
On the Number of Congruent Simplices in a Point Set�
Pankaj K. Agarwaly Micha Sharirz

ABSTRACTWe derive improved bounds on the number of k-dimensional sim-plices spanned by a set of n points in Rd that are congruent toa given k-simplex, for k � d � 1. Let f(d)k (n) be the maximumnumber of k-simplices spanned by a set of n points in Rd thatare congruent to a given k-simplex. We prove that f(3)2 (n) =O(n5=3 � 2O(�2(n))), f(4)2 (n) = O(n2+"), f(5)2 (n) = �(n7=3), andf(4)3 (n) = O(n9=4+"). We also derive a recurrence to boundf(d)k (n) for arbitrary values of k and d, and use it to derive thebound f(d)k (n) = O(nd=2) for d � 7 and k � d � 2. FollowingErd}os and Purdy, we conjecture that this bound holds for largervalues of d as well, and for k � d� 2.
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and over all k-simplices in Rd . We wish to obtain sharpbounds for f (d)k (n).
C1 : x21 + x22 = 1,x3 = x4 = 0

x1 = x2 = 0C2 : x23 + x24 = 1,

Figure 1: A construction for f (4)1 (n) = 
(n2).The case k = 1 is the well-studied problem of repeateddistances, originally considered by Erd}os [7] in 1946: Howmany pairs of points of P lie at a prescribed distance fromeach other. This special case is interesting only for d = 2; 3because f (d)1 (n) = �(n2) for d � 4. Indeed, as observedby Lenz [11], one can construct in R4 two orthogonal unitcircles C1 : x21 + x22 = 1; x3 = x4 = 0 and C2 : x1 = x2 =0; x23+x24 = 1 and place n=2 points on each of the two circles.The distance between any two points p 2 C1 and q 2 C2 isp2, thereby obtaining a set P of n points with 
(n2) pairs ofpoints at distance p2. The known upper bounds for d = 2; 3are f (2)1 (n) = O(n4=3) [6, 15, 16] and f (3)1 (n) = O(n3=2�(n))[6], where �(n) = 2�(�2(n)) is a slowly growing function of n,de�ned in terms of the inverse Ackermann's function �(n).However, neither of these bounds is known to be tight. Thebest known lower bounds are f (2)1 (n) = n1+
� 1log logn� andf (3)1 (n) = 
(n4=3 log log n); see e.g. [12].Note that we have excluded the cases k = 0 and k = d.The case k = 0 is uninteresting because, trivially, f (d)0 (n) =n. The case k = d is also uninteresting because one eas-ily has f (d)d (n) = O(f (d)d�1(n)). It is conceivable, though,that f (d)d (n) is signi�cantly smaller than f (d)d�1(n). How-ever, we are not aware of any instance where this has beenshown to be the case. Another easy observation is thatf (d)k (n) = �(nk+1) for any k � bd=2c� 1. The upper boundis trivial, and the lower bound can be proved by generaliz-ing the construction for the case k = 1, namely, by placing



the points of P on k + 1 mutually orthogonal unit-radiuscircles centered at the origin. Erd}os and Purdy [9] provedthat f (3)2 (n) = O(n19=9). The bound was later improved byAkutsu et al. [2] to O(n9=5) and then by Brass [5] to O(n7=4).Akutsu et al. [2] also proved that f (4)2 (n) = O(n65=23+") andf (4)3 (n) = O(n66=23+") for any " > 0.1 Erd}os and Purdy [10]conjectured that f (d)k (n) = O(nd=2) for even values of d.We prove that f (3)2 (n) = O(n5=3�4=3(n)), f (4)2 (n) = O(n2+"),f (5)2 (n) = �(n7=3), and f (4)3 (n) = O(n9=4+"). The best lowerbound that we know for f (3)2 (n) is 
(n4=3). This is obtainedby placing one point at the origin and n�1 additional pointson the unit sphere, so that there are 
(n4=3) pairs of thosen�1 points at distance p2 from each other (see [8] for sucha construction). The bound on f (4)2 (n) is almost tight be-cause it can be shown that f (4)2 (n) = 
(n2) (e.g., add theorigin to the set of points in Lenz' construction).We also derive a recurrence for f (d)k (n) for general valuesof k and d. The solution of this recurrence is O(n�(d;k)+"),where �(d; k) is a rather complicated function of d and k.Although we are currently unable to provide sharp explicitbounds for �(d; k), for arbitrary values of k and d, we canprove that �(d; k) � d=2 for d � 7 and k � d � 2. Weconjecture that �(d; k) � d=2 for all d and k � d�2. Provingthis bound on �(d; k) will (almost) settle in the a�rmativethe above-mentioned conjecture of Erd}os and Purdy.A novel feature of our analysis is a round-robin recur-rence scheme. In each round of this scheme some of thegiven points are treated as points while others are treatedas spheres of various radii (equal to the lengths of the cor-responding edges of the given simplex �). The recurrencethen follows from a space partitioning process, based on a(1=r)-cutting of these sets of spheres; see Sections 3 and 5for details.The problem is motivated by the problem of exact patternmatching: We are given a set E of n points in Rd and a \pat-tern set" P of m � n points (in most applications m is muchsmaller than n), and we wish to determine whether E con-tains a congruent copy of P , or, alternatively, to enumerateall such copies. A commonly used approach to this problemis to take a simplex �0 spanned by some points of P , and�nd all congruent copies of �0 that are spanned by E. Foreach such copy �, take the Euclidean motion(s) that map�0 to �, and check whether all the other points of P mapto points of E under that motion. The e�ciency of such analgorithm depends on the number of congruent copies of �0in E. Using this approach, de Rezende and Lee [13] devel-oped an O(mnd) algorithm to determine whether E containsa congruent copy of P . For d = 3, Brass recently developedan O(mn7=4�(n) log n+n11=7+") algorithm, which improvesan earlier result by Boxer [4]. Our improved bounds canbe applied to derive more e�cient algorithms for the corre-sponding variants of this problem (see, e.g., a note to thate�ect at the end of Section 2).
2. CONGRUENT TRIANGLES IN THREE

DIMENSIONS1We follow the convention that an upper bound that involvesthe parameter " holds for any " > 0 and the constant ofproportionality depends on ", and generally tends to in�nityas " tends to 0.

Theorem 2.1. Let P be a set of n points in R3 . Thenumber of triangles spanned by P that are congruent to a�xed triangle is O(n5=3 � 2�(�2(n))).Proof: Let the �xed triangle be � = x0y0z0, with sidelengths jx0y0j = �, jx0z0j = �, jy0z0j = �. Let � be thedistance between z0 and the line passing through x0y0. Fixa pair of points p; q 2 P such that jpqj = �. Let v be apoint of P such that pqv is congruent to � (with jpqj = �,jpvj = �, jqvj = �). Let `pq be the line passing through pand q, and let v� be the projection of v on `pq. Then v� isindependent of v (and depends only on �) and any such vlies on a circle pq of radius � centered at v� and orthogonalto `pq; see Figure 2. Repeating this analysis for each pairp; q at distance �, we obtain a (multi)set C of congruentcircles, one for each such pair of points, and the numberof triangles under consideration is equal to the number ofincidences between the circles of C and the points of P . Itis easily checked that at most two pairs of points p; q cangive rise to the same circle in C, so we may assume that allcircles in C are distinct. Since each circle in C is generatedby a pair of points of P at distance � apart, we have, by theresults of [6], jCj = O(n3=2�(n)), where �(n) = 2�(�2(n)) isas above. v`pq � v�pqp q� �
Figure 2: Illustration to the upper bound.For each u 2 P , let �u denote the sphere of radius �centered at u. Let S denote the resulting collection of nspheres. Let Pu = P \ �u and Cu = fuv j v 2 P; juvj = �g(all circles in Cu lie on �u). Put mu = jPuj and cu = jCuj.We have Xu2Pmu = O(n3=2�(n)) (2.1)Xu2P cu = jCj = O(n3=2�(n)):We claim that the number of incidences between the pointsof Pu and the circles of Cu isO(m2=3u c2=3u +mu + cu):This follows exactly as in the proof of a similar bound onthe number of incidences between points and unit circles inthe plane (cf. [6, 16]; in fact, the proof in [16] translatespractically verbatim to the case of congruent circles on asphere).



The number of incidences between the circles of C and thepoints of P is thus (using (2.1))O "Xu2P(m2=3u c2=3u +mu + cu)# =O(n3=2�(n)) +O Xu2Pm2=3u c2=3u ! :To obtain an upper bound for the second term, we needthe following properties.Lemma 2.2. The number of containments between a sub-set S0 of spheres of S and the circles of C isO �n3=4jS0j3=4�(n) + n+ jS0j� :Proof: Let P0 � P denote the set of centers of the spheresof S0. Consider a containment between a sphere �u, foru 2 P0, and a circle uv of C. Then v is a point of P atdistance � from u. That is, u lies on the sphere of radius �centered at v. Conversely, any such point v gives rise to acircle uv 2 C that is contained in �u. The asserted bound isnow an immediate consequence of the bound on the numberof incidences between points and unit spheres in R3 , as givenin [6]. 2For a given integer k � 0, let t�k = jP�kj denote thenumber of spheres in S that contain at least k circles ofC. An immediate corollary of the previous lemma is thefollowing.Corollary 2.3.t�k = jP�kj = O�n3�4(n)k4 + nk� : (2.2)Proof: Let S�k � S denote the set of spheres that containat least k circles of C (P�k is the set of centers of thesespheres). The number of sphere-circle containments betweenthe spheres of S�k and the circles of C is at least kt�k. UsingLemma 2.2, we havekt�k = O �n3=4t3=4�k �(n) + n+ t�k� ;from which the asserted bound follows easily. 2We now obtain a bound on the expressionPu2P m2=3u c2=3u .Fix a threshold parameter k, whose value will be speci�edlater. We haveXu2Pm2=3u c2=3u = Xu2P<km2=3u c2=3u +Xj�k Xu2Pjm2=3u j2=3� k2=3 Xu2P<km2=3u +Xj�k j2=3 Xu2Pjm2=3u :Using H�older's inequality and (2.1), the �rst sum is at mostk2=3 Xu2P<km2=3u � k2=3 Xu2Pmu!2=3 � n1=3= k2=3n1=3 �O �(n3=2�(n))2=3�= O(k2=3n4=3�2=3(n)):

Using once again H�older's inequality, in conjunction with(2.1) and (2.2), the second sum can be bounded byXj�k j2=3 Xu2Pjm2=3u �Xj�k j2=30@Xu2Pjmu1A2=3 jPj j1=3� 0@Xj�k Xu2Pjmu1A2=3 �0@Xj�k j2jPj j1A1=3�  Xu2Pmu!2=3 �0@k2jP�kj+Xj>k jjP�j j1A1=3= O �(n3=2�(n))2=3� � �n3�4(n)k2 + nk+Xj>k�n3�4(n)j3 + n��1=3= O(n�2=3(n)) ��n3�4(n)k2 + n2�1=3= O�n5=3�2=3(n) + n2�2(n)k2=3 � :Hence, the total number of triangles in f (3)2 (P;�) isO�k2=3n4=3�2=3(n) + n5=3�2=3(n) + n2�2(n)k2=3 � :Choosing k = n1=2�(n), we obtain the asserted bound. 2An immediate corollary of this result is that we can de-termine, in time O(mn5=3�(n) log n), whether a set S of npoints in R3 has a congruent copy of a set P of m points.
3. CONGRUENT TRIANGLES IN HIGHER

DIMENSIONSWe now prove near-optimal bounds on f (d)2 (n), for d � 4.Recall that the problem is interesting only for d = 4; 5 be-cause f (d)2 (n) = �(n3) for d � 6. Let P be a set of npoints in Rd , and let � = x0y0z0 be the �xed triangle,with side lengths jx0y0j = �, jx0z0j = �, and jy0z0j = �.For a given triple of sets A, B, C of points in Rd , let	(A;B;C; �) denote the set of triangles uvw such that(u; v; w) 2 A � B � C, juvj = �, juwj = �, and jvwj =�. Set  (A;B;C; �) = j	(A;B;C; �)j and  (d)(a; b; c) =max (A;B;C; �), where the maximum is taken over allsets A;B;C in Rd with jAj = a, jBj = b, and jCj = c andover all triangles �. Set  (d)(n) =  (d)(n; n; n). Obviously,f (d)2 (P;�) =  (P; P; P ; �) and f (d)2 (n) �  (d)(n). It there-fore su�ces to obtain a bound on  (d)(a; b; c).Let A, B, C, and � be as de�ned above. We apply the fol-lowing randomized divide-and-conquer process, which con-sists of three substeps. Let r be a su�ciently large con-stant, depending on ", whose value will be speci�ed later.In the �rst step, which we refer to as the A-step, we re-gard A as a set of points but map B and C to spheres.Denote by ��(x) the (d � 1)-sphere of radius � centered atx. With each point p 2 B (resp. q 2 C), we associate thesphere ��(p) (resp. ��(q)). Set �B = f��(p) j p 2 Bg,�C = f��(q) j q 2 Cg, and � = �B [ �C .



A subdivision � of Rd into constant-description-complexitycells (in the sense de�ned in [14]) is called a (1=r)-cuttingof � if each cell in � is crossed by at most b=r (resp. c=r)spheres of �B (resp. �C). Using a result of Agarwal et al. [1]and the generalized zone theorem by Aronov et al. [3], itcan be shown that there exists a (1=r)-cutting of � of sizeO(rd log r). By splitting the cells of � further as necessary,we may assume that each cell contains at most a=rd pointsof A.For each cell � 2 �, let A� = A \ � , B� = fp 2 B j � ���(p)g, and B�� = fp 2 B j � \ ��(p) 6= ; and � 6� ��(p)g.That is, a point p 2 B is in B� if the sphere ��(p) containsthe (necessarily lower dimensional) cell � , and it is in B�� if��(p) crosses � . Similarly, we de�ne C� = fq 2 C j � ���(q)g, C�� = fq 2 C j � \ ��(q) 6= ; and � 6� ��(q)g. Byconstruction, jA� j � a=rd, P� jA� j = a, jB�� j � b=r andjC�� j � c=r. Since the point sets A, B, and C are not ingeneral position, the subset B� (resp. C� ) could be as largeas B (resp. C). Note that B� and C� can be nonempty onlyif � is a lower-dimensional cell.If a triangle 4uvw is in 	(A;B;C), then u 2 ��(v) \��(w). If u 2 A� , then v 2 B� [ B�� and w 2 C� [ C�� .Therefore, (A;B;C; �)� X�2�� (A� ; B�� ; C�� ; �) +  (A� ; B� ; C; �)+ (A� ; B; C� ; �)�� O(rd log r) �  (d)� ard ; br ; cr�+ (3.1)X�2�� (A� ; B� ; C; �) +  (A� ; B; C� ; �)�:We now obtain bounds on  (A� ; B� ; C; �) and  (A� ; B; C� ; �)for d = 4; 5, and substitute them in the above recurrence toderive the corresponding bounds for the general values of (4) and  (5).
3.1 The four-dimensional caseLemma 3.1. Let A, B, and C be three point sets of sizesa; b; c, respectively, in R4. For any cell � in the correspond-ing subdivision �, (A� ; B� ; C; �) +  (A� ; B; C� ; �) =O(jA� jjBj + jA� jjCj + jBjjCj):Proof: As noted above, we may assume that � is a lowerdimensional cell.We �rst bound  (A� ; B� ; C; �). The assertion is obvi-ous if minfjA� j; jB� jg � 2, so assume that each of the twosets has at least three points. Recall that each point of A�lies at distance � from every point of B� . This implies thatthere exist two orthogonal concentric circles A, B suchthat A� � A and B� � B; see Figure 3. Indeed, letu1; u2; u3 be three distinct points of A� . The intersection ofthe spheres ��(u1), ��(u2), ��(u3) is a circle; it cannot be a2-sphere because a 2-sphere can lie on only two 3-spheres ofa given radius. Let B denote this intersection circle, andlet � be the 2-plane containing B . Clearly, B� � B. Thecenter o of B� is such that u1o, u2o, u3o are all orthogonal

B o
�?� u3A u1 u2

Figure 3: Illustration to the upper bound.to �. This implies that u1, u2, u3 lie in the (unique) plane�? containing o and orthogonal to �. Applying a symmet-ric argument in which the roles of A� and B� are reversedcompletes the proof of the claim.Let w be any point in C. If w lies at distance � from atmost two points of A� , then  (A� ; B� ; fwg; �) � 2jB� j, foran overall bound of 2jB� jjCj. Similarly, if w lies at distance� from at most two points of B� , then  (A� ; B� ; fwg; �) �2jA� j, for an overall bound of 2jA� jjCj. If w is at dis-tances � and � from at least three points of A� and B� ,respectively, then w lies on a circle C that is orthogo-nal to both A and B . But this is impossible in R4 , so (A� ; B� ; C; �) � 2(jA� j + jB� j)jCj. A similar argumentshows that  (A� ; B; C� ; �) � 2(jA� j + jC� j)jBj. Summingall the bounds obtained above, the assertion of the lemmafollows. 2In other words, we can write (3.1) for d = 4 as (A;B;C; �) = O(r4 log r) � �(ab+ ac+ bc) + (4)� ar4 ; br ; cr��:We now repeat this analysis a second time, using eachof the sets B�� as the set of points and the two other setsas representing sets of spheres of appropriate radii (this isthe B-step). Then we perform a third step, the C-step, inwhich the resulting susbsets of C represent points and thetwo other subsets represent spheres. In each of the secondand third steps, the size of each set of spheres decreases bya factor of r, and the size of each set of points decreases bya factor of r4. After the third round, we have O(r12 log3 r)subproblems in which the size of each point set has beenreduced by a factor of r6. Therefore we obtain the followingrecurrence: (4)(n) = O(r12 log3 r) (4) � nr6 �+O(n2); (3.2)where the constant of proportionality of the second termdepends (polynomially) on r. For any constant " > 0, withan appropriate choice of r as a function of the prescribed", it can be shown that the solution to (3.2) is  (4)(n) =O(n2+"), where the constant of proportionality depends on". Applying this bound for A = B = C = P , we obtain thatf (4)2 (n) = O(n2+"). It can be shown that f (4)2 (n) = 
(n2),by generalizing Lenz' construction. In fact, it can be shownthat this lower bound can be attained for any given triangle�. Hence, we have the following theorem.



Theorem 3.2. Let P be a set of n points in R4 . Thenumber of triangles spanned by P that are congruent to a�xed triangle is O(n2+"), for any " > 0, and can be 
(n2)in the worst case.
3.2 The five-dimensional caseAn argument similar but somewhat more involved thanthe one used in Lemma 3.1 implies the following lemma ford = 5.Lemma 3.3. Let A, B, and C be three point sets of sizesa; b; c, respectively, in R5. For any cell � in the correspond-ing subdivision �, (A� ; B� ; C; �) +  (A� ; B; C� ; �)= O(jA� j(jBj2=3jCj2=3 + jBj+ jCj) + jBjjCj):Proof: The proof follows the same line as that of Lemma 3.1.We �rst bound  (A� ; B� ; C; �). Again, we can assume thatjA� j; jB� j � 3. Since each point of A� lies at distance � fromevery point of B� , it follows, similar to the 4-dimensionalcase, that only two cases are possible:(i) A� lies on a circle A and B� lies on a concentric or-thogonal 2-sphere 'B .(ii) A� lies on a 2-sphere 'A and B� lies on a concentricorthogonal circle B.Indeed, take three distinct points u1; u2; u3 2 A� . Argu-ing as above, B� is contained in a 2-sphere that is concen-tric with and orthogonal to the circle  that passes throughu1; u2; u3. If B� contains at least four noncoplanar pointsthen the entire A� must be contained in , and we get thesituation in case (i). Otherwise, the entire B� must lie on asingle circle and we get the situation in case (ii).Let w be any point in C. If w lies at distance � fromat most three points of A� then  (A� ; B� ; fwg; �) � 3jB� j,for an overall bound of 3jB� jjCj. So assume that w is atdistance � from at least four points of A� .In case (i), w must lie on a 2-sphere 'C that is concentricwith and orthogonal to A, and thus lies in the same 3-space containing 'B . We have thus reduced the problem tothe following one: We have two concentric spheres, ', '0, inthree dimensions and two �nite point sets Q;Q0, with Q � 'and Q0 � '0, and we wish to bound the number of pairs ofpoints in Q � Q0 that are at distance � from each other.We claim that the number of such pairs is O(jQj2=3jQ0j2=3+jQj+ jQ0j). This is proved exactly as in the analysis in [6] ofthe number of repeated distances in a planar point set, andas in the proof of Theorem 2.1. In other words, the numberof triangles under consideration isO �jA� j(jB� j2=3jCj2=3 + jB� j+ jCj)� :In case (ii), w must lie on a circle C that is concentric withand orthogonal to 'A, and thus lies in the same 2-planecontaining B . In this case it is easily seen that the numberof pairs of points in B� � (C \ C) at distance � from eachother is at most 2jB� j, so the number of triangles underconsideration is O(jA� jjB� j).The estimation of  (A� ; B; C� ; �) is fully symmetric, andyields the boundO �jA� j(jC� j2=3jBj2=3 + jC� j+ jBj) + jB� jjCj� :

Summing all the bounds obtained above, the assertion ofthe lemma follows. 2We now apply Lemma 3.3 to each lower-dimensional cell� 2 �, sum up the resulting bounds, and recall that r isa constant, to conclude that the number of triangles thatsatisfy the assumptions of the lemma, over all cells � , isO(a(b2=3c2=3 + b+ c) + bc).Hence, applying a round-robin decomposition process, asin the 4-dimensional case, we obtain the following recurrencefor  (5)(n): (5)(n) = O(r15 log3 r) (5) � nr7 �+O(n7=3): (3.3)Using induction on n and choosing a su�ciently large con-stant value for r, it can be shown that the solution to (3.3) is (5)(n) = O(n7=3). A matching lower bound is constructedas follows. Take a unit 2-sphere � and a unit circle  thatare concentric and orthogonal. Place n=2 points on � sothat there are 
(n4=3) pairs of these points at distance p2apart (as in [8]), and place n=2 points arbitrarily on . Weobtain a set of n points with 
(n7=3) equilateral triangles ofside length p2. We thus obtain the following theorem.Theorem 3.4. Let P be a set of n points in R5 . Thenumber of triangles spanned by P that are congruent to a�xed triangle is O(n7=3), and the bound is tight in the worstcase.Remark 3.5 The number of congruent triangles in a setof n points in the plane is O(n4=3), which is an immediateconsequence of the same bound for the number of repeateddistances in the plane. It is curious to note that each ofthese four bounds is close to O(n(d+2)=3), where d is thedimension. However, while for d = 4; 5 these bounds arenearly tight (for d = 4) and tight (for d = 5), they areconjectured not to be tight for d = 2; 3.
4. CONGRUENT TETRAHEDRA IN FOUR

DIMENSIONSWe now bound the number of tetrahedra spanned by ann-element point set P in R4 that are congruent to a giventetrahedron � = pqrs. Fix three points u; v; w 2 P so thatthe triangle uvw is congruent to the face pqr of �. ByTheorem 3.2, the number of such triples is O(n2+"). Anypoint z 2 P such that uvwz is congruent to � must lie ona circle uvw that is orthogonal to the 2-plane spanned byu; v; w, whose center lies at a �xed point in this plane, whichis the image (under the congruence) of the base point s� ofthe height of � from s.Let � denote the collection of circles uvw. Note that thecircle uvw is fully determined from the points u; v; w, butthat it is possible that two di�erent circles uvw, u0v0w0coincide. In this case, u0v0w0 is obtained from uvw by arotation (and/or reection) in the plane orthogonal to uvwabout the center of this circle. In other words, all the pointsu 2 P that induce, with two other points of P , a �xedcircle  = uvw so that u maps to p, must lie on a circleC;p, which is concentric with and orthogonal to . Theradius of C;p is the distance between p and s�. Similarly,the points that induce  and map to q (resp. r) lie on acircle C;q (resp. C;r). The three circles C;p; C;q , andC;r are concentric and coplanar. It is easily checked that



any of these three circles uniquely determines  and viceversa. For simplicity of presentation, we only use one ofthese three coplanar circles, say C;p. For a circle  2 �,there are O(jP \j � jP \C;pj) tetrahedra uvwz spanned byP such that z 2  and u; v; w lie on the respective orthogonalconcentric circles C;p, C;q , C;r. Indeed, once the pointu has been chosen (from P \ C;p), the point v that mapsto q must lie on C;q and must be at distance jpqj from u.There are at most two such points. Similarly there are twocandidate points for w in P \ C;r and any point in P \ is a candidate for z.Fix a threshold parameter k, whose value will be speci�edlater. If a circle  2 � contains fewer than k points, thenthe number of tetrahedra under consideration is at mostk times the number of triangles uvw that are spanned byP , are congruent to pqr, and induce the circle uvw = .Summing this bound over all such \low-degree" circles, weobtain the bound O(n2+"k).The problem can thus be reduced to the following. Wehave a set P of n points and a collection � of pairs of con-centric orthogonal circles, in which no two pairs have a circlein common, and at least one circle in each pair contains atleast k points of P . Our goal is to estimate the sumX(;0)2�jP \ j � jP \ 0j � X(;0)2�max fjP \ j; jP \ 0jg2:The problem of estimating the last sum can be restated asfollows: We have the point-set P and a collection C of circles,so that each circle in C contains at least k points of P , andour goal is to estimate the sum P2C jP \ j2:Lemma 4.1. The number of incidences between a set P ofn points and a set C of t circles in R4 is O(n3=5t4=5+n+ t).Proof: The analysis is similar to the one used in [6] toobtain the same bound for the planar case. First, the point-circle incidence graph does not contain K3;2 as a subgraph(with 3 points and 2 circles), so the incidence graph canhave at most O(nt2=3 + t) edges. We then project P and Conto some generic 2-plane, and apply the divide-and-conqueranalysis of [6] to the projected points and curves, to obtainthe asserted bound. A similar proof is also given in [2]. 2Lemma 4.2. The number t�j of circles in C that containat least j points of P isO�n3j5 + nj � :Proof: The number of incidences between these t�j circlesand the points of P is at least jt�j . Using Lemma 4.1, wethus have jt�j = O(n3=5t4=5�j + n + t�j), from which theasserted bound follows easily. 2Let tj denote the number of circles in C that contain ex-actly j points of P . We then haveX2C jP \ j2 = Xj�k j2tj = k2t�k +Xj>k(2j + 1)t�j= O0@nk + n3k3 +Xj�k �n3j4 + n�1A= O�n2 + n3k3� :

Hence, the overall number of tetrahedra spanned by P andcongruent to �0 isO�n2 + n3k3 + n2+"k� :Choosing k = n1=4, we obtain the following bound.Theorem 4.3. Let P be a set of n points in R4 . Thenumber of tetrahedra spanned by P that are congruent to a�xed tetrahedron is O(n9=4+"), for any " > 0.
5. THE GENERAL CASELet P be a set of n points in Rd and let 3 � k � d�1. Let� = a1a2 � � � ak+1 be a �xed k-simplex. We wish to boundthe number of k-simplices spanned by the points of P thatare congruent to �.We assume that we are given k + 1 sets of points in Rd ,call them P1; : : : ; Pk+1. Initially, P1 = P2 = � � � = Pk+1 =P . Let 	k(P1; : : : ; Pk+1; �) denote the set of (k+1)-tuples(p1; p2; : : : ; pk+1) 2 P1 � P2 � � � � � Pk+1 such that the k-simplex p1p2 � � � pk+1 is congruent to � and jpipj j = jaiaj jfor 1 � i < j � k + 1 (i.e., pi maps to ai). Set k(P1; : : : ; Pk+1; �) = j	k(P1; : : : ; Pk+1; �)jand  k(n1; : : : ; nk+1) = max k(P1; : : : ; Pk+1; �);where the maximum is taken over all (k + 1)-tuples of setsP1; : : : ; Pk+1 in Rd with jPij = ni, for i = 1; : : : ; k + 1, andover all k-simplices �. For brevity, we will use  k(n) todenote  k(n; : : : ; n). The following lemma will be crucialfor our analysis.Lemma 5.1. Let P and Q be two point sets in Rd, so thatjP j, jQj � d+1, and so that jpqj = a for each p 2 P , q 2 Q,for some �xed a. Then there exist two spheres �P , �Q, ofrespective dimensions �P , �Q and centers cP , cQ, such that(i) P � �P and Q � �Q;(ii) 1 � �P ; �Q � d� 3 and �P + �Q � d� 2; and(iii) �P is orthogonal to �Q and both are orthogonal to thesegment cP cQ. (If �P + �Q = d� 2 then cP = cQ.)Conversely, the existence of such a pair of spheres impliesthat all distances jpqj, for each p 2 P and q 2 Q, are equal.Proof: P is contained in the intersection � = Tq2Q �a(q),where �a(q) is the (d � 1)-sphere of radius a centered at q.This intersection is a sphere of dimension at most d � 3.Indeed, two of these (congruent) (d� 1)-spheres intersect ina (d � 2)-sphere, which cannot be contained in any other(d � 1)-sphere of the same radius. Let �P � � be thesmallest-dimensional sphere containing P , and let �P de-note its dimension. A symmetric argument implies that Qis also contained in some (smallest-dimensional) sphere �Q,of dimension �Q. Clearly, 1 � �P ; �Q � d�3. Let cP , cQ de-note the respective centers of �P , �Q, and let rP , rQ denotetheir respective radii.Since the a�ne hull HP of P is equal, by assumption,to the a�ne hull of �P , which is a (�P + 1)-dimensional



space, there exist �P + 2 points, p1; : : : ; p�P+2, of P , andreal coe�cients �1; : : : ; ��P+2, so that�P+2Xi=1 �i = 1 and �P+2Xi=1 �ipi = cP ;or, in other words, �P+2Xi=1 �i(pi � cP ) = 0 :Similarly, there exist �Q+2 points, q1; : : : ; q�Q+2, of Q, andcoe�cients �1; : : : ; ��Q+2, so that�Q+2Xj=1 �j = 1 and �Q+2Xj=1 �j(qj � cQ) = 0 :We have, for each i; j,a2 = jpi � qj j2= j(pi � cP ) + (cP � cQ) + (cQ � qj)j2= r2P + r2Q + jcP cQj2 + 2(pi � cP ) � (cP � cQ)+ 2(cQ � qj)�(cP � cQ) + 2(pi � cP )�(cQ � qj):Hence a2 = �P+2Xi=1 �Q+2Xj=1 �i�ja2 = r2P + r2Q + jcP cQj2;which implies thatDij = (pi � cP )�(cP � cQ) + (cQ � qj)�(cP � cQ)+(pi � cP ) � (cQ � qj) = 0;for each i; j. Then, for any �xed j, we haveXi �iDij = (cQ � qj) � (cP � cQ) = 0;implying that the a�ne hullHQ of �Q is orthogonal to cP cQ.By a symmetric reasoning, the same holds for the a�ne hullHP of �P . This also implies that(pi � cP ) � (cQ � qj) = 0;for each i; j, soHP andHQ are also orthogonal to each other.This implies that �P + �Q � d � 2, and thus completes theproof of the �rst part of the lemma. The converse part istrivial. 2By applying the above lemma inductively, we can prove thefollowing.Corollary 5.2. Let P1; P2; : : : ; P` be k sets of points inRd, each of size at least d+1, so that for all pairs 1 � i < j �` and for any p 2 Pi and q 2 Pj, jpqj = jaiaj j. Then thereexist ` spheres �1; : : : ;�` of respective dimensions �1; : : : ; �`and centers c1; : : : ; c`, such that(i) Pi � �i for each 1 � i � `;(ii) 1 � �i � d � 3 for every i and Pì=1 �i � d � ` (ifPì=1 �i = d� ` then c1 = � � � = c`); and(iii) for i 6= j, �i is orthogonal to �j and all spheres areorthogonal to the a�ne hull of c1; : : : ; c`.

We extend the divide-and-conquer procedure described inSection 3 to bound  k. Initially, each Pi is an arbitrary setof points in Rd , but at each step the procedure will decom-pose a problem into subproblems in which some \cliques"of the point sets will satisfy the conditions of Corollary 5.2.We therefore de�ne a generalized version of the function k by introducing a weighted graph G = (V;E; �), whereV = f1; : : : ; k + 1g. A pair (i; j) 2 E if jpqj = jaiaj j forevery p 2 Pi and q 2 Pj . We associate a weight function� : f1; : : : ; k+1g 7! f1; : : : ; dg with the vertices of G, whichwe simply write as a sequence (�1; : : : ; �k+1). Here �i is thedimension of the smallest sphere that contains Pi. By Corol-lary 5.2, G satis�es the following property.(G) If fi1; : : : ; i`g is a clique in G, thenX̀j=1 �ij � d� `:We now de�ne  (G)k (n1; : : : ; nk+1) to be the maximum valueof  k(P1; : : : ; Pk+1; �), taken only over sets P1; : : : ; Pk+1that satisfy the following properties:( .i) jPij � d+ 1 for each i = 1; : : : ; k + 1;( .ii) If �i < d then Pi is contained in a �i-dimensionalsphere �i (if �i = d, then Pi is an arbitrary set ofpoints in Rd); and( .iii) If fi1; : : : ; i`g is a clique in G, then �i1 ; : : : ;�i` areorthogonal to each other, and all of them are orthogo-nal to the a�ne hull of their centers.As a special case, the original bound  k(n1; : : : ; nk+1) canbe written as  (G0)k (n1; : : : ; nk+1), whereG0 = (V; ;; (d; d; : : : ; d))is an empty weighted graph, with no constraints on any Pi.We apply a round-robin decomposition method to bound (G)k (n) =  (G)k (n; : : : ; n). Let P1; : : : ; Pk+1 be sets satis-fying ( .i){( .iii), each of size n. The process consists ofk + 1 rounds, which are then repeated recursively. In thejth round, Pj is regarded as a set of points, and each Pi,for i 6= j, is regarded as a set of congruent spheres of radiusjaiaj j. Consider the �rst round, in which we regard P1 as aset of points, and let V1 denote the collection of all verticesj 6= 1 of G such that (1; j) =2 E. If V1 = ;, we skip the �rstround altogether (see below for details). If G contains anedge of the form (1; j), then �1 � d � 3, and P1 lies on a�1-dimensional sphere �1. We set U1 to be the a�ne hullof �1. Otherwise, if �1 = d then we set �1 = U1 = Rd .Regard any point p in some Pj , for j 2 V1, as de�ning a�1-dimensional sphere �j(p), obtained as the intersection ofU1 with the (d� 1)-sphere centered at p and having radiusja1aj j. Set �j = f�j(p) j p 2 Pjg and � = Sj2V1 �j .As above, a subdivision � of �1 into constant-descriptioncells is called a (1=r)-cutting of � if each cell of � is crossedby at most j�j j=r spheres of �j for every j 2 V1. Arguingas in Section 3, we haveLemma 5.3. For any given parameter r > 0, there existsa (1=r)-cutting of � of size O(r�1 log r).We �x a parameter r1 and compute a (1=r1)-cutting of �.By splitting cells further as necessary, we may assume that



each cell contains at most n=r�11 points of P1; the number ofcells is still O(r�11 log r1), with a larger constant of propor-tionality. Let � denote the resulting set of cells. For each� 2 �, set P �1 = P1 \ � . Obviously k(P1; : : : ; Pk+1; �) =X�2� k(P �1 ; P2; : : : ; Pk+1; �):Let �0 = a2 � � � ak+1 be the facet of � opposite to a1. Let Gidenote the weighted subgraph of G induced by the verticesV nfig. Fix a cell � 2 �. We say that a point pi 2 Pi, for anyi > 1, is light in � if either jP �1 j � d or pi is at distance ja1aijfrom at most d points of P �1 ; otherwise, it is heavy in � . LetL�i (resp. P �i ) be the subset of points of Pi that are light(resp. heavy) in � , for i = 2; : : : ; k + 1. Let p2 � � � pk+1 be a(k� 1)-simplex in 	k�1(P2; : : : ; L�i ; : : : ; Pk+1; �0). Since piis light in � , p2 � � � pk+1 contributes at most d simplices to	k(P �1 ; : : : ; L�i ; : : : ; Pk+1; �). Therefore the light points ofPi contribute at mostd (Gi)k�1 (n; : : : ; n) � d (Gi)k�1 (n)simplices, which implies that k(P �1 ; P2; : : : ; Pk+1; �)�d k+1Xi=2  (Gi)k�1 (n) +  k(P �1 ; P �2 ; : : : ; P �k+1; �):For each i > 1, let P �i = fp 2 P �i j � � �i(p)g, and letQ�i = fp 2 P �i j � \ �i(p) 6= ; and � 6� �i(p)g. That is, apoint p is in Q�i if �i(p) crosses � . By de�nition, if i =2 V1then Q�i = ; and P �i = P �i . Since � is a (1=r1)-cuttingof �, we have jQ�i j � n=r1 for each i 2 V1. If a simplexp1 � � � pk+1 2 	k(P �1 ; : : : ; P �k+1; �), then p1 2 Tk+1i=2 �i(pi).Since p1 2 � , we have that pi 2 P �i [ Q�i for 2 � i �k + 1. Hence, we obtain (in the �rst term, for simplicity ofnotation, Si denotes Q�i for i 2 V1 and P �i for i =2 V1): k(P �1 ; : : : ; P �k+1; �) �X�2� k(P �1 ; S2; : : : ; Sk+1; �) +X�2�Xi2V1  k(P �1 ; P �2 ; : : : ; P �i ; : : : P �k+1; �)�O(r�11 log r1) (G)k 0B@ nr�11 ; n; : : : ; n| {z }k�jV1j ; n=r1; : : : ; n=r1| {z }jV1j 1CA+X�2�Xi2V1  k(P �1 ; P �2 ; : : : ; P �i ; : : : P �k+1; �):Fix an i 2 V1. As before, if jP �i j � d, then (G)k (P �1 ; : : : ; P �i ; : : : ; P �k+1; �) � d (Gi)k�1 (n):If jP �i j � d+1, apply Lemma 5.1 to P �1 and P �i to concludethe existence of two spheres � � P �1 , �0 � P �i that satisfythe properties of that lemma. We clearly have � � �1 and�0 � �i, and proper inclusions are possible. Let �; �0 denotethe respective dimensions of �;�0. Note that for any j =2 V1,� and �j continue to satisfy the properties of Lemma 5.1(as did �1 and �j , except that the dimension of � may besmaller than that of �1). The same holds for any edge (i; i0)in G incident to i, with �0 replacing �i. We now replace Gby the augmented weighted graph G+(1;i), whose edge set is

E [ f(1; i)g, and in which �1 is replaced by �, �i by �0, andfor 1 � j 6= i, �j is set to the smallest integer s such thatP �j lies in an s-sphere. This step does not increase the valueof any �`. We can thus rewrite the above recurrence as: (G)k (P1; : : : ; Pk+1; �) �O(r�11 log r1) (G)k 0B@ nr�11 ; n; : : : ; n| {z }k�jV1j ; n=r1; : : : ; n=r1| {z }jV1j 1CA+ k+1Xi=1 O( (Gi)k�1 (n)) + Xi2V1O( (G+(1;i))k (n)): (5.1)We now repeat this step for each of the remaining k rounds.In the ith round we compute a (1=ri)-cutting of an appro-priate set of spheres (where Pj is mapped to a set of spheresof common radius jaiaj j if (i; j) =2 E), so that the size of thecutting is O(r�ii log ri). To derive the �nal resulting recur-rence, we argue as follows. Fix an index i 2 f1; : : : ; k + 1g.In the ith round, the size of the ith set in the leading recur-sive term (i.e., the term that involves the same  (G)k func-tion) is reduced by a factor of r�ii . At the jth round, forany j 6= i, there are two cases: (a) If (i; j) =2 E, then thesize of Pi in the leading recursive term is reduced by rj . (b)If (i; j) 2 E, then Pi does not change. Thus the total sizeof the ith set in the �nal leading recursive term is at most(n=r�ii )Q(j;i)=2E 1rj . For each i = 1; : : : ; k + 1, put ri = rxi ,for some su�ciently large constant parameter r, and for ex-ponents xi � 0 that are required to satisfy the followingk + 1 inequalities:�ixi + X(j;i)=2E xj � 1; for i = 1; : : : ; k + 1;that is, we want the size of each set in the �nal leadingrecursive term to be at most n=r. Let A = A(G) be thesymmetric (k + 1)� (k + 1) matrix, de�ned byAij = 8><>:�i i = j;1 i 6= j; (i; j) =2 E;0 i 6= j; (i; j) 2 E:De�ne �(G) to be the optimum value of the linear programmin � � x subject to Ax � 1. Let x = (x1; : : : ; xd+1)be a vector that attains the minimum. Set ri = rxi , fori = 1; : : : ; k+1. Then the leading term of the recurrence be-comes O(r�(G) logk+1 r) (G)k (n=r) ; and the full recurrencebecomes (G)k (n) � O(r�(G) logk+1 r) (G)k �nr �+ k+1Xi=1 O( (Gi)k�1 (n)) + Xi6=j; (i;j)=2EO( (G+(i;j))k (n));where the weighted graphs G+(i;j) are de�ned in a mannersimilar to the de�nition of G+(1;i), given above. Let �(d; k)denote the maximum value of �(G) over all graphs withk + 1 vertices satisfying property (G). Then the solutionto the above recurrence is  (G)k (n) = O(n�(d;k)+"), for any" > 0. Unfortunately, so far we were unable to derive a sharpexplicit bound on �(d; k), but conjecture the following.Conjecture 5.4. For any d � 4 and k � d�2, �(d; k) �d=2.



For G = G0 = (V; ;; (d; : : : ; d)), we have�(G) = d(k + 1)=(d + k) � d=2 (for k � d� 2)by choosing xi = 1=(d + k) for each i = 1; : : : ; k + 1. Webelieve that �(G) is maximized when G = G0 and k = d�2.While deriving (5.1), if � or �0 becomes 1, then one canargue that  k(P �1 ; : : : ; P �k+1; �) � d( G1k�1(n) +  Gik�1(n)).Using this observation and a few others, we prove, using caseanalysis on the possible matrices A(G), that �(d; k) � d=2for d � 7 and k � d� 2.The technical di�culty in proving a bound on �(d; k) liesin the fact that, as G is augmented, the number of recursivesubproblems decreases, but the size of the point sets in eachrecursive subproblem is larger than what it was in the un-constrained case. In particular, sets connected in G to thecurrent set do not change at all. The tradeo� between thesetwo \trends" is not obvious.
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