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viewing direction, of the objects in a 3D scene gives asimple hidden surface removal procedure, the so-calledpainter's algorithm: the objects are drawn one after theother on top of each other, in the reverse depth order.Notice that a depth order does not always exist; evenin a set of three triangles there can be cyclic overlap.De Berg et al. [6] gave an O(m4=3+")-time algorithm,for any " > 0, that computes a depth order in a givendirection (or decides that no such order exists) for a setof polygons in 3-space with m vertices in total. Fasteralgorithms are known for several special cases [1, 6].The interest in depth orders is not limited tocomputer graphics. Suppose we want to manufacturea product consisting of several parts. If a depth orderfor the set of parts in a direction ~d exists, then theproduct can be assembled by translating the constituentparts one after another to their target positions along~d. Thus one robot arm that can pick up the parts andmove them in one �xed direction|the vertical directionfor instance|su�ces to do the assembly. (We ignorehere and in the rest of the paper the issue of how theparts are grasped and manipulated, focusing on theinherent assemblability of the product.) Wilson andLatombe [18] call products that can be assembled in thismanner stack products. The simplicity of the assemblyprocess makes stack products attractive to manufacture.See the collection edited by Homem de Mello andLee [11] for a survey of problems and techniques incomputer-aided mechanical assembly planning.Many products, however, are not stack products,that is, a single direction in which the parts must bemoved is not su�cient to assemble the product. Onesolution, proposed by Wilson and Latombe [17, 18], isto search for an assembly sequence that allows to movea subcollection of parts as a rigid body in any direction.Although their solution has polynomial running time (incontrast with many techniques in mechanical assemblyplanning), its running time is rather high in the worstcase: it may require 
(m4) time in the worst casefor a collection of m tetrahedra in 3-space. Dehneand Sack [8] study a similar problem in the plane:They allow motions in arbitrary directions, but onlyone part can be moved at a time. For a set of mconstant-complexity polygons, their algorithm runs in1



2 Agarwal et al.O(m2 logm) time. See Toussaint's survey [16] for anextensive (albeit ten-year-old) overview of assemblyproblems in the plane.We propose the following alternative approach. Weare looking for a sequence that allows for assembling theproduct by moving the parts one after the other, along asmall number of prescribed directions. This is attractivefrom a practical point of view, where some directionsof motion are preferable to others. The products thatcan be assembled in this manner can be considered asimple generalization of stack products. The problemof �nding such an assembly sequence, which we callthe k-directional assembly sequence problem, can bestated formally as follows: Given a collection S =fs1; s2; : : : ; sng of n rigid bodies in 3-space, and a setD = f~d1; ~d2; : : : ; ~dkg of k directions in 3-space, where kis a small constant, �nd a linear ordering of the bodies inS of the form h(s�1 ; ~di1); (s�2 ; ~di2 ); : : : ; (s�n ; ~din)i, wherehs�1 ; : : : ; s�ni is a permutation of the objects in S, and,for each j, the direction ~dij is in D, and the objects�j can be moved to in�nity by translating it in thedirection ~dij so that its interior does not intersect anyof the objects s�l , for l > j, throughout the motion.Otherwise, determine that no such ordering is possible.Note that we allow an object to slide along anotherobject during its motion. We call such a linear sequencea k-directional assembly sequence of S relative toD, and denote it by AS(S;D). The case k = 1 isthe well-known depth order problem discussed at thebeginning of this introduction, and can be solved usingthe algorithm by de Berg et al. [6]. Their approach,however, does not work for k > 1.The above order actually induces a disassembly se-quence, that is, a sequence of translations that will takethe product apart. The desired assembly sequence issimply the disassembly sequence in reverse order. Thisapproach is common practice in mechanical assemblyplanning when the objects are rigid. For this reason,problems of �nding an assembly sequence are sometimesreferred to as separability problems.Our approach is more restrictive than that of Wil-son and Latombe in two ways: we prescribe a smallnumber of directions of allowed translations, and weonly allow one part to be moved at a time. There areproducts that cannot be assembled in our model, butthat can be assembled in their model. Nevertheless, theassembly process resulting from our approach is rela-tively simple, which is advantageous in practice. More-over, our algorithm for the k-directional assembly se-quence problem runs in O(m4=3+") time, for any " > 0,for a set of polyhedra withm vertices in total. (The con-stant of proportionality in the bound depends on k and".) Thus it is signi�cantly faster than their algorithm.

Our approach works incrementally: For each di-rection ~di we maintain the subset of the objects thatare maximal in ~di; an object is called maximal in ~diif it can be moved to in�nity in direction ~di withoutcollisions. We then take one of the maximal objects,separate it from the remaining objects, and update theset of maximal objects. This process is repeated untilall objects are separated, in which case we have foundthe desired k-directional assembly sequence, or untilwe are stuck, in which case no k-directional assemblysequence exists. The heart of our solution is a newdata structure for maintaining maximal objects underdeletions. We present e�cient maximality-maintenancestructures for a set of segments and for a set of poly-hedra in R3 , which, in turn, rely on a dynamic datastructure for the following problem, which we refer to asthe maximality-reporting problem. Given two sets A;Bof objects in Rd , preprocess them into a data structurethat supports e�cient deletions from A and B; aftereach deletion of an object b from B the deletion proce-dure should return the objects of A that become max-imal (in the +xd-direction) after deleting b. We �rstpresent a maximality-reporting structure for the casewhen A is a set of points in Rd and B is a set of hy-perplanes in Rd . Using this data structure as a sub-structure, we present a maximality-reporting structurefor segments and for polyhedra.We extend our algorithm to rotational motions,where the ~di's specify axes of rotation for the motions.For this case, the running time of our algorithm becomesO(m8=5+"), for any " > 0. Prior to our work, most of thestudy of separability problems deals with translationalseparation; rotations are often handled by resortingto in�nitesimal rotations [10, 19]. Garc��a-L�opez andRamos-Alonzo [9] study true rotational motions, but ina very limited setting: They consider separating a singlepoint from a polygon. Another recent paper dealingwith rotations is by Sch�omer and Thiel [14]. Given astationary polyhedron and a rotating polyhedron, theycan �nd the �rst collision point in O(m5=3+") time, forany " > 0, where m is the total number of verticesof the polyhedra. This has recently been improvedto O(m8=5+") [15]. In our solution to the rotationalordering, we use the data structure devised in thesepapers.The paper is organized as follows. In Section 2we present the global approach for computing a k-directional assembly sequence. Section 3 presents themaximality-reporting structure for points and hyper-planes. Since this data structure is somewhat involved,we �rst give the basic idea and then describe the datastructure in detail. Next, we describe in Section 4 amaximality-maintenance structure for a set of segments



k-Directional Assembly Sequences 3in R3 , and in Section 5 for a set of polyhedra. We con-sider rotational motions in Section 6.2 The Global Method.Let S be an arbitrary collection of rigid bodies in R3 ,and let D = f~d1; ~d2; : : : ; ~dkg be a set of k directions. Wedescribe a general method to compute a k-directionalassembly sequence for S with respect to D. The methodworks by maintaining the so-called maximal elements inthe set S. Given a pair s; s0 of objects, we say that slies above s0 in direction ~d if, for every oriented line ` inthe direction ~d, all points of s0 \ ` lie before any pointof s \ `. An object s is called maximal relative to a setS in direction ~d if s lies above all objects of S n fsg indirection ~d.Our algorithm for computing a k-directional assem-bly sequence uses the following \greedy" approach. Sup-pose we have already computed the sequenceh(s�1 ; ~di1); (s�2 ; ~di2); : : : ; (s�j�1 ; ~dij�1 )i:In the j-th step, we either compute a pair (s�j ; ~dij ) suchthat s�j is maximal relative to Sj = Snfs�1 ; : : : ; s�j�1gin direction ~dij 2 D, or conclude that no such pairexists, in which case we stop and report that S does notadmit a k-directional assembly sequence relative to D.It is easy to see that this greedy approach is correct. Inorder to apply this approach e�ciently, we maintain foreach direction ~di 2 D a data structure T~di that supportse�cient execution of the following operations on a setS of objects:max: Return an object of S that is maximal in thedirection ~di, if there exists one. Otherwise, returnNull.delete(s): Delete the object s from S, and update thedata structure accordingly.We call such a data structure amaximality-maintenancestructure. At the start of the j-th step each T~di storesthe set Sj . Searching for a maximal element can now bedone by performing amax-query on each T~di ; updatingthe structures for the (j + 1)-st step (if there was amaximal element) can be done by deleting the maximalelement from each T~di .Let f(n) denote the maximum time required tobuild the maximality-maintenance structure T~di(S) andto perform n operations (either max or delete) on it,over all possible sets S of n objects of a �xed typeand over all possible directions in 3-space. Then a k-directional assembly sequence for a set S of n objectswith respect to a set D of k directions can be computedin time O(kf(n)). We have thus reduced the problemof computing a k-directional assembly sequence to thatof designing a maximality-maintenance structure.

3 A Maximality-Reporting Structure.Before we present maximality-maintenance structuresfor segments and polyhedra, we present a maximality-reporting structure, de�ned below, for points and hy-perplanes, which will be used as a substructure formaximality-maintenance structures. Let P be a set ofm points in Rd and H a set of n hyperplanes in Rd . Apoint is called maximal if it lies above all hyperplanes ofH (with respect to the xd-axis). A maximality-reportingstructure for P and H , denoted by 	(P;H), supportsdeletions of elements from P and H , where the deletionprocedure for a hyperplane h 2 H reports and deletesall points in P that become maximal upon the dele-tion of h. Furthermore, besides constructing the datastructure, the preprocessing procedure should also re-port and delete the points of P that are maximal withrespect to H . Since we delete the points whenever wereport them, a point is reported only once.We present the data structure in three stages. InSection 3.1 we present the main idea and quote resultsthat will be needed later. In Section 3.2 we describe adata structure that works well when m > nbd=2c, andthen in Section 3.3 we present another structure thatworks well for all values of m and n.3.1 Overview and auxiliary results. We �rstbriey sketch the main idea. We preprocess H intoa dynamic data structure, proposed by Agarwal andMatou�sek [3], for the upper-envelope searching problem,which supports deletions of hyperplanes and queriesthat can quickly determine whether a query point liesabove all the hyperplanes of H . This data structure isa tree T , where each node v stores a subset Hv of Halong with some auxiliary information.For a query point p, the query procedure visits aset of nodes of the tree, and, at each visited node v, itchecks whether p lies above all hyperplanes in Hv. Anaive approach for reporting and deleting all points ofP that become maximal upon deleting a hyperplane ofH is to query T with every point of P that has not beendeleted so far. It will, however, be expensive to repeatthis step after every deletion. However, since the datastructure supports e�cient deletion of hyperplane, theprocedure for deleting a hyperplane h visits only a fewnodes of T . The deletion of h can a�ect the outcome ofonly those queries that visit one of the nodes visited bythe deletion procedure while deleting h.To exploit this observation, we query T with eachpoint p 2 P only once, immediately after construct-ing T . For each node v 2 T visited by the query pro-cedure for p, we store p at v if it is not maximal withrespect to Hv . Let P v be the set of points stored at v.When we delete a hyperplane h, for each node v visited



4 Agarwal et al.by the deletion procedure, we also delete the points ofP v that become maximal with respect to Hv. We re-port the points that were deleted from the root. We willshow that, by proceeding in a bottom-up manner, thepoints can be deleted e�ciently (in an amortized sense).This is the general idea; the data structure is describedin detail in the following subsections.We now state some results that will be useful for ourdata structure. The arrangement of H , A(H), is thedecomposition of Rd induced by the hyperplanes in H .The level of a point p with respect to H is the numberof hyperplanes of H lying strictly above p. Let A�k(H)denote the (closure of the) set of all points whose levelwith respect to H is at most k. For a parameter r � n,a (1=r)-cutting of A�k(H) is a set � of simplices withpairwise disjoint interiors covering A�k(H), so thatthe interior of each simplex intersects at most jH j=rhyperplanes ofH . The number of simplices in � is calledthe size of the cutting. Finally, for a set P of m pointsin Rd , a family � = f(P1;�1); (P2;�2); : : : ; (Pl;�l)g iscalled a simplicial partition of size l for P if P1; : : : ; Plform a partition of P and each �i is a (relatively open)simplex containing Pi.Theorem 3.1. (Matou�sek [12]) Let H be a setof n hyperplanes and P a set of m points in Rd . Letr � n� be a parameter, where 0 6 � 6 1 is a suitableconstant (depending on d).(i) For any k = O(n=r), a (1=r)-cutting � of A�k(H)of size C1rbd=2c can be computed in O(n log r) time;here C1 is an absolute constant.(ii) There exists a simplicial partition � of size l for P ,with l 6 r, such that, for 1 � i � l,(ii.a) m=r � jPij � 2m=r; and(ii.b) each hyperplane of H that lies below at mostm=r points of P intersects �(r) simplices off�1; : : : ;�lg, where �(r) is O(log r) for d =2; 3, and O(r1�1=bd=2c) for d � 4.Moreover, � can be computed in O(m log r + nr)time.Let � be a simplex. We say that a hyperplane h isrelevant for � if either h lies above � or h intersects �.Let H� � H denote the set of hyperplanes relevant for�. For any (1=r)-cutting � of A�k(H), we can assumethat every simplex � 2 � has at most k + n=r relevanthyperplanes, because otherwise � does not intersectA�k(H) and can be discarded from �.3.2 The �rst data structure. We can now describethe desired maximality-reporting structure. Let m =jP j and n = jH j. We �rst describe a data structurethat works well when m > nbd=2c, and in the following

subsection present another structure that works well forall values of m and n.The �rst maximality-reporting structure 	(P;H), avariant of the dynamic halfspace-range-searching struc-ture by Agarwal and Matou�sek [3], is a tree based on(1=r)-cuttings. It can be constructed in O(nbd=2c+" +m logn) time and can delete all points and hyperplanesin time O((m+ nbd=2c)n").Each node v of 	 is associated with a pair P v � Pand Hv � H . The root u is associated with P andH . We will use 	v to denote the subtree rooted at v.	v is reconstructed periodically after deleting somehyperplanes of Hv . Let mv (resp. nv) denote the sizeof P v (resp. Hv) when 	v was reconstructed the lasttime; put m = mu and n = nu. We set r = n�, for somesu�ciently small constant � > 0. The value of r is thesame for all nodes of 	, and it is updated only when theentire tree is reconstructed. We reconstruct the subtree	v after deleting nv=2r hyperplanes from Hv since thelast time it was reconstructed.If n � r then 	(P;H) consists of a single node.Otherwise, the root of 	(P;H) is an internal node and,apart from P and H , it stores the following information:(i) A partition of H into subsets H1; : : : ; Ht, wheret � d1=�2e.(ii) For every 1 � i � t, we store a (1=r)-cutting �i.Initially, �i is a (1=r)-cutting of A�k �Sj�iHj�,where k = n=r. Each hyperplane of Hi is relevantfor at most � = 2C1rbd=2c�1+�(3.1)simplices of �i, where C1 is the constant arising inTheorem 3.1(i).(iii) For each point p 2 P , we store a bit shallow (p),which is 1 if, for every i � t, p lies in some simplexof �i, and 0 otherwise. If shallow (p) = 0, then weignore p from this version of the structure becauseit cannot become maximal during the next n=2rdeletions.(iv) For every i and for every � 2 �i, we store a pointerto a subtree 	(Pi;�; Hi;�), wherePi;� = fp 2 P j p 2 � and shallow (p) = 1g ;andHi;� � Hi is the set of hyperplanes relevant for�. By construction, jHi;�j � 2n=r and, for every1 � i � t, P�2�i jPi;�j � m.(v) A counter countu, which is initially set to n=2r.We �rst describe how to compute �i and Hi for1 � i � t. Suppose we have already computedH1; : : : ; Hi�1. Let H i = H n (H1 [ � � � [ Hi�1), and



k-Directional Assembly Sequences 5let ni = jH ij. If ni � n=r, then �i consists of just onesu�ciently large simplex, and Hi = H i. Otherwise, setri = rnin 6 r and k = nr = niri ;and compute a (1=ri)-cutting �i of size C1rbd=2ci forA�k(H i), in time O(ni log ri), using Theorem 3.1. Forevery simplex � 2 �i, let H i;� � H i be the set ofhyperplanes relevant for �. We havejHi;�j � niri + k = 2niri :ThereforeX�2�i jH i;�j � 2niri C1rbd=2ci = 2C1nirbd=2c�1i :(3.2)We call a hyperplane `good' if it is relevant for at most� simplices (see Equation (3.1)). Then the number of`bad' hyperplanes is at most ni=r� = ni=n�2 . Let Hi bethe set of good hyperplanes of H i. We now repeat theconstruction for H i+1 = H i n Hi. The above analysisimplies that jH ij � n1�i�2 , so the process terminatesafter at most d1=�2e steps. Next, by testing each pointp of P with every simplex of �i, for 1 � i � t, wedetermine shallow (p) and the set Pi;� for every � 2 �i.If Pi;� is not empty, we recursively construct the datastructure 	(Pi;�; Hi;�) and store a pointer at the rootto this subtree.Here is a brief informal description of how thisdata structure functions. The cuttings �i cover the`shallow' portion of A(H). If a point p 2 P lies belowsuch a cutting �i, then there are at least ni=ri =n=r hyperplanes of H passing above p, so p can beignored in the current version of the tree, becauseat most n=2r hyperplanes will be deleted before thetree is reconstructed, so p will remain nonmaximalwhile these deletions take place. This is the purposeof the bit shallow(p), and the reason for recursiveprocessing of only points with shallow(p) = 1. Thereason for maintaining t di�erent cuttings is that wewant all hyperplanes to be `good' with respect to therelevant cutting, so that deleting a hyperplane can bedone e�ciently, by traversing and updating at most �simplices.The total time spent in computing the informationstored at the root of 	(P;H) is O((m + n)trbd=2c).Hence, it can be shown that the total time spent inconstructing 	(P;H) is O((m + nbd=2c)n"), for any" > 0. Note that, by the choice of r, the depth of	(P;H) is constant (depending on �).After we have constructed the tree 	(P;H), wechange the sets P v stored at each node v so that thefollowing condition is met:

(?) No point of P v is maximal with respect to Hv.Deleting the points of P v that are maximal withrespect to Hv can be accomplished in time O((m +nbd=2c)n") in a bottom-up manner. Finally, we returnall the points deleted at the root of 	(P;H).Deleting a point p 2 P . We visit 	 in a top-downfashion, starting from the root. Suppose we are at anode v. If p 62 P v , there is nothing to do, and we return.Otherwise, we delete p from P v . If v is an interior node,we also delete p recursively from its children. Since apoint of P is stored at O(1) nodes (with the constant ofproportionality depending on �), the total time spent isO(1).Deleting a hyperplane h 2 H. We again visit 	 ina top-down fashion, starting from the root. Suppose weare at a node v. We delete h from the set Hv. If v isa leaf, for each point p 2 P v , we determine whether plies above all the remaining hyperplanes of Hv. If so,we delete p from P v. We return all the deleted points.If v is an interior node, we decrease countv by1. If countv becomes zero, we reconstruct the subtree	v and return those points of P v that are maximalwith respect to Hv (recall that these points are deletedfrom the set P v). Next, assume that countv > 0 andh 2 Hvi . For each simplex � in the (1=r)-cutting �vi ,for which h is relevant, we delete h recursively from thesubstructure 	(P vi;�; Hvi;�). The recursive call returnsthe subset of those points of P v that are now maximalwith respect toHvi;�. Using the information returned bythe recursive calls, we delete and return all those pointsof P v which have become maximal with respect to Hv(after deleting h). Speci�cally, a point is deleted fromP v if shallow (p) = 1 and if it has been deleted from allthe children of v where it was stored.Following an argument similar to (but more in-volved than) the one used by Agarwal and Matou�sekin [3], we can prove that the total time spent in delet-ing all n hyperplanes of H and all m points of P isO((m+nbd=2c)n"), for any " > 0, where the constant ofproportionality depends on ".Lemma 3.1. Let P be a set of m points in Rd andlet H be a set of n hyperplanes in Rd . A maximality-reporting structure for P and H can be constructedin O((m + nbd=2c)n") time, for any " > 0, so thatthe deletions of all hyperplanes and all points can beperformed in O((m + nbd=2c)n") time.3.3 The second data structure. We now describeanother maximality-reporting structure for P and H ,which combines Lemma 3.1 with a structure that workswell for the case when m is much smaller than n. (Herewe follow a standard technique used in range searchingto obtain space/query-time tradeo�.) Following the



6 Agarwal et al.notation of the previous subsection, we will use 	(P;H)to denote the new tree, 	v to denote the subtree rootedat the node v, and P v ; Hv to denote the subsets of pointsand hyperplanes, respectively, associated with v. Theroot is again associated with P and H . The subtreerooted at v is reconstructed after deleting jHvj=2rhyperplanes from Hv.We now choose r to be a constant. 	(P;H) consistsof a single node for n � r, and 	(P;H) is constructedusing Lemma 3.1 for m > nbd=2c. So, assume that m �nbd=2c and n � r. The data structure is constructedrecursively as follows.Let ~p be the hyperplane dual to a point p in Rdand let ~h be the point dual to a hyperplane h in Rd ,so that p lies above h if and only if ~h lies below ~p. Let~P = f~p j p 2 Pg and ~H = f~h j h 2 Hg. A point of p ismaximal if the halfspace lying above ~p does not containany point of ~H . We construct a simplicial partition� = f( ~H1;�1); ( ~H2;�2); : : : ; ( ~Hl;�l)g of ~H in O(n)time, using Theorem 3.1. The root of 	(P;H) storesthe following information. For each p 2 P , we store abit shallow (p), which is 1 if the hyperplane ~p intersectsat most �(r) simplices of �. For each 1 � i � l, letPi = fp 2 P j shallow (p) = 1 and ~p intersects �ig:We recursively construct 	(Pi; Hi) and attach a pointerfrom the root of 	(P;H) to the data structure	(Pi; Hi).It can be shown that the total time spent inconstructing 	(P;H) is �(m;n) = O(mn+" +mn" +n logn), where  = bd=2c=(bd=2c+ 1):(3.3)Again, we want to satisfy condition (?), so wedelete all points of P v that are maximal with respectto Hv in a bottom-up manner. Finally, points of Pand hyperplanes of H are deleted using appropriatevariants of the procedures described in the previoussubsection. Once again, with analysis similar to theone in [3], we can prove that the total time spent indeleting all n hyperplanes of H and all points of P isO(mn+"+mn"+n log2 n) for any " > 0, with  beingthe same as in (3.3).Theorem 3.2. Let P be a set of m points inRd and let H be a set of n hyperplanes in Rd . Amaximality-reporting structure for (P;H) can be con-structed in time O(mn+" + mn" + n logn), for any" > 0, such that the deletions of all points and hyper-planes can be performed in O(mn+"+mn"+n log2 n)time.

4 A Maximality-Maintenance Structure forSegments.We now present a maximality-maintenance structurefor a set S of segments in R3 . The time to build thisstructure and to perform nmax and delete operationson it will be f(n) = O(n4=3+"), for any " > 0, seeLemma 4.1. This implies the following theorem.Theorem 4.1. Computing a k-directional assem-bly sequence for a set of n segments in 3-space relativeto a given set of k directions (or determining that nosuch order exists) can be done in O(kn4=3+") time, forany " > 0.Without loss of generality we describe a maximality-maintenance structure for the +z-direction. It turns outto be simpler not to tackle this data structuring problemdirectly, but to �rst apply the following decompositionstep. For a segment s 2 R3 , let s� denote the xy-projection of s, and for a set S de�ne S� = fs� j s 2 Sg.Our goal is to construct a familyF = f(A1; B1); (A2; B2); : : : ; (At; Bt)g;of pairs of sets that satisfy the following conditions forsome given " > 0 and a su�ciently large constant integerr. Let ai = jAij and bi = jBij.(C1) For 1 � i � t, Ai; Bi � S, Ai \ Bi = ;; eachsegment of A�i intersects every segment of B�i . Also,the slope of every segment in A�i is smaller thanthat of any segment in B�i , or the slope of everysegment in A�i is larger than that of any segmentin B�i .(C2) For every pair of distinct segments si; sj 2 S suchthat s�i ; s�j intersect, there are two indices k; l � twith si 2 Ak; sj 2 Bk and sj 2 Al; si 2 Bl.(C3) For 1 � k � dlogr ne, let F (k) = f(Ai; Bi) j rk �bi < rk+1g and tk = jF (k)j. Thentk = O�n4=3+"r2k � ; X(Ai;Bi)2F(k) ai = O(n4=3+")for1 � k � � 13 logr n� ;tk = O�n1+"rk � ; X(Ai;Bi)2F(k) ai = O�n3=2+"rk=2 �for � 13 logr n� < k � dlogr ne :In the next subsection we show that, using the knownrange-searching data structures [4, 13], the family F canbe computed in O(n4=3+") time. We now explain howF can be used to construct the desired data structure.For each of the pairs (Ai; Bi), we construct amaximality-reporting structure 	(Ai; Bi), as described



k-Directional Assembly Sequences 7below in Section 4.2. More precisely, 	(Ai; Bi) main-tains the segments from Ai that are maximal with re-spect to Bi. It allows for the deletion of segments fromAi and from Bi. In the latter case, all segments from Aithat become maximal upon the deletion of the segmentfrom Bi are reported. Moreover, the preprocessing al-gorithm for 	(Ai; Bi) should report all segments fromthe set Ai that are initially maximal with respect to Bi.Besides the data structures 	(Ai; Bi), we maintainthe following information. For every segment s 2 S, wemaintain three lists of indices:A(s) = fi j s 2 Aig; B(s) = fi j s 2 Big;NM (s) = fi j s 2 Ai ^ s is not maximal w.r.t. to Big:Finally, we maintain the setM = f s 2 S j NM (s) = ;gof maximal segments in S. It is easy to verify that Mis indeed the set of all maximal segments: If s is notmaximal, because it is `blocked' by some segment s0,then there is an index i such that s 2 Ai, s0 2 Bi, sothe non-maximality of s will be `captured' by the pair(Ai; Bi). All these lists will be updated as segments arebeing deleted from S.Initializing the lists A(s) and B(s) is trivial oncewe have computed F . Furthermore, the preprocessingalgorithm for the structures 	(Ai; Bi) gives us all theinformation to initialize the lists NM (s). InitializingMis easy once we have the lists NM (s) available. Hence,the time for initializing the lists A(s), B(s), NM (s), andM is subsumed by the time spent in constructing F andall structures 	(Ai; Bi).We can now describe how to perform the max anddelete operations. A max query is easy to answer:if M 6= ; we return an arbitrary segment s 2 M,otherwise we return Null. Now consider a delete(s)operation. First we delete s from M (if necessary) andfor each i 2 A(s) we delete s from 	(Ai; Bi). Next,for each i 2 B(s) we delete s from 	(Ai; Bi). Thedeletion procedure for 	(Ai; Bi) returns all segmentss0 2 Ai that become maximal with respect to Bi. Foreach such segment s0, we delete i from NM (s0) and weadd s0 toM if NM (s0) becomes empty. It can be veri�edthat conditions (C1){(C3) are invariant undermax anddelete operations.Let '(ai; bi) denote the total time spent in con-structing 	(Ai; Bi) and in deleting all the segment ofAi [ Bi. Theorem 4.2 below states that'(ai; bi) = O(a2=3i b2=3+"i + a1+"i + b1+"i ) ;for any " > 0. As already promised, the time needed tocompute the family F will be O(n4=3+"), for any " > 0.

Hence, summing '(ai; bi) over all pairs in F and using(C3), one can show that the total running time of thealgorithm is bounded by O(n4=3+"0 ) for any "0 > 3". Wethus obtain the following result.Lemma 4.1. Given a collection of n segments in3-space, a direction ~d, and a parameter " > 0, wecan construct a maximality-maintenance structure fordirection ~d, such that the preprocessing time and thetime to perform n operations on it is O(n4=3+").4.1 Computing the family F. Let S be a set of nsegments in R3 . We describe a divide-and-conquer algo-rithm to compute a family F = f(A1; B1); : : : ; (At; Bt)gof pairs of subsets of S satisfying the conditions (C1){(C3) stated in the beginning of Section 4. Recall thats� denotes the projection of a segment s and thatS� = fs� j s 2 Sg. Let " be �xed. We sort the seg-ments of S by the slopes of S� and partition S into twosubsets S1 and S2, where S1 consists of the �rst bn=2csegments and S2 consists of the next dn=2e segments.We recursively construct families F1 and F2 for S1 andS2, respectively. We also construct, in O(n4=3+�) time,for � = "=2, a familyF12 = f(A1; B1); : : : ; (Au; Bu)gthat satis�es the following conditions.(C10) For every i, we have either Ai � S1, Bi � S2or Ai � S2; Bi � S1, and each segment of A�iintersects every segment of B�i .(C20) For every pair si; sj 2 S1 � S2 such that s�i ; s�jintersect, there are two indices k; l � u with si 2Ak; sj 2 Bk and si 2 Bl; sj 2 Al.(C30) Same as (C3) with " replaced by �.It is easy to verify that F1 [ F2 [ F12 satis�esconditions (C1){(C3), and that the total running timeof the algorithm is O(n4=3+").It remains to describe how to compute F12. Weconstruct the segment-intersection-searching data struc-ture [4] on the set S�2 , which can report the set of seg-ments of S�2 intersecting a query segment in the plane,as a union of few pairwise disjoint subsets of S�2 . Thissegment-intersection-searching data structure is a multi-level partition tree, each of whose nodes is associatedwith a so-called canonical subset of S�2 . The totalsize of all canonical subsets in the tree is O(n4=3+�).For a query segment e in the plane, the query proce-dure selects O(n1=3+�) pairwise disjoint canonical sub-sets whose union consists of exactly those segments ofS�2 that intersect e. Using this structure, we can con-struct the family F12 as follows. We query the datastructure with all segments of S�1 . For each canonical



8 Agarwal et al.subset B�i � S�2 , let A�i � S�1 be the set of segmentswhose query output contained the canonical subset B�i .If A�i 6= ;, we add the pair (Ai; Bi) to F12.Next, we repeat the same procedure with roles ofS1 and S2 being interchanged. That is, we constructa similar segment-intersection-searching data structurefor S�1 , query it with all segments of S�2 , and add thepairs (Ai; Bi), with Ai � S2; Bi � S1, to F12 as above.It is immediate that the family F12 satis�es con-ditions (C10) and (C20). Finally, exploiting the distri-bution of the sizes of the canonical subsets in the datastructure and in a query output, one can show that F12satis�es (C30).Lemma 4.2. Given a set S of n segments in R3 anda parameter " > 0, a family F satisfying (C1){(C3) canbe constructed in O(n4=3+") time.4.2 The maximality-reporting structure. Let Aand B denote two sets of segments in R3 satisfyingcondition (C1), that is, every segment in A� intersectsall segments in B�, and, say, the slope of every segmentin A� is smaller than the slope of any segment in B�.Recall that the data structure 	(A;B) should supportdeletions of segments from A and B; the procedure fordeleting a segment e from B should report all segmentsfrom A that become maximal with respect to B uponthe deletion of e. Furthermore, the preprocessingalgorithm should return all segments in A that aremaximal with respect to B.For a segment e in R3 , let �(e) and $(e) denote,respectively, the Pl�ucker point and the Pl�ucker hyper-plane, represented in R5 , of the line supporting e andoriented in the increasing x-direction [7]. We will usethe following observation made by Chazelle et al. [7].Observation 4.3. Let ` and `0 be two lines in R3oriented from left to right such that the slope of `� issmaller (resp. greater) than that of `0�. Then ` lies above`0 in the +z-direction if and only if the Pl�ucker point of` lies above (resp. below) the Pl�ucker hyperplane of `0.Since the slope of every segment in A� is smallerthan that of any segment in B� and each segmentof A� intersects every segment of B�, a segment e ofA is maximal with respect to B if and only if �(e)lies above all hyperplanes $(e0), for e0 2 B. Hence,the problem reduces to constructing the maximality-maintenance data structure, described in Section 3, forthe set of points P = f�(e) j e 2 Ag and the set ofhyperplanes H = f$(e0) j e0 2 Bg. Plugging d = 5 intoTheorem 3.2, we obtain the following result.Theorem 4.2. Let A and B be two sets of seg-ments in R3 satisfying condition (C1), and let a = jAjand b = jBj. These sets can be preprocessed in timeO(a2=3b2=3+"+ab"+b log b) into a maximality-reporting

structure 	(A;B), such that all a + b deletions takeO(a2=3b2=3+" + ab" + b log2 b) time.5 The Case of Polyhedra.We now extend our solution for a set of (possiblynonconvex) polyhedra. Let S be a collection of npolyhedra in R3 with m vertices in total. As above,we will develop a maximality-maintenance structure forS, relative to the +z-direction.For a polyhedron P , let F (P), E(P), and V (P)denote the set of faces, edges, and vertices of P ,respectively. Furthermore, let F (S), E(S), and V (S)denote the set of faces, edges, and vertices of allpolyhedra in S. Recall that an object is maximal inthe +z-direction with respect to a set of objects if theobject can be translated to in�nity in the +z-directionwithout colliding with any of the objects in the set. Apolyhedron P 2 S is maximal if and only if every facef 2 F (P) is maximal with respect to V (S)nV (P), everyedge e 2 E(P) is maximal with respect to E(S) nE(P),and every vertex v 2 V (P) is maximal with respect toF (S) n F (P).Using this observation, our maximality-maintenance structure for polyhedra works as follows.For each polyhedron P we have a counter that countsthe number of features (vertices, edges, faces) of P thatare maximal with respect to the corresponding features(faces, edges, vertices) of the other polyhedra. Whenthis counter becomes equal to the total number of fea-tures of P , then P itself becomes maximal. Next wedescribe how to maintain this counter.First consider the edges of a polyhedron. In theprevious section we have seen how to maintain maximalelements in a set of segments in R3 . However, we cannotuse this structure directly for the set E(S), because weare now interested in determining whether an edge of apolyhedron P is maximal with respect to E(S) nE(P).Fortunately, the needed modi�cation is relatively easy.We reformulate conditions (C1) and (C2) for the familyF stated in Section 4.(C100) For 1 � i � t, we have Ai; Bi � E(S), Ai \Bi =;, each segment of A�i intersects every segmentof B�i ; either the slope of every segment in A�i issmaller than that of any segment in B�i , or theslope of every segment in A�i is larger than that ofany segment in B�i ; and no polyhedron has edgesin both Ai and Bi.(C200) For every pair sk; sl 2 E(S) such that s�k and s�lintersect and belong to di�erent polyhedra, thereare two indices i; j � t with sk 2 Ai; Bj andsl 2 Bi; Aj .With these new conditions on F we can apply



k-Directional Assembly Sequences 9our previous solution. To compute the new family Fwe use a divide-and-conquer strategy and a segment-intersection-searching structure, as before. The onlydi�erence is that there is an additional restriction inthe segment-intersection searching: given a segment e�in the plane, the structure should report all intersectedsegments whose label is di�erent from the label of e�,where the label of a segment e� is the polyhedron thatcontains the edge e.Next, we construct a data structure for main-taining maximal vertices and maximal faces. We de-scribe the structure only for maintaining maximal ver-tices; the structure for maximal faces is similar andhas the same performance bounds. We may assume,with no loss of generality, that all faces are trian-gles. As in the case of edges, we want to deter-mine whether a vertex of P is maximal with respectto F (S) n F (P). To this end we construct a familyF = f(V1; F1); (V2; F2); : : : ; (Vt; Ft)g, satisfying the fol-lowing conditions.(D1) For 1 � i � t, we have Vi � V (S), Fi � F (S),each point p� 2 V �i lies in every triangle f� 2 F �i ,and there is no polyhedron P such that Vi containsa vertex of P and Fi contains a face of P .(D2) For every pair (v; f) 2 V � F such that v� 2 f�and v and f belong to di�erent polyhedra, there isan i � t with v 2 Vi and f 2 Fi.(D3) Similar to (C3).Computing the family F can be done in essentiallythe same way as before: we construct a triangular-range-searching structure for the set V � and we querywith each triangle in T �. The canonical subsets in thestructure are the sets Vi; the corresponding set Ti isformed by all triangles for which that canonical subsetis reported by the query procedure. A triangular rangequery on a set of m points in the plane can be answeredin O(m1=3+") time after O(m4=3+") preprocessing [4].For each pair (Pi; Ti) in F we need a maximality-maintenance structure. In view of conditions (D1) and(D2), we can replace triangles of Fi by their supportingplanes. We have therefore reduced the problem to amaximality-reporting problem for points and planes inR3 . Applying Theorem 3.2 with d = 3, observing thatthe resulting time complexity is subsumed by that of theabove planar range searching, and putting everythingtogether, we obtain the following theorem.Theorem 5.1. Computing a k-directional assem-bly sequence for a set of polyhedra in 3-space with mvertices in total, relative to a given set of k directions(or determining that no such sequence exists), can bedone in O(km4=3+") time, for any " > 0.

6 Rotational Order.So far we have discussed assembly sequences where themotion of each part is translational. Next we extend ourmethod to the case where some, or all, of the directions~di 2 D are rotational around some �xed axis in 3-space,with di�erent axes of rotation for di�erent ~di's.We de�ne a rotational direction of motion ~di inthe following way. Now ~di stands for a directed linein 3-space, and we de�ne the motion clockwise aroundthe line when looking in the direction ~di. We makethe following assumption: all the objects in S lie onone side of a plane through ~di. We denote by Hi thehalfspace bounded by this plane and containing all theobjects. We say that the object s 2 S can be separatedfrom the objects in S n fsg by a rotation around ~di, ifthe interior of the volume swept by s, as it is rotatedclockwise around ~di until it lies completely outside Hi,does not intersect the interior of any object in S n fsg.Our goal is to construct a maximality-maintenancestructure for a set S of objects lying in the halfspaceHi, for a given direction of rotation ~di. Without lossof generality, we describe such a structure for the casewhere ~di is the z-axis oriented upwards, and all theobjects in S lie in the positive y-halfspace.We say that object sj is below object sk if, whilerotating sj counterclockwise by angle � around the z-axis (as viewed from above), sj hits sk. An object in Sis maximal if it is not below any other object in S.First, consider the case when S is a set of nsegments. We �x " > 0 and construct a data structurefor answering the following queries: Given a segment qlying in the positive y halfspace, report the segmentsin S that q intersects when rotated counterclockwiseby � around the z-axis. We then query the structurewith each of the segments in S. This can be done inO(n8=5+") time [14, 15]1. As a result we get a family ofpairs of segments:f(A1; B1); (A2; B2); : : : ; (At; Bt)g;satisfying the following conditions. Let ai = jAij andbi = jBij.(E1) For 1 � i � t, we have Ai; Bi � S, and eachsegment of Ai lies below each segment of Bi.(E2) For every pair s; s0 2 S such that s lies below s0,there is an i � t with s 2 Ai and s0 2 Bi.(E3) tXi=1 ai = O(n8=5+") and tXi=1 bi = O(n8=5+").1As mentioned in the Introduction, the bound in [14] isO(n5=3+"). It has recently been improved to O(n8=5+") [15].



10 Agarwal et al.For each segment s, we maintain three lists ofindices A(s); B(s), and NM (s), and a setM of maximalsegments in S, as in the case of translational motiondescribed in Section 4. All these lists will be updated aswe delete segments from S, but this time the updatingis trivially done on the lists themselves, without usingany additional data structures. This is possible becauseof condition (E1), which requires the segments of Aito be below those of Bi. (This condition is strongerthan condition (C1), which we used for translationalmotions: condition (C1) only requires for each pairof segments from Ai and Bi that one of them bebelow the other. The stronger condition (E1) makesmaintaining the lists A(s), B(s), NM(s) and M mucheasier. Enforcing condition (E1) does, however, resultin a loss of e�ciency. This is why our algorithmfor rotations is slower. Unfortunately, we don't knowhow to construct an e�cient maximality-maintenancestructure for rotations without enforcing (E1).)Note that if NM (s) contains index i, that is, s isbelow all segments in Bi, it will continue to store i untilall the segments of Bi are deleted. Also note that for apair of segments s; s0 2 S, it can be the case that s liesbelow s0 and at the same time s0 lies below s.Clearly the overall update time of the lists, as wedelete all the segments, is proportional to the numberof elements in all the sets Ai, Bi, that is O(n8=5+"), forany " > 0. Hence we have:Theorem 6.1. Given a collection of n segmentsin 3-space, a direction of rotation ~d (where all theobjects lie in a halfspace bounded by a plane passingthrough the line de�ning ~d), and a parameter " > 0,we can construct a maximality-maintenance structurefor direction ~d, such that the preprocessing time and thetime to perform n operations on it is O(n8=5+").We can also extend this technique to the caseof polyhedra, along the lines of Section 5, devisingmaximality maintenance structures for vertices withrespect to faces, and for faces with respect to vertices.Omitting all further details from this version, we obtain:Theorem 6.2. Computing a k-directional assem-bly sequence for a set of polyhedra in 3-space with mvertices in total, relative to a given set of k directions,at least one of which is rotational (or determining thatno such sequence exists), can be done in O(km8=5+")time, for any " > 0.References[1] P. Agarwal, M.J. Katz, and M. Sharir, Computingdepth orders and related problems, Proc. 4th Scandina-vian Workshop on Algorithm Theory, Denmark, 1994,pp.1{12. Also, to appear in Comput. Geom. Theory Ap-pls.
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