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ABSTRACT

In this paper, we characterize strategy-proof voting rulaen the
set of alternatives has a multi-issue structure, and thers'gpref-
erences are represented by acyclic CP-nets that follow ancom
order over issues. We show that if the preference domairxis le
cographic, then a voting rule satisfying non-impositiostigtegy-
proof if and only if it can be decomposed into multiple stegte
proof rules, one for each issue and each setting of the igmees
ceding it. We then prove impossibility theorems for strgtpgoof
voting rules that satisfy non-imposition in two kinds of fax@nce
domains: the first result is for supersets of any lexicogiaptefer-
ence domain, and the second is for supersets of any richreneie
domain (for a notion of richness introduced by Le Breton aaa)S
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1. INTRODUCTION

When agents have conflicting preferences over a set of altern
tives, and they want to make a joint decision, a natural wagoto
so is byvoting Each agent (voter) is asked to report his or her
preferences. Then,\ating ruleis applied to the vector of submit-
ted preferences to select a winning alternative. Howewespme
cases, a voter has an incentive to submit false preferebeeayse
this makes the winning alternative more preferable to her.irA
stance of such misreporting is calledranipulation and the per-
petrating voter is called manipulator If there is no manipulation
under a voting rule, then, the rulestrategy-proof
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Unfortunately, there are some very natural propertiesat@sat-
isfied by no strategy-proof voting rule, according to the lizital-
Satterthwaite theorem [15, 24]. The theorem states thab wiere
are three or more alternatives, and any voter can changéin-
ear order over alternatives to represent her preferenben, ho
non-dictatorial voting rule that satisfies non-impositisistrategy-
proof. Avoting rule is dictatorial if the same voter's mgseferred
alternative is always chosen; it satisfies non-impositidarievery
alternative, there existomereported preferences that make that al-
ternative win.

There are several approaches to circumventing this imipiigsi
result. One that has received significant attention frommaer
scientists in recent years is to consider whether finding aipna
lation is computationally hard under some rules. If so, teeen
though a manipulation is guaranteed to exist, it will peghapt oc-
cur because the manipulator(s) cannot find it. Indeed, itheas
shown that finding a manipulation is computationally harai@n
precisely, NP-hard) for various rules, for various deforns of the
manipulation probleme.g, [5, 12, 16, 13]). On the other hand,
NP-hardness is &orst-casenotion of hardness, so that it may very
well be the case thahostmanipulations are easy to find. Various
recent results suggest that this is indeed the case [23,41291
26, 22, 25]. This paper does not fall under this line of regear

Instead, this paper falls under another, older, line ofasgeon
circumventing the Gibbard-Satterthwaite result. Thig Jivhich
has been pursued mainly by economists, is to restrict thexooaf
preferences. That is, we assume that voters’ preferenceyslie
in a restricted class. An example of such a class is thatrafle-
peakedpreferences [6]. Here, it is assumed that there is an order
< over the alternatives (for example, representing theiitiposon
a left-to-right political spectrum), and that voters alwayefer al-
ternatives that are closer to their most preferred altemmafThat
is, if a is voteri’s most-preferred alternative, and< b < c or
¢ < b < a,thenb =; c. For single-peaked preferences, desir-
able strategy-proof rules exist, such as thedianrule, which, if
we assume for simplicity that the number of voters is oddpske
the median of the voters’ peaks (which is also the Condoraet w
ner). Other strategy-proof rules are also possible in tfegepence
domain: for example, it is possible to add some artificpdgn-
tom) votes before running the median rule. In fact, this charac-
terizes all strategy-proof rules for single-peaked pesiees [20].
On the other hand, preferences have to be significantlyicestrto
obtain such positive results: Aswat al. [1] extend the Gibbard-
Satterthwaite theorem, showing that if the preference doriza
linked then with three or more alternatives the only strategyspro
voting rule that satisfies non-imposition is a dictatorship

In real life, the set of alternatives often has a multi-isstrec-
ture. That is, there are multiplesueg(or attributeg, each taking



values in its respective domain, and an alternative is cetalyl
characterized by the values that the issues take. For egangi-
sider a situation where the inhabitants of a county vote terdéne

a government plan. The plan is composed of multiple subsgian
several interrelated issues, such as the transportatisimpement,
and health [9]. Clearly, a voter’s preferences for one issiugen-
eral depend on the decision taken on the other issues: forpga
if a new highway is constructed through a forest, a voter nray p
fer a nature reserve to be established; but if the highwayois n
constructed, the voter may prefer that no nature reservstéde
lished. As another example, in each presidential electéar,the

not necessarily acyclic) CP-nets [27]. However, in thisgrapre
only study acyclic CP-nets that are consistent with a comandar
over the issues.

We are not aware of any previous characterization of styateg
proof voting rules when voters’ preferences are modeled By C
nets (that is, when they display dependencies across )s$néiis
paper, we first show that ovéexicographicpreference domains
(where earlier issues dominate later issues in terms of irapoe
to the voters), the class of strategy-proof voting rules adisfy
non-imposition is exactly the class obnditional rule nets (CR-
nets)whose local (issue-wise) rules are strategy-proof. CR-net

president as well as members of the Senate and the House enust brepresent how the voting rule’s behavior on one issue depend

elected. In principle, a voter’s preferences for a senanordepend
on who is elected as president, for example if the voter psede
balance of power between the Democratic and Republicarepart
A straightforward way to aggregate preferences in mustisdo-
mains isissue-by-issuéa.k.a.seat-by-seatvoting, which requires
that the voters explicitly express their preferences oeehdssue
separately, after which each issue is decided by applymgeisvise
voting rules independently. This makes sense if voterdepeaces
areseparable that is, each voter’s preferences over a single issue
are independent of her preferences over other issues. Howev
preferences are not separable, it is not clear how the vbhterd
vote in such an issue-by-issue election. Indeed, it is kntiva
natural strategies for voting in such a context can lead tp ue-
desirable results [9, 18].

The problem of characterizing strategy-proof voting ritesulti-
issue domains has received significant previous atterfitrategy-
proof voting rules for high-dimensional single-peakedf@rences

the decisions made on all issues preceding it (conceptuhityis
similar to how acyclic CP-nets represent how a voter's pegfees

on one issue depend on the decisions made on all issues preced
ing it). Then, we prove two impossibility theorems: one far s
persets of any lexicographic preference domain, and ther dtin
supersets of any rich preference domain (for the notionobiness
introduced by Le Breton and Sen [10]). These impossibihigot
rems state that, under some conditions on the preferencaidpm
the only strategy-proof voting rule that satisfies non-isifion is a
dictatorship.

2. PRELIMINARIES
We first review some concepts and introduce notation.

2.1 Basics of voting
In a voting setting (not necessarily one with multiple isguéet

(where each dimension can be seen as an issue) have beerr charax’ be the set ofilternatives(or candidate} A linear orderV on X

terized [7, 2, 3, 21]. Barberet al.[4] characterized strategy-proof
voting rules when the voters’ preferences are separabteeach
issue is binary (that is, the domain for each issue has twoezits).
Ju [17] studied multi-issue domains in which the domain afhea
issue has three elements: “good”, “bad”, and “null”, andrabter-
ized all strategy-proof voting rules that satisfyll-independence
that is, if a voter votes “null” on an issue, then that votether
preferences do not affect that issue.

is a transitive, antisymmetric, and total relation.®n Let top(V)
be the alternative that is ranked in the top positiofVinThe set of
all linear orders oY’ is denoted byL(X). An n-voter profile P
on X consists of: linear orders ot’. That is,P = (V4,..., Va),
where for everyj < n, V; € L(X). The set of all profiles otk

is denoted byP(X). In this paper, we let denote the number of
voters. A(voting) ruler is a mapping from the set of all profiles on
X to X, thatis,r : P(X) — X. For example, thelurality rule

The prior research that is closest to ours was performed by Le chooses the alternative that is ranked in the top positidhemost

Breton and Sen [10]. They proved that if the voters’ prefeesn
are separable, and the restricted preference domain ofotieesv
satisfies aichnesscondition, then, a voting rule is strategy-proof if
and only if it is an issue-by-issue voting rule, in which eé&tue-
wise voting rule is strategy-proof over its respective doma

The work by Le Breton and Sen is limited by the restrictivenes
of separable preferences: as we have argued above, in genera
voter's preferences on one issue depend on the decision take

other issues. On the other hand, one would not necessarily ex P

pect the preferences for one issue to depend on every othes. is
CP-nets [8] were developed in the artificial intelligencencaunity
as a natural representation language for capturing limitgaen-
dence in preferences over multiple issues. Recent worktheted
to investigate using CP-nets to represent preferencediimuoon-
texts. If there is an order over issues such that every wpeef-
erences for “later” issues depend only on the decisions made
“earlier” issues, then the voters’ CP-nets are acyclic, anthtu-
ral approach is to apply issue-wise voting rusesjuentially{19].
While the assumption that such an order exists is still ictate,
it is much less restrictive than assuming that preferencesep-
arable (for one, the resulting preference domain is exgtagn
larger [19]). Recent extensions of sequential voting rifetude
order-independent sequential voting rule [28], as well &zme-
work for voting when preferences are modeled by generat isha

votes. A voting rule- satisfies

unanimity if top(V) = cforall vV € P impliesr(P) = c.

non-imposition if for any ¢ € X, anyn € N, there exists an
n-voter profileP such that(P) = c.

monotonicity if for any pair of profilesP = (Va, ..., V4),
P’ = (V/,...,V;) such that for any alternativeand any;j < n,
we havec ~v; r(P) = ¢ v, r(P), then,r(P") = r(P).
strategy- proofnessjf there does not exist a paiiP, V; ), where
is a profile, and/; is a false vote of votef, such that

r(P-;,Vj) »v, 7(P). Thatis, in any profile, no voter can misrep-

resent her preferences to make herself better off.

2.2 Conditional preference nets (CP-nets)

In this paper, the set of all alternativasis amulti-issue domain
Thatis, letdl = {x1,...,x,} be a set of issues, where each issue
x; takes values in bbcal domain denoted byD;. An alternative is
uniquely identified by its values on all issues, thatis= Dy x

X Dp.

Example 1 A group of people must make a joint decision on the
menu for dinner (the caterer can only serve a single menugoyev
one). The menu is composed of two issues: the main coMise (
and the wine\V). There are three choices for the main course: beef
(b), fish (f), or salad (s). The wine can be either red winevt)ite



wine (w), or pink wine (p). The set of alternatives is a migisde
domain: X = {b, f, s} x {r,w, p}.

CP-nets [8] are a compact representation for partial orolezs
multi-issue domains. A CP-neV{" over X’ consists of two parts:
(a) a directed grapty = (2, E) and (b) a set of conditional linear
preferences-% over D;, for any settingi of the parents ok; in G.

Let CPT(x;) be the set of the conditional preferences of a voter
on D;; this is called aonditional preference table (CPTWhenG
is acyclic,\ is said to be amcyclic CP-net

A CP-net induces a partial preorder s, as follows: for
any a;,b; € D;, any settingu of the set of parents ak; (de-
noted byParc(x;)), and any setting of A — Parq(x:) — {x:},
(as, @, %) =n (s, @, 2) ifand only ifa; =% b;. We note that when
N is acyclic, = v is transitive and asymmetric, that is, a strict par-
tial order. (This is not necessarily the casg\ifis not acyclic.) For
any graphG’ on®l, a CP-net\ is compatiblewith G’ if its graph
G is a subgraph ofy’, which means that; C G’. In this paper,
we focus on acyclic CP-nets.

Example 2 Let X’ be the multi-issue domain defined in Example 1.
We define a CP-net as follows: M is the parent ofW, and the
CPTs consist of the following conditional preferenc€?7 (M) =
{b>=f>=sh,CPT(W)={b:r>=p>=w,f:w>=p>rs:

p = w = r}, whereb : r = p = w is interpreted as follows:
“when M is b, then,r is the most preferred value faV, p is the
second most preferred value, andis the least preferred value.”
N and its induced partial order s are illustrated in Figure 1.

M———W

br — bp—— bw

CPT(M)
b~ f>s fw—— fp—— fr
CPT(W) l
b:r>p>w Sp—— »SW——»Sr
frw>=p>r
S:pw>rT

(a) CP-netV. (b) The partial order induced hy".

Figure 1. A CP-net NV and its induced partial order.

A linear orderV extendsa CP-net\/, denoted by ~ N/, if
it extends the partial order tha( induces. For any setting of
Parg(x:), let Vix,.a andNx,.z denote the the restriction 6f
(or equivalently,\V) to x;, givend. That is,V|x,.z (or Nx,.q) is
the linear ordei="%.

For any graphG on 2, V' is compatiblewith G if there exists a
CP-net\ such thatV ~ AN and N is compatible withG. If V
is compatible withGG, we also say thaV” is G-legal, we sayV is
legal if it is G-legal for some acyclic grapt. The set of allG-
legal votes is denoted hiegal(G). A profile is G-legal if all of
its votes are5-legal. For any linear orde® on 2l, we letGo be
the graph induced by)—that is, there is an edgex;, x;) in Go
if and only if x; >0 x;. For any directed acyclic gragh, a linear
order© can be found such that C Go, which means that any
G-legal profile is als@=o-legal (which we abbreviate &3-legal).
For example, letV" be the CP-net defined in Example 2. Any linear
order overt’ that extends- v is G (v>w)-legal (or, equivalently,
(M > W)-legal). V is separabldf and only if it extends a CP-net

in which there is no edge. Therefore, any separable vatelegal
for any ordering® of issues.

In this paper, we fxO to bex; > ... > x,. Thelexicographic
extensiorof a CP-netN" € Legal(Go), denoted byLex(N), is

EeN

a linear orde” € L(X) such that for any < i < p, anyd; €
Dy x...x D7;71, anyai,bi e Di, and anyg’,é’e Di+1 X ... Dp,

it ai =n, - b thend;a;j »v d:b:Z. Intuitively, in the lex-
icographicle)ztension alV, x; is the most important issue is
the next important issue, and so on. We note that the |exagpiic
extension of any CP-net is unique w.r.t. the ord&(if the order
is changed to another order that the CP-net follows, thecdexi
graphic extension of the same CP-net will be different). \A s
thatV € L(X) is lexicographicif there exists a CP-neY follow-
ing O such that’ = Lex(N). For example, let\V" be the CP-net
defined in Example 2. We havgex(N) = br = bp > bw >
fw = fp>= fr = sp > sw > sr.

2.3 Sequential voting

Given a vector ofocal rules(ri, ..., rp) (thatis, for anyi < p,
r; IS a voting rule onD;), thesequential compositioof r1, ..., rp
w.r.t. O, denoted bySeq(r1, ..., rp), is defined for allD-legal pro-
files as follows:Seq(r1, ...,7p)(P) = (d1,...,dp) € X, so that
foranyi < p, d; = ri(Plx,:d;...q;,_,)- Thatis, the winner is se-
lected inp steps, one for each issue, in the following way: in step
i, d; is selected by applying the local rute to the preferences of
voters overD;, conditioned on the valuek, . . . , d;—; that have al-
ready been determined for issues that preced&eq(r1, . .., 7p)
is well-defined, because for aiiy-legal profile, the set of winners
is the same for al®’ such thatG C G/ (see [19]). WherG has
no edgesSeq(ri,...,r,) becomes arssue-by-issugoting rule.

3. CONDITIONAL RULE NETS (CR-NETS)

We now move on to the contributions of this paper. In a sequen-
tial voting rule, the local voting rule that is used for anuiess
always the same, that is, the local votinde does not depend on
the decisions made on earlier issues (though, of coursepthes’
preferencedor this issue do depend on those decisions). However,
in some cases, it makes sense to let the local voting rulesndep
on the values of other issues. For example, let us considén tte
setting in Example 1, and let us suppose that the catereflécto
ing the votes and making the decision based on some rule cSepp
the order of voting igM > W. Suppose the main course is deter-
mined to be beef. Now, let us suppose that, conditional o bee
being selected, surprisingly, slightly more than half tbesvs vote
for white wine v > p > r), and slighly less than half vote for
red - > p > w). In this case, it may make sense for the caterer,
who knows that red wine goes better with beef than white wine,
to “overrule” the majority and select red wine anyway. Wiihés
may appear somewhat snobbish on the part of the catereryit ma
be in the voters’ best interest if they are not familiar witimex Of
course, if there is a large majority for white, then the aatshould
not overrule this. Conversely, when fish is chosen, the egsaule
for deciding the wine based on the votes may be slightly bidgse
wards white wine. In this situation, the local rule for winepgnds
on the values of its parents (the main course), unlike in aetipl
voting rule.

In this section, we introduceonditional rule net (CR-netjo
model voting rules where the local rules depend on the valbhes
sen for earlier issues. A CR-net is defined similarly to a @R-n
the difference is that CPTs are replaced by conditional talkes
(CRTSs), which specify a local voting rule ovér; for each issue;
and setting of the parents ®f. (Itis not clear how a cyclic CR-net



could be useful, so we only define acyclic CR-nets.)

Definition 1 An (acyclic)conditional rule net (CR-net)M over X
is composed of the following two parts.

1. Adirected acyclic graph over{xu,...,xp}.

2. Aset otonditional rule table§CRTSs) in which, for any vari-
ablex; and any setting: of Parc(x;), there is alocal con-
ditional voting ruleM |x.z over D;.

A CR-net encodes a voting rule over @ltlegal profiles (we recall
that we fixO = x1 > ... > x, in this paper). For any-legal

profile P, M(P) = (du, ..., d,) is defined as follows.
1.d = M|x1 (P|x1);
2. dy = Mlxyia; (Plxziay);

p. dp = Mlxp:dlmdp,] (Plxp:dl.“dp,l)-

That is, in theith step, the valuel; is determined by applying
M|x;:d,...4,_, (in contrast tar; in sequential voting rules) to
P|x1_d1md1’7 It follows that sequential voting rules are a special
case of CR-nets, in which for ary< p, all conditional voting rules
over D, are the same.

We now consider restrictions on preferences. A restriction
preferences rules out some of the possible preference&ity. A
natural way to restrict preferences in a multi-issue donsto re-
strict the preferences on individual issues. For exampkemay
decide that > w > p is not a reasonable preference for wine
(regardless of the choice of main course), and therefoeeitalut
(assume it away). More generally, which preferences arsidon
ered reasonable for one issue may depend on the decisiotiefor
other issues. Hence, in general, for eadior each settingfi of the
issues before issue;, there is a set of “reasonable” (or: possible,
admissible) preferences ovey, which we callZ|, ;. Formally,
admissible conditional preference setghich encode all possible
conditional preferences of voters, are defined as follows.

Definition 2 An admissible conditional preference sétover X
is composed of multipllvcal conditional preference setdenoted
by L|,..;; © L(D:). There will be one such local conditional

preference set for each< p andd; € Dy X ... x Di_1.

That is, for anyi < p and anyd; € D; x .

the voters’ preferences oveg be inL|, 7.
An admissible conditional preference set restricts thesipts

CP-nets, preferences, and lexicographic preferences.

. x D;_1, we require

Definition 3 For any admissible conditional preference gktwe
let

e CPnet§l) = {N : N isaCP-netovek, andVivd; 1 €
Dy x... X Di*17N|xi:(ﬁ,1 S lei:(zi—l}'

e CPpref§L) = {V : V ~ N, N € CPnet$L)}.
o Lex(L) = {Lex(N): N € CPnet$L)}.

That is, CPnet{<) is the set of all CP-nets oveY whose condi-
tional preferences over any issue are chosen from the locali-c
tional preference set af over the same issue, conditioned on the
same setting of values of preceding issues; CPOfafis the set of

all linear ordersV that extend a CP-net in CPnéfs; Lex(L) is

composed of the lexicographic extensions of all CP-nets in
CPnet$L). Lex(L) is called theexicographic preference domain
of £. We say thatl, C CPpref$L) extendsc if for any N €
CPnet$L), there existd” € L that extendsV. That is,L extends
L if any CP-net in CPprefg) has an extension ib.

We now define a notion of richness for admissible conditional
preference sets. This notion says that for any issue, gingrset-
ting of the earlier issues, any value of the issue can be ths-mo
preferred one. (This isotthe same richness notion as the one pro-
posed by Le Breton and Sen, which applies to preferencesativer
alternatives rather than to admissible conditional peafee sets.)

Definition 4 An admissible conditional preference g&is rich if
foranyi < p,d; € D1 x ... x D;—1, and anya; € D;, there
existsV* € L[,z such thatop(V") = a.

We now revisit our example and restrict the voters’ prefeesn
in a reasonable manner.

Example 3 Let the multi-issue domaiA’ be defined as in Exam-
ple 1. LetZ be the admissible conditional preference set whose lo-
cal conditional preference sets are single-peaked, astilfied in
Figure 2. ThatisLlm = {(b > s> f),(s = b > f),(s = f >~

b), (f > s > b)} is the single-peaked preference domain in which
b<s<f; Llw:wp = Llw:r = L|w:s are the single-peaked pref-
erence domains in which < p < w (we note that in this example,
these three local conditional preference sets are the shotehey
can be different in general)L is rich. The CP-net\/ defined in
Example 2 is not in CPnetg), becaus€b >~ f > s) ¢ L|m. Let
N be a CP-netin whict\”’|m = b > s > f, and all other condi-
tional preferences are the same asth Then N’ € CPnet$.),
and Lex(N") € CPprefgL).

Llm
beef fish
0 1 2 0 1 2

Llw:b = Llw:t = Llw:s

salad red pink  white

Figure 2: An admissible conditional preference setC in which
all local domains are single-peaked.

In this paper, we focus on the following restriction on prefe
ences: for each < n, there is a set of allowed preferendes such
that there exists an admissible conditional preferenceCsebor
which L; C CPpref¢L;) andL; extendsC;. LetLn = [[}_, £;
and Ly = H;;l Lj. A CR-netM is locally strategy-proofif
all its local conditional rules are strategy-proof. Thatfix any
i < p,cf € D1 x ... x Di_1, M|_ o is strategy-proof over
Lul,..q = [T}= Lil,, Mis decomposablef there are no
edges in the graph of/t That is, the local voting rule for any issue
is independent of the value of all other issues (which cpoads
to sequential voting).

We now propose a locally strategy-proof rule for our example
that captures the idea of the caterer biasing the choicerad.wi

Example 4 Let the multi-issue domai&’ be defined as in Exam-
ple 1, and letZ be defined as in Example 3. For apy< n, let
L; = L. Forany0 < ¢t < 1, letr, be the voting rule over a
single-peaked preference domain that selects the alteenttat is
closest to the|t(n — 1)| + 1)th leftmost value within the set of
all voters’ favorite values (peaks). For example,s selects the
alternative that is closest to the median value. Adtbe a CR-net
defined as followsM|n = 7o.5, M|w: = 0.1, M|w:f = T0.9,
M|w:s = ro.5. (This rule is strongly biased towards red wine



if beef is chosen, and towards white wine if fish is chosengeor
sponding to a very snobby catererM is locally strategy-proof
given this restriction of preferences, because the locésare
strategy-proof for single-peaked preferences [20].

4. LEXICOGRAPHIC PREFERENCE

DOMAINS

In this section, we characterize strategy-proof votingsuthat
satisfy non-imposition, when the voters’ preferences astricted
to lexicographic preference domains. The next two wellvkmo
lemmas (we omit their proofs) will be frequently used in thegds
of the main theorems. Lemma 1 states that any strategy-putsf
r satisfies monotonicity, that is, for any profil, if each voter
changes her vote by rankindg P) higher, then the winner is still
r(P).

Lemma 1 (Known) Any strategy-proof voting rule satisfies mono-
tonicity.

Lemma 2 states that any strategy-proof rulsatisfying non-
imposition satisfies unanimity, that is, if all votes ranle thame
alternative first, that alternative wins.

Lemma 2 (Known) Any strategy-proof voting rule that satisfies
non-imposition also satisfies unanimity.

We are now ready to present our first result, which states the
following: if each voter's preference domain is the lexicaghic
preference domain for a rich admissible conditional pegiee set,
then a voting rule that satisfies non-imposition is strategyof if
and only if it is a locally strategy-proof CR-net.

Theorem 1 For any 5 < n, let £; be a rich admissible condi-
tional preference set. A voting rutethat satisfies non-imposition
is strategy-proof oveln = Lex(Ln) = [[}_, Lex(L;) if and
only ifr is a locally strategy-proof CR-net.

Proof of Theorem 1: In the proofs of this paper, for any< p,
we letx_; denote \ {x;}, and we letD_; denoteD; x ... X
D;—1 X Djy1 X ...x D,. Foranyj < n, any profileP of n votes,
we let P_; denote the profile that consists of all votesfArexcept
the vote by votey.

First, we prove the “only if ” part, by induction op. When
p = 1, the theorem is immediate. Now, suppose that the theorem
holds wherp = k. Whenp = k + 1, for any strategy-proof rule
r that satisfies non-imposition, ovafy11 = D1 X ... X Dgy1,
we prove that this rule can be decomposed into two parts:, first
it applies a local voting rule:; for x;, and subsequently, it ap-
plies a ruler|x_,.q, for x_;, which depends on the outcome of
r1. Thus, we have the property that for afy € L, we have
r(P) (T1(Plxy )s Tlx_y:my (Pl ) (Plx_y i1 (Ply)))- Then, we
will show that the induction assumption can be applied toste
ond part.

First, we claim that for any strategy-proof voting ruiesatisfy-
ing non-imposition, and an¥ € Ly, the value of issu&; for the
winning alternative only depends on the restriction of thefife
to x;. That is, we show that for any pair of profild3 Q € L,
P=Vi,...,Vp),Q = (Wi,...,W,) andP|x, = Qlx,, We
must haver(P)|x, = r(Q)|x,. Suppose on the contrary that
r(P)lx; # r(Q)|x,. Forany0 < j < n, we defineP;
Wi,...,W;,Vit1,...,Vy). Itfollows thatPy = P and P, =
Q. Weclaimthatforany) < j <n—1,7(P})|x; = 7(Pj+1)]x; -
For the sake of contradiction, suppoge®;)|x, # 7(Pj+1)|x, for
somej < n — 1. Letar = r(P})|x, andbi = 7(Pj41)]x,- If

a1 =v; |, b1, then, becauskjiilx, = Witilx,, (Pj+1, Vi)

is a successful manipulation; on the other hant iy, |, ax,
then,(P;, W;41) is a successful manipulation. This contradicts the
strategy-proofness of. Thus, we have shown that the value of is-
suex; for the winning alternative only depends on the restriction
of the profile tox;.

Therefore, we can define a voting rute over D, as follows.
ForanyP' € []}_, Ljlx,, 11(P') = r(P)|x,, whereP € Ln
and P|x, = P*. Such aP exists becauséex(L;) extendsL;
for all j, and this is well-defined by the observation from the previ-
ous paragraphr; satisfies non-imposition becauseatisfies non-
imposition.

Next, we prove that is strategy-proof. If we assume for the
sake of contradiction that; is not strategy-proof, then there exists
a successful manipulatiofP*, V;') over D1, where votet is the
manipulator, andP* = (V{,...,V,}). LetNi,...,Nn, N; be
n + 1 CP-nets satisfying the following conditions.

o Foranyj <n, Njlx, = V}'; Nilx, = V.
e Foranyl < j < n, Nj € CPnet§(,), N; € CPnet$L;).

Forj < n, letV; be the lexicographic extension 4f;. LetV; be
the lexicographic extension of;. Let P = (V1,...,Vn). We
note that thex; component ofr(P_;, Vi) is 1 (P, V}}) v
r1(P'), which is thex; component of-(P). BecauséV; is the
lexicographic extension al;, and N;|x, = V;*, we have that
r(P_1;,Vi) =v, r(P), which means thatP,V;) is a successful
manipulation. This contradicts the strategy-proofness @o, we
have shown that; is strategy-proof.

We next show that the second partrafan be written as
Tlx_y i1 (Ply ) (Plx_y:my (P1x, ) )—thatis, the rule for the remaining
issuesx_, only depends on the outcome fri. For anyO-legal
voteV, anya: € D1, we letV|x_,.., denote the linear preference
over D_; that is compatible with the restriction &f to the set of
alternatives whosg; component is1, that is, for anya_1, 571 €
Dy,d1 =y, boiifandonlyif (a1,d 1) =v (a1,b-1).
For anyO-legal profileP, P|x_,.q, is composed oV |x_,.q, for
allV € P. Forany CP-ne\, we letN|x_, .4, denote the sub-CP-
net of A/ conditioned onx; = a;. It follows that if V' ~ A/, then,
Vix_q:a1 ~ Nlx_:a;- Now, we claim that for any pair of profiles
P17P2 € Ln, P = (Vl7 ey Vn) andP2 = (VVl7 . ,Wn), such
thata; = 7‘1(P1) = 7”1(P2) and P1|x7];a1 = P2|x71;a1, we
must haver(P1) = r(P2). To prove this, we construct a profile
P such thatr(P1) = r(P) = r(P2). For anyj < n, we let
Vit € Lj|x, be an arbitrary linear order ovéd; in which a; is
in the top position. Let? = (Q1,...,Q») € Ln be the profile
in which for any; < n, @Q; is the lexicographic extension of the
CP-net\; that satisfies the following conditions.

o Nyl =V}

o Njlx_y:ai = Nilx_,:ay, whereN; is the CP-net thaV/;
extends.

Letd = (a1,d_1) = r(P.). Foranyj < n and anyb € X with
b ~Q, a, we have that the; component ob must bea:, because
Q; is lexicographic, and; is in the top position of);|x, . We let
b= (a1,b1). Itfollows thatb_1 ~q,, .. @ 1. We note that
Qjlx_;:a, is the lexicographic extension 8 |x ;:a;, Vilx_;:a1
is the lexicographic extension &f;|x_,..,, and

-/\/'j|x711¢11 = M'x—lial' Therefore,Qj|x71;a1 = Vj|x71¢a11



which means tha >y, . @ 1. Hence, we havé -y, .
By Lemma 1, we have:(P) = r(P1). By similar reasoning,
r(P) = r(P2), which means that(P1) = r(P) = r(P). It
follows that for anya; € D;, there exists a voting rule|x_,.q,
overDsy x ... x D, such that for any? € L,

T(P) = (ri(Plx; ), Tlx_y oy (Play ) (Plx_y:m1 (Plxy))

At this point, we have shown thatcan be decomposed as de-
sired. We next show that for anyi € D1, r|x_,.q, IS Strategy-
proof over Lex(L|x_,:a; ). Suppose for the sake of contradic-
tion that there exists a successful manipulatign*, V,~*), where
voter [ is the manipulator, and®~' = (V,7%,...,V,;'). Let

Ni,...,Nn,N; ben + 1 CP-nets satisfying the following con-
ditions.

e For anyj < n, top(Nj|x,) = a1. Thatis,a; is ranked in
the top position in the restriction @¥; to x;. Also,
top(Nilx,) = a1.

e Foranyj < n, Nj|x_,.a, is the CP-netoveb_, thatV, ™'

extends;Ni|x_,.a, is the CP-net oveD_; thatV,™" ex-
tends.

e Foranyj < n, Nj € CPnet§L,); N; € CPnet$L;).
The existence of these CP-nets is guaranteed by the ricbh&ss

For anyj < n, letV; be the lexicographic extension .&f;. LetV;

be the lexicographic extension &f. Let P = (Vi,..., Vo). We
note that

r(P) = (TI(P|X1):T|x,1:r1(P\xl)(P|x,1:r1(P\xl)))
= (a1, 7]x_1ia1 (Plx_15a1))
= (a1,7]x_y:a, (P71))
< (a1, 7]x_ 0y (P5, V)
=r(P_;,V})

This contradicts the strategy-proofness oHence, we have shown
that for anya; € D1, r|x_,:a, IS Strategy-proof over
Lex(Lulx_:ay).

Moreover, because satisfies non-imposition, for any, € D1,
r|x_,:a, Satisfies non-imposition. Hence, for any € D;, we
can apply the induction assumptionitx_,.., and conclude that
it is a locally strategy-proof CR-net ovép_;. It follows thatr is
a locally strategy-proof CR-net ovéf, completing the first part of
the proof.

We next prove the “if” part. If the proposition does not hold,
then there exists a locally strategy-proof CR-nétfor which there
is a successful manipulatiofP, V;). Leti < p be the smallest
natural number such thatt(P)|x, # M(P_;,Vi)|x,. Letd;_
be the first — 1 components of\1(P) and M (P_;, V;). Because
./\/l|xi:d~i71 is strategy-proof, we have the following calculation.

MP)lx; = M|y g (Pleg, )
>_‘/l‘;%:a?i,l M"‘i“ii—l (Pfl’ f/l'xi:‘ii—l)
= M(P*ly ‘71)"‘1

Becausé is lexicographic, for anyj, Z € D;41 X ... X Dp, we
have

(‘£*17M|xi;@71(P)7g) ~V (£71,M|xi:£ (Pflvm)va

—1

Therefore, M(P) >v; M(P-1, Vi), which contradicts the as-
sumption tha{ P, Vl) is a successful manipulation. Hence, locally

strategy-proof CR-nets are strategy-proof for lexicoprajprefer-
ences. ]

The next proposition states that this result only holdsdardo-
graphic preferences. More precisely, over any preferepogath
that extends an admissible conditional preference setsehef
strategy-proof voting rules satisfying non-impositiomdhe set of
locally strategy-proof CR-nets satisfying non-impositiare iden-
tical if and only ifthe preference domain is lexicographic.

Proposition 1 Foranyj < n, suppose thaf; is arich admissible
conditional preference sef,; C CPpref§.L;), andL; extendsC;.

If Ln # Lex(Ln), then there exists a locally strategy-proof CR-
net M that satisfies non-imposition that is not strategy-proof.

Proof of Proposition 1: If, for somej < n, there is aV] €
Lex(L;) that is not inL;, then there must also belg € L; that
is not in Lex(L;), because some vote iy, must extend the CP-
net thatV; extends. Hence, it # Lex (L), there must exist
somej < n, V; € L; such that/; is notin Lex(L;). For thisV},
there must exist < p, d;—1 € D1 X ... X D;_1, a;,b; € D;,

di+17gi+1 S Di+1 X ... X Dp such thafai >Vj\xv:av,1 b, and

(di-1, bs, l;iﬂ) =v; (di—1, as, di+1). Now, let us define a CR-net
M as follows.

e M|y, a,_, is the plurality rule that only counts votérand
voter j’s votes; ties are broken in the ordgr- a; >~ D; —

{ai7bi}.

e Any other local conditional voting rule is a dictatorship by
voterl.

Now, let N7 € CPnet$L1) be a CP-net such thabp(N7) =
di—1a;d;+1,and foranyk > i+1, top(N1|xk151—1bifli+1-~ak71 ) =
br. Let N € CPnet$l;) be a CP-net such thabp(N;) =
@i—1bibiy1. LetVi € Ly be such that/; ~ Ny, and letV; € L;
be such thal/; ~ Nj. SuchVi andV; must exist, becausé,
extendsC:, andL; extendsC;. For any profile
P=Wy,...,Vj,...,V,) € Lu (thatis, for anyl # 1,5, Vj is
chosen arbitrarily, becauset (P) does not depend on them), it fol-
lows that/\/l(P) = 6i,1ai5i+1, andM(P,,, V],) = 52‘71bi5‘i+1,
which means thatP, V}) is a successful manipulation for votgr
So, M is not strategy-proof (and it satisfies non-imposition).O

5. IMPOSSIBILITY RESULT FOR
EXTENSIONS OF LEXICOGRAPHIC
PREFERENCE DOMAINS

The previous section settles the case of lexicographicepref
ences, but preferences are not always lexicographic, evaayclic
CP-nets. For example, in a simplified menu example with beef,
fish, red wine, and white wine, a red-wine fanatic may préfex
fr = bw > fw. This is consistent with the ord& > W (in fact,
the voter’s preferences are separable), but the prefeseareenot
lexicographic with respect to this order. In this sectioe,inwesti-
gate the possibility of strategy-proof voting rules for stgets of a
lexicographic preference domain.

Definition 5 A CP-net\ is tops-only-separabli for any i < p,
di,bi €Dy x...xD;_1, tOp(leizai) = tOp(./\/-|xi:gi).

Thatis, in a tops-only-separable CP-net, the most prafeatkie
for any issue is independent of the values of the other iqshiesgh
there may be dependencies in the lower-ranked values).



We now give a condition on the preference domain that indi-
cates that the space is significantly larger than that of teiaphic
preferences, in the sense that any issue can be consideredmo
portant than the first issue.

Definition 6 (Condition1) Ln C CPpref§Ln) satisfiesCondi-
tion | if for any j < n, any: < p, anya = (a1, ...,ap) € X, any
V' € Ljlx, withtop(V}') = a1, anyV} € Lj|x;:ay...a;_, With
tOp(Vji) = Q;, anybl € Dy (bl ;é al), and anybz- e D; (bz ;é ai),
there exist a tops-only-separable CP-iiét € CPnet$£;) and a
voteV; ~ Nj with V; € L; such that

e top(N;) = a.

_ 1 X _ /i
® M|x1 - VJ ’Mlxi:al~~~ai—l - VJ

° (b1,671) >V (d'fi,bi).

This leads to the following impossibility result: if the peeence
domain satisfies Condition | and extends an admissible tiondl
preference set, then any locally strategy-proof CR-net either does
not satisfy non-imposition, or it is a dictatorship.

Theorem 2 For anyj < n, suppose that’; is a rich admissible
conditional preference sekL; C CPpref§L;), L; extends;, and
L; satisfies Condition I. Then, for any locally strategy-pr@iR-
net M satisfying non-impositionM is strategy-proof ovef  if

and only if M is a dictatorship.

Proof of Theorem 2: The “if” part is obvious, so we only prove
the “only if” part. For any CR-netM, and anya; € D;, we say
that voterj is anas-dictator if for any ¢ < p, anyd. € Dy X
...x D;_1, we have thaiM |, .4, a, IS aj-dictatorship (that is, the
winner is always the alternative that is ranked in the toptjmssby
voter j). We first prove the following lemma.

Lemma 3 Under the conditions of the theorem, let
P' = (Vi ..., V) be a profile inLrlx, , and letM be a non-
dictatorial locally strategy-proof CR-net satisfying namposition,
with M|y, (P') = a1. If there existj < n and W, € Lj|x,
such thatM |y, (P') # M|y, (P1;,W}), and voter; is not an
a:-dictator, then,M is not strategy-proof.
Proof of Lemma 3: Suppose on the contrary that there exists a
non-dictatorial locally strategy-proof CR-nétl that satisfies non-
imposition and is strategy-proof ovdr;, and satisfies all condi-
tions in the lemma. LeV** € L;|x, be such thatop(V}") = aa;
then, it follows from the strategy-proofness.bt|x, and Lemma 1
thatM|xl(Pij7Vj“1) = a;. Since voter; is not ana;-dictator,
there exist™ < p, @2 = (az,...,a:+—1) € D2 X ... X D»_1,
and a profileP” € Lulx,. a2, SUCh thatM|x,..a,a, (P’ ) #
top(le* ).

Letair = M|x,..aa, (P ). We arbitrarily choose

—
Aix 1 = (ai*+1,...,ap) € Djxp1 X ... X Dp

Letby = M|y, (PL;, W}), b= = top(Vf*). Next, we construct a
vector of CP-netsVy, ..., Ay, N as follows.

o Foranyl # j, Nilx, = Vi', Mlx,wiarar = Vi 5
tOP(/\/l|x71:a1) = datop(V" )as+,

top(Ni|x_q:b,) = d2bixGiv41.

d Mlxl = Vjall-/\/ﬂxi*ifll@'z = VJ'Z ’
top(N;) = a1d2bi+ai-11. LetN; be any tops-only-separable
CP-net obtained by Condition | (whebg: corresponds ta;
in Condition |, andu,= corresponds té; in Condition 1).

o Njlx, = W}, Nj is tops-only-separable, andp(Nj) =
top(le)d'gbi*ai*+1.

e N] € CPnet$L;). For anyl < n, N € CPnet$,;). All
entries that are not defined above are chosen arbitrarily.

BecauseC is rich, such CP-nets must exist. We 1étbe the exten-
sion of N/; (which satisfies Condition I). That i§}; ~ A/; and

- — N —
b1d2bix ix 1 =v; a10d2ai Q=41

Let P = (Va,...,V;-1,V;,Vjt1,...,Vs) be such that for all
1 <n, Vi€ LyandV; ~ N;. LetW; € L;, W; ~ Nj. We next
show that( P, W;) is a successful manipulation for voter\We note
that P|x, = P!, M|x, (P') = a1; for anyi < i*, a, is ranked
in the top position in all votes oP|x;:ayas...a;_1; Plx;«:a1d2 =
Pi*,M|xi*:ala2(Pi*) = a;~; foranyi > i*, a; is ranked in the
top position in all votes oﬂ3|xi;a1a~2ai*aﬁﬂ_“aifl. Therefore,
M(P) = a1d2a:+ai=41. On the other handM |, (PL;, W}) =
b; for any: < i*, a; is ranked in the top position in all votes
of P_j|x;:b1a5...a;_; 8NdWj|x,:b1as...a;_,; bi= iS ranked at the
top position in all votes of’_j|.. .5, a, andWj|x,. s, a,; for any
i > 1", a, is ranked in the top position in all votes of
Plx;byasbwage pq.asy @NOWjlx, 01 a5bm g ., - Therefore,

M(Pfj, W]) = b15:2bi* Qg% 41
>-vj a152ai*ai*+1
= M(P)

This contradicts the strategy-proofness.ef. (End of proof of
Lemma 3.) O
We prove the theorem by contradiction. Suppose there exists

non-dictatorial locally strategy-proof CR-nét! that satisfies non-
imposition and is strategy-proof ovés;. For anya: € Dy, we let
Pt = (V. .., V1) be a profile inCr|x, such that each voter
ranksa; in the top position. Becaus#t|x, is strategy-proof and
satisfies non-impositionM |, satisfies unanimity by Lemma 2,
which means thatM |y, (P“!) = ai1. For anyb: # a., because
M|, (P?1) # M|x, (P*), there exists a minimuni < n such
that

My (VP VL VL VAL V) = a
M|X1(‘/1b17'"7‘/}b7117‘/;‘b17‘/;‘(217"'7‘/t:1) # ai
That is, by replacing th&}** by Vf1 one after another fol =
1,...,n, before stegj — 1, the winner of the profile is1, and

in steps the winner is notw;. By Lemma 3, voterj must be an
a1 -dictator.

Therefore, for any;; € Dy, there existg < n such that for any
1> 2,anyds € Dy x...Dj_1, M|x,.q,a, IS aj-dictatorship. We
consider the following two cases.

Case 1: there existsj < n such that for alla; € D1,
voter j is ana; -dictator. BecauseéM is non-dictatorial M

is not aj-dictatorship, which means thatt|., is not aj-
dictatorship. Therefore, there exists a profité in L|x,
such thatM |, (P') # top(V}'). Without loss of generality
we letj = 1. We leta; = M|x, (P'), b1 = top(V}'). Be-
causeM |y, is strategy-proof and satisfies non-imposition,
My, (VE VP V) = by (we recall thattop(V!) =

b1, and forall2 < [ < n, top(Vlbl) = b1). Therefore, there
exits2 < k < n such that

1 1,b; by 1 1,1 1\
M|X1(Vl7‘/2 7"'7Vk717Vk7Vk+17"'7Vrl)7a1



My (VE VPV VI VL VD) £

Because voter is ana: -dictator, voter is not ana: -dictator.
But this contradicts Lemma 3.

Case 2: there existg; # j2 anda; # b1 such that votey;
(j2) is anaq (b1)-dictator. Without loss of generality, we let
jl = 1,j2 = 2. Let

Pl = (Vi VL VL V)

Ql = (Vlalv‘éblvv:flw"vvsl)

If M|x, (P1) # a1, then, becausM|x, (V1, ..., V1) =
a1, Lemma 3 implies that voter 2 is am -dictator, which
is not possible because voter 1 is@ndictator. Therefore,
M|x, (PY) = a1. Similarly, M|x, (Q") = b1. Next, we
consider the following steps: we change vatsrvote from
Vj‘” to ijl , one after another, fa¥ < j < n. It follows that
there exist8 < j < n such that

aj b1 by aj aj a1y _
My (VL VL VI VA VS VS =a

aj by by by aj aj
My (VL VL VI VI VAL V) # a4

Lemma 3 implies that voter is ana;-dictator, which is not
possible because voter 1 is an-dictator.

Hence, we have obtained the desired contradiction, and @an c
clude thatM is dictatorial. m]
We now easily obtain the following corollary:

Corollary 1 For anyj < n, suppose that; is a rich admissi-
ble conditional preference selex(L;) C L; C CPpref§L;),
and L; satisfies Condition I. Then, a CR-nkft that satisfies non-
imposition is strategy-proof ovdrr; if and only if M is a dictator-
ship.

Proof of Corollary 1: Let. M be a strategy-proof CR-net over;.
BecauseLex(L;) C L; for all j < n, M is strategy-proof over
H;;l Lex(L;), which implies thatM is locally strategy-proof by
Theorem 1. We note thatex(L;) extendsC; for all j, which
means thal; extendsC; for all 5 < n. Hence, by Theorem 2u
is dictatorial. O

Theorem 3 Forany;j < n, let£; be arich admissible conditional
preference set, andex(L£;) C L; C CPpref§L;). If a voting
rule r that satisfies non-imposition is strategy-proof ovaf =
H;;l L;, thenr is a locally strategy-proof CR-net.

Proof of Theorem 3: Because is strategy-proof oveL, the re-
striction ofr to Lex (L), denoted byrc,(z), iS strategy-proof
over Lex(Lm). It follows from Theorem 1 that, .. is a lo-
cally strategy-proof CR-net, denoted yl. BecauseLex(Lrr)
extendsCrr, M can be naturally extended fag. All that remains
to show is that and M are the same rule.

Lemma 4 For any profileP € Ly, if at most one of the votes i
is not lexicographic, then(P) = M(P).

Proof of Lemma 4: Suppose that the lemma does not hold. Then,
there existsP? = (V1,...,V,) € Ln such that(P) # M(P),
(without loss of generalityy: ¢ Lex(L1), and, for anyj > 2, V;

is lexicographic. Let* be the index of the first componentafP)
that is different from the same component/of(P). That is, the
value of issuex;« in r(P) (denoted bya;~) is different from the
value of issuex;~ in M(P*) (denoted by;-); and for anyl < ",

the value of issug; in r(P) is the same as the value of issugin
M(P). Letd = (ay,...,ap) = r(P). Foranyj < n, we define

a CP-net\/] as follows.

! e .
° -/\/}lxi*:ay.‘ai*,l = ‘/J|x1:*1fll~-~(l1:*71'

o N is tops-only-separable, andp(N;) =

((),17 e ,ai*fl,tOp(‘[j'xi*:almai*,l)7ai*+17 cee 7ap)-

For anyj < n, let V] be the lexicographic extension &f;. Be-
causeV; is lexicographic, for any > 2, anyd € X, if J>‘Gg a
then,d;~ PV sy ape, Q0% W note thal’ |x,.:a;y...a;x_, =
‘/jlxi*1a1~-~ai*—1' which means thaﬂi* >_Vj\xi*:a1...ai*,

Qg% .
1 i

Therefore;f>—vj d. It follows from Lemma 1 that
r(Vi,Vs,...,V,) = @. We note that (V{,V5,..., V) =

MWV, V5, ..., V) = (d—i=,bi=), whereb;« # a;~, because
this is a lexicographic profile. B v, |, .., .. , @, then,
(G—i=,bix) =v, @, which means that(V1,V3,..., V), V{)isa
successful manipulation for votér on the other hand, if

@i* " Vilaniay.ape, bivs then, becaus®’|x,.:a;...a;s_; =
Vilx;«:a1...a; o, We haved >y, (@i, bi-), which means that
((V{,Vs,...,V2), V1) is a successful manipulation for votér
This contradicts the strategy-proofnessrof (End of proof of
Lemma 4.) m|

Next, we prove the more general proposition that for &hy
Ly, r(P) = M(P), which will complete the proof of the theo-
rem. Suppose that the claim does not hold. Then, weAdie the
set of profiles inL; whose winner under is different from the
winner underM, thatis,&? = {P € Ly : r(P) # M(P)}. We
haveZ? # (. Let P* € £ denote a profile in which the number
of non-lexicographic votes is minimized (equivalentlye thumber
of lexicographic voters is maximized). That is, for aRye 22,
the number of non-lexicographic votesihis at least the number
of non-lexicographic votes iP*. Let[ be the number of non-
lexicographic votes iP* (by Lemma 4] > 2). It follows that for
any P € Ly, if the number of non-lexicographic votes iis at
mosti — 1, thenr(P) = M(P).

Without loss of generality, we leP* = (V4,...,V,), where
Vi, ...,V are non-lexicographic, and 1, ..., V, are
lexicographic. For any < n, we let\; € CPnet$L;) be the CP-
net thatV; extends. LetM(P) = @, r(P) = b. By the minimality
of i, r(Lex(N1), Va, ..., Vo) = M(Lex(N1), Va,..., Vo) =@,
because the number of non-lexicographic votes in the madifie-
fileisl—1. Because is strategy-proof, we must have th?ax»vl a:
otherwise(P*, Lex(N1)) is a successful manipulation for voter 1.

Let \;' be a CP-net in whiclh is ranked at the top. It follows
from Lemma 1 and the strategy-proofness dfiat
r(Lex(N7), Va, ..., Va) = b. Then, because the number of non-
lexicographic votes if{Lex(N7), Va,...,V,) isl — 1, we have
the following equations.

Z_;:r(Leaz(J\/'f)7 Vo, ooy Vi)
=M(Lex(NT),Va,..., Vy)
=M(Lex(NT), Lex(N2), ..., Lex(Ny,))
The second equation holds because the number of non-leajtlaig
votes in(Lex(N7Y), Va,..., V) isl — 1. By Lemma 4, we have
the following equations.
r(Vi, Lex(N2), ..., Lex(Ny))
=M(Vi, Lex(N2),. .., Lex(N,))
=M1, Va,..., Vo) =a

We recall thab >v, @, which means that
((Vi, Lex(N2), ..., Lex(Ny)), Lex(N7)) is a successful manip-



ulation for voter 1. This contradicts the strategy-prosthefr.
Thereforey = M. a

Combining Corollary 1 and Theorem 3, we obtain the following
impossibility theorem on supersets of any lexicographéqrence
domain.

Theorem 4 For anyj < n, suppose that; is a rich conditional

preference setlex(L;) C L; C CPpref§L;), and L; satisfies

Condition I. Then, the only strategy-proof voting rule ovai =
;’:1 L; that satisfies non-imposition is a dictatorship.

6. IMPOSSIBILITY RESULT FOR
EXTENSIONS OF RICH PREFERENCE
DOMAINS

Le Breton and Sen [10] characterized strategy-proof vatites
when preferences are separable, that is, each vote is nisisth
a CP-net with no edges. An admissible conditional preferesst
L is separableif for any x;, any&i,l;i € Dy X ...x D;_1,we
haveL|,.a, = L], ;.. Inthis case, we write|x, = L|x;:a;
For example, Example 3 has a separable admissible coralition
preference set (because the allowed preferences for wineto

depend on the choice of the main course). For any separable ad for any P € CPpref¢Ln), r(P) =

missible conditional preference st we let SCPnets’) = {N :

N is a CP-net with no edge, and for ah p, M|x, € L|x, }.

That is, SCPne{s) is the set of all CP-net&” with no edges, such
that the projection oV to any issuex; is in L|x, . Let SCPpref&Ll)
denote the set of all separable votes that extend some CiR-net
SCPnet6L). We now present the richness definition by Le Breton
and Sen (in our notation).

Definition 7 (Le Breton and Sen [10]) R = H;;l R; is arich
collection of separable preference profiles if for ahy< n, there
exists a separable admissible conditional preferencefgesuch
that R; C SCPpreféL;) and

(A) foranyj < n, anyi < p, anya; € D;, there exists’* €
L;|x; such thatop(V*) = a;.

(B) for anyj < m, anyN; € SCPpreféL;), and any: < p,
there exist;, V; € R;, V; ~ N, V' ~ N such that

(i) foranyd,b € X, if a; =, bi, thend =y, b. That
is, issuei dominates all other issues féf;.

(i) for any 6,56 X, ifforall i’ # i, a;r Nl bir and
there exists’ # i such thata;, -, , bir (thatis,

@_; weakly dominates_;), then, @ v b. Thatis,
issue: is dominated by the (union of) other issues for
Vi

R satisfies condition (A) if and only if is rich (according to our
earlier definition of richness). We note that Condition | isaker
than condition B(i) in the following sense: R; C SCPpreféL;)
satisfies condition B(i), then, it also satisfies Conditipbdcause
the vote guaranteed to exist by condition B(i) satisfiedalfiremises
of Condition 1.

The following is the main theorem by Le Breton and Sen (in our
notation).

Theorem 5 (Le Breton and Sen [10])Let Ry = H;;l R; berich.
A voting ruler that satisfies non-imposition is strategy-proof over
Ry if and only if it is a decomposable locally strategy-proof-CR
net.

Theorem 5 works (only) for any rich preference dom&n C
SCPpreféL1r), whereLr; consists of the separable admissible con-
ditional preference sets th&t; corresponds to. We note that for
anyj < n, SCPpref6L;) is a strict subset of CPprefs;), and
SCPpreféL;) is exponentially smaller than CPpréfs;). Next,
we consider the case that for afny< n, the preference domain of
voter j, denoted byL;, is both a superset a®;, and a subset of
CPpref§L;).

Theorem 6 Let R = [[}_, R; be arich preference domain that
corresponds to a separable admissible conditional prefegeset
Ln. Foranyj < n,letR; C L; C CPpref§L;). If voting
rule r that satisfies non-imposition is strategy-proof ovai =
H}L:1 Lj, thenr is a locally strategy-proof sequential voting rule
(decomposable CR-net).

Proof of Theorem 6: Becauser is strategy-proof oveRr, by
Theorem 5, there exists a decomposable CRMesuch that for
any P € R, r(P) = M(P). We note that the domain o¥1 can
be extended to CPpréfSi) in a natural way, as follows. For any
P ¢ CPpref¢Lm), let M(P) = (du, ..., dp) inwhich

di = M|x, (Plx;:d;...d;_,)- In this case M is equivalent to the
sequential voting rul§eq(M|x, , . .., M|x,). We next show that
M(P). Suppose not, that is,
suppose there exis3 € CPpref§L) such thair(P) # M(P).
Letd = #(P), b = M(P), and leti* be the smallest number
that satisfiesi;« # b;+. Let N1,..., N, be a set of CP-nets with
no edges such that for any< p, i # i*, top(Nj|x;) = a;, and
Njlxpe = Vilxjriay.apm . LEEP" = (V{,..., V) be the pro-
file in which for all j < n, Vj’ is the extension of\/; that sat-
isfies condition B(ii) from Definition 7 w.r.ti*. That is, for any
j < n,anyy, 7 € X, if y_;~ weakly dominates”;« in N,
theny vy Z Foranyd € X,anyj < n, d v a if and
only if for any ¢ # ¢*, di = a;, andd;« PV xpurar g, 37
We note thal’} |x;.:a;...a;«_; = Vilx;=:a1...a;«_, - It follows that
J>Vj/ @ impliesd ~v, @. Therefore, by Lemma I;(P’) = a.
SinceP’ € Ru, M(P') = r(P') = @. We note thatP’|,,. =
Plx;«:ay...a;«_,» Which means that

air =M(P) | = Mls, (P'|x;0)
=M|x; (Plx;:ay...a; ;)
=b;
This contradicts the assumption that # b;~. m|

Corollary 2 LetR = []’_, R; be arich preference domain that
corresponds to a separable admissible conditional prefegeset
L. Foranyj < n, supposeR; C L; C CPpref§(;) and
L; extendsC;. If a sequential voting ruleM that satisfies non-
imposition is strategy-proof ovek; = H;;l L;, then,M is a
dictatorship.

Proof of Corollary 2: Foranyj < n,anyd = (a1,...,ap) € X,
any V' € Lj|x, such thatop(V;"') = a1, any V" € Ljlx,
such thattop(V"") = a;, we letN; € SCPnetL;) be such
that Njlx, = V"', Njlx, = V;*, andtop(N;) = a, let V;
be an extension ofV; satisfying the condition B(i) for issué
in Definition 7. We note that for anyy € Di,bi # a1, any
b; € Di,bi 75 a;, (b1,671) >-Vj (bi,(_i,i), because:; >-‘/j‘x;- b;.
Becaus&?; C L;, we haveV; € L;, which means thak ; satisfies
Condition I.

By Theorem 5M is locally strategy-proof ove}—[;’:1 R;. Be-
causeLn C CPpref§L), M is locally strategy-proof oveLr;.
Therefore, by Theorem 241 is dictatorial. O



Finally, by combining Theorem 6 and Corollary 2, we obtaia th
following impossibility result. This theorem states thhtake a
rich preference domain that corresponds to a separablessithiei
conditional preference set, and extend it so that for anglacgP-
net that uses the same admissible conditional preferericavee
include some preferences extending that CP-net, then wegives
up one of strategy-proofness, non-dictatorship, and ngposition.

Theorem 7 Let R = [[7_, R; be arich preference domain that
corresponds to a separable admissible conditional prefezeset
Ln. Foranyj < n, suppose thar; C L; C CPpref§L;)
and L; extendsC;. A voting rule that satisfies non-imposition is
strategy-proof ovel—[’;:1 Lj if and only if it is a dictatorship.

7. CONCLUSION

In settings where a group of agents needs to make a joint de-

cision, the set of alternatives often has a multi-issuectire. In
this paper, we characterized strategy-proof voting rulbemthe
voters’ preferences are represented by acyclic CP-net$aifawv
a common order over issues. We showed that if the preferemce d
main is lexicographic, then a voting rule satisfying norposition
is strategy-proof if and only if it is a locally strategy-fcCR-net.
We then proved that the only strategy-proof voting rulessati
fying non-imposition is a dictatorship in two kinds of pregace
domains: any superset of a lexicographic preference dothain
satisfies Condition | (Definition 6), as well as any super$etrich
preference domain (Definition 7) that extends the admisddaal
preference set to which the rich preference domain corretpo
Our result for lexicographic preferences is quite posjtivew-
ever, beyond that, our results do not inspire much hope fsir-de
able strategy-proof voting rules in multi-issue domainsc@urse,
it is well known that it is difficult to obtain strategy-prowéss in
voting settings in general, and this does not mean that welého
abandon voting as a general method. Similarly, difficuliireseb-
taining desirable strategy-proof voting rules in mulstis domains
should not prevent us from studying voting rules for mustie do-
mains altogether. From a mechanism design perspectietegyr
proofness is a very strong criterion, which correspondsiple-
mentation in dominant strategies. It may well be the casé tha
rules that are not strategy-proof still result in good ootes in
practice—or, more formally, in (say) Bayes-Nash equilibri
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