Revisiting the Softmax Bellman Operator:
New Benefits and New Perspective

Supplemental Material

Zhao Song'“ Ronald E. Parr' Lawrence Carin '

1. Proof for Performance Bound

We first show that for all Q-functions that occur during
Q-iteration with T, their corresponding Q-values are
bounded.

Lemma Al. Assuming Y(s,a), the initial Q-values

Qo(s,a) € [Ruin, Ruax), the O-values during Q-iteration

with Tsop are within [Quin, Qmax), With Quin = %”; and

Q — Ruax
max — 1_,),'

Proof. The upper bound can be obtained by showing
V(s, a), the Q-values at the ith iteration are bounded as

Qi(sa Cl) < Z’Yija»

=0

(AL)

We then prove Eq. (A1) by induction as follows. The lower
bound can be proven similarly.

(i) When i = 1, we start from the definition of T in Eq. (3)
and the assumption of )¢ to have

Q1(s,a) = Toor Qo (s, a)
< Rumax +7 Z P(s']s,a) max Qo (s, a’)

Y

< Ruax +7 Y, P(s'[5,0) R

ry

= (I +7)Rmax-

(#4) Assuming Eq. (A1) holds when i = k, i.e., Qx(s,a) <
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Z?:o ) Rinax. Then,

QkJrl (Sva) = ﬁof{Qk(Sva)
< Rmax + ’yz P(s']s,a) max Qx(s',a’)

ry

k

< R +7 Y P(']5,0) > 7 Rinax
s =0
k+1

= Z 'Vija)v
=0

O

Corollary A2. Assuming Ry > —Rpyin > 0 WLOG, we
have |Q(s, a;) — Q(s,a;)| < 2%’”‘2#6} and Vs.

Proof. This follows by using the assumption and the results
in Lemma Al. O

Proof of Lemma 2. We first sort the sequence {Q(s,a;)}
such that Q(s, aj1)) > ... > Q(s, apy). Then, VQ and Vs,
we have

max Q(s,a) — f7 (Q(s.)) Q(s,)
 Ols ) D XD [7Q(s,a:))] Q(s, apy)
= Q( ) [1]) anll exp [TQ(S,am)}

_ 2 exp [rQ(s, ap)] [Qs: apy) — s, ag)]
Sty exp [TQ(s, ap)] .

(A2)

By introducing d;(s) = Q(s, ap1y) — Q(s, af;)), and noting
d;(s) > 0and §;(s) = 0, we can proceed from Eq. (A2) as

Yo exp [1Q(s, ap)] [Q(s, apy) — Q(s, ap)]
Sy exp [TQ(s, ap)]
_ 2imy exp[=70i(s)] di(s)
S exp[—7d;(s)]
D ieo exp[—T0;(s)] di(s)

Tty exp[—Toi(s)] (A3)
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Now, we can proceed from Eq. (A3) to prove each direction
separately as follows.

(1) Upper bound: First note that for any two non-negative
sequences {z;} and {y;},

> i SZ ] _
1+Ziyi 2 1+ y;

We then apply Eq. (A4) to Eq. (A3) as

Dio exp[=7;(s)] 8i(s) _ < exp[—7di(s)] di(s)
143070 exp[—76i(s)] : 2 1+ exp[—7i(s)]

(A4)

o di(s)
- ; 1+ exp[7d:(s)]
(AS)

Next, we bound each term in Eq. (AS5), by considering
the following two cases:

] . 9;(s) di(s) 2Qmax
D 0 (S) > 1 1+exp[rd;(s)] — 1+4exp(r) — 1l+exp(r)’
where we apply Corollary A2 to bound 9;(s).
)0 < &) < 1n 2l o

THoxp[70:(3)]

< where we first ex-

1 1
76%5) +740.5728;(s8)+- T+2°
i

pand the denominator using Taylor series for the

exponential function.

By combining these two cases with Eq. (AS), we
achieve the upper bound.

(i) Lower bound:

I expl=rdi ()] 8i(s)

L+ 30, exp[—r, (o)
L Ty expl-rdi(s)] ()
ETYL /E )
mexplro(s)]

5(s)

> .
mexp[T (s)]

>
(A6)

O

Proof of Theorem 3. We first prove the upper bound by in-
duction as follows.

(i) When ¢ = 1, we start from the definitions for 7 and T
in Eq. (2) and Eq. (3), and proceed as

TQo(s,a) — Tsort Qo(s, a)
:’YZ P(8/|37 a) [II}IE}XQO(S/7GI) - fz(QO(S/’ ))Q0(5/7 )}

>0.

(i) Suppose this claim holds when i = [, i.e., T'Qo (s,a) >
Tl Qo(s,a). Wheni = [ + 1, we have

T Qo(s,a) - giﬁlQo(s a)

:TTlQO(Sa a) - 7;0ft soft QO (57 a)
>T T Qo (8, a) — Teort Tonsy Qo (s, @)
>0.

Since @Q* is the fixed point for 7, we know
limg 500 7% Qo (s, a) = Q*(s,a). Therefore,
lim sup 76 Qo(s, a) < Q (s, a).

k—o0

To prove the lower bound, we first conjecture that

T*Qo(s,a) —

Zv ¢,

soft QO S, Cl (A7)

where ¢ = Supg Mmaxs [max, Q(s,a) — f? (Q(Sa )) Q(s,)]
denotes the supremum of the difference between the max
and softmax operators, over all Q-functions that occur dur-
ing Q-iteration, and state s. Eq. (A7) is proven using induc-
tion as follows.

(i) When ¢ = 1, we start from the definitions for 7 and T
in Eq. (2) and Eq. (3), and proceed as

TQo(s,a) — Tsort Qo(s, a)
:VZ P(S,|37 GJ) [H}f}XQO(Slval) - f?(QO(Slv ))QO(SI, )}

SVZ P(SI|57 a) ¢= 'YC-

(7i) Suppose the conjecture holds when i =

T'Qo(s,a) — Thy Qo(s.a) < Y'_, 7, then

[, i.e.,

Tl+1Q0(S7 ) si)jftl QO(? )
:TTIQO(Saa)f si)}tl QO( S, )

<T [T Qo(s,a) + ZWjC] T Qo(s,a)

Jj=1

l
=" (T = Toon) T Qo(s,0)
j=1

l +1
<Y A=) A
j=1 j=1

where the last inequality follows from the definition of (. By
using the fact that limy,_ .o 7% Qo(s,a) = Q*(s,a) again
and applying Lemma 2 to bound ¢, we finish the proof for
Part (I).
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To prove part (I]), note that as a byproduct of Eq. (A5) in
the proof of Lemma 2, Eq. (A7) can be bounded as

Tk QO(Sva)i %(]fft QO(S CL) <

. (A8

; 1+ exp| 75 s)]

From the definition of §;(s), we know &,,,(s) > 0,,—1(s) >
. > d2(s) > 0. Furthermore, there must exist an index

1* < msuch that §; > 0,Vi* < i < m (otherwise the upper

bound becomes zero). Subsequently, we can proceed from

Eq. (A8) as

=2
m

(1 —7%) & 5i(s)
1—vy Z 1 4 exp[rd;(s)]

(1 —+%) di(s)
1—7 Zl+exp[7'5()}
— ")

=1*

<.

m

T
:Z @

m

)Y 6i(s)

1=7*

\ /\

S‘J

| /\

which implies an exponential convergence rate in terms of
7 and hence proves part (I1). O

2. Proofs for Overestimation Reduction

Lemma A3. g,(7) = %

increasing function for T € [0, 00).

is a monotonically

Proof. The gradient of gx(7) can be computed as

89x { Z exp(7Tx;) ] [ieXP(TIi)] _
(S etra) o’} / [Sesptre))* 20,

where the last step holds because of the Cauchy-Schwarz
inequality. O

The overestimation bias due to the max operator can be
observed by plugging assumption (A2) in Theorem 4
into Eq. (2) as

E[m(?x (Qu(s,a
:E[m(?x (Qu(s,a) —
:E[mgxx(ea)L

and max,(¢,) is typically positive for a large action set
and the noise satisfying a normal distribution, or a uniform
distribution with the symmetric support.

Proof of Theorem 4 . First, the overestimation error from
Tsoft can be represented as

exp[rQ:(s, a)]

{Z S, el Qs a)] 2 Vo)

V() + €] - V*<s>}

exp[TV*(s) + T€4)
2 exp[TV*(s) + Teq)]

s
{> ;‘;’XZ:; }
[ ma

a)]-

E

|
=

(A9)

<E

To prove Part (I7), note that the overestimation reduction
of Tsort from T can then be represented as

Z exp|Teq] a]

max (€a)
> s explTes)

:E{ max €a +V*(s Z Zexfxgeie ot V*(S)] }
E{m (Qi(s,a)] Z Zexfxzf;ze Qt(s’a)]}

- exp Tea+TV*( )]
_E{max Q1 (s, a ZZ exp[Tea + TV *(s)]

X [Qt(s,a)]}

= max S a, oXP TQt s a)} s,a
~E{ mex[0e0)] - © 2L T 00l

Subsequently, we can employ Lemma 2 to obtain the range.

Finally, the monotonicity for the overestimation error in
terms of 7 follows, by noting the term inside the expecta-
tion of Eq. (A9) can be represented as g.(7), which is a
monotonic function of 7, according to Lemma A3. O

3. Additional Plots and Setups

Figures A1 and A2 are the full version of the corresponding
figures in the main text, by plotting all six games. The
corresponding values for 7 in S-DQN and S-DDQN are
provided in Table Al.

Figures A3, A4, and AS show the scores, Q-values, and
gradient norm, for different values of 7, for S-DDQN.
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Table Al. Values of 7 used for S-DQN and S-DDQN in Figures A1l
and A2.
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Figure Al. Mean and one standard deviation of the estimated Q-
values on the Atari games, for different methods.
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Figure A5. Mean and one standard deviation of the gradient norm
on the Atari games, for different values of 7 in S-DDQN.



