile tox1.

Therefore, we can define a voting ruler1 over D1 as follows.
For anyP 1 ∈

Qn

j=1 Lj |x1
, r1(P

1) = r(P )|x1
, whereP ∈ LΠ

andP |x1
= P 1. Such aP exists becauseLex(Lj) extendsLj

for all j, and this is well-defined by the observation from the previ-
ous paragraph.r1 satisfies non-imposition becauser satisfies non-
imposition.

Next, we prove thatr1 is strategy-proof. If we assume for the
sake of contradiction thatr1 is not strategy-proof, then there exists
a successful manipulation(P 1, V̂ 1

l ) over D1, where voterl is the
manipulator, andP 1 = (V 1

1 , . . . , V 1
n ). Let N1, . . . ,Nn, N̂l be

n + 1 CP-nets satisfying the following conditions.

• For anyj ≤ n, Nj |x1
= V 1

j ; N̂l|x1
= V̂ 1

l .

• For any1 ≤ j ≤ n, Nj ∈ CPnets(Lj), N̂l ∈ CPnets(Ll).

For j ≤ n, let Vj be the lexicographic extension ofNj . Let V̂l be
the lexicographic extension of̂Nl. Let P = (V1, . . . , Vn). We
note that thex1 component ofr(P−l, V̂l) is r1(P

1
−l, V̂

1
l ) �V 1

l

r1(P
1), which is thex1 component ofr(P ). BecauseVl is the

lexicographic extension ofNl, andNl|x1
= V 1

l , we have that
r(P−l, V̂l) �Vl

r(P ), which means that(P, V̂l) is a successful
manipulation. This contradicts the strategy-proofness ofr. So, we
have shown thatr1 is strategy-proof.

We next show that the second part ofr can be written as
r|x−1:r1(P |x1

)(P |x−1:r1(P |x1
))—that is, the rule for the remaining

issuesx−1 only depends on the outcome forx1. For anyO-legal
voteV , anya1 ∈ D1, we letV |x−1:a1

denote the linear preference
overD−1 that is compatible with the restriction ofV to the set of
alternatives whosex1 component isa1, that is, for any~a−1,~b−1 ∈

D−1, ~a−1 �V |x
−1:a1

~b−1 if and only if (a1,~a−1) �V (a1,~b−1).

For anyO-legal profileP , P |x−1:a1
is composed ofV |x−1:a1

for
all V ∈ P . For any CP-netN , we letN|x−1:a1

denote the sub-CP-
net ofN conditioned onx1 = a1. It follows that if V ∼ N , then,
V |x−1:a1

∼ N|x−1:a1
. Now, we claim that for any pair of profiles

P1, P2 ∈ LΠ, P1 = (V1, . . . , Vn) andP2 = (W1, . . . , Wn), such
that a1 = r1(P1) = r1(P2) and P1|x−1:a1

= P2|x−1:a1
, we

must haver(P1) = r(P2). To prove this, we construct a profile
P such thatr(P1) = r(P ) = r(P2). For anyj ≤ n, we let
V

a1

j ∈ Lj |x1
be an arbitrary linear order overD1 in which a1 is

in the top position. LetP = (Q1, . . . , Qn) ∈ LΠ be the profile
in which for anyj ≤ n, Qj is the lexicographic extension of the
CP-netNj that satisfies the following conditions.

• Nj |x1
= V

a1

j .

• Nj |x−1:a1
= N̂j |x−1:a1

, whereN̂j is the CP-net thatVj

extends.

Let ~a = (a1,~a−1) = r(P1). For anyj ≤ n and any~b ∈ X with
~b �Qj ~a, we have that thex1 component of~b must bea1, because
Qj is lexicographic, anda1 is in the top position ofQj |x1

. We let
~b = (a1,~b−1). It follows that~b−1 �Qj |x−1:a1

~a−1. We note that

Qj |x−1:a1
is the lexicographic extension ofNj |x−1:a1

, Vj |x−1:a1

is the lexicographic extension of̂Nj |x−1:a1
, and

Nj |x−1:a1
= N̂j |x−1:a1

. Therefore,Qj |x−1:a1
= Vj |x−1:a1

,



which means that~b−1 �Vj |x−1:a1
~a−1. Hence, we have~b �Vj ~a.

By Lemma 1, we haver(P ) = r(P1). By similar reasoning,
r(P ) = r(P2), which means thatr(P1) = r(P ) = r(P2). It
follows that for anya1 ∈ D1, there exists a voting ruler|x−1:a1

overD2 × . . . × Dp such that for anyP ∈ LΠ,

r(P ) = (r1(P |x1
), r|x−1:r1(P |x1

)(P |x−1:r1(P |x1
)))

At this point, we have shown thatr can be decomposed as de-
sired. We next show that for anya1 ∈ D1, r|x−1:a1

is strategy-
proof overLex(LΠ|x−1:a1

). Suppose for the sake of contradic-
tion that there exists a successful manipulation(P−1, V̂ −1

l ), where
voter l is the manipulator, andP−1 = (V −1

1 , . . . , V −1
n ). Let

N1, . . . ,Nn, N̂l be n + 1 CP-nets satisfying the following con-
ditions.

• For anyj ≤ n, top(Nj |x1
) = a1. That is,a1 is ranked in

the top position in the restriction ofNj to x1. Also,
top(N̂l|x1

) = a1.

• For anyj ≤ n, Nj |x−1 :a1
is the CP-net overD−1 thatV −1

j

extends;N̂l|x−1:a1
is the CP-net overD−1 that V̂ −1

l ex-
tends.

• For anyj ≤ n, Nj ∈ CPnets(Lj); N̂l ∈ CPnets(Ll).

The existence of these CP-nets is guaranteed by the richnessof LΠ.
For anyj ≤ n, let Vj be the lexicographic extension ofNj . Let V̂l

be the lexicographic extension of̂Nl. Let P = (V1, . . . , Vn). We
note that

r(P ) = (r1(P |x1
), r|x−1:r1(P |x1

)(P |x−1:r1(P |x1
)))

= (a1, r|x−1:a1
(P |x−1:a1

))

= (a1, r|x−1:a1
(P−1))

≺Vl
(a1, r|x−1:a1

(P−1
−l , V̂l))

= r(P−l, V̂l)

This contradicts the strategy-proofness ofr. Hence, we have shown
that for anya1 ∈ D1, r|x−1:a1

is strategy-proof over
Lex(LΠ|x−1:a1

).
Moreover, becauser satisfies non-imposition, for anya1 ∈ D1,

r|x−1:a1
satisfies non-imposition. Hence, for anya1 ∈ D1, we

can apply the induction assumption tor|x−1:a1
and conclude that

it is a locally strategy-proof CR-net overD−1. It follows thatr is
a locally strategy-proof CR-net overX , completing the first part of
the proof.

We next prove the “if” part. If the proposition does not hold,
then there exists a locally strategy-proof CR-netM for which there
is a successful manipulation(P, V̂l). Let i ≤ p be the smallest
natural number such thatM(P )|xi 6= M(P−l, V̂l)|xi . Let ~di−1

be the firsti − 1 components ofM(P ) andM(P−l, V̂l). Because
M|

xi:~di−1
is strategy-proof, we have the following calculation.

M(P )|xi = M|
xi:~di−1

(P |
xi:~di−1

)

�Vl|
xi:

~di−1

M|
xi:~di−1

(P−1, V̂l|xi:~di−1
)

= M(P−l, V̂l)|xi

BecauseVl is lexicographic, for any~y, ~z ∈ Di+1 × . . . × Dp, we
have

(~di−1,M|
xi:~di−1

(P ), ~y) �Vl
(~di−1,M|

xi:~di−1
(P−1, V̂l), ~z)

Therefore,M(P ) �Vl
M(P−1, V̂l), which contradicts the as-

sumption that(P, V̂l) is a successful manipulation. Hence, locally

strategy-proof CR-nets are strategy-proof for lexicographic prefer-
ences. 2

The next proposition states that this result only holds for lexico-
graphic preferences. More precisely, over any preference domain
that extends an admissible conditional preference set, theset of
strategy-proof voting rules satisfying non-imposition and the set of
locally strategy-proof CR-nets satisfying non-imposition are iden-
tical if and only ifthe preference domain is lexicographic.

Proposition 1 For anyj ≤ n, suppose thatLj is a rich admissible
conditional preference set,Lj ⊆ CPprefs(Lj), andLj extendsLj .
If LΠ 6= Lex(LΠ), then there exists a locally strategy-proof CR-
netM that satisfies non-imposition that is not strategy-proof.

Proof of Proposition 1: If, for some j ≤ n, there is aV ′
j ∈

Lex(Lj) that is not inLj , then there must also be aVj ∈ Lj that
is not inLex(Lj), because some vote inLj must extend the CP-
net thatV ′

j extends. Hence, ifLΠ 6= Lex(LΠ), there must exist
somej ≤ n, Vj ∈ Lj such thatVj is not inLex(Lj). For thisVj ,
there must existi ≤ p, ~ai−1 ∈ D1 × . . . × Di−1, ai, bi ∈ Di,
~ai+1,~bi+1 ∈ Di+1 × . . . × Dp such thatai �Vj |xi:~ai−1

bi, and

(~ai−1, bi,~bi+1) �Vj (~ai−1, ai,~ai+1). Now, let us define a CR-net
M as follows.

• M|xi~ai−1
is the plurality rule that only counts voter1 and

voterj’s votes; ties are broken in the orderbi � ai � Di −
{ai, bi}.

• Any other local conditional voting rule is a dictatorship by
voter1.

Now, let N1 ∈ CPnets(L1) be a CP-net such thattop(N1) =
~ai−1ai~ai+1, and for anyk ≥ i+1, top(N1|xk :~ai−1biai+1...ak−1

) =

bk. Let N ′
j ∈ CPnets(Lj) be a CP-net such thattop(N ′

j) =

~ai−1bi
~bi+1. Let V1 ∈ L1 be such thatV1 ∼ N1, and letV ′

j ∈ Lj

be such thatV ′
j ∼ N ′

j . SuchV1 andV ′
j must exist, becauseL1

extendsL1, andLj extendsLj . For any profile
P = (V1, . . . , Vj , . . . , Vn) ∈ LΠ (that is, for anyl 6= 1, j, Vl is
chosen arbitrarily, becauseM(P ) does not depend on them), it fol-
lows thatM(P ) = ~ai−1ai~ai+1, andM(P−j , V

′
j ) = ~ai−1bi

~bi+1,
which means that(P, V ′

j ) is a successful manipulation for voterj.
So,M is not strategy-proof (and it satisfies non-imposition).2

5. IMPOSSIBILITY RESULT FOR
EXTENSIONS OF LEXICOGRAPHIC
PREFERENCE DOMAINS

The previous section settles the case of lexicographic prefer-
ences, but preferences are not always lexicographic, even for acyclic
CP-nets. For example, in a simplified menu example with beef,
fish, red wine, and white wine, a red-wine fanatic may preferbr �
fr � bw � fw. This is consistent with the orderM > W (in fact,
the voter’s preferences are separable), but the preferences are not
lexicographic with respect to this order. In this section, we investi-
gate the possibility of strategy-proof voting rules for supersets of a
lexicographic preference domain.

Definition 5 A CP-netN is tops-only-separableif for any i ≤ p,
~ai,~bi ∈ D1 × . . . × Di−1, top(N|xi:~ai

) = top(N|
xi:~bi

).

That is, in a tops-only-separable CP-net, the most preferred value
for any issue is independent of the values of the other issues(though
there may be dependencies in the lower-ranked values).



We now give a condition on the preference domain that indi-
cates that the space is significantly larger than that of lexicographic
preferences, in the sense that any issue can be considered more im-
portant than the first issue.

Definition 6 (Condition I) LΠ ⊆ CPprefs(LΠ) satisfiesCondi-
tion I if for any j ≤ n, anyi ≤ p, any~a = (a1, . . . , ap) ∈ X , any
V 1

j ∈ Lj |x1
with top(V 1

j ) = a1, anyV i
j ∈ Lj |xi:a1...ai−1

with
top(V i

j ) = ai, anyb1 ∈ D1 (b1 6= a1), and anybi ∈ Di (bi 6= ai),
there exist a tops-only-separable CP-netNj ∈ CPnets(Lj) and a
voteVj ∼ Nj with Vj ∈ Lj such that

• top(Nj) = ~a.

• Nj |x1
= V 1

j , Nj |xi:a1...ai−1
= V i

j .

• (b1,~a−1) �Vj (~a−i, bi).

This leads to the following impossibility result: if the preference
domain satisfies Condition I and extends an admissible conditional
preference setL, then any locally strategy-proof CR-net either does
not satisfy non-imposition, or it is a dictatorship.

Theorem 2 For any j ≤ n, suppose thatLj is a rich admissible
conditional preference set,Lj ⊆ CPprefs(Lj), Lj extendsLj , and
Lj satisfies Condition I. Then, for any locally strategy-proofCR-
netM satisfying non-imposition,M is strategy-proof overLΠ if
and only ifM is a dictatorship.

Proof of Theorem 2: The “if” part is obvious, so we only prove
the “only if” part. For any CR-netM, and anya1 ∈ D1, we say
that voterj is ana1-dictator if for any i ≤ p, any~a2 ∈ D2 ×
. . .×Di−1, we have thatM|xi:a1~a2

is aj-dictatorship (that is, the
winner is always the alternative that is ranked in the top position by
voterj). We first prove the following lemma.

Lemma 3 Under the conditions of the theorem, let
P 1 = (V 1

1 , . . . , V 1
n ) be a profile inLΠ|x1

, and letM be a non-
dictatorial locally strategy-proof CR-net satisfying non-imposition,
with M|x1

(P 1) = a1. If there existj ≤ n and W 1
j ∈ Lj |x1

such thatM|x1
(P 1) 6= M|x1

(P 1
−j , W

1
j ), and voterj is not an

a1-dictator, then,M is not strategy-proof.

Proof of Lemma 3: Suppose on the contrary that there exists a
non-dictatorial locally strategy-proof CR-netM that satisfies non-
imposition and is strategy-proof overLΠ, and satisfies all condi-
tions in the lemma. LetV a1

j ∈ Lj |x1
be such thattop(V a1

j ) = a1;
then, it follows from the strategy-proofness ofM|x1

and Lemma 1
thatM|x1

(P 1
−j , V

a1

j ) = a1. Since voterj is not ana1-dictator,
there existi∗ ≤ p, ~a2 = (a2, . . . , ai∗−1) ∈ D2 × . . . × Di∗−1,
and a profileP i∗ ∈ LΠ|xi∗ :a1~a2

such thatM|xi∗ :a1~a2
(P i∗) 6=

top(V i∗

j ).
Let ai∗ = M|xi∗ :a1~a2

(P i∗). We arbitrarily choose
−−−→ai∗+1 = (ai∗+1, . . . , ap) ∈ Di∗+1 × . . . × Dp

Let b1 = M|x1
(P 1

−j , W
1
j ), bi∗ = top(V i∗

j ). Next, we construct a
vector of CP-netsN1, . . . ,Nn,N ′

j as follows.

• For anyl 6= j, Nl|x1
= V 1

l , Nl|xi∗ :a1~a2
= V i∗

l ;

top(Nl|x−1:a1
) = ~a2top(V i∗

l )−−−→ai∗+1,
top(Nl|x−1:b1) = ~a2bi∗

−−−→ai∗+1.

• Nj |x1
= V

a1

j , Nj |xi∗ :a1~a2
= V i∗

j ,
top(Nj) = a1~a2bi∗

−−−→ai∗+1. LetNj be any tops-only-separable
CP-net obtained by Condition I (wherebi∗ corresponds toai

in Condition I, andai∗ corresponds tobi in Condition I).

• N ′
j |x1

= W 1
j , N ′

j is tops-only-separable, andtop(N ′
j) =

top(W 1
j )~a2bi∗

−−−→ai∗+1.

• N ′
j ∈ CPnets(Lj). For anyl ≤ n, Nl ∈ CPnets(Ll). All

entries that are not defined above are chosen arbitrarily.

BecauseL is rich, such CP-nets must exist. We letVj be the exten-
sion ofNj (which satisfies Condition I). That is,Vj ∼ Nj and

b1~a2bi∗
−−−→ai∗+1 �Vj a1~a2ai∗

−−−→ai∗+1

Let P = (V1, . . . , Vj−1, Vj , Vj+1, . . . , Vn) be such that for all
l ≤ n, Vl ∈ Ll andVl ∼ Nl. Let Wj ∈ Lj , Wj ∼ N ′

j . We next
show that(P, Wj) is a successful manipulation for voterj. We note
that P |x1

= P 1, M|x1
(P 1) = a1; for any i < i∗, ai is ranked

in the top position in all votes ofP |xi:a1a2...ai−1
; P |xi∗ :a1~a2

=

P i∗ ,M|xi∗ :a1~a2
(P i∗) = ai∗ ; for any i > i∗, ai is ranked in the

top position in all votes ofP |xi:a1 ~a2ai∗ai∗+1...ai−1
. Therefore,

M(P ) = a1~a2ai∗
−−−→ai∗+1. On the other hand,M|x1

(P 1
−j , W

1
j ) =

b1; for any i < i∗, ai is ranked in the top position in all votes
of P−j |xi:b1a2...ai−1

and Wj |xi:b1a2...ai−1
; bi∗ is ranked at the

top position in all votes ofP−j |xi∗ :b1~a2
andWj |xi∗ :b1~a2

; for any
i > i∗, ai is ranked in the top position in all votes of
P |xi:b1~a2bi∗ai∗+1...ai−1

andWj |xi:b1~a2bi∗ai∗+1...ai−1
. Therefore,

M(P−j , Wj) = b1~a2bi∗
−−−→ai∗+1

�Vj a1~a2ai∗
−−−→ai∗+1

= M(P )

This contradicts the strategy-proofness ofM. (End of proof of
Lemma 3.) 2

We prove the theorem by contradiction. Suppose there existsa
non-dictatorial locally strategy-proof CR-netM that satisfies non-
imposition and is strategy-proof overLΠ. For anya1 ∈ D1, we let
P a1 = (V a1

1 , . . . , V a1
n ) be a profile inLΠ|x1

such that each voter
ranksa1 in the top position. BecauseM|x1

is strategy-proof and
satisfies non-imposition,M|x1

satisfies unanimity by Lemma 2,
which means thatM|x1

(P a1) = a1. For anyb1 6= a1, because
M|x1

(P a1) 6= M|x1
(P b1), there exists a minimumj ≤ n such

that

M|x1
(V b1

1 , . . . , V
b1

j−1, V
a1

j , V
a1

j+1, . . . , V
a1

n ) = a1

M|x1
(V b1

1 , . . . , V
b1

j−1, V
b1

j , V
a1

j+1, . . . , V
a1

n ) 6= a1

That is, by replacing theV a1

l by V
b1

l one after another forl =
1, . . . , n, before stepj − 1, the winner of the profile isa1, and
in stepj the winner is nota1. By Lemma 3, voterj must be an
a1-dictator.

Therefore, for anya1 ∈ D1, there existsj ≤ n such that for any
i ≥ 2, any~a2 ∈ D2 × . . . Di−1, M|xi:a1~a2

is aj-dictatorship. We
consider the following two cases.

Case 1: there existsj ≤ n such that for alla1 ∈ D1,
voter j is ana1-dictator. BecauseM is non-dictatorial,M
is not aj-dictatorship, which means thatM|x1

is not aj-
dictatorship. Therefore, there exists a profileP 1 in LΠ|x1

such thatM|x1
(P 1) 6= top(V 1

j ). Without loss of generality
we letj = 1. We leta1 = M|x1

(P 1), b1 = top(V 1
j ). Be-

causeM|x1
is strategy-proof and satisfies non-imposition,

M|x1
(V 1

1 , V
b1
2 , . . . , V b1

n ) = b1 (we recall thattop(V 1
1 ) =

b1, and for all2 ≤ l ≤ n, top(V b1
l ) = b1). Therefore, there

exits2 ≤ k ≤ n such that

M|x1
(V 1

1 , V
b1
2 , . . . , V

b1
k−1, V

1
k , V

1
k+1, . . . , V

1
n ) = a1



M|x1
(V 1

1 , V
b1
2 , . . . , V

b1
k−1, V

b1
k , V

1
k+1, . . . , V

1
n ) 6= a1

Because voter1 is ana1-dictator, voterk is not ana1-dictator.
But this contradicts Lemma 3.

Case 2: there existsj1 6= j2 anda1 6= b1 such that voterj1
(j2) is ana1(b1)-dictator. Without loss of generality, we let
j1 = 1, j2 = 2. Let

P
1 = (V a1

1 , V
b1
2 , V

a1

3 , . . . , V
a1
n )

Q
1 = (V a1

1 , V
b1
2 , V

b1
3 , . . . , V

b1
n )

If M|x1
(P 1) 6= a1, then, becauseM|x1

(V a1

1 , . . . , V a1
n ) =

a1, Lemma 3 implies that voter 2 is ana1-dictator, which
is not possible because voter 1 is ana1-dictator. Therefore,
M|x1

(P 1) = a1. Similarly, M|x1
(Q1) = b1. Next, we

consider the following steps: we change voterj’s vote from
V

a1

j to V
b1

j , one after another, for3 ≤ j ≤ n. It follows that
there exists3 ≤ j ≤ n such that

M|x1
(V a1

1 , V
b1
2 , . . . , V

b1
j−1, V

a1

j , V
a1

j+1 . . . , V
a1

n ) = a1

M|x1
(V a1

1 , V
b1
2 , . . . , V

b1
j−1, V

b1
j , V

a1

j+1 . . . , V
a1

n ) 6= a1

Lemma 3 implies that voterj is ana1-dictator, which is not
possible because voter 1 is ana1-dictator.

Hence, we have obtained the desired contradiction, and can con-
clude thatM is dictatorial. 2

We now easily obtain the following corollary:

Corollary 1 For any j ≤ n, suppose thatLj is a rich admissi-
ble conditional preference set,Lex(Lj) ⊆ Lj ⊆ CPprefs(Lj),
andLj satisfies Condition I. Then, a CR-netM that satisfies non-
imposition is strategy-proof overLΠ if and only ifM is a dictator-
ship.

Proof of Corollary 1: LetM be a strategy-proof CR-net overLΠ.
BecauseLex(Lj) ⊆ Lj for all j ≤ n, M is strategy-proof over
Qn

j=1 Lex(Lj), which implies thatM is locally strategy-proof by
Theorem 1. We note thatLex(Lj) extendsLj for all j, which
means thatLj extendsLj for all j ≤ n. Hence, by Theorem 2,M
is dictatorial. 2

Theorem 3 For anyj ≤ n, letLj be a rich admissible conditional
preference set, andLex(Lj) ⊆ Lj ⊆ CPprefs(Lj). If a voting
rule r that satisfies non-imposition is strategy-proof overLΠ =
Qn

j=1 Lj , thenr is a locally strategy-proof CR-net.

Proof of Theorem 3: Becauser is strategy-proof overLΠ, the re-
striction ofr to Lex(LΠ), denoted byrLex(LΠ), is strategy-proof
over Lex(LΠ). It follows from Theorem 1 thatrLex(LΠ) is a lo-
cally strategy-proof CR-net, denoted byM. BecauseLex(LΠ)
extendsLΠ, M can be naturally extended toLΠ. All that remains
to show is thatr andM are the same rule.

Lemma 4 For any profileP ∈ LΠ, if at most one of the votes inP
is not lexicographic, thenr(P ) = M(P ).

Proof of Lemma 4: Suppose that the lemma does not hold. Then,
there existsP = (V1, . . . , Vn) ∈ LΠ such thatr(P ) 6= M(P ),
(without loss of generality)V1 6∈ Lex(L1), and, for anyj ≥ 2, Vj

is lexicographic. Leti∗ be the index of the first component ofr(P )
that is different from the same component ofM(P ). That is, the
value of issuexi∗ in r(P ) (denoted byai∗ ) is different from the
value of issuexi∗ in M(P ∗) (denoted bybi∗ ); and for anyl < i∗,
the value of issuexl in r(P ) is the same as the value of issuexl in
M(P ). Let~a = (a1, . . . , ap) = r(P ). For anyj ≤ n, we define
a CP-netN ′

j as follows.

• N ′
j |xi∗ :a1...ai∗−1

= Vj |xi∗ :a1...ai∗−1
.

• N ′
j is tops-only-separable, andtop(N ′

j) =
(a1, . . . , ai∗−1, top(Vj |xi∗ :a1...ai∗−1

), ai∗+1, . . . , ap).

For anyj ≤ n, let V ′
j be the lexicographic extension ofN ′

j . Be-

causeV ′
j is lexicographic, for anyj ≥ 2, any ~d ∈ X , if ~d �V ′

j
~a,

then,di∗ �V ′

j
|xi∗ :a1...ai∗−1

ai∗ . We note thatV ′
j |xi∗ :a1...ai∗−1

=

Vj |xi∗ :a1...ai∗−1
, which means thatdi∗ �Vj |xi∗ :a1...ai∗−1

ai∗ .

Therefore,~d �Vj ~a. It follows from Lemma 1 that
r(V1, V

′
2 , . . . , V ′

n) = ~a. We note thatr(V ′
1 , V ′

2 , . . . , V ′
n) =

M(V ′
1 , V ′

2 , . . . , V ′
n) = (~a−i∗ , bi∗), wherebi∗ 6= ai∗ , because

this is a lexicographic profile. Ifbi∗ �V1|xi∗ :a1...ai∗−1
ai∗ , then,

(~a−i∗ , bi∗) �V1
~a, which means that((V1, V

′
2 , . . . , V ′

n), V ′
1) is a

successful manipulation for voter1; on the other hand, if
ai∗ �V1|xi∗ :a1...ai∗−1

bi∗ , then, becauseV ′
1 |xi∗ :a1...ai∗−1

=

V1|xi∗ :a1...ai∗−1
, we have~a �V ′

1
(~a−i∗ , bi∗), which means that

((V ′
1 , V ′

2 , . . . , V ′
n), V1) is a successful manipulation for voter1.

This contradicts the strategy-proofness ofr. (End of proof of
Lemma 4.) 2

Next, we prove the more general proposition that for anyP ∈
LΠ, r(P ) = M(P ), which will complete the proof of the theo-
rem. Suppose that the claim does not hold. Then, we letP be the
set of profiles inLΠ whose winner underr is different from the
winner underM, that is,P = {P ∈ LΠ : r(P ) 6= M(P )}. We
haveP 6= ∅. Let P ∗ ∈ P denote a profile in which the number
of non-lexicographic votes is minimized (equivalently, the number
of lexicographic voters is maximized). That is, for anyP ∈ P ,
the number of non-lexicographic votes inP is at least the number
of non-lexicographic votes inP ∗. Let l be the number of non-
lexicographic votes inP ∗ (by Lemma 4,l ≥ 2). It follows that for
anyP ∈ LΠ, if the number of non-lexicographic votes inP is at
mostl − 1, thenr(P ) = M(P ).

Without loss of generality, we letP ∗ = (V1, . . . , Vn), where
V1, . . . , Vl are non-lexicographic, andVl+1, . . . , Vn are
lexicographic. For anyj ≤ n, we letNj ∈ CPnets(Lj) be the CP-
net thatVj extends. LetM(P ) = ~a, r(P ) = ~b. By the minimality
of l, r(Lex(N1), V2, . . . , Vn) = M(Lex(N1), V2, . . . , Vn) = ~a,
because the number of non-lexicographic votes in the modified pro-
file is l−1. Becauser is strategy-proof, we must have that~b �V1

~a:
otherwise,(P ∗, Lex(N1)) is a successful manipulation for voter 1.

Let N ∗
1 be a CP-net in which~b is ranked at the top. It follows

from Lemma 1 and the strategy-proofness ofr that
r(Lex(N ∗

1 ), V2, . . . , Vn) = ~b. Then, because the number of non-
lexicographic votes in(Lex(N ∗

1 ), V2, . . . , Vn) is l − 1, we have
the following equations.

~b =r(Lex(N ∗
1 ), V2, . . . , Vn)

=M(Lex(N ∗
1 ), V2, . . . , Vn)

=M(Lex(N ∗
1 ), Lex(N2), . . . , Lex(Nn))

The second equation holds because the number of non-lexicographic
votes in(Lex(N ∗

1 ), V2, . . . , Vn) is l − 1. By Lemma 4, we have
the following equations.

r(V1, Lex(N2), . . . , Lex(Nn))

=M(V1, Lex(N2), . . . , Lex(Nn))

=M(V1, V2, . . . , Vn) = ~a

We recall that~b �V1
~a, which means that

((V1, Lex(N2), . . . , Lex(Nn)), Lex(N ∗
1 )) is a successful manip-



ulation for voter 1. This contradicts the strategy-proofness of r.
Therefore,r = M. 2

Combining Corollary 1 and Theorem 3, we obtain the following
impossibility theorem on supersets of any lexicographic preference
domain.

Theorem 4 For anyj ≤ n, suppose thatLj is a rich conditional
preference set,Lex(Lj) ⊆ Lj ⊆ CPprefs(Lj), andLj satisfies
Condition I. Then, the only strategy-proof voting rule overLΠ =
Qn

j=1 Lj that satisfies non-imposition is a dictatorship.

6. IMPOSSIBILITY RESULT FOR
EXTENSIONS OF RICH PREFERENCE
DOMAINS

Le Breton and Sen [10] characterized strategy-proof votingrules
when preferences are separable, that is, each vote is consistent with
a CP-net with no edges. An admissible conditional preference set
L is separableif for any xi, any~ai,~bi ∈ D1 × . . . × Di−1, we
haveL|xi:~ai

= L|
xi:~bi

. In this case, we writeL|xi = L|xi:~ai
.

For example, Example 3 has a separable admissible conditional
preference set (because the allowed preferences for wine donot
depend on the choice of the main course). For any separable ad-
missible conditional preference setL, we let SCPnets(L) = {N :
N is a CP-net with no edge, and for anyi ≤ p,N|xi ∈ L|xi}.
That is, SCPnets(L) is the set of all CP-netsN with no edges, such
that the projection ofN to any issuexi is inL|xi . Let SCPprefs(L)
denote the set of all separable votes that extend some CP-netin
SCPnets(L). We now present the richness definition by Le Breton
and Sen (in our notation).

Definition 7 (Le Breton and Sen [10]) RΠ =
Qn

j=1 Rj is a rich
collection of separable preference profiles if for anyj ≤ n, there
exists a separable admissible conditional preference setLj such
thatRj ⊆ SCPprefs(Lj) and

(A) for anyj ≤ n, any i ≤ p, anyai ∈ Di, there existsV i ∈
Lj |xi such thattop(V i) = ai.

(B) for anyj ≤ n, anyNj ∈ SCPprefs(Lj), and anyi ≤ p,
there existVj , V

′
j ∈ Rj , Vj ∼ Nj , V ′

j ∼ Nj such that

(i) for any~a,~b ∈ X , if ai �Nj|xi
bi, then~a �Vj

~b. That
is, issuei dominates all other issues forVj .

(ii) for any ~a,~b ∈ X , if for all i′ 6= i, ai′ �Nj|xi′
bi′ and

there existsi′ 6= i such thatai′ �Nj |xi′
bi′ (that is,

~a−i weakly dominates~b−i), then,~a �V ′

j

~b. That is,
issuei is dominated by the (union of) other issues for
V ′

j .

RΠ satisfies condition (A) if and only ifL is rich (according to our
earlier definition of richness). We note that Condition I is weaker
than condition B(i) in the following sense: ifRj ⊆ SCPprefs(Lj)
satisfies condition B(i), then, it also satisfies Condition I, because
the vote guaranteed to exist by condition B(i) satisfies all the premises
of Condition I.

The following is the main theorem by Le Breton and Sen (in our
notation).

Theorem 5 (Le Breton and Sen [10])LetRΠ =
Qn

j=1 Rj be rich.
A voting ruler that satisfies non-imposition is strategy-proof over
RΠ if and only if it is a decomposable locally strategy-proof CR-
net.

Theorem 5 works (only) for any rich preference domainRΠ ⊆
SCPprefs(LΠ), whereLΠ consists of the separable admissible con-
ditional preference sets thatRΠ corresponds to. We note that for
any j ≤ n, SCPprefs(Lj) is a strict subset of CPprefs(Lj), and
SCPprefs(Lj) is exponentially smaller than CPprefs(Lj). Next,
we consider the case that for anyj ≤ n, the preference domain of
voter j, denoted byLj , is both a superset ofRj , and a subset of
CPprefs(Lj).

Theorem 6 LetRΠ =
Qn

j=1 Rj be a rich preference domain that
corresponds to a separable admissible conditional preference set
LΠ. For any j ≤ n, let Rj ⊆ Lj ⊆ CPprefs(Lj). If voting
rule r that satisfies non-imposition is strategy-proof overLΠ =
Qn

j=1 Lj , thenr is a locally strategy-proof sequential voting rule
(decomposable CR-net).

Proof of Theorem 6: Becauser is strategy-proof overRΠ, by
Theorem 5, there exists a decomposable CR-netM such that for
anyP ∈ RΠ, r(P ) = M(P ). We note that the domain ofM can
be extended to CPprefs(LΠ) in a natural way, as follows. For any
P ∈ CPprefs(LΠ), letM(P ) = (d1, . . . , dp) in which
di = M|x1

(P |xi:d1...di−1
). In this case,M is equivalent to the

sequential voting ruleSeq(M|x1
, . . . ,M|xp). We next show that

for anyP ∈ CPprefs(LΠ), r(P ) = M(P ). Suppose not, that is,
suppose there existsP ∈ CPprefs(LΠ) such thatr(P ) 6= M(P ).
Let ~a = r(P ), ~b = M(P ), and leti∗ be the smallest number
that satisfiesai∗ 6= bi∗ . Let N1, . . . ,Nn be a set of CP-nets with
no edges such that for anyi ≤ p, i 6= i∗, top(Nj|xi ) = ai, and
Nj |xi∗

= Vj |xi∗ :a1...ai∗−1
. Let P ′ = (V ′

1 , . . . , V ′
p) be the pro-

file in which for all j ≤ n, V ′
j is the extension ofNj that sat-

isfies condition B(ii) from Definition 7 w.r.t.i∗. That is, for any
j ≤ n, any ~y, ~z ∈ X , if ~y−i∗ weakly dominates~z−i∗ in Nj ,
then ~y �V ′

j
~z. For any ~d ∈ X , any j ≤ n, ~d �V ′

j
~a if and

only if for any i 6= i∗, di = ai, anddi∗ �V ′

j
|xi∗ :a1...ai∗−1

ai∗ .

We note thatV ′
j |xi∗ :a1...ai∗−1

= Vj |xi∗ :a1...ai∗−1
. It follows that

~d �V ′

j
~a implies ~d �Vj ~a. Therefore, by Lemma 1,r(P ′) = ~a.

SinceP ′ ∈ RΠ, M(P ′) = r(P ′) = ~a. We note thatP ′|xi∗
=

P |xi∗ :a1...ai∗−1
, which means that

ai∗ =M(P ′)|xi∗
= M|xi(P

′|xi∗
)

=M|xi(P |xi∗ :a1...ai∗−1
)

=bi∗

This contradicts the assumption thatai∗ 6= bi∗ . 2

Corollary 2 Let R =
Qn

j=1 Rj be a rich preference domain that
corresponds to a separable admissible conditional preference set
LΠ. For any j ≤ n, supposeRj ⊆ Lj ⊆ CPprefs(Lj) and
Lj extendsLj . If a sequential voting ruleM that satisfies non-
imposition is strategy-proof overLΠ =

Qn

j=1 Lj , then,M is a
dictatorship.

Proof of Corollary 2: For anyj ≤ n, any~a = (a1, . . . , ap) ∈ X ,
any V

a1

j ∈ Lj |x1
such thattop(V a1

j ) = a1, any V
ai

j ∈ Lj |xi

such thattop(V ai
j ) = ai, we let Nj ∈ SCPnets(Lj) be such

that Nj |x1
= V

a1

j , Nj |xi = V
ai

j , and top(Nj) = ~a; let Vj

be an extension ofNj satisfying the condition B(i) for issuei
in Definition 7. We note that for anyb1 ∈ D1, b1 6= a1, any
bi ∈ Di, bi 6= ai, (b1,~a−1) �Vj (bi,~a−i), becauseai �Vj |xi

bi.
BecauseRj ⊆ Lj , we haveVj ∈ Lj , which means thatLj satisfies
Condition I.

By Theorem 5,M is locally strategy-proof over
Qn

j=1 Rj . Be-
causeLΠ ⊆ CPprefs(L), M is locally strategy-proof overLΠ.
Therefore, by Theorem 2,M is dictatorial. 2



Finally, by combining Theorem 6 and Corollary 2, we obtain the
following impossibility result. This theorem states that if take a
rich preference domain that corresponds to a separable admissible
conditional preference set, and extend it so that for any acyclic CP-
net that uses the same admissible conditional preference set, we
include some preferences extending that CP-net, then we must give
up one of strategy-proofness, non-dictatorship, and non-imposition.

Theorem 7 LetRΠ =
Qn

j=1 Rj be a rich preference domain that
corresponds to a separable admissible conditional preference set
LΠ. For any j ≤ n, suppose thatRj ⊆ Lj ⊆ CPprefs(Lj)
and Lj extendsLj . A voting rule that satisfies non-imposition is
strategy-proof over

Qn

j=1 Lj if and only if it is a dictatorship.

7. CONCLUSION
In settings where a group of agents needs to make a joint de-

cision, the set of alternatives often has a multi-issue structure. In
this paper, we characterized strategy-proof voting rules when the
voters’ preferences are represented by acyclic CP-nets that follow
a common order over issues. We showed that if the preference do-
main is lexicographic, then a voting rule satisfying non-imposition
is strategy-proof if and only if it is a locally strategy-proof CR-net.

We then proved that the only strategy-proof voting rule satis-
fying non-imposition is a dictatorship in two kinds of preference
domains: any superset of a lexicographic preference domainthat
satisfies Condition I (Definition 6), as well as any superset of a rich
preference domain (Definition 7) that extends the admissible local
preference set to which the rich preference domain corresponds.

Our result for lexicographic preferences is quite positive; how-
ever, beyond that, our results do not inspire much hope for desir-
able strategy-proof voting rules in multi-issue domains. Of course,
it is well known that it is difficult to obtain strategy-proofness in
voting settings in general, and this does not mean that we should
abandon voting as a general method. Similarly, difficultiesin ob-
taining desirable strategy-proof voting rules in multi-issue domains
should not prevent us from studying voting rules for multi-issue do-
mains altogether. From a mechanism design perspective, strategy-
proofness is a very strong criterion, which corresponds to imple-
mentation in dominant strategies. It may well be the case that
rules that are not strategy-proof still result in good outcomes in
practice—or, more formally, in (say) Bayes-Nash equilibrium.
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