Worst-Case Optimal Redistrib ution of VCG Payments

Mingyu Guo
Duke University
Department of Computer Science
_ Durham, NC, USA
mingyu@cs.duke.edu

ABSTRACT

For allocation problems with one or more items, the well-
known Vickrey-Clark e-Groves(V CG) mechanism is excient,
strategy-pro of, individually rational, and does not incur a
decit. However, the VCG mechanism is not (strongly)
budget balanced: generally, the agerts' payments will sum
to more than 0. If there is an auctioneer who is selling
the items, this may be desirable, becausethe surplus pay-
ment correspondsto revenue for the auctioneer. However, if
the items do not have an owner and the agerts are merely
interested in allocating the items ezciently among them-
selves, any surplus payment is undesirable, becauseit will
have to °ow out of the system of agerts. In 2006, Cav-
allo [3] proposed a mechanism that redistributes some of
the VCG payment back to the agerts, while maintaining
ezciency, strategy-pro ofness,individual rationalit y, and the
non-de cit property. In this paper, we extend this result in a
restricted setting. We study allocation settings where there
are multiple indistinguishable units of a single good, and
agerts have unit demand. (For this speci ¢ setting, Cav-
allo's medhanism coincides with a mechanism proposed by
Bailey in 1997[2].) Here we proposea family of mechanisms
that redistribute some of the VCG payment back to the
agents. All mechanismsin the family are etcient, strategy-
proof, individually rational, and never incur a de cit. The
family includes the Bailey-Cavallo medchanism as a special
case. We then provide an optimization model for nding the
optimal mechanism|that is, the mechanism that maximizes
redistribution in the worst case|inside the family, and show
how to cast this model as a linear program. We give both
numerical and analytical solutions of this linear program,
and the (unigue) resulting mechanism shows signi cant im-
provemert over the Bailey-Cavallo mechanism (in the worst
case). Finally, we prove that the obtained medianism is op-
timal among all anonymous deterministic mechanisms that
satisfy the above properties.
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1. INTRODUCTION

Many important problems in computer scienceand elec-
tronic commercecan be modeled asresourceallocation prob-
lems. In such problems, we want to allocate the resources
(or items) to the agerts that value them the most. Un-
fortunately, agernts' valuations are private knowledge, and
self-interested agerts will lie about their valuations if this
is to their benet. One solution is to auction o®the items,
possibly in a combinatorial auction where agerts can bid
on bundles of items. There exist ways of determining the
payments that the agerts make in such an auction that in-
certivizes the agerts to report their true valuationsjthat
is, the payments make the auction strategy-proof. One very
general way of doing sois to usethe VCG mechanism [23,
4, 12]. (The VCG mecdanism is also known as the Clarke
mechanism or, in the speci ¢ context of auctions, the Gen-
eralized Vickrey Auction.)

Besidesstrategy-pro ofness,the VCG mecdhanism has sev-
eral other nice properties in the context of resourcealloca-
tion problems. It is excient: the chosenallocation always
maximizes the sum of the agerts' valuations. It is also (ex-
post) individual ly rational: participating in the mechanism
never makes an agernt worse o®than not participating. Fi-
nally, it has a no-decit property: the sum of the agerts'
payments is always nonnegative.

In many settings, another property that would be desir-
able is (strong) budgetbalance, meaning that the payments
sum to exactly 0. Suppose the agents are trying to dis-
tribute some resourcesamong themselvesthat do not have
a previous owner. For example, the agerts may be trying
to allocate the right to use a shared good on a given day.
Or, the agerts may be trying to allocate a resource that
they have collectively constructed, discovered, or otherwise
obtained. If the agerts use an auction to allocate these re-
sources,and the sum of the agerts' payments in the auction
is positive, then this surplus payment must leave the system



of the agerts (for example, the agerts must give the money
to an outside party, or burn it). Na#ve redistribution of the
surplus payment (e.g. each of the n agerts receives 1=n of
the surplus) will generally result in a mechanism that is not
strategy-pro of (e.g. in a Vickrey auction, the second-highest
bidder would want to increaseher bid to obtain a larger re-
distribution payment). Unfortunately , the VCG mechanism
is not budget balanced: typically, there is surplus payment.
Unfortunately , in general settings, it is in fact impossibleto
design mechanisms that satisfy budget balance in addition
to the other desirable properties [16, 11, 21].

In light of this impossibility result, sewral authors have
obtained budget balance by sacricing some of the other
desirable properties [2, 6, 22, 5]. Another approach that
is perhaps preferable is to use a mechanism that is \more"
budget balanced than the VCG mechanism, and maintains
all the other desirable properties. One way of trying to de-
sign such a mechanism is to redistribute some of the VCG
payment back to the agerts in a way that will not a®ectthe
agens' incentiv es(sothat strategy-pro ofnessis maintained),
and that will maintain the other properties. In 2006, Cav-
allo [3] pursued exactly this idea, and designeda mechanism
that redistributes a large amount of the total VCG payment
while maintaining all of the other desirable properties of
the VCG medhanism. For example, in a single-item auction
(where the VCG mechanism coincideswith the second-price
sealed-bid auction), the amount redistributed to bidder i
by Cavallo's medchanism is 1=n times the second-highestbid
among bids other than i's bid. The total redistributed is at
most the second-highestbid overall, and the redistribution
to agert i doesnot a®ecti's incentiv es becauseit does not
depend on i's own bid.

In this paper, we restrict our attention to a limited set-
ting, and in this setting we extend Cavallo's result. We
study allocation settings where there are multiple indistin-
guishable units of a single good, and all agerts have unit
demand, i.e. they want only a single unit. For this speci c
setting, Cavallo's mechanism coincides with a mechanism
proposedby Bailey in 1997 [2]. Here we proposethe family
of linear VCG redistribution mechanisms. All mechanisms
in this family are excient, strategy-pro of, individually ra-
tional, and never incur a decit. The family includes the
Bailey-Cavallo mechanism as a special case(with the caveat
that we only study allocation settings with multiple indis-
tinguishable units of a single good and unit demand, while
Bailey's and Cavallo's mechanisms can be applied outside
these settings as well). We then provide an optimization
model for "nding the optimal mechanism inside the family,
based on worst-case analysis. Both numerical and analyti-
cal solutions of this model are provided, and the resulting
mechanism shows signi cant improvemert over the Bailey-
Cavallo medchanism (in the worst case). For example, for
the problem of allocating a single unit, when the number
of agerts is 10, our mechanism always redistributes more
than 98% of the total VCG payment back to the agerts
(whereas the Bailey-Cavallo mechanism redistributes only
80% in the worst case). Finally, we prove that our mecha-
nism is in fact optimal among all anonymous deterministic
mecdhanisms (even nonlinear ones) that satisfy the desirable
properties.

Around the sametime, the same mechanism has beenin-

dependertly derived by Moulin [19].' Moulin actually pur-
suesa di®erent objectiv e (also basedon worst-caseanalysis):
whereasour objectiv e is to maximize the percertage of VCG
payments that are redistributed, Moulin tries to minimize
the overall payments from agerts as a percertage of et-
ciency. It turns out that the resulting mechanisms are the
same. Towards the end of this paper, we consider dropping
the individual rationalit y requirement, and show that this
does not change the optimal mechanism for our objective.
For Moulin's objective, dropping individual rationalit y does
change the optimal mechanism (but only if there are multi-
ple units).

2. PROBLEM DESCRIPTION

Let n denote the number of agerts, and let m denote the
number of units. We only consider the casewhere m < n
(otherwise the problem becomestrivial). We also assume
that m and n are always known. (This assumption is not
harmful: in environments where anyone can join the auction,
running a redistribution mechanism is typically not a good
idea anyway, becauseeveryone would want to join to collect
part of the redistribution.)

agert with ith highest report value ¥ |that is, we have ¥, ,
¢, i, %o, 0. Let vi denote the true value of a;.
Given that the mechanism is strategy-pro of, we can assume
Vi = .

wins a unit, and pays ¢m+1 for this unit. Thus, the total
VCG payment equals m¥m+1 . When m = 1, this is the
second-priceor Vickrey auction.

We modify the mechanism as follows. After running the
original VCG mecdianism, the cernter returns to eac agert
a; some amount z;, agert a;'s redistribution payment. We
do not allow z; to depend on ¥ ; becauseof this, a;'s incen-
tivesare una®ectedby this redistribution payment, and the
mechanism remains strategy-pro of.

3. LINEAR VCG REDISTRIBUTION
MECHANISMS

We are now ready to intro duce the family of linear VCG
redistribution mechanisms. Such a mechanism is de ned by

mechanism returns to agert @ is zi = Cco + C1¢1 + G0 +
iH G %1t GG + D+ Gy 100, That is, an agert
receives cp, plus c; times the highest bid other than the
agent's own bid, plus c; times the second-highestother bid,
etc. The medhanism is strategy-pro of, becausefor all i, z
is independent of ¢;. Also, the medchanism is anonymous.

It is helpful to seethe entire list of redistribution pay-
ments:
Z1=C+t G+ G0z + Ca¥a + i
Zo = Co+ Ci%1 + Co¥s + C30s + 15
Zz3=C+ Ci¢1 + G + C3Wa + 11
Z4 = Co+ C1¥1 + Co¥r + C3¥a + i

+ Cn[ Zoni 1t Cni lon
+ Cnj 2%nj 1+ Cnj 1™
+ Cnj 2%h; 1+ Cnj 1%y
+ Cnj2%nj 1+ Cnj 1™

Zi=C+ ittt i+ Cy %1+t Gl it Gy 1O
Znj2= Co+ i+ CoPo+ CaWa+ i1+ Cnj 2%hj 1+ Caj 1t

Zn;1= Co+ C1¥1+ C¥2+ C3¥s+ 1ii+ Cnj 2%n; 2+ Cnj 1P
Zn = Co+ C1¥ + Co¥r + C3l¥3+ 11i+ Cny 2%y 2+ Cnj 10 2

lwe thank Rakesh Vohra for pointing us to Moulin's work-
ing paper.



mechanism that is individually rational, and not all choices
of the constants produce a mechanism that never incurs a
decit. Hence, to obtain these properties, we needto place
some constraints on the constants.

To satisfy the individual rationalit y criterion, ead agert's
utilit y should always be non-negative. An agert that does
not win a unit obtains a utilit y that is equal to the agert's
redistribution payment. An agert that wins a unit obtains a
utilit y that is equal to the agert's valuation for the unit, mi-
nus the VCG payment ¥m+1 , plus the agert's redistribution
payment.

Consider agert a,, the agert with the lowest bid. Since
this agent doesnot win an item (m < n), her utilit y is just
her redistribution payment z,. Hence, for the mechanism
to be individually rational, the ¢ must be such that z, is
always nonnegative. If the ¢ have this property, then it
actually follows that z; is nonnegative for every i, for the
following reason. Supposethere exists somei < n and some
vector of bids ¢; , ¢ , ©, ¥a, Osudc that z < O.
Then, consider the bid vector that results from replacing ¥
by ¢;+1 for all j , i, and letting ¢, = 0. If we omit ¢,
from this vector, the same vector results that results from
omitting ¢ from the original vector. Therefore, a,'s redistri-
bution payment under the new vector should be the sameas
a;'s redistribution payment under the old vector|but this
payment is negative.

If all redistribution payments are always nonnegative, then
the mechanism must be individually rational (becausethe
VCG medanism is individually rational, and the redistribu-
tion payment only increasesan agert's utilit y). Therefore,
the mechanism is individually rational if and only if for any
bid vector, z, , 0.

To satisfy the non-decit criterion, the sum of the redis-
tribution payments should be lessthan or equal to the total
VCG payment. Sofor any bid vector ¢1 , ¥, :::, Oy,
0, the constants ¢; should makez; + zo+ 111+ zn - M¥m+1 .

We de ne the family of linear VCG redistribution mech-
anismsto be the set of all redistribution mechanisms corre-
sponding to constants ¢; that satisfy the above constraints
(so that the mechanisms will be individually rational and
have the no-de cit property). We now give two examples of
mechanisms in this family.

Example 1 (Bailey-Ca vallo mechanism): Consider the
mechanism corresponding to cm+1 = T and ¢ = 0 for all
other i. Under this mechanism, each agen receives a redis-
tribution payment of T- times the (m+ 1)th highest bid from

payment of %Om +2 , and the others receive %Om +1. Thus,
the total redistribution payment is (m+ 1) ®¢n .2 + (nj mj

1) 0m+1 . This redistribution mechanism is individually ra-
tional, becauseall the redistribution payments are nonneg-
ative, and never incurs a decit, because(m + 1)T0m42 +
(ni mj DT0ns - NT0n = M4 . (Wenote that for
this mechanism to make sense,we needn ;, m+ 2.)

Example 2: Consider the mechanism corresponding to
- m . m (m +1) -

Cm+1 - m, Cm+2. 1 m, and C|. - 0

for all other i. In this mechanism, eacdh agert receives a

redistribution payment of —— times the (m + 1)th high-

estreported value from other agerts, minus "
times the (m+ 2)th highest reported value from other agerts.

Thus, the total redistribution payment is m®m+1 i

m(m+1)(_m +2)
mvmﬁ fn

m m (m +1)

mmiI . (nimi o i 2y) then eadh agert always receives
a nonnegative redistribution payment, thus the mechanism
is individually rational. Also, the mechanism never incurs
a de cit, becausethe total VCG payment is m¥¢m .1, which
is greater than the amount MYy +1 | %Om +3
that is redistributed.

Which of thesetwo mechanismsis better? Is there another
mechanism that is even better? This is what we study in
the next section.

4. OPTIMAL REDISTRIBUTION
MECHANISMS

Among all linear VCG redistribution mechanisms, we would
like to be able to identify the one that redistributes the
greatest percertage of the total VCG payment.? This is not
a well-de ned notion: it may be that one mechanism re-
distributes more on somebid vectors, and another more on
other bid vectors. We emphasizethat we do not assumethat
a prior distribution over bidders' valuations is available, so
we cannot compare them based on expected redistribution.
Below, we study three well-de ned ways of comparing redis-
tribution mechanisms: best-case performance, dominance,
and worst-case performance.

Best-case performance. Oneway of evaluating a mech-
anism is by considering the highest redistribution percert-
age that it achieves. Consider the previous two examples.
For the rst example, the total redistribution payment is
(Mm+ )T 02 + (Nj Mj 1)W1 . When Onsz = e,
this is equal to the total VCG payment m¢m 41 . Thus, this
mechanism redistributes 100% of the total VCG payment in
the best case. For the second example, the total redistri-
bution payment is M¥ms1 i oz m+s . When
Um+z = 0, this is equal to the total VCG payment m¥m +1 .
Thus, this medhanism also redistributes 100% of the total
VCG payment in the best case.

Moreover, there are actually in nitely many medchanisms
that redistribute 100%of the total VCG payment in the best
case|for example, any convex combination of the above two
will redistribute 100% if both ¥m+2 = ¥m+1 and ¥m+3 = 0.

Dominance. Inside the family of linear VCG redistribu-
tion mechanisms, we say one mechanism dominates another
mechanism if the rst one redistributes at least as much as
the other for any bid vector. For the previous two examples,
neither dominates the other, becausethey ead redistribute
100% in di®erert cases.lIt turns out that there is no mech-
anism in the family that dominates all other mechanismsin
the family. For suppose such a mechanism exists. Then,
it should dominate both examples above. Consider the re-
maining VCG payment (the VCG payment failed to be re-
distributed). The remaining VCG payment of the dominant
mecdhanism should be 0 whenever ¢m+2 = ¥m+1 OF ¥m4+z = O.
Now, the remaining VCG payment is a linear function of the
¢ (linear redistribution), and therefore also a polynomial
function. The above implies that this function can be writ-

2m+ 3 (which is equivalent to

2The percertage redistributed seemsthe natural criterion to
use, among other things becauseit is scale-invariant: if we
multiply all bids by the samepositive constant (for example,
if we change the units by re-expressing the bids in euros
instead of dollars), we would not want the behavior of our
medhanism to change.



polynomial function. But since the function must be linear
(has degreeat most 1), it followsthat P = 0. Thus, a dom-
inant mechanism would always redistribute all of the VCG
payment, which is not possible. (If it were possible,then our
worst-case optimal redistribution mechanism would also al-
ways redistribute all of the VCG payment, and we will see
later that it doesnot.)

W orst-case performance. Finally, we can evaluate a
mechanism by considering the lowest redistribution percert-
age that it guarantees. For the rst example, the total re-
distribution payment is (m+ 1)®¥n.2 + (Nj Mj 1)%0n .1,
which is greater than or equalto (nj mj 1)™¥n .1 . Soin the
worst case, which is when ¥+, = 0, the percerntage redis-

tributed is “LMLL. For the secondexample, the total redis-

tribution payment is m¥m 1 | %Om +3 , Which

is greater than or equalto M¥ms1 (i Grmrncns o). SO

in the worst case, which is when ¥n+3 = ¥m+1, the per-
certage redistributed is 1| -2 Since we as-
sume that the number of agerts n and the number of units
m are known, we can determine which example mechanism
has better worst-case performance by comparing the two
guantities. When n = 6 and m = 1, for the rst example
(Bailey-Cavallo mechanism), the percertage redistributed in
the worst caseis % and for the second example, this per-
certage is % which implies that for this pair of n and m,
the rst mechanism has better worst-case performance. On
the other hand, whenn = 12 and m = 1, for the rst exam-
ple, the percertage redistributed in the Worst caseis , and
for the secondexample, this percertage is 15, which |mp||es
that this time the second mechanism has better worst-case
performance.

Thus, it seemsmost natural to compare mechanisms by
the percertage of total VCG payment that they redistribute
in the worst case. This percertage is unde ned when the
total VCG payment is 0. To deal with this, technically, we
de ne the worst-caseredistribution percertage asthe largest
k sothat the total amount redistributed is at least k times
the total VCG payment, for all bid vectors. (Hence, as long
asthe total amount redistributed is at least 0 when the total
VCG payment is 0, these casesdo not a®ectthe worst-case
percertage.) This corresponds to the following optimization
problem:

Maximize
worst case)
Sub ject to:
For every bid vector ¢y , ¢», ::
z, , O (individual rationalit y)
Z1+ Zp+ 111+ 2y - MOy (non-decit)

Z1+ 2o+ i+ 2y, km¥n.1 (Worst-case constraint)
Werecall that zi = co+ iyt + G0+ i1+ G 10 1+
G + 10+ Cnj 100,

k (the percertage redistributed in the

., O

t s 5

5. TRANSFORMATION TO LINEAR
PROGRAMMING

The optimization problem given in the previous section
can berewritten asa linear program, basedon the following
obsenations.

Claim 1. If co;c1;:::;¢n; 1 Satisfy both the |nd|V|duaI ra-
tlonallty and the non-de cit constraints, then ¢ = 0 for

Pr oof. First, let us prove that co = 0. Consider the
bid vector in which ¢ = 0 for all i. To obtain individual
rationalit y, we must have ¢, , 0. To satisfy the non-de cit
constraint, we must have ¢; - 0. Thus we know ¢o = 0.
Now, if ¢; = O for all i, there is nothing to prove. Otherwise,
let j = minfijc 6 0g. Assumethat j - m. We recall that
we can write the individual rationalit y constraint as follows:
Zn = Gt i+ G+ C3Pz+ i+ Cnj 20y 2+ Cnj 1Pn; 1, O
for any bid vector. Let us consider the bid vector in which
¢ = 1fori- j and ¢ = Ofor the rest. In this casez, = ¢,
so we must have ¢; , 0. The non-decit constraint can
be written asfollows: z; + z; + (11 + z, - mM¥y+1 for any
bid vector. Consider the samebid vector asabove. We have
zi = Ofori - j, becausefor thesebids, the jth highest other
bid hasvalue 0, soall the ¢; that are nonzero are multiplied
by 0. For i > j, we have z; = ¢, becausethe jth highest
other bid has value 1, and all lower bids have value 0. So
the non-de cit constraint tells usthat ¢ (nj j) - M®¥m4a.
Becausej - m, ¥m+1 = 0, sothe right hand side is 0. We
alsohavenj j > Obecausej - m < n. Soc; - 0. Because
we have already established that ¢; |, O, it follows that
¢ = 0; but this is contrary to assumption. Soj > m. [

Incidentally, this claim also shows that if m = nj 1,
then ¢ = 0 for all i. Thus, we are stuck with the VCG
mechanism. From here on, we only consider the casewhere
m<nij 1.

Claim 2. Ths individual rationality constraint can be writ-
ten asfollows: 1_ . ¢, Oforj=m+1:::5;ni L

Before proving this claim, weintro duce the following lemma.

Lemma 1. Given a positive integer k and a set of real

constants Si;Sy; 1! Sk, (Sits + Spto+ ¢ + Skl , 0 for any
t1, t2, te , 0) if and only |f ( i,s . Ofor
=125k

Pr oof. Letd = tjj t.+1 fori=1;2;:::;kij 1,and dx =

t. Then (siti+ Seto+ 1iipskt, Ofor ¢nyt1 to, i1,
t'P 0) is equivalent to (( Los)di+ (2, s)dp+ i+
(G 1 ﬁ)_dk , 0 for any set of arbitrary non-negative d;).
When ! s, Oforj = Pk the above inequality
is obviously true. If for somej, 1 s <0,if wesetd; > 0
and di = @for all i 6 j, then the above inequality becomes
false. So Ji:l si, Oforj = 1;2;:::;k is both necessary
and suxcient. [

We are now ready to presert the proof of Claim 2.

Pr oof. The individual rationalit y constraint can be writ-
ten aszp = C + C1%1 + C¥ + C303 + 1+ Cn]20n|2+
Cn; 1¢h; 1, Ofor any bid vector %1 , 92, :::, ¥n;1,
¢, , 0. We have already shown that ¢ = 0 fori - m.
Thus, the above can be simplied t0 zn = Cp+1 ¥m+1 +

5

Cm+2 ¥m+2 + 111+ Cnj 2% 2%+ Cnj 200 1, Oforgany bid vector.
By the above lemma, this is equivalent to  !_ . ¢ , O
forj=m+ 1;::5;nj 1. O

Claim 3. The non-de cit constraint and the worst-case
constraint can also be written as linear inequalities involving
only the ¢ and k.

Pr oof. The non-decit constraint requires that for any
bid vector, z1+ 2o+ i+ Zp -+ M¥n4, Wherezi = co+ it +



CoMot i+ Gy 1 1+ CG%er + i+ Gy 1O fori=1;2;:00;n
Becausec; = 0for i - m, we can simplify this inequality to

On+1 ¥m+1 + OQn+2¥m+2 + 11+ Gh0n, O
On+1 = M (n, m j 1)Cm+1
G =i (ii 1ci;1i (nji)ci,fori=m+2;:::;n; 1(when
m+ 2> nj 1,this set of equalities is empty)
Gh =i (i cnia
By the above lemma, this is equivalent to P{ me1 G, O
forj = m+ 1;:::;n. So, we can simplify further as follows

On+1 , 0 () (i Mj L)Cmsp- M

Onet *+ 204 Onei, O () n JZR0 TG+ (ni omj
i)Cm+i - mfori=2:::;nj il

Gt + 4 G, 0 () 1 limig - m

So, the non-de cit constraint can be written as a set of
linear inequalities involving only the ¢;.

The worst-case constraint can be also written as a set of
linear inequalities, by the following reasoning. The worst-
caseconstraint requires that for any bid input Z1+ 2+ 1+
Zn , km¥ns, wherez; = co+ G+ o0+ 1ii+ Gy a1t
G+ + i+ Gy 100 fori=1;2;:::;n. BecausecI = 0 for
i - m, wecan S|mpI|fy this |nequaI|ty to

Qm+1 'O'm+1 + Qm+2 0m+2 + i+ Qnon 5
Qm+ = (Nj Mmj DCm+1 | km

Q=i D1+ (nj i), fori=m+2;::5;nj 1
Qn = (nl 1)Cnl 1

o . P
By the above lemma, this is equivalent to ~ 1_ ., Qi ,

forj = m+ 1;:::;n. So, we can simplify further as foIIows

Qm+«1, 0 () (i Mj 1Cm+p, km
Qmet + 10+ Qmei, 0 () n 1Ipii g+ (ni mj
i)Cm+i, kmfori= 2;:::;n i 1
Qm+1+:..+Qn,O() n j:;'ﬂq km

So, the worst-case constraint can also be written as a set
of linear inequalities involving only the ¢i and k. [

Combining all the claims, we seethat the original op-
timization problem can be transformed into the following
linear program.

Variables: Cm+1;Cm+2;:::;Cn; 15K
Maximize k (the percertage redistributed in the
worst case)
§ubject to:
, me G, Oforj=m+1::0inj 1
(nl ml l_)cm+l - m
km n lInditg +(ni mi i)cmsi - m for
=250 m, 1
P n
km- n JZpitg - m

6. NUMERICAL RESULTS

For selectedvalues of n and m, we solved the linear pro-
gram using Glpk (GNU Linear Programming Kit). In the
table below, we presert the results for a single unit (m = 1).
We presert 1j k (the percertage of the total VCG payment
that is not redistributed by the worst-case optimal meda-
nism in the worst case)instead of k in the secondcolumn
becausewriting k would require too many signi cant digits.
Correspondingly, the third column displays the percertage

0.8

0.6

—=a—— 1 Unit WO

1 Unit BC ]

o A
——— 2 Units WO
~+v -+ 2 Units BC
——— 3 Units WO
~-% -+ 3 Units BC
—=—— 4 Units WO
~-@--- 4 Units BC

041 |

0.3}

Worst-case Redistribution Percentage

0.2}

0-1 1 1 1 1 1
5 10 15 20 25 30

Number of Agents

Figure 1: A comparison of the worst-case optimal
mechanism (W O) and the Bailey-Ca vallo mechanism
(BC).

of the total VCG payment that is not redistributed by the
Bailey-Cavallo mechanism in the worst case(which is equal

2

n 1i k Bailey j Cavallo Mec hanism
3 66:7% 66.7%
4 42:9% 50:0%
5 26:7% 40:0%
6 16:1% 33:3%
7 9:52% 28:6%
8 5:51% 25:0%
9 3:14% 22:2%
10 1:76% 20:0%
20 362 5 10:0%
30 5:40ej 8 6:67ei 2
40 7:09%i 11 5:00ej 2

The worst-case optimal mechanism signi cantly outper-
forms the Bailey-Cavallo medhanism in the worst case. Per-
haps more surprisingly, the worst-case optimal mechanism
sometimes does better in the worst casethan the Bailey-
Cavallo mechanism doeson average as the following exam-
ple shows.

Recall that the total redistribution payment of the Bailey-
Cavallo medhanismis (m+ 1)M¥n.2 + (Nj Mj 1) 0 0n. .
For the single-unit case, this simplies to 293 + 220,
Hence the percertage of the total VCG payment that is

) ) . Ooi 20, Ni 20 )
not redistributed is “2=5 "2 = 2§ 2% which has
2

an expected value of E(2 j 2§2) = 2 rfEXg. Sup-

n

posethe bid values are drawn from a uniform distribution
over [0;1]. The theory of order statistics tells us that the




joint probabilit y density function of ¢, and ¢s is f (¢3;%2) =
n(ni 1(ni 2)0573(Lj ¢2) for ¢, , 03. Now, EE =
01 g’z 3—§f (03; 92)d¢sd¥, = ﬂ:—f So, the expected value of
the remaining percertageis 2 212 = -2 Forn = 20,
this is 5:26e | 3, whereasthe remaining percertage for the
worst-caseoptimal mechanism is 3:62ej 5 in the worst case.
Let us presert the optimal solution for the casen = 5 in
detail. By solving the above linear program, we_nd that the
optimal valuesfor the ¢; arec, = £;c3 = j 3;and cs = .
That is, the redistribution payment received by each agernt
times the secondhighest bid among the other agerts,
mlnus L times the third highest bid among the other agerts,
plus tlmes the fourth highest bid amongthe other agerts
The total amount redistributed is 15 Lo, + 03 i 04
+¥s; in the worst case, 3190, is redistributed. Hence the
percertage of the total VCG payment that is not redis-
tributed is never more than -+ = 26:7%.
Finally , we compare the worst-caseoptimal mechanism to
the Bailey-Cavallo mechanism for m = 1;2;3;4,n = m +
""" ; 30. Theseresults are in Figure 1
We seethat for any m, when n = m + 2, the worst-case
optimal mechanism has the sameworst-case performance as
the Bailey-Cavallo mechanism (actually, in this case, the
worst-case optimal mecdhanism is identical to the Bailey-
Cavallo mechanism). When n > m + 2, the worst-case opti-
mal mechanism outp erforms the Bailey-Cavallo mechanism
(in the worst case).

7. ANALYTICAL CHARACTERIZATION
OF THE WORST-CASE OPTIMAL
MECHANISM

We recall that our linear program has the following form:

Variables: Cm+1;Cm+2;::1:Ch; 15K
Maximize k (the percerntage redistributed in the
worst case)
§ubject to:

Im+lc. Oforj=m+1:::5;nj 1

(MipMi 1)Cns - M

!(m o JInii g+ (ni my i)emsi - m for
i=2:pn] m. 1
km- n JZ0ilg - m

A linear program has no solution if and only if either the
objectiv e is unbounded, or the constraints are contradictory
(there is no feasible solution). It is easyto seethat k is
bounded above by 1 (redistributing more than 100% vio-
lates the non-decit constraint). Also, a feasible solution
always exists, for example, k = 0 and ¢; = O for all i. Soan
optimal solution always exists. Observe that the linear pro-
gram model dependsonly on the number of agerts n and the
number of units m. Hencethe optimal solution is a function
of n and m. It turns out that this optimal solution can be
analytically characterized as follows.

Theorem 1. For any m and n with n |, m+ 2, the worst-
case optimal mechanism (among linear VCG redistribution
mechanisms) is unique. For this mechanism, the percentage
redistributed in the worst caseis

ini 1
K= 1i Pt

j=m

The worst-case optimal mechanism is characterized by the
following values for the ¢;:

ioL¢ A !

o GFmIA g mnET g X

1 irn,l'ml nj 1 j
j=m i =i

fori=m+1;:::;nj 1

It should be noted that we have provedc; = O fori - min
Claim 1.

Pr oof. We rst rewrite the linear program as follows.
We intro gsice new variables Xm+1 ;Xm+2 ;111 Xn; 1, de ned
by xj = !, cforj=m+1::5ni 1. The linear

program then becomes:

Variables: Xm+1;Xm+2 ;.15 Xn; 1;K
Maximize k
Subject to:
- (ni mj DXm+1 - M
km M+ DXmeipa+ (N M i)Xm+i - m for
i=2::nimj 1
km: nxpj1- m
Xi, Ofori=m+1Lm+2:::;nj 1

B

We will prove that for any optimal solution to this linear
prograsn, k = k®. Moreover, we will provethat whenk = k°,
xp = J_ . ,cforj=m+1:::5;ni 1. This will prove
the theorem.

We rst make the following obsenations:

(ni mi Dcha b g

m " .
_(nl m j 1) o Ir;Er:]l(ln)l 1)(:11 jn:Ir:rLH-lIn}l
(nnm)(mll n]lini1¢. in]lq:
)( )

oo SRyt e

=(nj mj 1

(i mi g0 (ni mi 1) P

(ni mj 1)
mi (1i k®)m=k"m

Forl—m+1 """ ni 2,
ci+(ni i 1)C|+1
(I )|+m|l(,.||m)(mI1 1 Pnilini1¢
.rjn_,l%t(n,l) (n;l) j=i j

(nj ij 1)(. DT i my(pt Poni1 ina®

mij 1
_ (] 1)i+nmi 1(n m)(n| 1 1

(|+1)rn.1(nt1) (ntl j=i+l j
mi1 ni1lnj1

i+1
D I G I
miiinl nrm i m) (g i1 Poi1 in1®

mi 1 ni
(i+l)'—j”:il("}1) "Dy s

_ G 1)'+hm' Lni m)(ml 1

a0

=G DM 'm@i k)

Finally,

(nj 1)Cﬁ.1 P ¢
G meim(hiY) i1 dnja

(nl 1) (ni "nll(rul)1 (n,l jn:lnil n;

j=m nj 1

= (i )”””m(l k)

Summarizing the above, we have:
(ni mi 1)cps = k'm
(Mm+ Decmsr + (N M 2)ch4e
(M+ 2)Chaz + (N M 3)Chss
(Mm+ 3)chss + (Ni M 4)Cha

m@@j k%)
i m@i k%
m(l; k%)



(ni 3)ch s+ 26, 2= (i Y " 2m(1j k%)
(i 2)ch 2+ Gya= (i D™ " ImL k®)
(ni Ve 2=G D" "m@i k%)

Let xj' = szmﬂ ¢ forj=m+ 1Lm+ 2:::;ni 1,the
“rst equation in the above tells us that
nNji mij Xms = k°m.

By adding the rst two equations, we get
(M+ 2)Xma + (N Mi 2)Xpsp =M
By adding the rst three equations, we get
M+ 3)Xms2 +(Nj Mij 3Xpmz = k™m
By adding the “rst i equations, wherei = 2;:::;nj mj 1,
we get
(M+ DXmei;a+t (N§ Mj D)Xps = mifiis even
M+ DXmei; 2+ (i Mi i)Xps; = kK"mif i is odd
Finally by adding all the equations, we get
NXp; 1 = mif nj mis even;
nxn; 1 = k"m if nj m is odd.

Thus, for all of the constraints other than the nonnega-
tivit y constraints, we have shoNn that they are satis ed by
setting x; = xJ' = J_,,, ¢ and k = k°. We next show

that the nonnegativity constraints are satis ed by these set-

tings as well.
Form+1 ||+1 nij 1, we have
n.1(n.1) P . )
j=i 1 n,ll!(n.l, i)l 1 ni 2 il(nj 1j i)
i "D P i!(nilii)' oL =i i L)
Lpniz(iﬂ)!(niliiil)! _ ':'+1 (nll)
i+1 j=i G+ ny 1§ ) T |+1 ni 1

i+l

This implies that the absolute value of ¢ is decreasing
as i increases(if the ¢® contains more than one number).
We further obsene that the sign of ¢} g,lternates with the
‘st elemert ¢, positive. So xj = J.—m+1 c, , 0O for
all j. Thus, we have shown that these x; = Xx; together
with k = k® form a feasible solution of the linear program.
We proceed to show that it is in fact the unique optimal
solution.

First we prove the following claim:

Claim 4Iff€k.,|-m+1m+2 """ s;ni 1 satisfy the
following inequalities:
Rm- (ni mi DRmsz - M
Rm - M+ D)Rmeij2+ (N Mj i)Rmsi - m for
i=2::njp mj 1
Rm - nRy; 1+ m
R. k°

Then we must havethat % = 7 and K = k°.

Pr oof of claim. Considerthe rst inequality. We know
that (Nj Mi L)X = k®m, so(nj mi 1)Rms1 , Km

5 5

K°m = (nj mij LXms. It follows that Rm+1 , Xmaa
(ni mij 16 0).
Now, consider the next inequality for i = 2. We know

that (m+ 2)Xma + (Nj] M 2)Xms2 = m. It follows that
i Mmj 2&m+2 - Mj (M+ 2)Rm4+1 - Mj (M+ X4 =

(Ni Mi 2)Xm+2,S0Rm+2 * Xmaz (i=2- nj mj 1)
ni mj 26 0).
Now consider the next inequality for i = 3. We know

that (m+ 3)Xms2 + (Nj Mj 3)Xmsz = m. It follows that
(Ni Mj 3)&msz , Kmij (M+3)Rm+2 ., kK*Mj (M+3)X5,, =
(Ni Mj 3)Xm+3, SO Rm+3 Xmsz (i=3- nj mj 1)
ni mj 36 0).

5

Proceedinglike this all the way uptoi = nj mj 1, weget
that Rm+i , Xm+i if i isodd and Rm+i - Xm+i if i is even.
Moreover, if one inequality is strict, then all subsequet in-
equalities are strict. Now, if we can prove ®n; 1 = Xp, 1,
it would follow that the x; are equal to the ®j (which also
implies that K = k®). We consider two cases:

Casel: nj miseven. Wehave:nj meven) nj mj 1
odd) Rn; 1, Xn; 1. Wealsohave: nj meven) nxp; 1=
m. Combining these two, we get m = nxj; 1 - NRn; 1
m) Rni1= Xn; 1.

Case2: nj misodd. In this case,we have ®n; 1 - Xp; 1,
and nxp; 1 = k"m. Then, we have: k®m - Rm - n%ni 1
NXn; 1= Kk'Mm) Rni1= Xp 1

This completes the proof of the claim. [J

ItfoIIowsthatlfQR.,l-m+1m+2 """ nj lisa
feasible solution and K , k®, then since all the mequalities
in Claim 4 are satis ed, we must have % = x; and R =
k®. Hence no other feasible solution is as good as the one
described in the theorem. [J

Knowing the analytical characterization of the worst-case
optimal mechanism provides us with at least two major ben-
e ts. First, using these formulas is computationally more
e+cient than solving the linear program using a general-
purp ose solver. Second, we can derive the following corol-
lary.

Cor ollar y 1. If the number of units m is "xed, then as
the number of agentsn increases,the worst-case percentage
redistributed linearly converges to 1, with a rate of conver-
gene %. (That is, limnu 1'1|k’|‘(;1 = 1. That is, in the
limit, the percentage that is not redistributed halves for ev-

ery additional agent.)

We note that this is consistert with the experimental data
for the single-unit case,where the worst-caseremaining per-
certage roughly halves eadh time we add another agert.
The worst-case percertage that is redistributed under the
Bailey-Cavallo mechanism also convergesto 1 as the num-
ber of agerts goesto innit y, but the convergenceis much
slowerlit doesnot convergelinearly (that is, letting kS be
the percertage redistributed by the Bailey-Cavallo Cmed1-
1i ks

1 kﬁl

= 1). We now presert the proof of the corol-

anism in the worst casefor n agens, limnn

limnn
lary.

_n_
n+l

Pr oof. When the number of agerts is n, the worst-case

ni 1
percertage redistributed is ky = 1j P,.,I(l—(n)ll) When the
j=m

number of agerts is n + 1, the percertage becomeskﬁ+1 =

1oe ()

Pﬁ For n suzciently large, we will have 2" j
j=m

P, .
1; k n _nll nj 1
mn™ !> 0, and hence — - = (?Ji)l Jp‘n"‘( Jn) =
"n ) fem ()
n 2nil m]l(nil)

Y m pMmit o likpy
ni m mtl() 2n 1 k2
n 2n|1

n
njm?21; mpnmi L

Since we have

i ¢ )
(becauselgI - ntif o).

n 2" Limmipmit _ g
||mn!1 ni mz—”_ §,and
. n 2ni 1 _ 1
limnn i et = 2
. . k2
it follows that limnn St 1.0



8. WORST-CASE OPTIMALITY OUTSIDE
THE FAMIL Y

In this section, we prove that the worst-case optimal re-
distribution mechanism among linear VCG redistribution
mechanisms is in fact optimal (in the worst case) among
all redistribution mecdhanismsthat are deterministic, anony-
mous, strategy-proof, excient and satisfy the non-de cit
constraint. Thus, restricting our attention to linear VCG
redistribution mecdhanisms did not come at a loss.

To prove this theorem, we needthe following lemma. This
lemma is not new: it was informally stated by Cavallo [3].
For completeness,we presert it here with a detailed proof.

Lemma 2. A VCG redistribution mechanism is determin-
istic, anonymous and strategy-proof if and only if there exists
afunction f : R"' ' I R, sothat the redistribution payment
zi received by a; satis es

for all i and all bid vectors.

Pr oof. First, let us provethe \only if" direction, that is,
if a VCG redistribution mechanism is deterministic, anony-
mous and strategy-pro of then there exists a deterministic
function f : R"i 1 I R, which makes

for all i and all bid vectors.

If a VCG redistribution mechanism is deterministic and
anonymous, then for any bid vector 1, >, :::, ®y, the
mechanism outputs a unique redistribution payment list:

21,22,::.:Z,. Let G : R" I R" be the function that
maps ¢1;92; 0% to z1;22;:::;zn for all bid vectors. Let
H(i; X1;X2;:::;Xn) be the ith elemert of G(X1;X2;:::;Xn),
sothat zi = H(i; ¥1;%2;:::; %) for all bid vectors and all
1. i - n. Becausethe mechanism is anonymous, two

agerts should receive the same redistribution payment if

then H (i; 01;02;::0500) = H(j; ¥a;02510500).

Let usdene K :R"! N £ R" asfollows: K (y;X1;Xz;
DiXng 1) = [ waywe;iii;wa], where wawe; i we are
Y;X1;X2;::1;Xn; 1 Sorted in descendingorder, and

j = minftjw; = yg. (ftjw; = yg 6 ; becausey 2 fwi;wsy;
111 Wn@). Also let usdene F:R"! R by
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Since our mechanism is required to be strategy-pro of, and
the spaceof valuations is unrestricted, z; should be indepen-
dent of ¢; by Lemma 1 in Cavallo [3]. Hence, we can simply

i,zi = F(¢0;902;::0,%; 1,041 ;:::;%). This completes the
proof for the \only if" direction.
For the \if " direction, if the redistribution payment re-

all bid vectors and i, then this is clearly a deterministic and
anonymous mecdhanism. To prove strategy-pro ofness,we ob-
serve that becausean agert's redistribution payment is not

a®ectedby her own bid, her incentiv es are the same as in
the VCG mechanism, which is strategy-proof. [

Now we are ready to intro duce the next theorem:

Theorem 2. For any m and n with n |, m+ 2, the worst-
case optimal mechanism among the family of linear VCG
redistribution mechanisms is worst-case optimal among all
mechanismsthat are deterministic, anonymous, strategy-proof,
excient and satisfy the non-de cit constraint.

While we neededindividual rationalit y earlier in the pa-
per, this theorem does not mention it, that is, we can not
"nd amechanism with better worst-caseperformance even if
we sacri ce individual rationalit y. (The worst-case optimal
linear VCG redistribution mecdhanism is of course individu-
ally rational.)

Pr oof. Supposethere is a redistribution mechanism (when
the number of units is m and the number of agerts is n) that
satis es all of the above properties and has a better worst-
case performance than the worst-case optimal linear VCG
redistribution mechanism, that is, its worst-caseredistribu-
tion percertageﬁ is strictly greater than k°.

By Lemma 2, for this mechanism, there is a function f :
RM 11 R sothat z = f (01,902,110, 130151150 for
all i and all bid vectors. We rst prove that f has the
following properties.

1sis lessthan or equal to m.

Pr oof of claim. We assumedthat for this mechanism,
the worst-case redistribution percertage satis es R > k® s
0. If the total VCG payment is x, the total redistribution
payment should be in [Qx; x] (non-de cit criterion). Con-
sider the casewhere all agerts bid 0, sothat the total VCG
payment is also 0. Hence, the total redistribution payment
should be in [Q ¢0; O]|that  is, it should be 0. Hence every

of 1sequalsi. We proved to = 0. If ty; 1 = 0, consider the
bid vector where everyone bids 1. The total VCG payment is
m and the total redistribution payment is nf (1;1;:::;1) =
ntn; 1 = 0. This corresponds to 0% redistribution, which is
contrary to our assumption that R> k" , 0. Now, consider
j = minfijt; 8 0g (which is well-de ned becauset,; 1 § 0).
If j > m, the property is satised. If j m, consider
the bid vector where ¢ = 1 fori - j and ¢ = O for all
other i. Under this bid vector, the rst j agerts each get
redistribution payment t;; 1 = 0, and the remaining nj j
agernts eadh get tj. Thus, the total redistribution payment
is (nj j)tj. Becausethe total VCG payment for this bid
vector is 0, we must have (nj j)t; = 0. Sot; = 0 (j

m < n). But this is contrary to the de nition of j. Hence
f(1;1,:::;1;,0;0;:::;0) = 0if the number of 1sis lessthan
or equalto m. O

Claim 6. f satis es the following inequalities:
Rm- (ni mij Dtmer - m
Rm - (M+ Dtmsi; 2+ (N Mi Dtme; - m for

i=23:::;nj mj 1
Rm - nth;1- m

Here t; is de ned as in the proof of Claim 5.



Pr oof of claim. Forj = m+ 1;:::;n, consider the bid
vectors where ¢; = 1 for i - j and 0. = 0 for all other i.
These bid vectors together with the non-de cit constraint
and worst-case constraint produce the above set of inequal-
ities: for example, when j = m + 1, we consider the bid
vector ¢ = 1 fori - m+ 1 and % = O for all other i.
The rst m+ 1 agerts ead receive a redistribution payment
of tm = 0, and all other agerts ead receive tm+1 . Thus,
the total VCG redistribution is(nj mi 1)tm+1 . The non-
decit constraint gives(nj mi 1ltm+ - m (becausethe
total VCG payment is m). The worst-case constraint gives
(ni mij Dtm+r , Rm. Combining these two, we get the
rst inequality. The other inequalities can be obtained in
the sameway. (]

We now obserwe that the inequalities in Claim 6, together
with R, k°, are the sameasthose in Claim 4 (where the t;
are replaced by the %;). Thus, we can concludethat k = k®,
which is contrary to our assumptionﬁ > k®. Henceno medc-
anism satisfying all the listed properties has a redistribution
percertage greater than k® in the worst case. [J

Sofar we have only talk ed about the casewheren | m+ 2.
For the purpose of completeness,we provide the following
claim for the n = m + 1 case.

Claim 7. For any m and n with n = m + 1, the original
VCG mechanism (that is, redistributing nothing) is (uniquely)
worst-case optimal among all redistribution mechanisms that
are deterministic, anonymous, strategy-proof, excient and
satisfy the non-de cit constraint.

Werecall that whenn = m+ 1, Claim 1tells usthat the only
mechanism inside the family of linear redistribution mecha-
nisms is the original VCG mechanism, so that this mecha-
nism is automatically worst-case optimal inside this family.
However, to prove the above claim, we needto show that it
is worst-case optimal among all redistribution mechanisms
that have the desired properties.

Pr oof. Suppose a redistribution mechanism exists that
satis es all of the above properties and has a worst-case
performance as good as the original VCG mechanism, that
is, its worst-case redistribution percertage is greater than
or equal to 0. This implies that the total redistribution
payment of this mechanism is always nonnegative.

By Lemma 2, for this mechanism, there is a function f :
Rni 1T R sothat Z = f(ol,oz;::--o., 1,0.+1 piin %) for

= O0forall x1, Xz, :, Xni1, O.

First, considerthe bid vector where ¢; = O for all i. Here,
each agert receives a redistribution payment f (0;0;:::;0).
The total redistribution payment is then nf (0;0;:::; 0) WhICh
should be both greater than or equal to 0 (by the above
obsenation) as well lessthan or equal to 0 (using the non-
decit criterion and the fact that the total VCG payment is
0). It follows that f (0;0;:::;0) = 0. Now, let us consider
the bid vector where ¥, = xl , 0Oand % = O for all other i.
For this bid vector, the agert with the highest bid receives
a redistribution payment of f (0;0;:::;0) = 0, and the other
ni 1 agerts ead receive f (x1; ;:"'O) By the samerea-
soning as above, the total redistribution payment should be
both greater than or equal to 0 and lessthan or equal to O,
hencef (x1;0;:::;0) = O for all x;, O.

Proceeding by induction, let us assumef (X1;X2; 000 Xk
0;:::;0) = O for all x; , X2 Xk 0, for some

N ...’ N

k < nj 1. Consider the bid vector where ¥ = x; for
i- k+ 1,and ¢ = O for all other i, where the x; are arbi-
trary numbers satisfying x1 , X2, :::, Xk, Xks1 , O.
For the agerts with the highest k + 1 blds their redistri-
bution payment is speci ed by f acting on an input with
only k non-zero variables. Hence they all receive 0 by in-
duction assumption. The other nj ki 1 agerts eac re-
ceive f (X1;X2; 111 Xk;Xk+1;0;:::;0). The total redistribu-
tion payment isthen (nj ki 1)f (X1;X2;:::;Xk; Xk+1;0;:::;0),
which should be both greater than or equal to 0, and Iess
than or equal to the total VCG payment. Now, in this bid
vector, the lowest bid is O becausek + 1 < n. But since
n = m+ 1, the total VCG payment is m¢, = 0. So
we have f (X1;X2;::1;Xk; Xk+1;0;:::;0) = 0 for all xq
X2 , i, Xk , Xk+#1 , 0. By induction, this state-
ment holds for all k < nj 1, whenk+ 1= nj 1, we
have f (X1;X2;:::;Xn; 2;Xn; 1) = Ofor all x1 , Xz
Xni 2, Xnj1, 0. Hence,in this medchanism, the redlstrl-
bution payment is always 0O; that is, the mechanism is just
the original VCG medhanism. [
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Incidentally, we obtain the following corollary:

Cor ollar 'y 2. No VCG redistribution mechanism satis-
“es all of the following: determinism, anonymity, strategy-
proofness, etciency, and (strong) budgetbalance. This holds
foranyn, m+ 1.

Pr oof. For the casen, m+ 2. If such a mechanism
exists, its worst-caseperformance would be better than that
of the worst-caseoptimal linear VCG redistribution mecha-
nism, which by Theorem 1 obtains a redistribution percen-
age strictly lessthan 1. But Theorem 2 shows that it is
imp ossibleto outp erform this mechanism in the worst case.

For the casen = m + 1. If such a mechanism exists,
it would perform as well as the original VCG mechanism
in the worst case, which implies that it is identical to the
VCG medhanism by Claim 7. But the VCG mecdhanism is
not (strongly) budget balanced. [

9. CONCLUSIONS

For allocation problems with one or more items, the well-
known Vickrey-Clark e-Groves(V CG) mechanism is excient,
strategy-pro of, individually rational, and does not incur a
decit. However, the VCG mechanism is not (strongly)
budget balanced: generally, the agerts' payments will sum
to more than 0. If there is an auctioneer who is selling
the items, this may be desirable, becausethe surplus pay-
ment correspondsto revenue for the auctioneer. However, if
the items do not have an owner and the agerts are merely
interested in allocating the items exciently among them-
selves, any surplus payment is undesirable, becauseit will
have to °ow out of the system of agerts. In 2006, Cav-
allo [3] proposed a mechanism that redistributes some of
the VCG payment back to the agerts, while maintaining ef-
“ciency, strategy-pro ofness, individual rationalit y, and the
non-de cit property. In this paper, we extended this re-
sult in a restricted setting. We studied allocation settings
where there are multiple indistinguishable units of a sin-
gle good, and agerts have unit demand. (For this speci c
setting, Cavallo's mechanism coincides with a mechanism
proposedby Bailey in 1997[2].) Here we proposeda family
of medchanisms that redistribute some of the VCG payment



back to the agerts. All medhanisms in the family are ex-
cient, strategy-pro of, individually rational, and never incur
ade cit. The family includes the Bailey-Cavallo mechanism
as a special case. We then provided an optimization model
for 'nding the optimal mechanism|that is, the mechanism
that maximizes redistribution in the worst caselinside the
family, and showed how to cast this model as a linear pro-
gram. We gave both numerical and analytical solutions
of this linear program, and the (unique) resulting mecha-
nism shows signi cant improvemert over the Bailey-Cavallo
mechanism (in the worst case). Finally, we proved that the
obtained medhanism is optimal among all anonymous deter-
ministic medhanisms that satisfy the above properties.

One important direction for future researd is to try to
extend these results beyond multi-unit auctions with unit
demand. However, it turns out that in suzciently general
settings, the worst-case optimal redistribution percertage
is 0. In sudc settings, the worst-case criterion provides no
guidance in determining a good redistribution mechanism
(evenredistributing nothing achievesthe optimal worst-case
percertage), soit becomesnecessaryto pursue other criteria.
Alternativ ely, one can try to identify other special settings
in which positiv e redistribution in the worst caseis possible.

Another direction for future researd is to considerwhether
this mechanism has applications to collusion. For example,
in a typical collusive scheme, there is a bidding ring con-
sisting of a number of colluders, who submit only a single
bid [10, 17]. If this bid wins, the colluders must allocate the
item amongst themselves, perhaps using payments|but  of
coursethey do not want payments to °ow out of the ring.

This work is part of a growing literature on designing
medhanismsthat obtain good results in the worst case. Tra-
ditionally , economists have mostly focused either on design-
ing mechanisms that always obtain certain properties (such
as the VCG mechanism), or on designing mechanisms that
are optimal with respect to someprior distribution over the
agens' preferences(such asthe My ersonauction [20] and the
Maskin-Riley auction [18]for maximizing expected revenue).
Somemore recernt papers have focusedon designing mecha-
nisms for prot maximization using worst-case competitiv e
analysis (e.g. [9, 1, 15, 8]). There has also been growing
interest in the design of online mechanisms [7] where the
agerts arriv e over time and decisions must be taken before
all the agerts have arrived. Such work often also takes a
worst-case competitiv e analysis approach [14, 13]. It does
not appear that there are direct connections between our
work and these other works that focus on designing med-
anisms that perform well in the worst case. Nevertheless,
it seemslikely that future researd will continue to investi-
gate mechanism design for the worst case,and hopefully a
coherert framework will emerge.
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