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Abstract. LetC be a compact set inR2 and letS be a set ofn points inR2 . We
consider the problem of computing a translate ofC that contains the maximum
number,��, of points ofS. It is known that this problem can be solved in a time
that is roughly quadratic inn. We show how random-sampling and bucketing
techniques can be used to develop a near-linear-time Monte Carlo algorithm that
computes a placement ofC containing at least(1 � ")�� points ofS, for given
" > 0, with high probability. We also present a deterministic algorithm that solves
the"-approximate version of the optimal-placement problem for convexm-gons
in O(n1+Æ + (n=") logm) time, for arbitrary constantÆ > 0.

1 Introduction

Let C be a compact set inR2 and letS be a set ofn points inR2 . We define the
optimal-placementproblem to be computing a pointt 2 R

2 so that the translateC + t

of C contains the maximum number of points ofS. Set

��(C; S) = max
t2R2

jS \ (C + t)j:
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Motivated by applications in clustering and pattern recognition (see [14, 16]), the
optimal-placement problem has received much attention over the last two decades.
Chazelle and Lee [7] presented anO(n2)-time algorithm for the case in whichC is
a circular disk, and Eppstein and Erickson [11] proposed anO(n logn)-time algorithm
for rectangles. Efrat et al. [10] developed an algorithm for convexm-gons with a run-
ning time ofO(n�� logn logm+m), where�� = ��(C; S), which was subsequently
improved by Barequetet al. [3] to O(n logn+ n�� log(m��) +m).

All the algorithms above, except the one for rectangles, require at least quadratic
time in the worst case, which raises the question of whether a near-linear approxima-
tion algorithm exists for the optimal-placement problem. In this paper we answer the
question in the affirmative by presenting Monte-Carlo and deterministic approximation
algorithms.

We call a translateC + t of C an "-approximate placementif jS \ (C + t)j �
(1 � ")��(C; S). An algorithm that produces an"-approximate placement is called an
"-approximationalgorithm. We define the"-optimal-placementproblem to be the one
that asks for an"-approximate placement.

We make the following assumptions aboutC:

(A1) The boundary ofC, denoted by@C, is connected and consists ofm edges, whose
endpoints are called vertices ofC. Each edge is described by a vector function of
a scalar parameter, each component of which is a polynomial of bounded degree.
We will refer toC as adisk.

(A2) The boundaries of any two translates ofC intersect in at mosts points, and the
intersections can be computed inI(m) time. By computing an intersection, we
here mean determining the two edges, one for each translate, that are involved in
the intersection, as well as the two corresponding values of the scalar parameter.
Moreover, for every pointp 2 R2 , we can decide inQ(m) time whetherp 2 C.

(A3) C is sandwiched between two axes-parallel rectangles whose widths and heights
differ by factors of at most� and�, respectively, for�; � � 1.

We callC fat if � and� in assumption (A3) are bounded by constants. Schwarzkopfet al.[19]
showed that after a suitable affine transformation, a convex polygon is fat with� = � =

2.
We assume a model of computation in which the roots of a bounded-degree poly-

nomial can be computed inO(1) time, which implies that primitive operations on the
edges ofC, e.g., computing the intersections between two edges of two translates ofC,
can be performed inO(1) time.

In Section 2, we present two algorithms for the optimal-placement problem and
show how bucketing can be used to expedite the running time, especially ifC is fat.
In particular, letT (n) be the running time of an algorithm for the optimal-placement
problem on a set ofn points, and letTg(n) denote the time required to partitionn
points into the cells of an integer grid. Then the bucketing algorithm can compute an
optimal placement in timeO(Tg(n) + nT (��)=��), where�� = ��(C; S). Besides
being interesting in its own right, this will be crucial for the approximation algorithms.

In Section 3, we show that using random sampling and/or bucketing, we can trans-
form any deterministic algorithm for the optimal-placement problem to a Monte-Carlo
algorithm for the"-optimal-placement problem. Given a parameter0 <  < 1, the



Time Error probability Reference

n+ (n)2 ne�"
2�� Section 3.1

n log n e�"
2
p
�� log n Section 3.2

n ne�"
2
p
�� Section 3.2

n1+Æ + n=" 0 Section 4

Table 1. Worst-case running times (constant factors omitted) and error probabilities of our"-
approximation algorithms ifC is a circular disk;Æ > 0 is an arbitrarily small constant and
0 < ";  < 1 are real numbers, possibly functions ofn.

first algorithm in Section 3, based on a random-sampling technique, computes an"-
approximate placement inO(n+T (n)) time with error probability at mostsne�"

2�� .
The second algorithm combines the random-sampling technique with the bucketing
technique and computes an"-approximate placement inO(Tg(n)+nQ(m)+nT (����)=��)

time with error probability at mosts����e�"
2�� . For circular disks, the running time

becomesO(n log n) and the error probability is at moste�"
2
p
�� logn; see Table 1. If

C is fat andm = O(1), by combining two levels of random sampling with the buck-
eting technique, we can compute an"-approximate placement inO(n) time with error
probability at mostne�"

2
p
�� .

Finally, in Section 4, we present a deterministic algorithm, based on Chazelle’s
cutting algorithm [6], that computes an"-approximate placement for convexm-gons in
O(n1+Æ + (n=") logm) time, for any given constantÆ > 0.

2 Preliminaries and Exact Algorithms

Let C be a disk satisfying assumptions (A1)–(A3) and letS be a set ofn points in
R
2 . For simplicity, we assume that the origin lies insideC. For a pointp 2 R

2 , define
Cp = fp� c j c 2 Cg. Let C = fCp j p 2 Sg. For a point setR and a pointx 2 R

2 ,
thedepthof x with respect toR, denoted bydR(x), is the number of pointsp 2 R for
whichCp containsx. By definition,��(C; S) = maxx2R2 dS(x). Hence, the problem
of computing an optimal placement reduces to computing a point of maximum depth
with respect toS.

Consider the arrangementA(C) defined by the boundaries of the setsCp, where
p 2 S. Each vertex inA(C) is either a vertex ofCp, for a pointp 2 S (a type 1vertex),
or an intersection point ofCp andCq , for two pointsp; q 2 S (a type 2vertex). The
maximum depth of a point is realized by a type 2 vertex ofA(C). Using this observation,
��(C; S) can be computed as follows.

Simple algorithms for computing��. As in [10], we repeat the following step for each
point p 2 S. Compute the intersections between@Cp and all other boundaries@Cq ,



whereq 2 S, and sort them along@Cp. Compute the depth of one intersection with
respect toS by brute force and step through the remaining ones in sorted order while
maintaining the depth. Finally report a point of the maximum depth encountered for
anyp 2 S. The total time spent isO(n2(I(m) +Q(m)) + sn2 log(sn)).

Alternatively, we can computeA(C) using the algorithm by Amato et al. [2], tra-
verse the type 2 vertices ofA(C), e.g., in depth-first order, and compute a vertex of
maximum depth (with respect toS). SinceA(C) hasO(mn+ sn2) vertices, this algo-
rithm takesO(mn log(mn) + nQ(m) + sn2) time. Hence, we obtain the following.

Theorem 1. Let S be a set ofn points in the plane and letC be a disk satisfying as-
sumptions (A1)–(A3). The value of��(C; S) can be computed in timeO

�
n2(I(m) +Q(m)) + sn2 log(sn)

�
or in timeO

�
mn log(mn) + nQ(m) + sn2

�
.

If m = O(1), thens; I(m); Q(m) = O(1), and ifC is convex, thens = 2 [15]
and I(m); Q(m) = O(logm) [18]. (For the upper bounds onI(m) andQ(m), an
O(m)-time preprocessing step is needed.) Therefore Theorem 1 implies the following.

Corollary 1. LetC andS be as above. Then��(C; S) can be computed inO(n2) time
if C hasO(1) edges, and inO(n2 log(mn) +m) or O(mn log(mn) + n2) time ifC is
a convexm-gon.

Bucketing and estimating��(C; S). For any two positive real numbersr andr0, we
denote byGr;r0 the two-dimensional grid through the origin whose cells have horizontal
and vertical sides of lengthsr andr0, respectively. Hence, each cell ofGr;r0 is of the
formBij = [ir : (i+1)r)� [jr0 : (j+1)r0) for some integersi andj. We call the pair
(i; j) the indexof Bij .

We need an algorithm that groups the points ofS according to the cells of some
grid Gr;r0 , i.e., storesS in a list such that for each grid cellB, all points ofS in B

occur together in a contiguous sublist. This operation is similar to a sorting ofS by grid
cell, but does not require the full power of sorting. LetTg(n) denote the time needed
to perform such a grouping ofn points according to some grid and assume thatTg
is nondecreasing andsmoothin the sense thatTg(O(n)) = O(Tg(n)) (informally, a
smooth function grows polynomially). The following lemma is straightforward.

Lemma 1. LetS be a set ofn points inR2 and letC be a disk satisfying assumptions
(A1)–(A3). Leta; b > 0 be such thatR0 � C � R1 for axes-parallel rectanglesR0

of width a and heightb andR1 of width�a and height�b. LetM be the maximum
number of points ofS contained in any cell of the gridGa;b. ThenM � ��(C; S) �
(�+ 1)(� + 1)M .

Lemma 1 shows that an approximationM to �� = ��(C; S) with M � �� �
(� + 1)(� + 1)M can be computed inO(Tg(n)) time. Let us see how the grouping
of S can be implemented. It is clear that once each pointp of S has been mapped to
the index(i; j) of the cell containingp of a grid under consideration,S can be grouped
with respect to the grid inO(n logn) time by sorting the pairs(i; j) lexicographically.
The mapping of points to grid indices uses the nonalgebraic floor function. To avoid
this, we can replace the grid by thedegraded gridintroduced in [8, 17], which can be



constructed inO(n log n) time without using the floor function, and for which Lemma 1
also holds. Given any pointp 2 R2 , the cell of the degraded grid that containsp can be
found inO(log n) time, so that the grouping can be completed inO(n logn) time.

In a more powerful model of computation, after mappingS to grid indices, we can
carry out the grouping by means of hashing. Combining the universal class of Dietzfel-
binger et al. [9] with a hashing scheme of Bast and Hagerup [4], we obtain a Las Vegas
grouping algorithm that finishes inO(n) time, except with probability at most2�n

�

for
some fixed� > 0. We omit the details.

A bucketing algorithm.We can use Lemma 1 and Theorem 1 to obtain a faster algorithm
for computing�� = ��(C; S) in some cases. Suppose we have an algorithmA that
computes��(C; S) in time T (n). Using Lemma 1, we first computeM and, for each
pair(i; j) 2 f0; 1; 2g2, consider the gridGij obtained by shiftingG3�a;3�b by the vector
(i�a; j�b). For each cellB of Gij that contains at leastM points ofS, we runA on the
setS \B to obtain a pointyB of maximum depthkB with respect toS \B. Finally we
return a pointyB for whichkB is maximum over all runs ofA.

To see the correctness of the algorithm, letx 2 R
2 havedS(x) = ��. Observe that

for some0 � i; j � 2, x lies in the middle ninth of some cellB of Gij , in which case
Cx � B. It is now clear thatjS \ Bj �M andkB = ��.

Let us analyze the running time. For each of0 � i; j � 2, the algorithm spends
Tg(n) time to partitionS among the grid cells. Since at mostn=M cells ofGij contain
at leastM points ofS and no cell contains more than9��M points, the total running
time isO(Tg(n) + nT (��M)=M) = O(Tg(n) + nT (����)=��), where in the last
step we used the relationM � �� and the assumption thatT (n)=n is nondecreasing.
We thus obtain the following result.

Theorem 2. LetC be a set satisfying assumptions (A1)–(A3), letS be a set ofn points
in R2 , and letA be an algorithm that computes�� = ��(C; S) in timeT (n). Then��

can be computed inO(Tg(n) + nT (����)=��) time.

Corollary 2. Let C; S; and T (�) be as above. The value of�� = ��(C; S) can be
computed inO(Tg(n) + n��) time ifC is fat and hasO(1) edges, and inO(Tg(n) +

n�� log(m��) +m) or O(Tg(n) +mn log(m��) +n��) time ifC is a convexm-gon.

3 Monte-Carlo Algorithms

In this section we present Monte-Carlo algorithms for the"-optimal-placement prob-
lem. These algorithms use one of the deterministic algorithms described in Theorem 1
as a subroutine. We will refer to this algorithm asA and to its running time asT (n).
We assume thatT (n) andT (n)=n are nondecreasing and thatT is smooth.

3.1 A random-sampling approach

We first present an algorithm based on therandom-samplingtechnique. We carry out the
probabilistic analysis using the following variant of the well-known Chernoff bounds
(see, e.g., Hagerup and R¨ub [13]).



Lemma 2. LetY be a binomially distributed random variable and let0 � � � 1.

1. For everyt � E(Y ), Pr[Y � (1� �)t] � e��
2t=2.

2. For everyt � E(Y ), Pr[Y � (1 + �)t] � e��
2t=3.

Theorem 3. For arbitrary ";  > 0, an"-approximate solution to the optimal-placement
problem can be computed inO(n+T (n)) time with error probability at mostsne�"

2�� ,
where�� = ��(C; S).

Proof. Let �" = minf"; 1=2g and� = minf288; 1g. The algorithm first draws a�-
sampleS0 ofS, i.e., includes every point ofS in S0 with probability� and independently
of all other points. IfjS0j > 2�n (the samplingfails), the algorithm returns an arbitrary
point. Otherwise it usesA to return a pointy of maximum depth with respect toS0.

Since� = O() andT is smooth, it is clear that the algorithm can be executed in
O(n+ T (n)) time. By Lemma 2, the sampling fails with probability at moste��n=3.
If " � 1 or � = 1, the output is obviously correct. Assume that this is not the case and
that the sampling succeeds.

Let us writed for dS andd0 for dS0 and letx 2 R
2 be a point withd(x) = ��.

Informally, our proof proceeds as follows. LetZ = fz 2 R
2 j d(z) < (1 � ")��g be

the set of “bad” points. The error probability is equal toPr[y 2 Z]. We first show that
d0(y) is likely to be large, where “large” means at least(1� �"=2)���. Subsequently we
show that for everyz 2 Z, d0(z) is not likely to be large. Combining the two assertions
shows that except with small probability,y 62 Z.

The first part is easy: SinceE(d0(x)) = ��� andd0(y) � d0(x), Lemma 2 implies
that

Pr[d0(y) < (1� �"=2)���] � e��"2���=8:

Now fix z 2 Z. Since1��"=2 � (1+�"=2)(1��") andE(d0(z)) = �d(z) < (1�")��� �
(1� �")���, we have

Pr[d0(z) � (1� �"=2)���] � Pr[d0(z) � (1 + �"=2)(1� �")���] � e��"2(1��")���=12:

The preceding argument applies to a fixedz 2 Z. A priori, we have to deal with an
infinite number of candidate pointsz 2 Z. However, using the fact that the arrangement
defined by the boundaries of the setsCp, with p 2 S, hasO(sn2) vertices of type 2,
it is not difficult to see that there is a setX with jX j = O(sn2) such that for every
z 2 Z, there is âz 2 X \Z with d0(ẑ) = d0(z). Therefore the probability thatd0(z) �
(1� �"=2)��� for somez 2 Z isO(sn2e��"2(1��")���=12). The other failure probabilities
identified above are no larger. Now,�" � "=2, 1��" � 1=2, and� = 3�8�12. Moreover,
we can assume thate"

2�� � sn, since otherwise the theorem claims nothing. But
thensn2e��"2(1��")���=12 � sn2e�3"2�� � (1=s)e�"

2�� . Therefore, except ifn is
bounded by some constant (in which case we can use a deterministic algorithm), the
failure probability is at mostsne�"

2�� . ut
Combining Theorem 3 with Corollary 1, we obtain the following result.

Corollary 3. For a given setS of n points, a setC and arbitrary ";  > 0, an "-
approximate placement can be computed with error probability at mostne�"

2�� in
O(n + (n)2) time if C hasO(1) edges, and inO(n + (n)2 log(mn) + m) or
O(n+ mn log(mn) + (n)2) time ifC is a convexm-gon.



Our random-sampling approach can also be used to solve related problems. As an
example, consider the problem of computing a point of maximum depth in a setH of
n halfplanes. If we denote this maximum depth by��, then�� � n=2. By computing
and traversing the arrangement defined by the bounding lines of the halfplanes, one
can compute�� in O(n2) time. Since a corresponding decision problem is 3SUM-hard
(see Gajentaan and Overmars [12]), it is unlikely that it can be solved in subquadratic
time. If we apply our random-sampling transformation with = 2=

p
n, we obtain the

following result.

Theorem 4. LetH be a set ofn halfplanes. For arbitrary" > 0, in O(n) time we can
compute a point inR2 whose depth inH is at least(1� ")��, except with probability
at mostne�"

2
p
n.

3.2 Bucketing and sampling combined

We now present a Monte Carlo algorithm that combines Theorem 3 with the bucketing
algorithm described in Section 2.

First computeM , as defined in Lemma 1. Next, for each pair(i; j) 2 f0; 1; 2g2,
consider the gridGij as in Section 2. Fix a parameter0 <  < 1. For each cellB of
Gij with jS \ Bj �M , run the algorithm described in Section 3.1 on the setS \ B to
obtain a pointyB and compute the valuekB = dS\B(yB). Finally return a pointyB for
whichkB is maximum.

Theorem 5. LetC be a disk satisfying assumptions (A1)–(A3). For arbitrary";  > 0,
an"-approximate placement ofC can be computed inO(Tg(n)+nQ(m)+nT (����)=��)

time by a Monte Carlo algorithm with error probability at mosts����e�"
2�� .

Corollary 4. For arbitrary " > 0, an"-approximate placement ofC can be computed
in O(n logn) time with probability of error at moste�"

2
p
�� log n, if C is fat and has

O(1) edges, and inO(n log(mn) +m) time with probability of error at moste�"
2
p
�� ,

if C is a convexm-gon.

Proof. We prove the first claim. LetA be the algorithm of Corollary 1. ThenT (n) =
O(n2). Applying Theorem 5 toA, we obtain an"-approximation algorithm for the
optimal-placement problem with running timeO(n logn+2n��) and error probability
O(��e�"

2��). If we choose =
p

(logn)=M , whereM is as in Lemma 1, the running
time and the error probability are as claimed forn larger than some constant. ut
Corollary 5. If C is fat and hasO(1) edges, then for arbitrary" > 0, an"-approximate
placement ofC can be computed inO(n) time with error probability at mostne�"

2
p
�� .

Proof. We use the following algorithm, which might be described as sampling fol-
lowed by bucketing followed by sampling: Draw a random-sampleS0 of S, where
 = minfL=logn; 1g for a constantL > 0 to be chosen below. IfjS0j > 2n, return
an arbitrary point. Otherwise apply the algorithm of Corollary 4 toS0, but with approx-
imation parameter"=4, rather than", and return the point returned by that algorithm.
The overall running time is clearlyO(n).



As in the proof of Theorem 3, we writed for dS andd0 for dS0 . Assume that" � 1

and thatjS0j � 2n and let�0 be the maximum value ofd0(x) over all pointsx in the
plane. By Lemma 2,Pr[�0 < (1�"=4)��] � e�"

2��=32. Moreover, the analysis in the
proof of Theorem 3 shows the probability thatd0(z) � (1� "=2)�� for somez 2 R2

with d(z) < (1�")�� to beO(n2e�"
2��). Finally, the probability that the algorithm of

Corollary 4 returns a pointy with d0(y) < (1�"=4)�0 is at moste�"
2
p
�0 logn. Observe

that�0 � (1�"=4)�� andd0(y) � (1�"=4)�0 imply d0(y) � (1�"=2)��. Therefore,
the answer is correct, except with probabilityO(n2e�"

2��=32 + e�"
2
p
�� log n). If

 < 1, the probability under consideration isO(n2e�"
2L��=(32 logn) + e�"

2
p
L��). We

can assume that�� � (logn)2, since otherwise there is nothing to prove. But then it is
clear that forL chosen sufficiently large and forn larger than some constant, the error
probability is at mostne�"

2
p
�� . ut

4 A Deterministic Approximation Algorithm

In this section we present a deterministic approximation algorithm that solves the optimal-
placement problem. For simplicity, we assume thatC is convex and hasO(1) edges.
The algorithm can be extended to the general case assumed above. For example, at the
cost of anO(logm)-factor in the running time, the algorithm can be extended to arbi-
trary convexm-gons. As above, letC be the set ofn translatesCp, with p 2 S, and let
A(C) denote the arrangement defined by the boundaries of the elements ofC.

4.1 Cuttings

We will refer to a simply connected region with at most four edges — left and right
edges being vertical segments and top and bottom edges being portions of the bound-
aries of respective translates of�C — as apseudo-trapezoid. For technical reasons,
we will also regard vertical segments and portions of the boundaries of translates of
�C as 1-dimensional pseudo-trapezoids. For a pseudo-trapezoid� and a setF of
translates of�C, we will useF� � F to denote the set of all elements ofF whose
boundaries intersect�. The vertical decompositionAk(C) of A(C) partitions the plane
into pseudo-trapezoids. LetF be a set of translates of�C in the plane and let� be
a pseudo-trapezoid. We will denote by�(F; �) the number of pairs of elements of
F whose boundaries intersect inside�. If � is the entire plane, we use the notation
�(F) to denote�(F; �), for brevity. Given a parameterr � 1, a partition� of � into
a collection of pairwise openly-disjoint pseudo-trapezoids is called a(1=r)-cuttingof
(F; �) if jF� j � jFj=r for every pseudo-trapezoid� 2 �(F; �). Theconflict list of a
pseudo-trapezoid� in � is the setF� .

We state the following technical result in full generality, since it is of independent
interest, and may find additional applications. We apply it here only with� being the
whole plane.

Theorem 6. Let C be a set ofn translates of�C, let � be a pseudo-trapezoid, let
r � 1, and letÆ > 0 be an arbitrarily small constant. A(1=r)-cutting of(C; �) of size
O(r1+Æ + �(C; �)r2=n2), along with the conflict lists of its pseudo-trapezoids, can be



computed inO(nrÆ+�(C; �)r=n) time, where the constants of proportionality depend
on Æ.

We prove this theorem by adapting Chazelle’s cutting algorithm [6] to our setting.
We call a subsetF of C a (1=r)-approximationif, for every pseudo-trapezoid�,

���� jC�jjCj � jF�j
jFj

���� < 1

r
:

A result by Brönnimann et al. [5] implies that a(1=r)-approximation ofC of size
O(r2 log r) can be computed in timenrO(1). Moreover, an argument similar to the
one in [6] implies the following:

Lemma 3. LetF be a(1=r)-approximation of a setC of translates of�C. For every
pseudo-trapezoid�, �����(C; �)

jCj2 � �(F; �)

jFj2
���� < 1

r
:

Next, we call a subsetH of C a (1=r)-net of C if, for any pseudo-trapezoid�,
jC�j > jCj=r implies thatH� 6= ;. A (1=r)-netH is calledsparsefor � if

�(H; �)

�(C; �)
� 4

� jHj
n

�2

:

As in [6], we can prove the following.

Lemma 4. Given a setC ofn translates of�C, a pseudo-trapezoid�, and a parameter
r � 1, we can compute, innO(1) time, a(1=r)-net of sizeO(r logn) that is sparse for
�.

Proof of Theorem 6.Using Lemmas 3 and 4, we compute a(1=r)-cutting of (C; �)

as follows. Letc be a sufficiently large constant whose value will be chosen later. For
every0 � j � dlogc re, we compute a(1=cj)-cutting�j of (C; �). The final cutting
is a(1=r)-cutting of(C; �). While computing�j , we also compute the conflict lists of
the pseudo-trapezoids in�j .

�0 is � itself, andC is the conflict list of�. We compute�j from �j�1 as fol-
lows. For each pseudo-trapezoid� 2 �j�1, if jC� j � n=cj , then we do nothing in
�. Otherwise, we first compute a(1=2c)-approximationF� of C� of sizeO(c2 log c)

and then a(1=2c)-netH� of F� of sizeO(c log c) that is sparse for� . Note thatH�

is a (1=c)-net ofC� . We then compute the vertical decompositionAk(H�) of A(H� )

within � .Ak(H�) consists ofO(jH� j+�(H� ; �)) cells. We replace� with the pseudo-
trapezoids ofAk(H�). Repeating this for all� 2 �j�1, we form�j from �j�1. It is
easy to see that�j is a(1=cj)-cutting of(C; �).

By an analysis similar to the one in [6], it can be shown that the size of the fi-
nal cutting isO(r1+Æ + �(C; �)r2=n2) and that the running time of the algorithm is
O(nrÆ + �(C; �)r=n). This completes the proof of Theorem 6. ut

By a result of Sharir [20],�(C; �) = O(n��), where�� = ��(C; S), so Theorem 6
implies the following.



Corollary 6. Let C be a set ofn translates of�C, let r � 1, and letÆ > 0 be an
arbitrarily small constant. A(1=r)-cutting�(C) of sizeO(r1+Æ +��r2=n), along with
the conflict lists, can be computed inO(nrÆ + ��r) time.

4.2 The approximation algorithm

Let Æ; " > 0 be real numbers. We now present a deterministic algorithm for computing
an integerk such that(1 � ")�� � k � ��, where�� = ��(C; S). We will need the
following lemma.

Lemma 5. LetC be a set ofn translates of�C, and letr � 1. Given a(1=r)-cutting
� of C, let k denote the maximum depth of any vertex of any pseudo-trapezoid in�.
Then�� � n=r � k � ��. Moreover,k can be computed inO(j�jn=r) time.

Proof. Let� be a pseudo-trapezoid of�. The maximum depth of any point inside� is
at mostn=r plus the depth of any vertex of�. It thus suffices to compute the depth of
every vertex of� and to return the maximum value among them. We can compute the
depths of all the vertices of� by following an Eulerian tour on the dual graph of the
planar subdivision induced by�; see, e.g., [1]. As shown in [1], the time spent in this
step is proportional to the total size of all the conflict lists in�. Since the size of each
conflict list is at mostn=r, the claim follows. ut

Our algorithm works in two stages. In the first stage, we estimate the value of�� to
within a factor of 9, and then we use Lemma 5 to compute an"-approximation of��.

I. Using the bucketing algorithm of Section 2, we obtain a coarse estimatek0 of ��

that satisfiesk0=9 � �� � k0. (Since we assume thatC is convex, we have� =

� = 2, as follows from [19], which leads to the constant 9 in the above estimate.)

II. We setr = min
n

9n
"k0

; n
o

, compute a(1=r)-cutting� of C, and return the maxi-

mum depthk of any vertex of any pseudo-trapezoid of�.

By Lemma 5,

k � �� � n

r
= �� � n

9n=("k0)
= �� � "k0

9
� (1� ")��:

As shown in Section 2, Step I can be implemented inO(n logn) time. Using The-
orem 6 and Lemma 5, Step II takes time

O

�
nrÆ +

��n

"k0

�
= O

�
n1+Æ +

n

"

�
:

Hence, we conclude the following.

Theorem 7. LetS andC be as above, and let" > 0 be a real number. InO(n1+Æ+n=�)

time, for any constantÆ > 0, we can compute an integerk with (1 � �)�� � k � ��,
where�� = ��(C; S).
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