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graphics, spatial databases, GIS, and robotics. Inorder to expedite and simplify the data structure, awindow query is answered in two steps. In the �rststep, called the �ltering step, each object is replacedby the smallest box containing the object and thequery procedure computes the bounding boxes thatintersect the query window. (Instead of boxes, othersimple shapes such as spheres, ellipsoids, cylindershave also been used.) The second step, called there�nement step, extracts the actual objects amongthese bounding boxes that intersect the query win-dow [19, 9]. A few recent results show that undercertain reasonable assumptions on the input objects,the number of bounding boxes intersecting a querywindow is not much larger than the number of ob-jects intersecting the window, which makes this ap-proach quite attractive; see the paper by Zhou andSuri [20] and the references therein. There has beenmuch work on the �ltering step, and we also focuson this step. More precisely, we wish to preprocessa set S of n d-rectangles in Rd so that all rectan-gles of S intersecting a query d-rectangle can be re-ported e�ciently. We will refer to this query as therectangle-intersection query. A related query is therectangle-containment query in which we want to re-port all rectangles in S that contain a query point.A number of data structures with good provablebounds have been proposed for answering rectangle-intersection queries. Unfortunately they are of lim-ited practical use, because the amount of storage theyuse is rather high: O(n logn) storage and even O(n)storage with a large hidden constant are often unac-ceptable. Therefore in practice one usually uses sim-pler data structures. A commonly used structure foranswering rectangle-intersection queries, rectangle-1



containment queries, and in fact many other types ofqueries is the bounding-box hierarchy, sometimes alsocalled AABB-tree: this is a tree T , in which eachleaf is associated with a rectangle of S, and each in-terior node � is associated with the smallest box B�enclosing all the rectangles stored at the leaves of thesubtree rooted at �. All the rectangles of S intersect-ing a query rectangle R are reported by traversing Tin a top-down manner. Suppose the query procedureis visiting a node �. If B� \R = ;, there is nothing todo. If B� � R, then it reports all rectangles storedin subtree rooted at �. Finally, if B� \ R 6= ; butB� 6� R, it recursively visits the children of �. Wesay that R crosses a node � if B�\R 6= ; and B� 6� R.If the fan-out of T is bounded, then the query timeis proportional to the number of nodes of T that Rcrosses plus the number of rectangles reported. Wecall the stabbing number of T , denoted �(S; T ), tobe the maximum number of its nodes crossed by arectangle. It is therefore desirable to construct abounding-box hierarchy with small stabbing number.In many applications, especially in the databaseapplications, the set S is too large to �t in the mainmemory, therefore it is stored on disk. In that case,the main goal is to minimize the number of disk ac-cesses needed to answer a window query, and theperformance of an algorithm is analyzed under thestandard external memory model [2]. This model as-sumes that each disk access transmits a contiguousblock of t units of data in a single input/output op-eration (or I/O). The e�ciency of a data structureis measured in terms of the amount of disk space ituses (measured in units of disk blocks), the numberof I/Os required to answer a query, and the numberof I/Os need to construct the data structure. In thecontext of bounding-box hierarchies, several schemeshave been proposed that construct a tree as above butin which the fanout of each node depends on t. Somenotable examples of external-memory bounding-boxhierarchies are various variants of R-trees; see thesurvey paper [12]. We can still de�ne the crossingnodes and the stabbing number as earlier, and onecan argue that the number of I/Os needed to answera query is proportional to the stabbing number plusthe output size.In this paper we study the problem of constructing

bounding-box hierarchies, both in main and externalmemory, that have low stabbing number.Previous results. As noted above several e�-cient data structures have been proposed for an-swering a rectangle-intersection query. For example,Chazelle [7] showed that a compressed range treecan be used to answer a d-dimensional rectangle-intersection query in time O(logd�1 n + k) usingO(n logd�1(n)=(log logn)) space. This data structureis too complex to be practical even in R2 . Since a d-rectangle in Rd can be mapped to a point in R2d ,we can use a kd-tree to construct a data structure ofO(n) size that can answer a d-dimensional rectangle-intersection query in time O(n1�1=2d+k) [1]. A num-ber of heuristics based on kd-trees have also been pro-posed to answer rectangle-intersection queries [1, 18].Several papers [13, 15, 16] describe how to constructbounding-box hierarchies or other bounding-volumehierarchies (for example using spheres or k-DOPs asbounding volumes), but they do not obtain boundson the worst-case query complexity.2Some of the most widely used external-memorybounding-box hierarchies are the R-tree and itsvariants. An R-tree, originally introduced byGuttmann [14], is a B-tree, each of whose leaves isassociated with an input rectangle. All leaves of anR-tree are at the same level, the degree of all inter-nal nodes except of the root is between t and 2t, fora given parameter t, and the degree of the root variesbetween 2 and 2t. We will refer to t as the mini-mum degree of the tree. Although several methodshave been proposed [12, 10, 11, 17] for ordering theinput rectangles along the leaves|varying from sim-ple heuristics to space �lling curves|to minimize thestabbing number, none of them guarantee the worst-case performance. In the worst case, a linear numberof bounding boxes might intersect a query rectan-gle even if it intersects only O(1) input rectangles.The only analytical result is by Faloutsos et al. [11],but they prove bounds on the query time only inthe 1-dimensional case when the input intervals are2Barequet et al. [3] gave an algorithm to construct abounding-box hierarchy in R2, and they claimed that if therectangles in S are pairwise disjoint, then any point lies inO(log n) bounding boxes. But the argument presented in thepaper has a technical problem.2



uniformly distributed and have at most two di�erentlengths. Recently, de Berg et al. [4] described an al-gorithm for construcing an R-tree on rectangles in R2so that all k rectangles containing a query point be re-ported in O((�+log �) logn= log t) I/Os. Here � is theratio of the maximum and the minimum x-lengths ofthe input rectangles, and � is the point-stabbing num-ber of S, that is, � is the maximum number of inputrectangles containing any point in the plane. Theyalso described another algorithm for constructing anR-tree that can answer a rectangle-intersection queryin O((� + log �+ w + k) logt n) I/Os, where � and �are as above and w is the ratio of the x-length of thequery rectangle to the smallest x-length of an inputrectangle.Our results. In this paper we �rst describe severalalgorithms for constructing box-trees, and we provelower bounds on the worst-case stabbing number ofbox-trees. Our �rst algorithm constructs a box-treeon a set of (possibly intersecting) d-rectangles inRd so that a rectangle-intersection query can be an-swered in O(n1�1=d+k) time. Our lower bound showsthat this is optimal.In the plane we show that if the input is disjoint|more generally, if the point-stabbing number � ofthe input is small|how to construct a box-tree thatstill has almost optimal query time for rectangle-intersection queries, but much better query times forpoint queries. More precisely, the time for rectangle-intersection queries is O(pn logn + p� log2 n + k),and the time for point queries is O(p� log2 n+k). Wealso develop a box-tree with O((� +p�) log2 n + k)query time when the aspect ratio � of the query rect-angles is small. One would hope that similar improve-ments are possible in higher dimensions. One of ourlower-bound results shows that this is not possible:in dimensions d > 3, the 
(n1�1=d + k) lower boundon the query complexity holds even for hypercubes asquery ranges, and any bounding-box hierarchy thatachieves this query time cannot have a better worst-case query time for point queries, even when the inputconsists of disjoint `almost-unit-hypercubes'.Finally, we give general methods to convert box-trees with small stabbing number into R-trees withsmall stabbing number. When we apply these re-

sults to our boxtrees, we improve the result of deBerg et al. [4]: our query complexity does not de-pend on the parameter w (which makes their querycomplexity linear in the worst case), and it is linearin p� instead of �. We also introduce the concept ofsemi-R-trees ; these are similar to ordinary R-trees|the degree of each internal node, except for the root,is between t and 2t for some given parameter t|except that the leaves do not have to be at the samelevel. We give a general algorithm to convert a box-tree with small stabbing number into a semi-R-treeswith small stabbing number; the stabbing numberobtained here is better than that for R-trees. Thisleads to semi-R-trees with (almost) optimal stabbingnumber.2 Lower BoundsIn this section we give lower bounds on the stabbingnumber of semi-R-trees of minimum degree t in var-ious settings. Since semi-R-trees are more generalthan R-trees, the same bounds hold for R-trees. Bychoosing t = 2, we obtain lower bounds for box-trees.We start with a simple generalization of the 2-dimensional lower bound given by de Berg et al. [4].It is obtained by putting n unit hypercubes in ann1=d � � � � � n1=d grid; the argument showing thatthis gives the stated bound is given in the full paper.Theorem 2.1 For any n and d > 2, there is a set ofn disjoint unit hypercubes in Rd with the followingproperty: for any semi-R-tree T of minimum degree tthere is a query box not intersecting any box from Ssuch that a query with that box visits 
((n=t)1�1=d)nodes in T .Next we describe a construction that proves lowerbounds on rectangle-containment queries and thatwill also be useful for a number of other cases. Forany " > 0, we call a d-rectangle an "-hypercube if thelength of each edge is between 1 and 1+". We �x a pa-rameter � � 1 and construct a set S = fb0; : : : ; bn�1gof n "-hypercubes in Rd . We also construct two setsof query points Q1 and Q2, called primary and sec-ondary point sets, that lie in the common exterior ofrectangles in S and have the following crucial prop-erty: For any semi-R-tree T on S with minimum de-gree t, either a point of Q1 lies in at least � bounding3



boxes of T or a point of Q2 lies in 
((n=t)=�1=(d�1))bounding boxes of T . We �rst decsribe the set S andthen construct the point sets.Let n1; : : : ; n2d be the outward normals of a d-rectangle. We can pair these normals into d pairs(n11; n12); : : : ; (nd1; nd2) so that no pair contains op-posite normals, that is, ni1 6= �ni2 for 1 � i � d.Let hi be the 2-plane spanned by the vectors ni1 andni2 and containing the origin. Let b be a d-rectanglecontaining the origin. Since ni1 6= ni2, the facetsfi1; fi2 of b normal to ni1 and ni2, respectively, sharea (d � 2)-face fi, which is orthogonal to the 2-planehi. The intersection of fi and hi is a point ci. Con-versely, by specifying a point ci on each hi, 1 � i � d,we can represent a unique d-rectangle in which ci lieson the facets normal to ni1 and ni2. We will thereforede�ne each rectangle bj 2 S by a d-tuple (c1j ; : : : ; cdj ),where the facets of bj whose outward normals are ni1and ni2 pass through cij . We next describe how tochoose the points cij , for 1 � i � d and 0 � j < n.For each 2-plane hi, we choose a line `i of slope�1; the exact equation of `i will speci�ed below. Wewill refer to h1 as the primary plane, and every hiwith i > 1 will be called a secondary plane. Set�̂ = �1=(d�1). We place n points p10; : : : ; p1n�1 on `1(sorted along `1) and set c1j = p1j for every 0 � j < n.For each j > 1, we place �̂ points pi0; : : : ; pî��1 on`i and assign cij to these points as follows. Let�(j) = (�0(j); : : : ; �d�2(j)) be the representation ofj mod � in radix �̂, that is, Pd�2j=0 �j �̂j = (j mod �).We set cij = pi�i(j). Note that n=�̂ points have thesame value of cij . Finally, we choose `i and the pointson `i so that each bj is an "-hypercube. The easy de-tails are omitted from this abstract.Finally, we choose a set Q1 of n� 1 points on theprimary plane h1 and a set Q2 of (d�1)(�̂�1) pointson the secondary planes, as follows. Suppose h1 is thex1x2-plane. For each 1 � j � n � 1, we choose thepoint qj = (x1(p1j�1); x2(p1j )) and add it to Q1. Inother words, if we regard the points on `1 as a stair-case, Q1 is the set of concave corners of the stair-case. In order to construct Q2, we repeat the samestep for each of the secondary planes, thus obtaining�̂ � 1 points on each of them. These points will beon the boundary of some of the input boxes, but we

can shift them a little to make them disjoint from allinput boxes.Lemma 2.2 Let T be any semi-R-tree of minimumdegree t on the set S constructed above. Then ei-ther there is a primary query point contained in 
(�)bounding boxes stored in T , or one of the secondaryquery points is contained in 
(n=(t�1=(d�1))) bound-ing boxes stored in T .Proof: We prove the lemma for box-trees; the gen-eralization to semi-R-trees is described in the fullpaper. Suppose that all primary query points arecontained in less than �=2 bounding boxes storedin the interior nodes in T . Then the number ofincidences between these points and interior nodes'bounding boxes is at most (n � 1)�=2. Since thereare n � 1 interior nodes in T , they store at least(n � 1)=2 bounding boxes that contain less than �primary query points. Observe that a bounding boxfor input boxes bj ; b0j 2 S contains jj � j0j primaryquery points, because there are that many concavecorners in the staircase between corners c1j and c1j0 .We conclude that there are at least (n� 1)=2 bound-ing boxes that store boxes bj ; bj0 (and perhaps somemore boxes) with jj � j0j < �. But if jj � j0j < �then j 6� j0 (mod �), so �(bj) 6= �(b0j). This im-plies that there is at least one i with 2 6 i 6 dsuch that cij 6= cij0 . Hence, the bounding box storingbj ; bj0 will contain one of the secondary query points.So in total we have at least (n � 1)=2 incidences be-tween secondary query points and bounding boxes,so one of the (d� 1)(b�� 1) = O(�1=(d�1)) secondaryquery points is contained in 
(n=�1=(d�1)) boundingboxes. 2We can use this lemma to prove lower bounds for sev-eral settings. We start with a lower bound for pointqueries.Theorem 2.3 For any n, d > 2, and " > 0, thereis a set S of n "-hypercubes in Rd with the followingproperty: for any semi-R-tree T of minimum degreet there is a point not contained in any box from Ssuch that a query with that point visits 
((n=t)1�1=d)nodes in T .Next, we modify the above construction so that thesame bound can be achieved in d � 3 even if the4



input consists of a set of n disjoint "-hypercubes andthe queries are hypercubes. The idea is to use theconstruction above in (d� 1)-dimensional space anduse the remaining dimension to turn the intersecting(d� 1)-dimensional boxes into disjoint d-dimensionalboxes; details are in the full paper.Theorem 2.4 For any n, d > 3, and " > 0, there isa set S of n disjoint "-hypercubes in Rd with the fol-lowing property: for any semi-R-tree T of minimumdegree t there is a hypercube not intersecting any boxfrom S such that a query with that hypercube visits
((n=t)1�1=d) nodes in T .Finally, we observe that the proof of the precedingtheorem actually shows that in higher dimensions anysemi-R-tree with small (say, polylogarithmic) querycomplexity for points must have large (near-linear)query complexity for ranges. More precisely, it showsthe following result.Theorem 2.5 For any n, d > 3, and " > 0, thereis a set S of n disjoint "-hypercubes in Rd with thefollowing property: for any semi-R-tree T of mini-mum degree t, if the number of nodes visited by anypoint query is �, then there is a hypercube not inter-secting any box from S such that a query with thathypercube visits 
(n=(t�1=(d�1))) nodes in T .3 From kd-trees to Box-TreesIn this section we describe and analyze several meth-ods to construct box-trees using kd-trees. For conve-nience we will allow nodes of degree up to 2d+2|itis easy to convert these trees to binary trees with-out a�ecting the asymptotic bounds on the stabbingnumbers.3.1 The con�guration-space approachThe basic method. Let S be a set of narbitrary, possibly overlapping, d-rectanglesin Rd , which we call the workspace. Asnoted in Introduction, a d-rectangle b =Qdi=1[x�i (b); x+i (b)] can be represented by a point(x�1 (b); x�2 (b); :::; x�d (b); x+1 (b); x+2 (b); :::; x+d (b)) inR2d , which we call the con�guration space. Webuild a 2d-dimensional kd-tree on these tuples. Totransform the kd-tree in con�guration space into a

box-tree in workspace, proceed as follows. Replacethe representative tuple in each leaf by the corre-sponding input box. Then, going bottom-up, store ineach internal node the bounding box of its children.We call the resulting box-tree a con�guration-spaceboxtree, or cs-box-tree for short.For the analysis of the range stabbing number inthe resulting cs-box-tree, we need the following factabout kd-trees, given here without proof.Lemma 3.1 The number of cells at depth i in a d-dimensional kd-tree that intersect an axis-parallel f -at (0 6 f 6 d) is O(2if=d).A kd-tree and, hence, our box-tree has the followingproperty: the number of objects stored in the twosubtrees of any given node di�er by at most one. Wecall such trees perfectly balanced. That our box-treeis perfectly balanced will be advantageous when wewill convert it to an R-tree. We can now analyse therange stabbing number in a cs-box-tree.Lemma 3.2 Let S be a set of n possibly intersectingboxes in the plane. There is a perfectly balanced box-tree for S such that the number of nodes at level ithat are visited by a range query with an axis-alignedbox is O(2i(1�1=d)+k), where k is the number of boxesin S intersecting the query range.Proof: Let Q = Qdi=1[x�i (Q); x+i (Q)] be a queryrange. We can restrict our attention to the interiornodes visited, since the number of visited leaves is atmost one more. We distinguish two types of visitedinterior nodes �. The �rst type is where at least oneof the input boxes stored in the subtree of � inter-sects Q. Obviously there are only O(k) such nodesat a given level i. The second type is where all inputboxes in the subtree of � are disjoint from Q. Anyinput box disjoint from Q must be separated from Qby a hyperplane through a facet of Q. Clearly notall input boxes can be separated from Q by the samehyperplane, otherwise the bounding box of � wouldnot intersect Q and � would not be visited. Hence,there are at least two such hyperplanes separating Qfrom an input box in the subtree of �.Assume w.l.o.g. that xi = x�i (Q) is one of theseseparating hyperplanes, and let b be the input box5



it separates from Q. Then we must have x+i (b) <x�i (Q). But there must also be a box b0 with x+i (b0) >x�i (Q), otherwise the bounding box of � would notintersect Q. We can conclude that the points rep-resenting b and b0 in the con�guration space lie onopposite sides of the hyperplane x+i = x�i (Q). Nowthis implies that the hyperplane x+i = x�i (Q) inter-sects the cell in con�guration space of the node in thekd-tree corresponding to �.We can apply the same argument to the second hy-perplane separating Q from an input box (the hyper-plane xj = x+j (Q), for example), to show that thereis a hyperplane in con�guration space with points onopposite sides (x�j = x+j (Q) in the example).We can conclude the following. Suppose Q visitsa node � of the second type. Then in con�gurationspace there is a pair of hyperplanes, both of the formx+i = x�i (Q) or x�i = x+i (Q) and both intersectingthe cell in con�guration space of the node in the kd-tree corresponding to �. But then the cell must alsobe intersected by the (2d�2)-at that is the intersec-tion of these two hyperplanes. By Lemma 3.1 thereare only O(2i(2d�2)=2d) = O(2i(1�1=d)) such nodes atlevel i. 2This leads directly to the following theorem.Theorem 3.3 Let S be a set of n possibly intersect-ing boxes in the plane. There is a perfectly balancedbox-tree for S such that the number of nodes vis-ited by a range query with an axis-aligned box isO(n1�1=d + k logn), where k is the number of boxesin S intersecting the query range.Improving the query time. We now show howto reduce the O(k logn) term in the query complexityto O(k). The idea is the same as in a priority searchtree [5]: input elements (boxes in our case) that havea high chance of being an answer are pushed to highlevels in the tree. In our case this means that we storeboxes that extend the farthest in some direction highin the tree. More precisely, the construction of thetree T for a set S of boxes in Rd is as follows.If jSj = 1, then T consists of a single leaf nodestoring the input box in S. Otherwise we make anode � storing the bounding box B� of all boxes inS, and we proceed as follows. For each of the 2d inner

normals of the facets of B� , take the box from S thatextends furthest in the direction of that normal. Thisresults in a set S� of at most 2d boxes. Each boxin S� is put in a so-called priority leaf, which is animmediate child of �. If the set S n S� of remainingboxes contains less than two boxes, then this box(if it exists) is put as a leaf child of �. If two ormore boxes remain, we split the set of boxes intotwo (almost) equal-sized subsets with a hyperplanein con�guration space. This hyperplane is orthogonalto the cutting direction of the level we are workingat; as before, the cutting directions of the levels cyclethrough the 2d directions in con�guration space.The subset of boxes whose representative pointslie to one side of the cutting hyperplane are storedrecursively in one subtree of �. The subset of boxeswhose representative points lie to the other side of thecutting hyperplane are stored recursively in anothersubtree of �.Next we analyze the query complexity of the treeresulting from this construction, which we call a cs-priority-box-tree. In our analysis we bound the num-ber of visited nodes of a given weight, where theweight of a node is de�ned as the number of inputboxes stored in its subtree. This will be useful whenwe convert this box-tree into a semi-R-tree.Lemma 3.4 The number of nodes of weight atleast w visited by a query with a query box Q isO((n=w)1�1=d + k).Proof: Let Q = Qdi=1[x�i (Q); x+i (Q)]. We can re-strict our attention to the visited nodes of weight atleast 2d, as the total number of visited nodes is atmost a constant times larger than this number. Let� be such a visited node of weight at least 2d. Thereare two cases.The �rst case is where one of the priority leavesdirectly below � stores a box intersecting Q. Clearlythere are at most k such nodes. The second case iswhen all priority leaves directly below � store boxesdisjoint from Q. Thus each such box is separatedfrom Q by a hyperplane through a facet of Q. Weclaim that not all boxes can be separated by thesame hyperplane. Suppose for a contradiction thatthere is a facet f whose containing hyperplane sep-arates all boxes of the priority leaves from Q. Then6



in particular it would separate the box that extendsfurthest in the direction of the inner normal of thefacet f , contradicting that Q intersects the boundingbox stored at �. So we have two distinct hyperplanesthrough facets of Q separating a box in the subtreeof � from Q.The box-tree that we have constructed basicallycorresponds to a kd-tree in con�guration space, asbefore. The priority leaves make that the tree in con-�guration space is strictly speaking not a kd-tree, butit is easy to see that Lemma 3.1 still holds. More-over, there is still a one-to-one correspondence be-tween nodes of the box-tree and nodes of the kd-treein con�guration space. Hence, we can use the factthat there are two distinct hyperplanes through facetsof Q separating a box in the subtree of � from Q inthe same way as in the proof of Lemma 3.2: it impliesthat there is a (2d�2)-at in con�guration space (de-�ned by a pair of facets of Q) intersecting the cell inthe kd-tree corresponding to �. It follows that thetotal number of nodes � to which the second caseapplies at a given level i is O(2i(1�1=d)).To �nish the proof, observe that nodes at the low-ermost blog(w=(2d))c levels have weight less than w.Adding the bounds for the second case on the remain-ing levels, we getPdlog ne�blog(w=(2d))ci=0 O(2i(1�1=d)) =O((n=w)1�1=d). 2The following theorem follows directly.Theorem 3.5 Let S be a set of n possibly intersect-ing boxes in Rd . There is a box-tree for S such thatthe number of nodes that are visited by a range querywith an axis-aligned box is O(n1�1=d + k), where kis the number of boxes in S intersecting the queryrange.3.2 The kd-interval-tree approachThe cs-box-tree of the previous section has optimalquery complexity for point queries (and for rangequeries) if the input consists of arbitrary, intersectingboxes. Unfortunately, if the input boxes are disjointthen the query complexity for point queries does notimprove. In this section we develop a di�erent box-tree, the kd-interval tree, whose query complexity ismuch better if �, the point-stabbing number of theinput set S, is small. The query complexity for range

queries increases only slightly. This approach onlyworks in two dimensions; Theorem 2.5 states that asimilar result in more than two dimensions cannot beobtained.The basic idea behind kd-interval trees is again touse a kd-tree, but this time in the workspace (whichis now the plane). Since the objects in the workspaceare rectangles, not points, many of them may inter-sect the cutting line. These boxes are taken out andhandled separately, like in an interval tree. To makekd-interval trees more e�cient, we introduce priorityleaves, like in the previous section.The 1-dimensional case. First we describe howa set S of boxes that all intersect a given line ` arehandled. With a slight abuse of terminology, we calla tree for this case a 1-dimensional kd-interval tree.If jSj = 1, then T consists of a single leaf node storingthe input rectangle in S. Otherwise we make a node� storing the bounding box B� of all rectangles in S,and we proceed as follows. For each of the 4 innernormals of the edges of B� , take the rectangle fromS that extends furthest in the direction of that nor-mal. This results in a set S� of at most 4 rectangles.Each rectangle in S� is put in a so-called priority leaf.Consider the set of intersections of the edges of theremaining rectangles with `. Let p be the median ofthese intersection points. The rectangles in S n S�containing p are stored in a subtree of � that is a 2-dimensional cs-priority-box-tree as described in theprevious section. The rectangles in S nS� completelyto one side of p are stored recursively in one subtreeof �. The rectangles in S nS� completely to the otherside of p are stored recursively in another subtree of�.We call the nodes in the main 1-dimensional kd-interval tree 1D-nodes. Such a node corresponds toan interval on the de�ning line `. We call the nodesof the 2-dimensional cs-priority-box-trees cs-nodes.We start by analyzing the query complexity whenwe query with a segment on the line `. The proof ofthe following lemma is omitted.Lemma 3.6 If we query a 1-dimensional kd-intervaltree storing a set S of n rectangles with a line segmenton the de�ning line `, then we visit at most O(log n+k) nodes, where k is the number of rectangles to be7
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Figure 1: Querying a 1-dimensional kd-interval tree witha box Q.reported.Next we analyze the query complexity when we querywith a box.Lemma 3.7 (i) If we query a 1-dimensional kd-interval tree storing a set S of n rectangles with aquery boxQ, then we visit at most O(p�=w logn+k)nodes of weight at least w, where k is the number ofrectangles to be reported.(ii) If the projection ofQ onto the line ` that stabs therectangles in S contains the intersections of all rect-angles with `, then the query time reduces to O(k).Proof: (i) See Figure 1. If Q intersects ` then thequery is equivalent to querying with Q \ `, so theresult follows from the previous lemma. Otherwise,assume w.l.o.g. that ` is vertical and that Q lies to theright of `. Consider a 1D-node � that is visited whenwe query with Q. When the interval correspondingto this node is completely contained in the projectionof Q onto `, then the rectangle in the subtree extend-ing furthest to the right must be intersected. Thisrectangle is stored in a priority leaf immediately be-low �, to which we can charge the visit of �. Hence,there cannot be more than k such nodes. When theinterval is not completely contained in the projectionof Q, then it contains an endpoint of the projectionof Q, and there are only O(log n) such nodes.

Now consider a 2-dimensional cs-priority-box-treethat is visited. Suppose the interval of the 1D-nodethat is the parent of this subtree is completely con-tained in Q. Then we can argue again (using thepriority leaves) that we can charge all the visitednodes to rectangles intersecting Q. If the intervalof the 1D-node that is the parent of this subtreeis not completely contained in the projection of Q,we argue as follows. First we observe that the in-terval must then contain an endpoint of the projec-tion of Q, so there are only O(log n) such parentnodes. In the 2-dimensional con�guration-space box-tree below such a parent, we can use Lemma 3.4 tobound the number of visited nodes of weight w byO(pn0=w + k0), where n0 is the number of boxesstored in the con�guration-space box-tree and k0 isthe number of answers reported in this subtree. Notethat n0 = O(�), since the con�guration-space box-trees are used only to store sets of boxes that sharea single point. Hence, the overal number of cs-nodesvisited is O(p�=w logn + k), �nishing the proof ofpart (i) of the lemma.(ii) The proof of the second part of the lemma canbe found in the full version of this paper. 2The 2-dimensional case. Our kd-interval tree fora general set S of rectangles in the plane is de�nedas follows. If jSj = 1, then T consists of a single leafnode storing the input box in S. Otherwise we makea node � storing the bounding box B� of all boxes inS, construct priority nodes (like in the 1-dimensionalcase) and split the remaining set of boxes by a ver-tical or horizontal line (depending on the level � inthe tree). This splitting line ` is chosen such that thenumber of rectangles lying completely to one side of `di�ers at most one from the number lying completelyto the other one side. The rectangles lying completelyto one side of ` are stored recursively in one subtreeof �. The rectangles to the other side are stored re-cursively in another subtree of �. The rectangles in-tersecting ` are stored in a 1-dimensional kd-intervaltree, as explained above. We call the nodes of themain tree, which correspond to 2-dimensional cells,2D-nodes. Next we analyze the performance of thekd-interval tree.8



Lemma 3.8 The number of nodes of weight at leastw that are visited by a range query with an axis-aligned box is O(pn=w logn + p�=w log2 n + k),where k is the number of reported answers. Thenumber of such nodes visited by a point query isO(p�=w log2 n+ k).Proof: Consider a 2D-node that is visited when wequery with an axis-aligned rectangle Q. We distin-guish four di�erent types of such nodes. We boundtheir number and the number of nodes visited in 1-dimensional kd-interval-subtrees separately.Inner nodes: These are 2D-nodes whose boundingboxes lie completely inside Q. The number of innernodes is easy to bound, since all rectangles in thesubtree of such a node intersect Q. Hence, the totalnumber of such nodes, or nodes in their 1-dimensionalassociated kd-interval trees, is O(k).Side nodes: These are 2D-nodes whose boundingboxes cut exactly one edge of Q. In this case therectangle that extends furthest into the direction ofthe inner normal of this edge must intersect Q. Thisrectangle is stored in a priority leaf immediately be-low the node. The same reasoning applies to their 1-dimensional associated kd-interval trees. Hence, thetotal number of side nodes or nodes in their associ-ated kd-interval trees is O(k).Piercing nodes: These are 2D-nodes that cut two op-posing edges of Q, but do not contain any corners ofQ. From Lemma 3.1 and the fact that nodes at thelowermost blog(w=(2d))c levels of the tree must haveweight less than w, we conclude that the number of2D-nodes of weight at least w that intersect any edgeof Q is bounded by Pdlogne�blog(w=(2d))ci=0 O(2i=2) =O(pn=w). Now there are two cases: the splitting lineused at such a node � is orthogonal to the intersectededges, or it is parallel to them. In the former case wecan apply Lemma 3.6 to obtain a O(log n+k0) boundon the number of nodes visited in the 1-dimensionalkd-interval tree associated with �, where k0 is thenumber of reported answers. In the latter case wecan apply Lemma 3.7(ii) to get a bound of O(k0).Hence, we get a grand total of O(pn=w logn+ k).corner nodes: These are 2D-nodes that contain oneor more corners of Q. There are O(log n) such nodes.To obtain the total number of visited nodes in the as-

sociated 1-dimensional kd-interval trees, we have tomultiply this by the bound of Lemma 3.7, leading toa total of O(p�=w log2 n+ k).There are no other types of nodes whose boundingboxes intersect Q. Adding up the number of nodesfor all four cases gives the desired bound. 2This leads to the following theorem.Theorem 3.9 Let S be a set of n possibly inter-secting boxes in the plane, such that no single pointis contained in more than � boxes. There is abox-tree for S such that the number of nodes vis-ited by a range query with an axis-aligned box isO(pn logn+p� log2 n+k), where k is the number ofboxes in S intersecting the query range. The numberof nodes visited by a point query is O(p� log2 n+k).3.3 The longest-side-�rst approachRecall that a kd-interval tree is basically a modi�edkd-tree, where each node is split by a line. The ori-entations of these lines depend on the level in thetree in such a way, that orientations take turns in around-robin fashion on any path from the root downinto the tree. An interesting variation of the kd-interval tree arises when we replace the round-robinsplitting strategy by the longest-side splitting rule assuggested by Dickerson et al. [8]. In such a longest-side-�rst kd-tree, the number of nodes whose corre-sponding cell is pierced by a query rectangle is smallif the query rectangle is fat. We can use this to provethe following result.Theorem 3.10 Let S be a set of n boxes in theplane with stabbing number �. There is a box-treefor S such that the number of nodes that are vis-ited by a range query with a rectangular range ofaspect ratio � is O((�+p�) log2+k), where k is thenumber of boxes in S intersecting the query range.The number of such nodes visited by a point queryis O(p� log2 n+ k).4 From box-trees to (semi-)R-treesIn the previous section we described several algo-rithms to construct box-trees with good query com-plexity. In this section we give general theorems toconvert them to (semi-)R-trees.9



We start with a general theorem that converts anybox-tree to an R-tree. Recall that the weight of abox-tree node is the number of input boxes stored inits subtree.Theorem 4.1 Let T be a box-tree for a set of nboxes in Rd such that any query with a range of agiven type visits at most f(w) nodes of weight w ormore. Then T can be converted to an R-tree of min-imum degree t where every query with a range of thesame type visits at most O(f(t) logn= log t) nodes.Proof: We simply read out the leaves from T inorder, and then construct an R-tree where the boxesoccur in the same order in the leaves (for example,using an algorithm to construct B-trees).Consider a bounding box B stored in the R-tree. Itis the bounding box for some input boxes that werestored in consecutive leaves in the box-tree T . Let�(B) be the lowest common ancestor of these leaves.Since the minimum degree in the R-tree is t, theweight of �(B) is t or more. Furthermore, the nodes�(B) for the bounding boxes B stored at a �xed levelin the R-tree must be distinct, because their de�ningsets form a partition of the leaves in T into consec-utive sequences. Hence, we can charge the visitednodes of the R-tree to visited nodes of weight t ormore in T , in such a way that a node in T does notget charged more than once from nodes at a �xedlevel in the R-tree. Since the depth of the R-tree isO(log n= log t), the bound follows. 2The construction of Theorem 4.1 results in losing alogarithmic factor in the query complexity. In thefull paper we show how to improve this result forperfectly balanced box-trees. Recall that a box-treeis called perfectly balanced if for any node the weightof its left and right child di�er by at most one.Theorem 4.2 Let T be a perfectly balanced box-tree for a set of n boxes in Rd such that anyquery with a range of a given type visits at mostf(i) nodes at level i in T . Then T can be con-verted to an R-tree of minimum degree t where everyquery with a range of the given type visits at mostO(P(logn= log t)�1i=0 f(i log t)) nodes.Finally, we can show that that we can also improveTheorem 4.1 for the general case if we are willing to

settle for semi-R-trees instead of real R-trees. (Recallthat the di�erence between a semi-R-tree and an R-tree is that in the former we do not require all leavesto be at the same depth.)Theorem 4.3 Let T be a box-tree for a set of nboxes in Rd such that any query with a range of agiven type visits at most f(w) nodes of weight w ormore. Then T can be converted to a semi-R-tree ofminimum degree t where every query with a range ofthe same type visits at most O(f(t)) nodes.By applying the conversion algorithms of the theo-rems above to the structures from the previous sec-tion, we obtain the following results.Corollary 4.4 Let S be a set of n boxes in Rd withstabbing number �.(i) There is an R-tree for S of minimum degree t suchthat the number of nodes visited by any box query isO((n=t)1�1=d + k logn= log t), where k is the numberof reported answers.(ii) There is an semi-R-tree for S of minimum degreet such that the number of nodes visited by any boxquery is O((n=t)1�1=d + k).(iii) When d = 2, there is a semi-R-tree for S of min-imum degree t such that the number of nodes visitedby any box query is O(pn=t logn+p�=t log2 n+k),and the the number of nodes visited by any pointquery is O(p�=t log2 n + k). In both bounds, k isthe number of reported answers.(iv) When d = 2, there is a semi-R-tree for S of min-imum degree t such that the number of nodes visitedby any query with a rectangle of aspect ratio � isO((� +p�=t) log2 n + k), where k is the number ofreported answers.(v) For the cases mentioned under (iii) and (iv) thereis also an R-tree of minimum degree t for which thenumber of visited nodes is O(log n= log t) times thenumber of visited nodes in the semi-R-tree.References[1] P. K. Agarwal and J. Erickson. Geometric rangesearching and its relatives. In B. Chazelle, J. E.Goodman, and R. Pollack, editors, Advancesin Discrete and Computational Geometry, vol-ume 223 of Contemporary Mathematics, pages10
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