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Previous results. Several algorithms with near-quadratic running time are known forcovering a set of n points in the plane by two strips of minimum width; see [9] and referencestherein. It is an open problem whether a sub-quadratic algorithm exists for this problem.For k = 1, projective clustering is the classical width problem. The width of a point set canbe computed in �(n log n) time1 for d = 2 [7, 11], and in O(n3=2+") expected time for d = 3[3]. Duncan et al. [5] gave an algorithm for computing the width approximately in higherdimensions. See also [4].For the general problem of computing k projective clusters, few theoretical results areknown. Meggido and Tamir [12] showed that it is NP-complete to decide whether a set ofn points in the plane can be covered by k lines. This immediately implies that projectiveclustering is NP-Complete even in the planar case. In fact, it also implies that approximatingthe minimum width within a constant factor is NP-Complete. Agarwal and Procopiuc [2]propose an algorithm with near-linear running time that computes a cover by O(k log k)strips of width no larger than the width of the optimal cover by k strips. The algorithmextends to covering points by hyper-cylinders in Rd and to a few special cases of coveringpoints by hyper-strips in Rd . See also [6] for a recent improvement on the running time.Monte Carlo algorithms have been developed for projecting S onto a single subspace [8].Our result. Let w� denote the minimum value so that S can be covered by two strips ofwidth at most w�: We present an algorithm that computes, for any " > 0, a cover of S bytwo strips of width at most (1 + ")w�, in O(n logn+ n="3 log(1=")) time.The paper is organized as follows. In Section 2 we introduce a few de�nitions and prove aresult that is later used in our algorithm. Our approximation algorithm for the 2-line-centerproblem is described in Section 3; we begin by presenting a 6-approximation algorithm andthen use it to derive our (1 + ")-approximation algorithm.2 PreliminariesA strip � in the plane is the region lying between two parallel lines `1 and `2. The width of� is the distance between `1 and `2; and the direction of � is the direction of `1 and `2: Aset � of two strips is called a strip cover of S if each point of S lies in one of the strips of�: The width of � is the maximum width of a strip in �: A strip cover � is optimal if itswidth is minimum among all strip covers of S.For any pair of points p; q; let `pq denote the line passing through p and q: If p = q then`pq is the horizontal line through p: For any three, not necessarily distinct, points p; q; rin the plane, we denote by �(p; q; r) the strip having `pq as the median line and of width2 � d(r; `pq): If r 2 `pq; �(p; q; r) is the same as `pq: We also use the notation �(p; q;w) todenote the strip of width 2w whose median line is `pq:Let �� = f��1 ; ��2g be an optimal cover of S. For the remainder of this paper, wheneverwe refer to an optimal cover of S, we mean �� (although S may have other optimal covers aswell). We de�ne the strip subsets of S to be the (not necessarily disjoint) sets S�i = S \ ��i .For a strip �, we call a pair of points p; q 2 S \ � an anchor pair of � if d(p; q) �1The base of all logarithms is 2, unless otherwise speci�ed.2



diam(S \ �)=2: The following lemma was proved in [2]. We repeat the proof here as it willbe useful later on.Lemma 2.1. Let �� 2 ��, and let (p; q) be an anchor pair of ��. Then there exists a pointr 2 S so that �(p; q; r) covers all points of S \ �� and d(r; `pq) � 3w�.Proof: Let w � w� be the width of ��, S� = S\��, and � be the diameter of S�. De�ne �to be the smallest rectangle containing S� that has two edges lying on the boundaries of ��(see Figure 1; � is the shaded area). We denote by v1; v2; v3 and v4 the four vertices of � inclockwise order. The width of � is w: Let L be the length of �: Since the two sides of � thatare perpendicular to the direction of �� must each pass through a point of S�; L � �. Let�0 be the thinnest strip in direction parallel to the line `pq that contains �. The boundariesof �0 are tangent to �. Without loss of generality, assume that @�0 touches � at v2 and v4.We denote by w0 the width of �0, and by w1; w2 the distances from v1 to the boundaries of�0. Using the notations of Figure 1, we deduce:w0 = w1 + w2 � w + L sin� � w +� � 2w� = 3w:We choose r 2 S� to be the point that is farthest away from `pq. Since r 2 �; d(r; `pq) � 3w:Moreover, �(p; q; r) � S�; and the lemma follows. 2
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Figure 1: Finding a strip �(p; q; r) (dashed boundaries) that covers S \ ��.3 Approximation Algorithm for 2-Line-CenterWe describe an algorithm that, given any " > 0, computes in O(n log n+n="3 log(1=")) timetwo strips of width at most (1 + ")w� that cover S. The algorithm works in two phases.The �rst phase computes a cover � of S by two strips of width at most 6w�. We then use �to compute a new cover of S by two strips of width at most (1 + ")w�: Each of these stepsis detailed below. 3



3.1 Computing a 6-approximate coverWe �rst describe an O(n logn) algorithm for computing a strip cover of width at most 6w�,provided that we have an anchor pair (p; q) of a strip in ��. In the next subsection wepresent an O(n logn) algorithm for computing a family of at most 11 pairs of points thatis guaranteed to contain such an anchor pair.Without loss of generality, assume that (p; q) is an anchor pair of ��1 . By Lemma 2.1there exists r 2 S so that width(�(p; q; r)) � 6w� and (S n�(p; q; r)) � ��2 . We will performa binary search to �nd such a point r and will use the algorithm by Duncan et al. [5] tocompute a strip of width at most 2w� that contains S n �(p; q; r). We need the followingresult to perform the binary search.For any w � 0, let f(w) � 2 � width(S n �(p; q;w)) be the width of the strip computedby the 2-approximation algorithm by Duncan et al.on the set S n �(p; q;w); f(w) is amonotonically decreasing function of w. Set g(w) = maxf2w; f(w)g. For any given w, g(w)can be computed in O(n) time.Lemma 3.1. g(w) is a unimodal function.Proof: Let W = hwi = d(ri; `pq)g j ri 2 Si be the sequence of distances from points to theline `pq, sorted in a nondecreasing order. The value of f(w) remains the same for all w in anitnerval (wi; wi+1), and f(wn) = 0. Let wi be the smallest value in W so that 2wi � f(wi),i.e. g(w) = f(wj) for j < i and g(w) = 2wj for j � i. Then hg(w1); : : : ; g(wi)i is amonotonically decreasing sequence and hg(wi+1); : : : ; g(wn)i is a monotonically increasingsequence. Hence g(w) is a unimodal function. 2Since g(�) is unimodal and g(w) can be computed in O(n) time for any w, minw2W g(w)can be computed in O(n log n) time by performing a binary search on W . Let wi 2W be avalue for which g(w) is minimized. We return the strip �(p; q;wi) and the strip computedby the Duncan et al.algorithm on S n �(p; q;wi). We thus obtain the following.Lemma 3.2. If (p; q) is an anchor pair then the algorithm described above computes a 6-approximation of the optimal cover in O(n logn) time.3.2 Computing an anchor pairWe show how to compute a family F of at most 11 pairs of points that contains an anchorpair. Our method works as follows (refer to Figure 2):Compute the diameter � of S; and let (p; q) be a diametral pair in S. Let Dp;Dq be thedisks of radius �=2; centered at p; respectively q:Case 1. If S n (Dp [ Dq) 6= ;; let r 2 S n (Dp [ Dq): Return F = f(p; q); (p; r); (q; r)g:Case 2. Otherwise: Let P = S \ Dp and Q = S \ Dq. We compute the convex hullsconv(P ) and conv(Q) of P and Q, respectively. Note that these hulls do not intersect.Compute `1 and `2, the two lines that are inner common tangents to conv(P ) and conv(Q).Let p1 2 P (resp. p2 2 P ) and q1 2 Q (resp. q2 2 Q) be the points lying on `1 (resp.4
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p r �=2�=2 p p2`1 `2q q1q2p1 qs
Figure 2: Finding a pair of anchors.`2). Let p3; p4 be a diametral pair in P , and q3; q4 be a diametral pair in Q. ReturnF = f(p; q); (p3; p4); (q3; q4)g [S4i=1(p; qi) [S4i=1(q; pi):Lemma 3.3. The above algorithm computes in O(n logn) time a family F of at most 11pairs of points that contains at least one anchor pair of a strip in ��.
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Figure 3: Analyzing Case 2 in the proof of Lemma 3.3.Proof: The only non-trivial step of the algorithm is computing the diameters of three setsof at most n points, which can be done in O(n log n) time (see, e.g., [13]).Case 1. At least two points among p; q, and r must be in the same strip subset. Sinced(p; q) = � and d(p; r); d(q; r) � �=2; at least one of the pairs in F is an anchor pair.Case 2. Suppose on the contrary that no pair of F is an anchor pair. Let S�12 = S�1 n S�2and S�21 = S�2 n S�1 : Our assumption implies that S�12 (resp. S�21) contains either p or q butnot both. Without loss of generality, let p 2 S�12 and q 2 S�21: Since d(p; qi); d(q; pi) � �=2,1 � i � 4; the assumption also implies pi 2 S�12 and qi 2 S�21 for every 1 � i � 4. Suppose5



that S�12 \Q = ;: Then S�12 � P , and (p3; p4) is an anchor pair, a contradiction. A similarcontradiction occurs if we assume S�21 \ P = ;:Therefore, there exist points p0 2 S�12\Q and q0 2 S�21\P . Let s be the intersection pointof `1 and `2. Since the strip ��2 contains q1, q2, and q0, it also contains the triangle �q1q2s.Hence, p0 62 �q1q2s. On the other hand, p0 lies in the wedge formed by the rays �!sq1 and �!sq2,therefore triangle �p1p2p0 intersects the segment q1q2 (Figure 3 (a)). Let x be any point inthis intersection. Since ��1 contains p1, p2, and p0, it also contains x 2 q1q2. But q1 and q2do not lie inside ��1, so we deduce that ��1 separates q1 and q2. By a symmetric argument,we conclude that the strip ��2 separates p1 and p2. This implies that the interiors of thesegments p1p2 and q1q2 intersect in a point � 2 ��1\��2 (Figure 3 (b)). Since p1; p2 2 Dp andq1; q2 2 Dq, it follows that � lies in the interior of both Dp and Dq. But this is impossiblebecause Dp and Dq are tangent to each other. 2We thus conclude the following.Theorem 3.4. For any set S of n points in the plane, we can compute a cover of S by twostrips of width at most 6w� in O(n logn) time.3.3 Computing a (1 + ")-approximate coverLet ~w � 6w� be the width of the cover computed by the previous 6-approximation algorithm.As before, we describe the algorithm for a �xed anchor pair (p; q) of a strip in ��. Theoverall algorithm then iterates the procedure over all pairs in F .We apply a transformation to S so that `pq oriented from p to q becomes the (+x)-axis.Let R be the rectangle containing p and q and bounded by the following four lines: the twohorizontal lines at distance 3 ~w from `pq, and the two vertical lines at distance 4d(p; q) fromthe mid point of the segment pq. Intuitively, our approach is as follows. Let �� 2 �� bethe strip for which (p; q) is an anchor pair. We try to \guess" (within a small error) one ofthe intersection points of the lower boundary of �� with R. We then \guess" the directionof �� and the value w�. For a �xed guess, we draw the corresponding strip � and computethe thinnest strip �0 that covers the remaining points. If our guess is correct, then � and �0have width at most (1 + ")w�. We prove below that it is su�cient to guess the intersectionpoint, the direction, and the value w� from three small sets, each of size O("�1).Let � = C", where C is a constant to be speci�ed later. Draw a grid on the boundaryof R, so that there are d1=�e grid points on each of the four sides. Grid points on the sameside are equidistant, and the lower left corner of R is a grid point; see Figure 4. Let Zdenote the set of grid points.Let � 2 [0; �=2] be such that sin � = minf1; ~w=d(p; q)g. Let� = fi = (i� d1=�e)�� j 0 � i � 2d1=�egbe a set of uniformly placed orientations in the range [��; �]. Let ~W = f(1 + i"=2) ~w=6 j0 � i � 22="g be a set of O(1=") equidistant points in the interval [ ~w=6; 2 ~w].6
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Figure 4: Computing rectangle R (dashed lines), grid points Z (empty circles), and a strip�(z; ; w) (bold solid lines); �� is represented shaded.We approximate the left intersection point of the lower boundary of �� by a point in Zand the direction of �� by an angle in �. For any z 2 Z,  2 �, and w 2 ~W , let �(z; ; w) bethe strip of width w whose lower boundary passes through z and makes angle  with `pq (seeFigure 4). We prove that there exist z0 2 Z, 0 2 �, and w0 2 ~W such that w0 � (1 + ")w�and S \ �� � �(z0; 0; w0). Assuming that we know z0 and 0, we compute w0 by performinga binary search on ~W . We also use the (1+")-approximation algorithm by Duncan et al. [5]to compute a strip of width at most (1 + ")w� that contains S n �(z0; 0; w0). Because we donot know z0 and 0, we try all possible pairs of values.For any z 2 Z,  2 �, and w � 0, let f1(z; ; w) � (1+")width(Sn�(z; ; w)) be the widthof the strip computed by the (1 + ")-approximation algorithm of Duncan et al. on the setS n �(z; ; w). Let h(z; ; w) = max fw; f1(z; ; w)g. For any given z, , and w, h(z; ; w)can be computed in time O(n="). By an argument similar to the one in Section 3.1, ifz and  are �xed then h(z; ; w) is unimodal, and minw2 ~W h(z; ; w) can be computed inO(n=" log(1=")) time by performing a binary search on ~W . Let �(z; ) be the correspondingpair of strips. We repeat this procedure for all pairs (z; ) in Z � � and report the pair�(z0; 0) if minw2 ~W h(z0; 0; w) � min(z;)2Z�� minw2 ~W h(z; ; w):There are O(1="2) pairs in Z � �, and we spend O(n=" log(1=")) time on each pair.Hence, the running time of the algorithm is O(n="3 log(1=")). The proof of correctnessfollows from the following lemmas.Lemma 3.5. Let �� 2 �� and let (p; q) be an anchor pair for ��. Then S \ �� is containedin the rectangle R.Proof: We use the same notations from the proof of Lemma 2.1 (see Figure 1). The proofof Lemma 2.1 implies d(v2; `pq); d(v4; `pq) � 3w� � 3 ~w. Hence, � is contained in the strip ofwidth 6 ~w having `pq as the median. Let � denote the diameter of S�, and let s denote themidpoint of segment pq. We deducejsv1j � jv1v3j � jv1v2j+ jv2v3j � 2� � 4d(p; q);7



and similarly jsv3j � 4d(p; q). Thus, vi 2 R, 1 � i � 4, which implies S \ �� � R. 2Lemma 3.6. Let �� 2 �� and let (p; q) be an anchor pair for ��. Then there exist z 2 Zand  2 � so that �(z; ; (1 + "=2)w�) contains S \ ��.Proof: Let S� = S \ ��. Let u1; u2; u3; u4 be the four intersection points of the boundaryof �� with R, so that the lower boundary of �� passes through u1 and u2, and so thatu1; u2; u3; u4 are in clockwise order; see Figure 5.R`2
� `3�� `1zu2
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Figure 5: Approximating �� (shaded area) by �(z; ; (1 + "=2)w�) (bold solid lines).We prove the lemma in two steps. First we prove that there exists  2 � and a strip �such that S� � �; width(�) � (1 + "=4)w�, and the orientation of the lines bounding � is with respect to the x-axis (which is the same as `pq).Let � be the orientation of �� with respect to the x-axis. By Lemma 2.1 and the valueof �, � 2 [��; �]. For simplicity, assume � � 0 (the other case is similar). Let i 2 �so that i � � < i+1. We set  = i. Let `1 and `2 be the two parallel lines whoseorientation is  and that pass through u2 and u4, respectively. We de�ne � to be the stripbounded by `1 and `2. By Lemma 3.5, S� � R, which implies S� � �. We prove thatwidth(�) � (1 + "=4)w�. Let u5 be the projection of point u4 on the lower boundary of ��,and let u6 be the intersection point between `1 and the line through u4 and u5. Thend(`1; `2) � ju4u6j = w� + ju5u6j = w� + ju2u5j tan(�� )� w� + ju2u4j tan(��) � w� + diam(R) tan(��)� w� + (6 ~w + 8d(p; q)) tan(��):We consider two cases. If 1=2 � ~w=d(p; q), then d(p; q) � 2 ~w. Assuming � � 2=3 and usingthe inequality sinx � x; for x � 0, we deduce(6 ~w + 8d(p; q)) tan(��) � 22 ~w ��cos(��=2) � 22 ~w ��=2cos(�=3) � 132��w�:Otherwise, 2 ~w < d(p; q), which implies � < �=6. Using the fact that tan(�x) � � tanx; for8



0 � x < �=2 and 0 < � < 1, we deduce(6 ~w + 8d(p; q)) tan(��) � 11d(p; q)� tan � � 11d(p; q)� sin �cos(�=6)� (22=p3)d(p; q)� ~wd(p; q) � (132=p3)�w�:Hence, choosing � � minf2=3; "=(528�)g we obtain width(�) � "w�=4:We now prove that there exists z 2 Z so that S� � �(z; ; (1+"=2)w�). Let zj ; zj+1 2 Zbe two consecutive grid points so that u2 lies between zj and zj+1. Choose z 2 fzj ; zj+1gto be the point that lies below the lower boundary of ��. Let `3 be the line parallel to `1passing through z, and let �0 be the strip bounded by `3 and `2. If z and u2 lie on a verticalboundary of R (as in Figure 5) then d(`3; `1) � jzu2j � 6� ~w < ("=4)w�. Otherwise, z andu2 lie on a horizontal side of R andd(`3; `1) = jzu2j sin  � jzu2j sin� � 8�d(p; q) w�d(p; q) � 8�w� < ("=4)w�: 2We are now ready to prove the main result of this subsection.Lemma 3.7. If (p; q) is an anchor pair of a strip in an optimal strip cover, then the abovealgorithm computes a (1 + ")-approximation of the optimal cover in time O(n="3 log(1=")).Proof: Let �� 2 �� be the strip for which (p; q) is an anchor pair. By Lemma 3.6, thereexist z 2 Z and  2 � such that �(z; ; (1+ "=2)w�) contains S\��. Let wk be the smallestelement in ~W so that (1 + "=2)w� � wk. Then wk � (1 + "=2)w� + " ~w=12 � (1 + ")w�.Obviously, �(z; ; wk) contains S \ ��. Moreover, S n (S \ ��) can be covered by a strip ofwidth w�. Therefore, the above procedure returns a strip cover of width at most (1 + ")w�.2 As mentioned in the beginning, we repeat the above procedure for all pairs in F , whichcan be computed in O(n logn) time. In addition, we compute the value ~w (used in theabove procedure) in O(n log n) time. We conclude with the following.Theorem 3.8. For any set S of n points in the plane, we can compute a cover of S by twostrips of width at most (1 + ")w� in O(n log n+ n="3 log(1=")) time.Remark 3.9. The constant hidden by the big-Oh notation in the analysis of the runningtime is quite large. A much smaller constant can be obtained with some additional work.For example, using the technique by Kirkpatrick and Snoeyink [10], our 6-approximationalgorithm can be modi�ed to compute two strips of width at most ~w1 � 3w� in the sametime bounds. Hence, we can replace ~w by ~w1 in the (1+ ")-approximation algorithm. Also,a more careful analysis shows that it is su�cient to choose a larger value for �, furtherreducing the constant in the running time. For simplicity, we did not attempt to minimizethis constant. 9



4 ConclusionsWe have presented a simple, e�cient (1 + ")-approximation algorithm for computing a 2-line-center. An obvious open question is whether the running time can be improved toO(n+ 1="O(1)). The next step is to extend this approach to the k-line-center problem, for�xed k, and to higher dimensions. We would also like to extend our approach to coveringthe points by hyper-strips. It is unclear whether we can extend the de�nition of anchor pairsof planar strips, to anchor tuples of hyper-strips, in a manner that allows us to e�cientlycompute a small set of candidate tuples.References[1] P. K. Agarwal and J. Erickson. Geometric range searching and its relatives. In B. Chazelle,J. E. Goodman, and R. Pollack, editors, Advances in Discrete and Computational Geometry,volume 223 of Contemporary Mathematics, pages 1{56. 1999.[2] P. K. Agarwal and C. M. Procopiuc. Approximation algorithms for projective clustering. InProc. 11th ACM-SIAM Sympos. Discrete Algorithms, pages 538{547, 2000.[3] P. K. Agarwal and M. Sharir. E�cient randomized algorithms for some geometric optimizationproblems. Discrete Comput. Geom., 16:317{337, 1996.[4] T. M. Chan. Approximating the diameter, width, smallest enclosing cylinder, and minimum-width annulus. In Proc. 16th Annu. ACM Sympos. Comput. Geom., pages 300{309, 2000.[5] C. A. Duncan, M. T. Goodrich, and E. A. Ramos. E�cient approximation and optimization al-gorithms for computational metrology. In Proc. 8th ACM-SIAM Sympos. Discrete Algorithms,pages 121{130, 1997.[6] S. Har-Peled. Clustering motion. In Proc. 42nd Annu. IEEE Sympos. Found. Comput. Sci.,2001. To appear.[7] M. E. Houle and G. T. Toussaint. Computing the width of a set. IEEE Trans. Pattern Anal.Mach. Intell., PAMI-10(5):761{765, 1988.[8] P. Indyk, R. Motwani, P. Raghavan, and S. Vempala. Locality-preserving hashing in mul-tidimensional spaces. In Proc. 29th Annu. ACM Sympos. Theory Comput., pages 618{625,1997.[9] J. W. Jaromczyk and M. Kowaluk. The two-line center problem from a polar view: A newalgorithm and data structure. In Proc. 4th Workshop Algorithms Data Struct., volume 955 ofLecture Notes Comput. Sci., pages 13{25. Springer-Verlag, 1995.[10] D. Kirkpatrick and J. Snoeyink. Tentative prune-and-search for computing �xed-points withapplications to geometric computation. Fundam. Inform., 22:353{370, 1995.[11] D. T. Lee and Y. F. Wu. Geometric complexity of some location problems. Algorithmica,1:193{211, 1986.[12] N. Megiddo and A. Tamir. On the complexity of locating linear facilities in the plane. Oper.Res. Lett., 1:194{197, 1982.[13] F. P. Preparata and M. I. Shamos. Computational Geometry: An Introduction. Springer-Verlag, 3rd edition, Oct. 1990.
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