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Abstract

Many important problems in multiagent systems involve the allocation of mul-
tiple resources among the agents. If agents are self-interested, théig aitout
their valuations for the resources if they perceive this to be in their intefdst.
well-known VCG mechanism allocates the items efficiently, is incentive compa
ible (agents have no incentive to lie), and never runs a deficit. Nevesthele
agents may have to make large payments to a party outside the systenmisf, age
leading to decreased utility for the agents. Recent work has investigatpdshie
bility of redistributing some of the payments back to the agents, without violating
the other desirable properties of the VCG mechanism.

Previous research on redistribution mechanisms has resulted in acasest-
optimal redistribution mechanism, that is, a mechanism that maximize sittefn
of VCG payments redistributed in the worst case. In contrast, in this pager
assume that a prior distribution over the agents’ valuations is availablepand
goal is to maximize the expected total redistribution.

In the first part of this paper, we study multi-unit auctions with unit demand
We analytically solve for a mechanism that is optimal amtmear redistribution
mechanisms. The optimal linear mechanism is asymptotically optimal. We also
proposediscretizationredistribution mechanisms. We show how to automatically
solve for the optimal discretization redistribution mechanism for a givesreliza-
tion step size, and show that the resulting mechanisms converge to optingality a
the step size goes to zero. We present experimental results showirfgrthat-
tions with many bidders, the optimal linear redistribution mechanism redissbu
almost everything, whereas for auctions with few bidders, we can dolvthe
optimal discretization redistribution mechanism with a very small step size.

In the second part of this paper, we study multi-unit auctions with noréisere
ing marginal values. We extend the notion of linear redistribution mechanism
previously defined only in the unit demand setting, to this more generalgettin
We introduce a linear program for finding the optimal linear redistributiochmae
nism. This linear program is unwieldy, so we also introduce two simplified tinea
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programs that produce relatively good linear redistribution mechani$fosthe
second simplified linear program, we conjecture an analytical solution.

Keywords: Mechanism design, Vickrey-Clarke-Groves mechanism, tre-
distribution, prior distributions over preferences

1 Introduction

Many important problems in multiagent systems can be seersmirce allocation
problems. In such an allocation problem, there are one oentems that must be
allocated to the agents. We assume that each agent has telgrivald valuation
function that indicates how much she values the items. Maeave assume that
agents arself-interestedan agent will reveal her true valuation function only if dgi
so maximizes her utility. An allocation mechanism @rction) takes as input the
agents’ reported valuations, and as output produces acatibm of the items to the
agents, as well as payments to be made by or to the agents. Hanmism isincentive
compatibleif it is a dominant strategy for the agents to report theietualuations—
that is, regardless of what the other agents do, an agensiolfaeporting her true
valuation. A mechanism isfficientif it always chooses an allocation that maximizes
the sum of the agents’ valuations.

The well-knownVCG (Vickrey-Clarke-Groveshechanism [24, 6, 13] is both in-
centive compatible and efficiehtin fact, in sufficiently general settings, the wider but
closely related class of Groves mechanisms coincidesIgxaith the class of mecha-
nisms that satisfy both properties [12, 18]. The VCG meddrartias an additional nice
property, which is that it satisfies th@n-deficitproperty: the sum of the payments
from the agents is nonnegative, which means that the mesrhashdes not need to be
subsidized by an outside party. A stronger property thannthe-deficit property is
that of (strong) budget balancevhich requires that the sum of the payments from the
agents is zero—so that no value flows out of the system of agémimaximize social
welfare (taking payments into account), we would prefer ddat balanced mecha-
nism to one that merely achieves the non-deficit propertsui@ing both are efficient).
Unfortunately, it is impossible to achieve budget balamggether with incentive com-
patibility and efficiency [19, 12, 21F. Previous research has sacrificed either incentive
compatibility or efficiency to achieve budget balance [12,, 70]. Another approach is
to allocate the items according to the VCG mechanism, armdttheedistribute as much
of the total VCG payment as possible back to the agents, inyahed does not affect
the desirable properties of the VCG mechanism. Severalrpdgaee pursued this idea

1We use the term “VCG mechanism” to refer to the Clarke mechanissmefimes people refer to the
wider class of Groves mechanisms as “VCG mechanisms,” but wavwdltl this usage in this paper. In fact,
the mechanisms proposed in this paper fall within the classo¥€s mechanisms.

2The dAGVA mechanism [8] is efficient, (strongly) budget balel, andBayes-Naslncentive compat-
ible, which means that if each agent’s belief over the othenggj valuations is the distribution that results
from conditioning the (common) prior distribution over vatieas on the agent’s own valuation, and other
agents bid truthfully, then the agent is best off (in expgatd bidding truthfully. In practice, it is some-
what unreasonable to assume that agents’ beliefs are satrisiith each other and with the mechanism
designer’s belief, so we use the much stronger and more commamraftdominant-strategies incentive
compatibility in this paper.



and proposed some natural redistribution mechanisms [23]23-or example, in the
Bailey mechanism [2], each agent receives a redistribyiiyment that equals/n
times the VCG revenue that would result if this agent wereaesd from the auction.
In the Cavallo mechanism [3], each agent receives a rduligion payment that equals
1/n times the minimal VCG revenue that can be obtained by chartis agent’s own
bid. For revenue monotonic settings, Bailey’s and Cawalinechanisms coincide; in
this case we refer to this mechanism as the Bailey-Cavallthard@sm. More recently,
there has been some research on findipimal redistribution mechanisms. For the
setting that is similar to what we study in this paper, a ma@m that maximizes
the worst-case redistribution fraction has been charaet@ {16, 20]. In this paper, we
continue the search for optimal redistribution mechanidohdike the worst-case work,
we assume that a prior distribution over the agents’ vatuatis available, and we aim
to maximize theexpectedotal redistribution. (There are two related papers [17]rb]
which the authors propose mechanisms that maximize the $tine @gents’ utilities
(taking payments into account) in expectation. Howevers¢hpapers operate under
the constraint that every agent’s total payment must be egative, which results in
very different mechanisms.) In this paper, we restrict elves to VCG redistribution
mechanisms, so that the allocation is always efficient; rotveek has studied what
can be done when this constraint is relaxed [10, 20, 14, 9]al& restrict ourselves
to static mechanisms; redistribution mechanisms havelssa studied in a dynamic
context [4].

The rest of this paper is layed out as follows. From Section 3éction 5, we
focus on multi-unit auctions with unit demand. In Sectiow2, cover the necessary
background and introduce our notation. In Section 3, welr&eadefinition of linear
redistribution mechanisms and we solve for an optimal limedistribution mechanism
in our setting. In Section 4, we show how to automaticallyr{gdinear programming)
solve for (possibly nonlinear) mechanisms that are closeptomal, based on a dis-
cretization of the valuation space. In Section 5, we complageoptimal linear and
discretization mechanisms experimentally. Finally, irct®® 6, we study the more
general setting of multi-unit auctions with nonincreasingrginal values. We extend
the notion of linear redistribution mechanisms to this ngeaeral setting, and propose
several models for finding optimal linear redistributionchanisms.

2 Background

From this section to Section 5, we focus on multi-unit augiavith unit demand.

In a multi-unit auction, multiple indistinguishable unit$ the same good are for
sale. In a multi-unit auction with unit demand, each ageshes to obtain at most one
unit—that is, if the agent receives more than one unit, héditywis the same as if she
receives one unit. We note that an (unrestricted) singleriduction is a special case
of multi-unit auctions with unit demand.

In this setting, each agent has a privately held true valuedceiving (at least)
one unit. If an agent wins one unit, her utility is her trueueaminus her payment;
otherwise, her utility is the negative of her payment. (s@aled-bid) mechanisravery
agent reports her value (hbid), and the mechanism determines which agents win a



unit, as well as how much each agent pays, as a function of thids. A mechanism
is (dominant-strategies) incentive compatifflé is a dominant strategy for each agent
to bid her true valuation—that is, bidding truthfully is aptl regardless of what the
other agents bid. Since we only study incentive compatitdelmanisms in this paper,
we do not need to make a clear distinction in our notation betwthe true values and
the bids.

We assume that we know the number of agentsd the number of indistinguish-
able unitsm. If m > n, then we can give every agent a unit without charging any
payments. Thus, we only consider the case< n. 3 Let the set of agents be
I = {1,...,n}, where agent has theith highest valuey,. Let constantd. andU
be the lower bound and upper bound of the possible valuesceden > U > v, >
vy > ... > v, > L > 0. We also assume that we have a prior joint probability
distribution over the agents’ values. We denote the probability density function of
this joint distribution byf (v1, ..., v,). We emphasize that we require neither that the
agents’ values are drawn from identical distributions, tiwt they are independent.
However, for the special case where agents’ values are @mdkgmtly drawn from the
same distributiory(x) (U > = > L), we know from the theory of order statistics that
fv1, .. v,) = nlg(vr)g(ve)...g(v,) forall U > vy > ve > ... > v, > L. If
the agents’ values are not drawn independently or are netrdfiom the same distri-
bution, then we do not always have an elegant analytical forrthe joint distribution
f. However, we will see later that optimal-in-expectatiamelar redistribution mech-
anisms depend only on the expectationsof . ., v,,, which can usually be obtained
by sampling.

In a multi-unit auction with unit demand, the VCG mechanissincides with the
(m + 1)th price auction. In this auction, the bidders with the higthe bids (bidders
1,...,m) each win one unit, and each pay at the price of(the+ 1)th bid @v,,+1).
(Whenm = 1, this is the well-known second-price auction.) Becausse # special
case of the VCG mechanism, tlies + 1)th price auction is incentive compatible,
efficient, and never incurs a deficit.

A redistribution mechanism works as follows: after collagta vector of bids
v] > vg > ... > vy, we first run the VCG mechanisnir¢ + 1)th price auction).
The resulting allocation is efficient (agerits. . m each win a unit). However, because
each winner has to pay, .1, a total VCG payment ofnv,, 1 leaves the system of
agents. In order to achieve higher social welfare (takingnpents into account), we
try to redistribute a large portion of the total VCG paymeathk to the bidders, while
maintaining the desirable properties of the VCG mechanisets; be the redistribu-
tion received by biddef. To maintain incentive compatibility,; must be independent
of bidderi's own bidwv;. (It is not difficult to see that this is sufficient for maimaig
incentive compatibility: if an agent cannot affect her ovedistribution payment, then
she may as well ignore it when she determines her strategyehé¢he incentives for
bidding are the same as in the VCG mechanism, which is ineeettmpatible. In
general, because our allocation is efficient, the requirdrietr; does not depend on
v; IS also necessary for incentive compatibility [12, 18].)ride, we can writé’s re-
distribution as;(v_;) (sometimes short far;), wherev_; is the multiset of bids other

3We remove this restriction in Section 6 where we considerggttwithout unit demand.



thanv;; these functions; determine the redistribution mechanism. In this paper, un-
less otherwise specified, we consider oahyonymousedistribution mechanisms, for
whichr;(-) = r;(-) = r(-) for all 4, j. That s, the redistributiofunctionis the same
for all agents. This may still result in different redisuifion payments for the agents,
because the input to the functian,;, can be different for different

Another property of the VCG mechanism that we want to maimtaithe non-
deficit property: the payments collected by the mechanism are st {ea payments
redistributed by it. This is crucial if no external subsidy the mechanism is availabfe.
In our setting, this means that_, r;(v_;) < mu,41.

3 Linear Redistribution M echanisms

We first restrict our attention to the family dihear redistribution mechanisms. A
linear redistribution mechanism is characterized by adimedistribution function of
the following form:

ri(v_i) = co + C1v—_i1 + C2V_i2 + ... F Cro1V_jn—1

wherev_; ; is the jth highest bid among_; (the set of bids other than;). The
coefficientsc; completely characterize the redistribution mechanisml. pfdviously
proposed redistribution mechanisms for this setting [23,16, 20] are in fact linear
redistribution mechanisms.

3.1 Optimal-in-expectation linear redistribution mechanisms

We will prove the following result, which characterizes adar redistribution mech-
anism that maximizes the expected total redistributionaf@nlinear redistribution
mechanisms). We call this mechanism OEL (optimal-in-etqué@m, linear).

Theorem 1 Givenm, n, and a prior distribution over agents’ valuations, the tmdling
¢; define a redistribution mechanism that maximizes expeetdidtribution, under the
constraints that the mechanism must be a linear redistidioumechanism, efficient,
incentive compatible, and satisfy the non-deficit property

Let theo; be defined as follows:

0oo=U— FEvi,0;, = Ev; — Fv;iy1 (i =1,2,...,n—1),ando, = Fv,, — L.
Theo; are determined by the given prior distribution.
Let & be any integer satisfying

ke argminq;{oim(”fl)/(?) |i —modd,i=0,...,n}

m

Let functionG and H be defined as follows:

G(n,m,i) = ("—1) /(7)) (fori < m)

n—m-—1

H(n,m,i) = (Fl )/ (2 (for i > m)

m—1 n—i—1

4Without the non-deficit constraint, we can simply redisttéol/» of the expected total VCG payment
to every agent, which leaves no waste in expectation.



e If0 <k <m,then
¢ = (—=1)™"'G(n,m,i)fori=k+1,...,m,
cr=m/n—3 " (=)™ G(n,m, i),

and¢; = 0 for otheri.

o If k =0, then
¢ = (=1)™"iG(n,m,i) fori=1,...,m,
co=Um/n—UY" (-1)""G(n,m,1i),
andc¢; = 0 for otheri.

e Ifm+1<k<n,then
ci=(=1)"""1H(n,m,i)fori=m+1,....k—1,
e, =m/n— Zkil (=)™~ = H(n,m,1),

1=m-+1
and¢; = 0 for otheri.

o If k =n,then
ci=(—=1)"""1H(n,m,i)fori=m+1,...,n—1,

co=Lm/n— LZ;:%+1(—1)7”_i_1H(n, m, i),

and¢; = 0 for otheri.

In expectation, this mechanism fails to redistribute

om(",")/ ;)

This mechanism is uniquely optimal among all linear redlsttion mechanisms if
and only if the choice of is unique and there does not exist an evemd an odd;
such thab; = 0; = 0.

The mechanism is complicated, and is perhaps easier tostaddrusing the aux-
iliary variables that we define in the derivation of this macism (in the next subsec-
tion).

The key property of the mechanisms in the theorem is that t&tens always a
multiple of: 1) the difference between two adjacent (in terofi size) bids, or 2) the
difference between the upper bound and the largest bid,tbe3jifference between the
lowest bid and the lower bound. Moreover, the multiplicatomefficient is determined
by m andn. Then, the OEL mechanism simply chooses the best of thesenspt
In contrast, under the worst-case optimal mechanism [1F,tB@ waste is a linear
combination of all of the bids (except for the highesy.

The following special case and example should give sombdurhtuition.

The case wheré = m + 1 in Theorem 1 corresponds to the redistribution mecha-
nism in which each agent receives a redistribution payntettis equal ton/n times
the (m + 1)th highest bid from the other agents. This is exactly the8aavallo
mechanism in the current setting (multi-unit auctions wittit demand).



Example: Consider the case where= 8 andm = 2, and the bids are all drawn
independently and uniformly frorfd, 1]. In this caseEv; = % fori=1,...,8. So
U=1,L=0,0;=gfori=0,...,8. (Werecallthaby = U — Evy,0, = Ev, — L,
ando; = Fv; — Fv;yq Otherwise.)argmmi{oim(”;1)/(7;) |i—modd,i=0,...,n}
is then{3, 5}. The expected amount failed to be redistributedsis. (", ") /() = &.
(The expected total VCG paymentés)

One optimal solution is given by; = %, andc¢; = 0 for otheri. Hence this
expectation optimal linear redistribution mechanism i§rael byr;, = %v_1;73, which
is actually the Bailey-Cavallo mechanism[2, 3]. The to@listribution is)_" ,r; =
%1)3 + 3v4. The expected amount failed to be redistribute@{gv; — 3vs — 2v4) =
ZE(U?’ — ’1)4) = %

The other optimal solution is given by = 2, ¢, = —1%, ¢5 = 5, ande; = 0 for
otheri. Hence this expectation optimal linear redistribution heedsm is defined by
r, = %U_Z',gf 1%1)_1‘744* %U_iﬁ. The total redistribution |£7=0 ri = 21}37%1)54*%116.
The expected amount failed to be redistributef{§ (vs —vg)) = 3 E(vs —v6) = 15.

3.2 Deriving an optimal linear redistribution mechanism

In this subsection, we derive the OEL mechanism and prowaptisnality. Our objec-
tive is to find an linear redistribution mechanism that reihsites the most in expecta-
tion. To optimize among the family of linear redistributiorechanisms, we must solve
for the optimal values of the;. We want the resulting redistribution mechanism to be
incentive compatible and efficient, and we want it to satibiy non-deficit property.
The first two properties are satisfied by all the mechanismisiénthe linear family, so
the only constraint is the non-deficit property. The follagrioptimization model can
be used to find the linear redistribution mechanism ¢Heahat redistributes the most
in expectation, while satisfying the non-deficit property.

Variables: cg,c1,...,¢n1
Maximize E(3"1 | r;)
Subject to:

For every bid vectot/ > vy > vy > ... > v, > L
Yo i < Mo
Ty =Cot+ C1V—j1 +CoV_j2+ ... +Cp_1V—jn—1

Given the prior distributionE'(muv,,+ 1) is a constant, so the objective of the above
model may be rewritten adinimize E(muv,, 1 — Y iy 74).

SinceT’i =c+cv_;1 + CoU—_;2 + .ot 1V 1, Wherev_m- is the]th
highest bid among bids other théa own bid, we have the following:

1 =Co+ C1V2 +C2V3 + C3V4 ... + Cr—2Un—1 + Cn—1Vn
T = Co+ C1V1 +C2U3 +C3V4 ... + Cr—2Un—1 + Cn—1Vn
T3 = Co + C1V1 + C2V2 +C3V4 ... + Cp—2VUp—1 + Cn—1Vn

Tp—1 = Co + C1V1 + CoV2 + C3V3 ... + Cp—2Un—2 + Cr—1Vp
Tn = Co + C1V1 + C2U2 + €303 ... + Cp—2Up—2 + Cp—1Up—1



We can writemuv,, 41 — > .y 75 8Sqo + q1v1 + g2v2 + ... + gnv,, Where the
coefficientsy; are listed below:

go = —nco
qi:—(i—l)ci,l—(n—i)cifori:1,2,...,m,m+2,...,n
Gmt1 =M — Mepm — (n—m — 1)epmi

(We note that we introduced a dummy variabjgin the above equations—since
there are onlyn — 1 other bids,c,, will always be multiplied by0, but adding this
variable makes the definition of tig more elegant.) Given andm, qq, - . ., g, (n+1
values) are determined hy,...,c,_1 (n values). Conversely, ifg,...,q,—1 are
fixed, then we can completely solve for the valueg®f . ., ¢,_; (and hence also for
¢»)- This results in the following relation among the

@ — g+ i n= gy (DD gy (ot et
(~1)mm 2= E=2) (o)

After simplification we obtain:
S (DT e = () ()

Now, we can use the as the variables of the optimization model, since from them
we will be able to infer the;. Becausenv,,,+1 — Z?:l ri = qo+qu1+qova+.. .+
qnvn, We can rewrite the non-deficit constraint by requiring ttheg latter summation
is nonnegative. Also, the, must satisfy the previous inequality (otherwise there will
be no corresponding).

Variables: qo,q1,. .., qn

Minimize E(qo + q1v1 + qova + ... + Gnvn)
Subject to:

For every bid vectot/ > vy > v, > ... > v, > L
qo + qi1v1 + U2 + ...+ quv, >0

S (D) = (=)™ m ("))

In what follows, we will cast the above model into a lineargmam. We begin with
the following lemma[16]:

Lemmal The following are equivalent:
D) go+ o1 + a2 + ...+ guv, > 0forall U > vy 2 vy > ... > v, > L

g+ LY+ U-L)YF  ¢>0fork=0,...,n

Proof: (1)=-(2): (2) can be obtained from (1) by setting= vy = ... = v, = U and
Vgt1 = Vgt = ... = Uy = L.

(2)=(1): Letus rewritel’ = go+q1v1+q2v2+. . .+qnvy, 8Sq+L Y 1y gi+(v1—
v2) Yoty i+ (02 = v3) Xiy i A A (1 — ) i i+ (vn — L) T 4
If S°F qi > 0foreveryk = 1,...,n, thenT > gy + LY., ¢; > 0 (because



v] — v9,v9 — U3,...,v, — L are all nonnegative). Otherwise, let be the index so
thath:1 g; 1s minimal (hence negative). To maéminimal, we want,: — vgr11

(which is multiplied bny;l ¢;) to be maximal. So the minimal value f@ris go +

LY ¢+ ({U-L) Zf:l ¢; > 0, which is attained when; = vy = ... = v =U

andvg/ 11 = vg 4o = ... = v, = L. HenceT is always nonnegative. m

Letzy, = (qo+L Y i, qi)/(U—L)+Zf:1 gifork =0,...,n. Thex; correspond
(one to one) to the;, so we can use the; as the variables in the optimization model.
The first constraint of the optimization model now becomgs> 0 for everyk. Since
xr —xp_1 = qi fork =1,...,n, the second constraint becomes

S (D)) (@ — wiea) = (=)™m ("))

After simplification we get:
Yo (=D (Dai = (1) tm()

Letog =U — Evy,0; = Ev; — Ev;p 1 (i =1,...,n—1)ando, = Ev, — L. The
o0; are all nonnegative constants that we know from the pridritligion. The objective
of the optimization model can be rewritten as follows:

E(qo + qiv1 + @22 + ... + qnvp)
=qo+ qEv +@Evs+ ...+ ¢ Evu,
=20(U — L) + qi(Evi — L) + g2(Eva — L) + ... + qn(Evy, — L)
=a20((U—-L)— (Evy — L))+ (xo + q1)((Evy — L) — (Bva — L)) + (20 + ¢1 +
@) (Eva—L)— (Bvs—L))+...+(xo+q@ + ...+ qn)(Ev, — L)
= 09%g +01Z1 + ...+ 0nxy

We finally obtain the following linear program:

Variables: xg,x1,..., %,

Minimize opzg + 0121 + ... + opxy
Subject to:

Yo (=D (Dai = (1) 'm (")

At this point, for any givem andm, for any prior distribution, it is possible to solve
this linear program using any LP solver; then, using the abthe resulting:; can be
transformed back te; to obtain an optimal-in-expectation linear redistributimech-
anism. However, this will not be necessary. The followingirl gives an analytical
solution of this linear program.

Claim 1 Letk be any integer satisfying

k € argmin;{o;m (") /(%)|i — modd,i=0,...,n}

m

The above linear program has the following optimal solution

Tp = m(”_l)/(Z), andx; =0fori #£ k

m



The optimal objective value is

om(",1)/ ;)

This solution is the unique optimal solution if and only i tthoice oft is unique
and there does not exist an evieand an odd; such thaiv; = o; = 0.

Proof: We can rewrite the second constraint as

Yo ((=D) ) /(")) =1

This results in the program

Variables: xg,x1,...,%,
Minimize ogzg + 0121 + ... + 0pTn,
Subject to:
T; > 0
)/ ei= ¥ () m(" )i+ 1
1=0...n;i—m odd 1=0...n;i—m even

Theo; are nonnegative. To minimize the objective, we want allitht® be as small
as possible. Itis not hard to see that it does not hurt to seat;tfor whichi —m is even
to zero: in fact, setting them to a larger value will only ferihex; for whichi — m is
odd to take on larger values, by the last constraint. (It khbe noted that if there exists
an even and an odd such thab; = o; = 0, then we can increase the corresponding
x; andzx; at no cost to the objective without breaking the constrdience the solution
is not unique in that case.) This results in the following#n program:

Variables. xg,x1,...,%n
Minimize ogzg + 0121 + ... + 0, Tn,
Subject to:

(3)/(m(", )i =1

1=0...n;i—m odd

We want thex; to be as small as possible. However, the second constrakesna
it impossible to set all the; to 0. For eachr; with i — m odd, if we increase it by,
the left side of the second constraint is increaseqy (m (™ '))é and the objective
value is increased by;5. We need the left side of the second constraint to increase to
1 (starting from0), while minimizing the increase in the objective value. Tosb, we
want to find thez; (with i — m odd) that has the minimal cost-gain ratio (where the
cost iso;6, and the gain i§”) /(m (™ 1))). It follows that for any integek satisfying
k € argmini{o;m("~")/(")]i — modd,i = 0,...,n}, the linear program has the
following optimal solution:z;, = m(" 1)/(72.”) andz; = 0 for i # k. The resulting
optimal objective value isym (") /(7).

In the above argument, there were only two conditions undgchivwe made a
choice that is not necessarily uniquely optimal: if (andyoifil there exists an even

10



and an odd such thab; = o; = 0, then, as we explained, there exist optimal solutions
where some:; with m—i even is set to a positive value (in fact, it can be set to anyeval
in this case); and if (and only iirgmin; {o;m (" ") /(?)i — modd,i = 0,...,n}is

not a singleton set, then there exists another optimalisolutith anotherz;, setto a
positive value (in fact, in this case, multiple may simultaneously be set to a positive

value). =

By transforming ther,; from Claim 1 to the corresponding, we obtain the OEL
mechanism from Theorem 1.

3.3 Properties of the OEL mechanism

In the remainder of this section, we prove some propertieh@fOEL mechanism.
First we have that there cannot be another redistributioohazieism that always re-
distributes at least as muc¢b every agentis OEL. That is, the OEL mechanism is
undominated15]. ° (This does not immediately follow from Theorem 1, because th
theorem only proved optimality among linear redistribatimechanisms, whereas this
claim applies to all redistribution mechanisms.)

Claim 2 Foranym,n and anyL, U, there does not exist any redistribution mechanism
(other than OEL) that, for every multiset of bids, redistitiés at least as much to every
agent as OEL.

Proof: Let r denote the OEL mechanism. Suppose there exists a redigirbuech-
anismr’ (r’ does not have to be anonymous) that is different from OEL &ordgv-
ery multiset of bids, redistributes at least as much to eaggnt as OEL. Then for
some agent, some multiset of bids_; (the multiset of bids other thai's own bid),
ri(v_;) > r(v—;). The assumption also implies that for any possibleidrom i,
ri(v_j) > r(v_;) for all j # i. Hence, for the multiset of bid&;,v_;), the total
redistributed by’ is greater than that redistributed byregardless of the value of.
(This remains true even ifs bid changeg’s ranking among the bids.)

Let ¢; be the coefficients that characterize the OEL mechanisiWe recall that the
amount failed to be redistributed lpycan be written agy + ¢y v, + gav2 + ... + quvn
where they; are defined as before. We can also express the total amolet faibe
redistributed in terms of the;, wherex), = (qo + L Y1, ¢:)/(U — L) + ¥, ¢, for
k=0,...,n, as follows:

Go + q1v1 + q2v2 + ... + qnUn
=zo(U—L)+qi(v1 — L) +qa(v2 — L) + ... + gn(vn — L)
=2o((U = L) = (v1 = L)) + (zo + q1)((v1 = L) — (v2 = L)) + (w0 + 1 + ¢2) ((v2 —
Ly—(vs—L)+...+(xo+q@ + ...+ qn)(v, — L)
= (U —v)xo+ (v1 —v2)x1 + (V2 —v3)x2 + ...+ (v, — L)y

By Claim 1 and Theorem 1, only one of thg corresponding ta is nonzero. If
xo is nonzero, the amount failed to be redistributedrtig a multiple ofU — v;. If i

5In [1], we also prove that there cannot be another redigiohumechanism that always redistributes
at least as mucin total (summing over all agents) as OEL. That is, the OEL mechanisns@vatlfare
undominatedActually, the OEL mechanisms characterized in Theorem lhareily (welfare) undominated
redistribution mechanisms that are anonymous and linear.
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bids U, then the amount failed to be redistributedsbis 0. Sor’ can not redistribute
strictly more than- for this case. Ifz,, is nonzero, the amount failed to be redistributed
by r is a multiple ofv,, — L. If i bids L, the amount failed to be redistributed bys 0.
Sor’ can not redistribute strictly more tharfor this case. If some; with 0 < j < n

is nonzero, then the amount failed to be redistributed ks/a multiple ofv; — v;41.

If i places a bid that is equal to thth highest value of _;, then the amount failed to
be redistributed by is 0. Sor’ can not redistribute strictly more thanfor this case.
Hence, it is impossible for’ to redistribute strictly more than in any case, and we
have arrived at a contradiction, proving the claim.m

It should be noted that Claim 2 only applies to the OEL medranas defined in
Theorem 1. Under certain circumstances (as detailed inrfEned), this mechanism
is not uniquely optimal; and the other optimal mechanismsdbalways have the
property of Claim 2.

One property of mechanisms that we have not discussed se ifadividual ra-
tionality: participating in the mechanism should not make agentsewvoifs The next
claim shows that, if the prior distribution does not distirgh among agents, OEL éx-
interim individually rational—that is, in expectation, agents bfrfeom participating
in the mechanism (they receive nonnegative expectedesiit

Claim 3 If the prior distribution is symmetric across agents (foasyle, the agents’
values are independent and identically distributed), ttrenOEL redistribution mech-
anism is ex-interim individually rational.

Proof: The original VCG mechanism (redistributing nothing) is@h linear redistri-
bution mechanism (correspondingdo= 0 for all 7). Hence, the OEL mechanism will
always redistribute a nonnegative amount in expectatidmat 1, £(>_""_, r;) > 0.

If the distribution is symmetric across agents(r;) = E(r;) for anyi andj. So
E(r;) > 0for all . However, the VCG mechanism is well-known to be ex-intefiim (
fact, ex-post) individually rational in this setting, satreven ifE(r;) = 0, agents’
expected utility from participating in the mechanism is negative. It follows that
OEL must also be ex-interim individually rational. =

As an aside, if the prior is not symmetric across agents, Weenan explicitly add
the ex-interim individual rationality constraint (or theangerex-postndividual ratio-
nality constrairft) into our optimization model. This still results in a lingamogram.
While it is possible to give a special-purpose algorithm fawing this linear program,
it does not admit an elegant analytical solution.

In Theorem 1, we gave an expression for the expected amoahOfEL fails to
redistribute, which depended on the prior. In the next claira give an upper bound
on this that does not depend on the prior.

Claim 4 For any prior, the OEL mechanism fails to redistribute at inos

C-Dm( 2 ()

1=0,1,...,n352—m o

6A mechanism is ex-post individually rational if every agesteives nonnegative utility famy bids.
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in expectation. This bound is tight.

Proof: Given a prior distribution (and therefore, given thg, the expected amount

failed to be redistributed is;m (" ') /(}) for anyk € argmin;{o;m (" ")/ (%)]i —
modd,i = 0,...,n}. If o, = (U—L)(TZ)/ > () for all ¢ with i —

1=0,...,n;i—m odd
m odd, ando; = 0 for all otheri (this is in fact a feasible setting of thg), then
argmini{o;m (" ") /(")[i —modd,i=0,...,n} = {i|0 < i < n,i —modd}. Sok

m

can be any as long ag — m is odd. In this case, the expected amount not redistributed
is exactly(U — Lym(".")/ 3 (M.
d

1=0,...,n;t—m o
Now suppose that there is another distribution under whielmechanism fails to
redistribute strictly more in expectation. Then, the netwde, must satisfy

om("1)/ () >m(".")/ ) (") = ogm (") /(1) for anyi with i —m
i=0,...,n;i—m odd
odd. It follows that, > o; for any: with i —m odd. Since > 0, =U—-L

1=0,...,n;i—m odd
ando] > 0 for anyi with ¢ — m even, we have >~ o, > U — L, which is a
i=0,...,n

contradiction. m

We note that ag goes to infinity (for fixedn), the expected amount that fails to be
redistributed goes t0; hence OEL is asymptotically optimal. For the earlier exemp
Claim 4 gives an upper bound on the expected amount failea teedistributed of
0.3281 (we recall that the actual amountfg, so the bound is not very close in this
case).

So far, we have only considered anonymous redistributioohaeisms (that is,
mechanisms with the same redistribution functigr) for each agent. If we allow
the redistribution mechanism to be nonanonymous, then wesadifferent; for dif-
ferent bidders. Moreover, even for the same bidder, we cardiiferentc; depending
on the order of the other bidders (in terms of their bids), Hvete are(n — 1)! such
orders. Thus, it is clear that to optimize among the classoofanonymous linear re-
distribution mechanisms, we need significantly more véeisband analytical solution
of the linear program no longer seems tractable. Howeverjavkave the following
claim, which shows that the OEL mechanism remains optimah&@mong nonanony-
mous linear redistribution mechanisms, if the prior is syetnic.

Claim 5 If the prior distribution is symmetric across agents (foample, the agents’
values are independent and identically distributed), themonanonymous linear re-
distribution mechanism can redistribute strictly morertthe OEL mechanism (which
is anonymous) in expectation.

Proof: Let us define the average of two (not necessarily anonymm@as3tribution
mechanisms as follows: for any multiset of bids, for any ageif one redistribution
mechanism redistributes to agent:, and the other redistribution mechanism redis-
tributesy to 4, then the average mechanism redistributest y)/2 to i. It is not

7An exception is Claim 2, which shows that there is not evenrsanonymous mechanism that always
redistributes at least as much as OEL to every agent (besidkbsteelf).
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difficult to see that if two redistribution mechanisms bo#ver incur a deficit, then the
average of these two mechanisms also satisfies the nontgediperty. This averaging
operation is easily generalized to averaging over threearermechanisms.

Now let us assume thatis a nonanonymous linear redistribution mechanism, and
thatr redistributes strictly more than the OEL mechanism in eigiémn when the prior
distribution is symmetric across agents. kebe any permutation af elements. We
permute the way treats the agents accordingtpand denote the new mechanism by
r™. That is,r™ treats agentr(i) the wayr treatsi. Since we assumed that the prior
distribution is symmetric across agents, the expected aot@aunt redistributed by™
should be the same as that redistributed-byNow, if we take the average of thé€
over all permutationg, we obtain an anonymous linear redistribution mechanisah th
redistributes as much in expectationra@nd hence more than the OEL mechanism).
But this contradicts the optimality of the OEL mechanism amanonymous linear
redistribution mechanisms. =

4 Discretization Redistribution M echanisms

In the previous section, we only considered linear redigtion mechanisms. This
restriction allowed us to find the optimal linear redisttibm mechanism by analyti-
cally solving a linear program. In this section, we consiadarger domain of eligible
mechanisms, and propodescretization redistribution mechanismshich can be au-
tomatically designed [7] and can outperform the OEL mecdrani (In this section,
for simplicity and to be able to compare to the previous segtiwe only consider
anonymous mechanisms, and we do not impose an individuahadity constraint.
However, all of the below can be generalized to allow for mamgymous mechanisms
and an individual rationality constraint.)

We study the following problem: given a prior distributigh (the joint pdf of
v1, V9, ..., Uy,), We try to find a redistribution mechanism that redistrésithe most in
expectation among all redistribution mechanisms that @aoharacterized by contin-
uous functions. For simplicity, we will assume thats continuous. The optimization
model is the following:

Variable function: r : R*~! — R, r continuous
Maximize

il Yo r(v=i) f(vi,va, ..., vp)dvrdus . . . doy,
U>v>..>v,>L
Subject to:
For every bid vectot/ > vy > vy > ... > v, > L

S r(v—i) < mupa

Let R* be the optimal objective value for this model. (To be precige have not
proved that an optimal solution exists for this model: it kcbloe that the set of feasible
solution values does not include its least upper bound. itndhse, simply leR* be
the least upper bound.) Since we are not able to solve thihaoalytically, we try to
solve it numerically.
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We divide the intervalL, U] (within which the bids lie) intaV equal parts, with
step sizéh = (U — L)/N. Letk denote the subintervali(k) = [L + kh, L + kh + h]
(k = 0,1,...,N —1). Definer” : R*~! — R as follows: for allU > z; >
To > ... > Tp_1 > L, Th(l‘l,IQ, e ,In_l) = Zh[kl, kg, e ,kn_l] Whereki =
|(z; — L)/h] (exceptthak; = N — 1if 2; = U). Here, thez" [k, ko, ..., k,_1] are
variables. We call such a mechanism a discretization mdglision mechanism of step
sizeh.

Claim 6 A discretization redistribution mechanism satisfies the-deficit constraint
if and only if

S Mk ko kit i, oy k) <m(L+ kg h)
foreveryN —1>ky > ko> ... >k, >0.

Proof: ForeveryN —1 > ky > ko > ... >k, > 0,if v; = L + k;h for all 4, then
S 2k koo kis1, ki, - - -, k] IS the total redistribution anch (L + &y, 41 h)
is the total VCG payment. It follows that if the mechanismisgas the non-deficit
property, the inequalities in the claim must hold. Convigrsié all the inequalities
in the claim hold, then the total redistribution of the memken is never more than
m(L + kmn+1h), which is less than equal to the total VCG payment,,,. So the
mechanism never incurs a deficit if all the inequalities i ¢kaim hold. =

The following linear program finds the optimal discretipatiredistribution mecha-
nism for step sizé. The variables are” [k, ko, . . ., k,_1] for all integersk; satisfying
N—-1>ky > ko >...>k,_1>0. The objective is the expected total redistribution,
whereplky, ko, ..., kn] = P(vy € I(k1),v2 € I(ka),...,v, € I(ky)) (we note that
theplk, k2, . .., ky] are constants).

Variables: z"][.. ]

Maximize

D N 13k ke k>0 PR K2y k] D0 2[R Ky ki K, K
Subject to:

ForeveryN —1> ki > ks> ... 2k, >0

Z?:l Z[lﬁ, kig, ey ki—la ki+17 ceey k‘n] < m(L + km+1h)

Let z*"[...] denote the optimal solution of the above linear program, lahd*"
denote the corresponding optimal discretization redigtion mechanism. Le®*" de-
note the optimal objective value. The next claim shows trstrdtization redistribution
mechanisms cannot outperform the best continuous rdaliith mechanisms.

Claim7 R*" < R*.

Proof: For anye > 0, we will show how to construct a continuous functignso that
. < r*h everywhere, and the measure of theget # r/} is less thar.

Let B be the greatest lower bound of”* (r*" is bounded below because it is a
piecewise constant function with finitely many pieces). yenU > z; > x5 >
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co. > xp_1 > L, letd(xy,...,z,-1) be the minimal distance from any — L to the

nearest multiple oh. For any$ > 0, letrs(xy,...,2n_1) = 7" (21, ..., 2,_1) if
d(x1,...,0n_1) >0, andrs(zy,...,on 1) = 7" (21, ..., 20 1)
— (6 —d(xy,..., 20 1)) (21,...,2,_1) — B)/J otherwise.

Itis easy to see that the functiogis continuous at any point whed¢zx, . .., z,—1)
> ¢, because at these points! is continuous. Furthermore, the function is continuous
at any point wheré > d(z,...,z,_1) > 0, because*" andd are both continuous at
these points. Moreover, it is also continuous at any poirgret(xy,...,x,—1) = 4,
because atsuch a poifit* (z1, ..., 2, 1)—(0—d(x1, ..., 2p_1)) (" (z1,..., 20 1)—

B)/§ = r*"(xy,...,2,_1). Finally, at any point wher@(z,,...,2, 1) = 0, the
function is continuous because on any paifif...,«) _, at distance at most > 0
from z4,...,z,_1, the function will take value at most(H — B)/4, whereH is an
upper bound om*" (H is finite).

As § goes to0, so does the measure of the §et” # r;}. Moreover,rs < r*
everywhere. Hence we can obtafnwith the desired property by letting it equal for
sufficiently smalls.

Now, 7/ is a feasible redistribution mechanism, because it alwegistributes less
than*". Moreover, becausgis a continuous pdf on a compact domaing¢as 0, the
difference in expected value betwe€nandr*" goes to). Hence, we can create con-
tinuous redistribution functions that come arbitrarilpsé toR*" in terms of expected
redistribution, and hencB* (the least upper bound of the expected redistributions that
can be obtained with continuous functions) is at lgadt. =

The next claim shows that if we make the discretization finmerwill do no worse.
Claim 8 R*! < R*h/2,

Proof: Forall2N — 1 > k; > ky > ... > kp_q > 0, let 2" 2[ky ko, ... kn 1] =
2P| k1 /2], k2/2], - -, [kn_1/2]]. The discretization redistribution mechanism cor-
responding ta”/?[. . ] is exactlyr*". The discretization redistribution mechanistf
satisfies the non-deficit property. Hence the variabléd|. . .] form a feasible solution
of the linear program corresponding to step giZ&, so its expected redistribution must
be less than or equal to that of the optimal solution of thedirprogram corresponding
to step size1/2. Thatis,R*" < R*"/2, =

The next claim shows that as we make the discretization fimefiner, we converge
to the optimal value for continuous redistribution mecisars.

Claim 9 limy_o R*" = R*.

Proof: For anyy > 0, there exists a continuous redistribution mechani$rauch that
its expected redistribution is at leagt — ~. r* is continuous on a closed and bounded
domain, sa* is uniformly continuous. Hence for ary> 0, there exist®$ > 0 so that
[r*(z1, 2, ...y @p—1) — ™ (ah, b, ..., 2], _1)| < easlong asnax;{|z; — |} < 4.
Chooseh < 6, and definez"[ky, ko, ..., kn_1] by 7*(L + kih, L + koh, ..., L +
kn_ih)forall N —1 > ky > ko > ... > k,_1 > 0. z"[...] corresponds to a
feasible discretization mechanisth. In addition,”” > r* — ¢. Hence, the expected
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redistribution of the optimal discretization mechanisnthaétep size (at most) is
R*" > R" > R* —y—ne. Sincey ande are both arbitrarily smalljm;,_o R*" > R*.
By Claim 7,lim;,_o R*" < R*. =

We note that a discretization redistribution mechanigmis defined by a finite
number of real-valued variables: namely, one variadlg;, ko, . .. , k, 1] for every
N—-1>ky >ky>...>k,_1> 0. Because of this, we can use a standard LP solver
to solve for the optimal discretization redistribution rhaaismr" (for givenm, n, h
and prior). At least for small problem instances, we carhdetvery small values, and
by Claim 9, we expect the resulting mechanism to be closetimap

But how do we know how far from optimal we are? As it turns ohg tliscretiza-
tion method can also be used to find upper bound&bnHere, we will assume that
agents’ values are independent and identically distribufehe following linear pro-
gram gives an upper bound a@ti.

Variables: z"].. ]

Maximize

ZN—lelzk’QZ...anZOp[kl’ kQ, ey k‘n] Z?:l Z[kl, kg, ey kifl, ki+1, ey kn]
Subject to:

ForeveryN — 1>k > ky > ...
S zlkr ke, ks K,
mE(vyq1fvr € I(k1),v2 € I(ka), ... ,vn € I(kn))

The intuition behind this linear program is the followingn the previous linear
program, the non-deficit constraints were effectively setthe lowestvalues within
each discretized block, which guaranteed that they would far every value in the
block. In this linear program, however, we set the non-deionstraints by taking
the expectatiorover the values in each block. Generally, this will resultl@ficits for
values inside the block, so this program does not producgtfigamechanisms.

Let 2"[...] denote the optimal solution of the above linear program, labd"
denote the (not necessarily feasible) corresponding @btliscretization redistribution
mechanism. LeR" denote the optimal objective value. We have the followirgirob:

Claim 10 If the bids are independent and identically distributedrti” > R*.

Proof: Letr be any feasible continuous (anonymous) redistributioniraeism. Now,
consider the conditional expectation of a bidder’s rettistion payment undet, given
that, for eachi € {1,...,n — 1}, theith highest bid among other bidders is in
I(k;) = [L + kih, L + k;h + h]. Let z"[ky, ko, ..., k,_1] denote this conditional
expectation. (We emphasize that this does not depend orhwabient we choose, due
to the i.i.d. assumption.)

Now, thesez"|...] constitute a feasible solution of the above linear progriam,
the following reason. The left-hand side of the constrainthie above linear program
is now the expected total redistribution of given that for eacti € {1,...,n}, the
ith highest bid is i/ (k;); and the right-hand side is the expected total VCG payment,
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given that for each € {1,...,n}, theith highest bid is in/ (k;). Because- satisfies
non-deficit by assumption, the constraint must be met by:the .].

Moreover, the objective value of the feasible solution defiby thez"[. . ] is iden-
tical to the expected total amount redistributedrbyHence, for every expected total
amount redistributed by a feasible continuous mechanisenetexists a feasible solu-
tion to the above linear program that attains that valueollofs thatR" > R*. =

So, we have thak*" is a lower bound orR*, andR" is an upper bound. The next
claim considers how close these two bounds are, in termseaitdp sizé.

Claim 11 If the bids are independent and identically distributecertit” < R*" +
mh.

Proof: Consider the right-hand side of the constraints of the altioear program. We
havemFE (v, 11]v1 € I(k1),v2 € I(ka),...,v, € I(ky)) < m(L+ky1+1h+h), since
Umt1 € I(km41) implies thatw,,+1 < L+k,,+1h+h. Consider an optimal solution of
the linear program for determinin@h. Now, from every variable” [k, ko, ..., k,,_1],
subtractnh/n. This results in a feasible solution of the linear programdietermining
R* and the decrease in the objective valuerish /n = mh. Hence R" < R*"+mph.

|

Hence, by solving the linear program for determiniRg*, we get a lower bound
on R* and a discretization redistribution mechanism that conhesedo it. If we also
have that the bids are independent and identically didethuby solving the linear
program for determining?”, we get an upper bound d&* that is close taR*".

5 Experimental Results

We now have two different types of redistribution mechargsmith which we can try
to maximize the expected total redistributed. The OEL meigm has the advantage
that Theorem 1 gives a simple expression for it, so it is easyctle to large auc-
tions. In addition, it is optimal among all linear redistitibn mechanisms, although
nonlinear redistribution mechanisms may perform everebhe®n the other hand, the
discretization mechanisms have the advantage that, as eveade the step size
we will converge to the maximum amount that can be redisteithbby any continu-
ous redistribution mechanism. The disadvantage of thisogah is that it does not
scale to large auctions. Fortunately, we will see that, asatlctions get larger, OEL
redistributes almost the entire total VCG payment, so OEteidainly very close to
optimal. On the other hand, for smaller auctions, OEL is hat tlose to optimal,
but for these auctions we are able to solve for the optimairdiization redistribution
mechanism with very small step size, which we show is vergeto optimal using the
upper bounding technique. Thus, we can redistribute almptmnally for both small
and large auctions.

In the following table, for different. (number of agents) ang (number of units),
we list the expected amount of redistribution by both the Q&échanism and the
optimal discretization mechanism (for specific step siz&€hp bids are independently
drawn from the uniforni0, 1] distribution.
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nm| VCG OEL R*h RM

3,1 | 0.5000 | 0.3333| 0.4218 (N=100)| 0.4269
4,1 | 0.6000 | 0.5000 | 0.5498 (N=40) | 0.5625
51 | 0.6667 | 0.6000 | 0.6248 (N=25) | 0.6452
6,1 | 0.7143| 0.6667 | 0.6701 (N=15) | 0.7040

3,2 | 0.5000 | 0.3333| 0.4169 (N=100)| 0.4269
4,2 | 0.8000 | 0.5000 | 0.6848 (N=40) | 0.7103
5,2 | 1.0000 | 0.8000 | 0.8944 (N=25) | 0.9355
6,2 | 1.1429| 1.0000 | 1.0280 (N=15) | 1.0978

In the above table, the column “VCG” gives the expected tM@lc payment;
the column “OEL” gives the expected redistribution by thelOQ&echanism; the col-
umn “R*"” gives the expected redistribution by the optimal dis@atiion redistribution
mechanism (step size/N); the column ‘R gives the upper bound on the expected
redistribution by any continuous redistribution mechami&ame step size as that of
R*h)-

Finally, when the number of agents is large, the OEL meclhassvery close to
optimal, as shown below:

nm | VCG OEL % n,m VCG OEL %

10,1 | 0.8182| 0.8143 | 99.5 || 20,1 | 0.9048 | 0.9048 | 100.0
10,3 | 1.9091 | 1.8000 | 94.3 || 20,5 | 3.5714 | 3.5564 | 99.6
10,5 | 2.2727 | 2.0000 | 88.0 || 20,10 | 4.7619 | 4.5000 | 94.5
10,7 | 1.9091 | 1.8000 | 94.3 || 20,15 | 3.5714 | 3.5564 | 99.6
10,9 | 0.8182 | 0.8143 | 99.5 || 20,19 | 0.9048 | 0.9048 | 100.0

The fourth and eighth columns give the percentages of the Y&ynent that are
redistributed by the OEL mechanisms (rounding to the nészeth).

6 Multi-Unit Auctionswith Nonincreasing Marginal
Values

In this section, we consider a more general setting in whiggnts do not necessar-
ily have unit demand, that is, they may value receiving uimitaddition to the first.
However, we assume that the marginal values are noninagabat is, they value the
earlier units (weakly) more. (Units remain indistinguible) We still usen andm to
denote the number of agents and the number of available bnits/e no longer require
thatm < n. An agent’s bid is now a nonincreasing sequence:alements. We de-
note agent’s bid by B; =< b;1, bi2, ..., bim, >, Whereb;; is agent's marginal value
for getting herjth unit (so thab;; > b;(;4.1)). Thatis, agent’s valuation for receiving

J units isZizl b;. A bid profile now consists of vectorsB;, with 1 < i < n, or
equivalentlymn elementd;;, with 1 <4 <n andl < j < m. We represent thg;; in
matrix form as follows:

blm b2m oo bnm
bia b2 ... bp2
b1 bo1 ... bm
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Without loss of generality, we assume tlbat > by, > ... > b,;. That s, the
agents are ordered according to their marginal values faning their first unit. We
denote the:th highest element among all thg by vy, (1 < k < mn).

We assume that we know the joint distribution of the (and hence we also know
the joint distribution of they;). We continue to us& to denote the known upper bound
on the values that this; can take U/ is also the upper bound on thg). In this part
of the paper, we will not consider the case where there is aldwundL > 0 on all
theb;; (vy); that is, we assume the lower bound)ig(In fact, if there is a lower bound
L > 0, we can simply require the agents to bid how far abbuwheir marginal values
are, that is, require them to subrbj; = b;; — L, in which case we arrive at the case
that we study below. The VCG payments under these modifiesl witl always be
mL less than under the original bids, but we can easily re8istei this additionain L.
Hence, the restriction thdt = 0 comes without loss of generality.)

Let B be a bid profile. We denote the set of bids other tharfagenti’s own bid)
by B_;. B_; consists ofmn — m elements. We can writ&_; in matrix form as
follows:

blm ER bi—l,m bi-‘rl,m R bnm
bia ... bi—1,2 bi+1,2 R
b ... bifl,l bi+1,1 coe b

We denote théth highest elementiB_; by v_; , (1 < k < mn —m).

Our definition for VCG redistribution mechanisms in thistegs is similar to our
earlier definition. Namely, in a VCG redistribution mechamj we first allocate the
units efficiently, according to the VCG mechanism; thenhesgent receives a redistri-
bution payment that is independent of her own bid. An efficalocation is obtained
by accepting then highest marginal values{, vs,...,v,,). Thatis, ifx elements
amonguy, vs, . . ., U, COMe from agent’s bid, then agent wins 2 units. Agenti’s re-
distribution equals (B_;), wherer is the function that characterizes the redistribution
rule.

We now need a definition dinear redistribution mechanisms in this setting. We
could define linear redistribution mechanisms as follows:

r(B_;) =co+civ_i1+cv_i2+ ...+ Con—mV—imn—m

We will study this particular definition later in the papeawever, it should imme-
diately be noted that this definition ignores some potdgtialuable information in
B_;, as shown by the following example.

ExamplelLetn = 3 andm = 2.

_ 0 0
e Case l: LeB_; be{ U U }

) U 0
e Case 2: LetB_; be{ U0 }

In both cases, we have.; ; = U,v_;» = U, v_; 3 = 0, andv_; 4 = 0. Hence, if we
define the linear redistribution mechanisms as above, themedistribution payment
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must be the same in both cases.m

We can see that the above definition loses some informationtabe ordering of
the elements in the matrix. We will show later that this imfation loss can in fact
come at a cost. So, ideally we would like to incorporate tHerimation about the
order of theb;; in B_; in the definition of linear redistribution mechanisms. Tlss
what we will do next.

Let B and B’ be two bid profiles. The elements 1 and B’ are denoted by, ;
andb;j, respectively, forl < i < nandl < j < m. We sayB and B’ areorder
consistent, denoted byB ~ B’, if for any i1, j1, 42, jo, we have thab; ;, > b;,;,
implies b} ; > b;,,,, andb; ;, > b . impliesb;, ;, > b,j,. An order consistent
classof bid profiles consists of bid profiles that are all pairwisder consistent. The
set of all allowable bid profiles can be divided into a finiteher of maximal order
consistent classes (that is, order consistent classeariabt proper subsets of other
order consistent classes). (Specifically, we have one dash for every strict ordering
< on the ordered pairg, j) (1 < i < mandl < j < n)such thati,j + 1) < (4, 7)
and(i + 1,1) < (4,1) everywhere. We note that some bid profiles are part of more
than one of these maximal order consistent classes: forgeanhe bid profile with
all 0 elements belongs to all the classes.) We can apply the safinéidas of order
consistency and (maximal) order consistent classes torfdgs of other bids, the
B_,;. LetI(B_;) denote the maximal order consistent class that confgins®

The following definition of linear redistribution mecharmis successfully captures
the ordering information of3_;, by having separate coefficients for every maximal
order consistent class.

T(B—i) = C1(B_;),0 + Cr(B_;),1V—i,1 + .+ C1(B_;);mn—mV—imn—m

Since[ 8. 8 } and{ (U] 8 are not order consistent, they can result in differ-

ent redistribution payments in this class of redistribatinechanisms.

Of course, this set of coefficients is unwieldy. As it turng,ave can simplify the
representation of these mechanisms if we assume that taepatinuous.

Let r be a linear redistribution mechanism (as just defined).7l@®_;, k) be the
result of changing the largestelements ofB_; into U, and changing the remaining
elements ofB_; into 0. (We assume that ties for the tdpvalues are broken in a
consistent way.) We note that(B_;,k) ~ B_; forall 0 < k < mn — m. For

1 2 0 O 1 2 0 O
example,T({ 4 3 } ,1) = { U oo } andT({ 4 3 ],2)_ { U U ]

We define the following function’:

7/.(T‘(‘B*ia 1)) B 7)(T(B*i; O))
U
r(T'(B_;,mn—m)) —r(T(B_;,mn —m — 1))

V—i,mn—m
U H

T/(B—i) =7r(T(B-;,0)) + Vi1t ...+

81f B_; belongs to multiple maximal order consistent classes, Ii&h_;) is the class with the smallest
index in any predetermined order of all the classes. If werasstontinuity of the redistribution function, as
we will do below, then in fact it does not matter which maximalardonsistent class we choose 8r ;.
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Claim 12 If r is continuous, then = r’.

Proof: We first restrict our attention to profileB_; in a specific (but arbitrary) max-
imal order consistent class; moreover, we only considefilpsoB_; in which no two
elements are equal. For af/ ; in this class, we use the same: —m + 1 coefficients
of r, andT(B_;, k) (and hence(T(B_;, k))) depends only ok. That is, both the
coefficients and’(B_;, k) are constant irB_;.

If  is continuous, then wheB_; approacheg'(B_;, k), we have that(B_;) ap-
proaches (T(B_;, k)). By the definition of, we also have that wheB_; approaches
T(B_;, k), that is, when the first elements ofB_; approach/ and the remaining el-
ements ofB_; approachd, we have that’(B_;) approaches(T(B_;, k)). Thatis,
r(T(B_;,k)) = ' (T(B_;,k)) for 0 < k < mn — m; that is, the functions agree in
mn —m+ 1 different places. Sinceandr’ are both linear functions witn —m + 1
constant coefficients, andr’ must be the same function whéh_; is restricted to one
class. Since the choice of class was arbitrary, we have-that’. =

From now on, we only consider continuous Hence, we can characterizeby
the values it attains at all possidl& B_;, k). T(B_;, k) consists of only the numbers
U and0. We represenfl’(B_;, k) by an integer vector of length, where theith
coordinate of the vector is the number$ in theith column of '(B_;, k).

For example,

T([4 2],2):[’] 0}—><2,o>

5 3 U 0
1 2 0 U
T([4 3 ,3) = U U —<1,2>
Using this,r(T(B_;, k)) can be rewritten ag[xy, =5, ..., z,_1], where
< Z1,Za,...,Tn—1 > iSthe vector representinf(B_;) (with for eachi, 0 < z; < m,
and> z; = k). Moreover, because we have, for example, bl‘({tg g ]) =
7( g 8 ), we can assume without loss of generality that> 25 > ... > z,_1.

The following is an example of how to compute an agent’s tedigtion payment
based on the values ofx;, zs, ..., 2, —1].

Example: Letn =3 andm = 2. LetB_; = [ Z ; }

’I"(T(B,,“ 1)) B T(T(B*lﬁ 0))

’U,Z"l-i-...-l-

U
P(I(Bmn —m) ~r(T(B_mn —m-1))
. -
:T(H 8})+T([g 8});({8 8})%?({5 8]);T([3 8})_3
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5 8DA(8 8] AL Up(f )

U U
r[1,0] — r[0,0]  r[2,0] —r[1,0] _ r[2,1] —7[2,0] . r[2,2] —r[2,1]
- At 7 3+ 7 24 7

+ 1

=r[0,0]+ 1

Since the values of the[zq, z», ..., z,_1] completely characterize the linear re-
distribution mechanism, we can solve for values of the, zs, ..., z,_1] for which
the corresponding linear redistribution mechanism sassfie non-deficit property and
produces the least waste in expectation under this constrai

The following claim characterizes the non-deficit lineatisgribution mechanisms.

Claim 13 A linear redistribution mechanism satisfies the non-deficiperty if and
only if the corresponding [z, xo, ..., 2,—1] satisfy the following inequalities: For
alm>ay >ap >35> ... >3, >0, >0 w1, 21, Tig1,. ., 2] S U -
Oy min{(Z?Zl xj)—x;,mr—(n—1) min{Z?Zl zj,m}). (The right-hand side of
the inequality corresponds to the total VCG payment for thélp < x1, za, ..., 2, >.)

Proof: To see why the right-hand sidé - (3, min{(>"7_, z;) — @, m} — (n —

1) min{zg”:l xj,m}) corresponds to the total VCG payment, we note that

U - min{(Z?=1 xj) — x;,m} is the total efficiency when is removed, so that/ -

> iy min{(3°7_, x;) — x;,m} is the sum of all the terms corresponding to efficien-
cies when one agent is removed.- (n — 1) min{Z?:1 xj,m}) corresponds to the
sum of the basic Groves terms in the payments from the agémtsiis term, each
agent receives the total efficiency obtained by the othentagehen the agent is not
removed), and if we sum over all the agents, that means eamft egcountech — 1
times.

Now we can prove the main part of the claim. If the non-deficitperty is satis-
fied for all bid profiles, then it should also be satisfied whaa marginal values are
restricted to be eithel/ or 0. This proves the “only if” direction. Now we prove the
“if” direction. Let B be any bid profile from a fixed maximal order consistent class.
This implies that the maximal order consistent clas®of is fixed as well, for every
i. The total VCG payment equals the sum over af the m highest elements ii_;,
minusn — 1 times the sum of the: highest elements if3. In either case, because we
are restricting attention to a fixed class, thehighest elements are the same ones for
any B in the class. Because of this, the VCG payments are linedein;t Addition-
ally, again because we are restricting attention to onéquéatt class, the redistribution
payments are also linear in the

Now, if the inequalities hold, that means that the total VC&ympent minus the
total redistribution is nonnegative when the marginal ealare restricted to eithéf
or 0. That s, the non-deficit constraints hold for these extreases. But by Lemma 1,
if a non-deficit constraint is violated anywhere, then a defieit constraint must be
violated for one of these extreme cases. It follows that the deficit constraints hold
everywhere in the class that we were considering, and bedhissclass was arbitrary,
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the non-deficit constraint must hold everywhere s

Let z be the total number of maximal order consistent classes Zl.dte an arbi-
trary bid profile that is (only) in theth class. LetP(B € I(Z7)) be the probability
that a bid profile is drawn that is (only) in thih class, and leE(v_; x| B € 1(Z7)) be
the expectation of thieth-highest marginal value amorg)_;, given thatB is (only) in
the jth class. We assume that the probability that we draw a bitbvélgat is in more
than one class is zero (this would require that two valueexaetly equal).

Now we are ready to introduce a linear program that solvegteroptimal-in-
expectation linear redistribution mechanistn.This linear program is based on the
alternative representation of linear redistribution matbms, whose correctness was
established by Claim 12, and on the characterization of tmedeficit constraints es-
tablished for this representation by Claim 13.

Variables: r[z1,za,...,2,_1] forallintegerm > 1 >z > ... > 2,1 >0
Maximize:

r(T(Z7,,1))—r(T(Z7
U

S, P(B € I(Z9) Y,In(T(Z,,0)) + DB, |B €

; r(T(Z'ii,mn—m))—7’(T(Zii,mn—m—l)) .
Iz +...+ T E(v_imn—m|B € 1(Z7))]
Subject to:

Forallm>ax1 > 29> 23> ... > 2, >0,
ZZL:I T[l‘l, ey L1, L1y - - - ,$n] S

Uu->n, min{(zg’zl zj) —x;,m} — (n—1) min{zz;l xj,m})

We do not have an analytical solution to this linear prograththat we can do is
solve for the optimal mechanism for specific valueso&ndn. More problematically,
in general it is not easy to compute the constaM® € 1(Z7)) and E(v_; x| B €
I(Z7)). Next, we show two ways to work around this problem.

6.1 Sampling

Instead of computing an exact optimal linear redistributioechanism, we can draw
a few sample bid profiles, and solve for a linear redistrimutnechanism that is op-
timal for the samples. The linear redistribution mechamsisare continuous and we
are assuming upper bounds on the valuations, so as the nafrdemples grows, we
approach an optimal mechanism.

Let S be the (multi)set of sample bid profiles. The following linpaogram solves
for a mechanism that is optimal with respect to these profilést is, it is optimal for
the distribution that randomly draws from the sample bidifes. (The constraints are

9Incidentally, we can give a similar linear program for finditg linear redistribution mechanism that is
worst-case optimal, that is, it maximizes the fraction of t®@lG payment redistributed in the worst case. In
previous work [16], we have already identified a worst-cgstineal linear mechanism for the nonincreasing
marginal values case; however, that mechanism is only optindgnihe requirement of ex-post individual
rationality. The linear programming technique here can bel tsdind the worst-case optimal mechanism
when individual rationality is not required. For the sakeoherence of this paper, we will not go into further
detail on this here.
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enforced everywhere, though, not just on the sample.) ksiitrear program, we do
not need to compute any probabilities or conditional exgtgans: we simply sum over
the profiles in the sample in the objective.

Variables: r[z1,za,...,2,_1] forallintegerm > 1 >z > ... > 2,1 >0
Maximize:

ZBeS Zi[T(T(B—i, 0)) + T(T(Bf"’l))(;r(T(Bf“o))v_q',,1 +...+
T(T(B,iﬁmnfm))fr(T(B,i7mn7m71))U ) ]
U —i,mn—m

Subject to:
Forallm>ax1 > 29> 23> ... > 2, >0,
Z?:l T[.’l?l,. .. ,xi_l,xi_,_l,...,xn] S

v-Xn, min{(E?Zl xj) —x;,m}— (n—1) min{zyzl xj,m})

6.2 Ignoringtheordering information

We now return to the original idea for the definition of line@distribution mech-
anisms: what if we ignore the ordering information and jusé woefficients:;, for

0 < k < mn — m, which do not depend on the maximal order consistent clags® T
will be a more scalable approach, although it will come atssloTo find an optimal
mechanism in this class, we can take a similar approach asdaabdve for the more
general definition of linear redistribution mechanismsd(#énis approach is correct for
similar reasons). We consider the extreme bid vectors wakmarginal values are
U or 0, represented by vectors of integers, z», . . ., x,,, as before. The fact that we
ignore the ordering information now implies that we requiratr |z, zs, . .., 2,—1] =
YL, Y25 e Yno1) Whenevetzz;_l1 T = Z?:_ll ;. SO, we can rewrite[zy, ..., T, _1]
asr[>"" ;). Thatis, the variables now arék] for k = 0,1,...,mn — m. The re-
distribution function now becomes:

r[1] — r[0] rlmn —m] —rfmn —m — 1]
Tv,m +...+ U V—imn—m

The linear program for finding an optimal mechanism becomes:

r(B_;) =r[0] +

Variables: r[k] forinteger0 < k < mn —m
M aximize:

Zi[r[o] + ME(U—Z‘,I) +.. T[mn_m]_lrj[mn_m_l]E(U—i,mn—m)]

Subject to:

Forallm >z > 29 > 23> ... > 2, >0,

i T[(Z?:l zj) — ;] <

U~ (3 min{(327_; zj) — x,m} — (n — D)min{37_, z;,m})

While this linear program is much more manageable, it may teaglorse results
than the earlier linear program, which optimizes over theergeneral class of linear
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redistribution mechanisms that take the ordering inforamainto account. We now
study some example solutions to this linear program, ancbeoeithem to the Bailey-
Cavallo redistribution mechanism [2, 3]. We recall that Beley-Cavallo mechanism
redistributes to every agerjjt times the VCG payment that would result if this agent
were removed from the auction. If we only consider bid prgffi®m a specific maxi-
mal order consistent class, then for anyhe VCG payment that would result:ifs re-
moved is a linear combination of the.; ;. Therefore, the Bailey-Cavallo mechanism
belongs to the family of linear redistribution mechanistattconsider the ordering
information (and hence, the optimal solution to the eatfii@ear program will do at
least as well as the Bailey-Cavallo mechanism). The Bdilayallo mechanism does
not belong to the family of linear redistribution mechanssthat ignore the ordering
information: in fact, we will see that it sometimes perfortretter than the optimal
mechanism among linear redistribution mechanisms thatrgythe ordering informa-
tion. Hence, ignoring the ordering information in genemines at a cost.

For these examples, let us recall that agé&nibid vectorB; consists ofn elements
bi1, bi2, ..., bim. In both examples, we assume that the valuegob;o, .. ., b;,, are
drawn independently from the uniforff, 1] distribution, withb;; being thejth highest
among then drawn values. We also assume tiigt B, . . ., B,, are independent.

Example: Suppose that = 3 andm = 2. By solving the above linear program, we
get the following linear redistribution mechanism thatoges ordering information:
r(B_;) = %1}_1‘73. That is, an agent’s redistribution is equal to two thirdshaf third
highest marginal value among the set of other bids. The éxgeeaste of this mech-
anism is0.2571. In contrast, the expected waste of the Bailey-Cavallo raeisim is
0.4571. (The expected total VCG paymentli$)571.) So, for this example, the optimal
linear redistribution mechanism that ignores the ordeniigrmation outperforms the
Bailey-Cavallo mechanism. =

Example: Suppose that = 7 andm = 2. By solving the above linear program, we
get the following linear redistribution mechanism thatdges ordering information:
r(B—;) = tv_i3 + s=v_; 4. Thatis, an agent's redistribution is equaltdgimes the
third highest marginal value among the set of other bidss %uimes the fourth high-
est marginal value among the set of other bids. The expedistbvef this mechanism
is 0.0923. In contrast, the expected waste of the Bailey-Cavallo meism is0.0671.
(The expected total VCG paymentli$846.) So, for this example, the Bailey-Cavallo
mechanism outperforms the optimal linear redistributioechranism that ignores the
ordering information. m

In both of these examples (as well as in other examples fochwvie solved the
linear program, including examples with other distribugd, the optimal linear re-
distribution mechanism that ignores the ordering infoiiorais a special case of the
following more general mechanism.

Mechanism\/, is defined as follows, whete= m + LWJ.

rlk] =UEZfork=m+1,m+2,....t,

rit+1] =U(2 — =2,

n n—2

r[k] = 0 for otherk.
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We conjecture that there are some more general conditioshsruwhich M is the
optimal linear redistribution mechanism that ignores theeding information.

7 Conclusion

The well-known VCG mechanism allocates the items efficigintlincentive compati-
ble (agents have no incentive to lie), and never runs a defigivertheless, the agents
may have to make large payments to a party outside the sydtageats, leading to
decreased utility for the agents. Recent work has investigthe possibility of redis-
tributing some of the payments back to the agents, withalating the other desirable
properties of the VCG mechanism. Previous research ontrigdison mechanisms
has resulted in a worst-case optimal redistribution meigmanthat is, a mechanism
that maximizes the fraction of VCG payments redistributethie worst case. In con-
trast, in this paper, we assumed that a prior distributioer dkie agents’ valuations is
available, and studied the goal of maximizing the expeattal tedistribution.

For the setting of multi-unit auctions with unit demand, westfconsideredinear
redistribution mechanisms. We gave an analytical soluftbora redistribution mech-
anism that, among linear redistribution mechanisms, medmthe expected redistri-
bution, and gave conditions under which it is unique. We plewed some other desir-
able properties of this mechanism—it is asymptotically mati and undominated. We
then proposedliscretizationredistribution mechanisms, which discretize the space of
possible valuations, and determine redistributions gddaked on the discretized val-
ues (however, the incentive compatibility and non-defioitstraints still hold over the
non-discretized space). Given a discretization step sieeshowed how to solve for
the optimal discretization redistribution mechanism gsinlinear program. We also
showed that as the step size goe$ tthe mechanism converges to the optimal value
for all continuous mechanisms (and we proved a bound on hogedo optimal we
are). We presented experimental results showing that fotiens with many bidders,
the optimal linear redistribution mechanism redistrilsuédmost everything, whereas
for auctions with few bidders, we can solve for the optimakdetization redistribution
mechanism with a very small step size.

For the setting of multi-unit auctions with nonincreasingrginal values, we first
generalized the definition of linear redistribution medsars. We then introduced a
linear program for finding the optimal linear redistributiocnechanism. Because this
linear program is unwieldy, we also introduced two simptifiemear programs that
produce relatively good (though not necessarily optimaBdr redistribution mecha-
nisms. We also conjectured an analytical solution to theilssar program, which we
expect to be correct for most reasonable distributions.

Future research on optimal-in-expectation redistributinechanisms can take a
number of directions. For the setting of nonincreasing nmadgutilities, one can try
to find subclasses of the linear redistribution mechanidrmat dre more general than
the subclasses we considered but still lead to more tractgiilmization problems. In
general, one can also try to solve for an optimal-in-exgemtaredistribution mech-
anism that is not necessarily linear. Another directioroigxtend the results of this
paper to more general settings, for example, combinatartiations. Finally, it would
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be interesting to see whether agents’ expected welfareeangroved even further by
allocating units inefficiently, and if so, by how much.
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