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Abstract proach. Our theoretical stochastic analysis and empirical
studies of the computer simulation of Sierpinsky Triangle
The self-assembly process for bottom-up constructiontdings have been used to validate these error-resilient re-
nanostructures is of key importance to the emerging @findancy tiling results, and indicates that the speed of the
the new scientific discipline of Nanoscience. For exarassembly may not be reduced.
ple, the self-assembly of DNA tile nanostructures into 2D
and 3D lattices can be used to perform parallel universal .
computation and to manufacture patterned nanostructules Introduction
from smaller unit components known as DNA tiles. How-
ever, self-assemblies at the molecular scale are prone f&gi-assembly is a process in which simple objects as-
quite high rate of error, and the key barrier to large-scaieciate into large (and complex) structures. The self-
experimental implementation of DNA tiling is the high erassembly of DNA tiles can be used both as a power-
ror rate in the self-assembly process. One major challerigecomputational mechanismI[4] 6, 9,/10,/13] and as a
to nanostructure self-assembly is to eliminate/limit the§@ttom-up nanofabrication technique [7]. Periodic 2D
errors. The goals of this paper are to develop theorddNA lattices have been successfully constructed with a
cal methods for compact error-resilient self-assembly, \tgriety of DNA tiles, for example, double-crossover (DX)
analyze these by stochastic analysis and computer sim@R&A tiles [12], rhombus tiles/[5], triple-crossover (TX)
tion (at a future date we also intend to demonstrate thdées [3], and 4x4 tiles[[14]. Two dimensional algorith-
error-resilient self-assembly methods by a series of Idpic self-assembly, in contrast, is comparatively resistant
oratory experiments). Prior work by Winfree provided & experimental demonstration, partially due to the large
innovative approach to decrease tiling self-assembly 8pmber errors in the assembled structure.
rors without decreasing the intrinsic error ratef assem-  How to decrease such errors? There are primarily two
bling a single tile, however, his technique resulted inkinds of approaches. The first one is to decrease the in-
final structure that is four times the size of the origin&linsic error rate: by optimizing the physical environment
one. This paper describes variam@npacterror-resilient in which a fixed tile set assembles [10] or by improving
tiling methods thatlo not increase the size of the tiling asthe design of the tile itself using new molecular mecha-
sembly These methods apply to assembly of boolean &ism (2] or using novel materials. The second approach
rays which perform input sensitive computations (amoigyto design new tile sets that can reduce the total number
other computations). We first describe an error-resiliegfterrors in the final structure even with the same intrinsic
tiling using 2-way overlay redundancy such that a singggror rate. A seminal work in this direction is the proof-
pad mismatch between a tile and its immediate neighiseéading tile set constructed by Winfree [11].
forces at least one further pad mismatch between a pair oOne desirable improvement on Winfree’s construction
adjacent tiles in the neighborhood of this tile. This drogdwhich results in an assembled structure with 4x size of
the error rate from to approximately?. We next give the original one) is to make the design more compact.
a 3-way overlay redundancy that further decreases thetdere we report construction schemes that achieve similar
ror rate frome to approximately?. Both methods do not or better performance as Winfree’s tile set without scaling
increase the size of assembly as opposed to Winfree’s apthe assembled structure. We will describe our work pri-
marily in the context of self-assembling Sierpinsky trian-
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To(i, + 1) municated to the positioffi,j + 1). Let U(i,j) be a
V(i) Boolean value communicated to the positign 1, 5).
Fori =1,...,N—1andj =1,...,M — 1, we have
U(i—1,j) OP, V(i,j — 1), where OP; and OP, are
two Boolean functions, each with two Boolean arguments
and one Boolean output. See Figure 1 for an illustration.
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Figure 1:Tile To (i, j) takes inpul/ (i — 1, j) andV (i, j — 1); _ o _ N
determined/ (s, j) = U(i—1,§) OP, V (i, j—1) andU (3, j) = Figure 2: Sierpinsky Triangle Tiling Assembly
U(i—1,5) OP, V(i,j — 1); displaysV (¢, 7).
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the assembly speed is not much decreased. Two concrete 4 od od od od
constructions are given in Section 6 and empirical study
with computer simulation of our tile sets is conducted. We

conclude with discussions about future work in Section 7. Figure 3: Binary Counter Tiling Assembly

. Two Boolean arrays of particular interest are 8ier-

2 Assembly with no error correc- pinsky Triangldl] and theBinary counter The Sierpin-

tions sky Triangle is anV x N Boolean binary array, where the
bottom row and right most column all hats; its OP;
and OP, operators are both XOR. Recall that XOR is
exclusive OR, a binary operator that outputs bit 1 if the
A general assembly problem considered in this papertigo input bits are different and 0 otherwise. For an illus-
the assembly od Boolean array A Boolean array assem-tration, see Figurigl 2.
bly is an N x M array, where the elements of each row The binary counter is al¥ x 2"V Boolean binary array
are indexed ovef0, ..., N — 1} from right to left and the (Figure[3. In a binary counter, the bottom row hasall
elements of each column are indexed oy@r..., M —1} and thej-th row (from the bottom) is the binary represen-
from bottom to top. The bottom row and right most cokation of counter valug, for j = 0,...,2"Y — 1. Note
umn both have some given values. Ué{i,;) be the that thei-th bit is i-th from the right — this is in accor-
value of thei-th (from the right) bit on thej-th row dance with the usual left to right binary notation of lowest
(from the bottom) displayed at positidn, j) and com- precision bits to highest precision bif§(i, j) represents

2.1 Assembly problems



the value of the-th (from the right) counter bit on themismatch rate, which determines the size of the error-free
j-th row (from the bottom), and (7, j) is the value of assembly. Let be the probability of a single pad mis-
the carry bit from the counter bit at positign j). In the match between adjacent assembling DNA tiles, and as-
binary counter, we hav&(0,j) = V(0,7 — 1) XOR 1; sume that the likelihood of a pad mismatch error is inde-
V(i,7) =U(@-1,7) XORV (i,j—1)fori =1,...,N— pendent for distinct pads as long as they do not involve
1,U3,j5)=U(i—1,j) AND V(i,j —1). HenceOP, the binding of the same two tiles. As such, a pad mis-
is the XOR operation and) P, is the AND operation.  match rate o = 5% would imply an error-free assembly
We observe thatOP; is XOR both for the Sierpin- with an expected size of onB30 tiles, which is rather dis-
sky Triangle and for the binary counter and we will thugppointingly small. Thus, a key challenge in experimen-
assume in our error-resilient constructions th@P;, is tally demonstrating large scale algorithmic assemblies is
XOR. Each assembly will be constructed witlx 4 DNA to construct error-resilient tiles. Winfree's construction
tiles [14]. A 4 tile allows one pad per side (which caris an exciting step towards this goal [11]. However, to
communicate a small constant number of bits). Furtheeduce the error rate & (resp. €3), his construction re-
more, we will assume that a “frame” is assembled first fptaces each tile with a group 2k 2 = 4 (resp.3x3 = 9)
each binary array, consisting of a “bottom row” wifti tiles and hence increases the size of the tiling assembly by
horizontally aligned tiles and a “right border” linear asa factor of4 (resp.9). Our construction described below,
sembly withM vertically aligned tiles. in contrast, reduces the tiling error rate without scaling up
the size of the final assembly. This would be an attrac-
tive feature in the attempt to obtain assemblies with large
computational capacity. We call our constructtmmpact
We first describe the naive assembly scheme without eftor resilient assemblieand describe them below in de-
ror correction. Note that such assembly requires onfiail.
4 tile types in addition to3 frame tiles, but results in

rather small scale error-free assemblies (with the actual . )
size contingent on the probability of single pad mismatsh  Error-resilient assembly using

between adjacent tiles)We call this scheme version O two-way overlay redundancy
assembly and denote it 45. Individual tiles in1; are

denoted ado (i, j). 1 Construction
The simplest way to construct such an assembly is 1o
make each side of each tile a binary valued pad (that7®, achieve the goals stated in previous section, we pro-
allow for one of two possible distinct pad ssDNA strandhose the following error resilient tiling schemeOur
Since the values of the left and top pads depend on theor-Resilient Assembly | (using two-way overlay redun-
values of the right and bottom pads, the tile type depengisncy) uses onlg tile types plus thet frame tile types.
on only2 binary pads, and hence orj = 4 tile types This drops the probability of a tile assembly error@e?,
are required in addition to thg tiles for assembling the which is1.5% for € = 5%, potentially allowing for error-
initial frame. free assemblies of expected size in the hundreds of tiles.
The bottom, right, top, and left pads of tlg (i, j) rep- The construction is depicted in Figlre 4. Tiles in this
resents the values 6f(i,j — 1) (as communicated from construction are denoted @5 tiles (for version 1). Each
the tile belowT (i, j — 1)), U(i — 1, j) (@s communicated pad of each tile encodes a pair of bits. The basic idea of
from the tile on its rightly (i — 1,7)), V(i,j) (@s com- this Error-Resilient assembly is theo-way overlay re-
puted byV'(i,j — 1) OPy U(i — 1,j)), andU(4,j) (@s dundancy each tileT} (i, j) computes the outputs for its
computed by (i, j — 1) OP; U(i — 1, 7)), respectively. own position(i, j) and also for its right neighbor’s posi-
A determined valué’ (i, j) = 1 can be displayed by thetion (i — 1, j); the redundant computation results obtained
tile To(i, j) using, for example, an extruding stem loop dfy T (i, j) and its right neighbdf (i — 1, j) is compared

2.2 Assemblies with no error-corrections

SssDNA. via an additionaérror checking portioron 77 (i, j)'s right
pad (which is the same &8 (i — 1,5)’s left pad). Tile
2.3 Errors in assemblies T, (i, j)’s right neighborTy (i — 1, j) is not likely to bind

to T' (i, 7) if these pad values are not consistent. Hence
All this is theoretically correct, but it has not taken intdf only one of T} (¢, ) andT} (i — 1, j) is in error (incor-
account the error rate of the assembly of individual DN£ectly placed), the kinetics of the assembly may allow for
tiles. A critical issue in 2D tiling assemblies is the pathe incorrectly placed tile to be ejected from the assembly.
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The four pads off’ (i, j) are constructed as follows
(Figure3).
¢ The right and left portions of the bottom pad represents
the value oft’ (i — 1,5 — 1) andV (i, j — 1) respectively
as communicated from the tilg (i, j — 1).
e The top portion of the right pad represents the value of
U(i — 2,j) as communicated from the tilE (i — 1, 7).
The bottom portion of the right pad represents the value
of V(i — 1,j) as determined by the til&; (i, j). Note
that the valud/ (i — 1, ) is also redundantly determined
by T1(i — 1,7) and hence the bottom portion performs
comparison of the two values and is referred teasr
checking portion and labeled with checked background
in Figure[4.
e The top and bottom portions of the left pad represents
the values o/ (i — 1, j) andV (4, j) respectively, as de-
termined by the til&l (4, j). Again, the bottom portion is
the error checking portion.
¢ The right and left portions of the top pad represents the
values ofV (i — 1,5) andV (i, j) respectively, as deter-
mined by tileT; (i, j).

The above tile design allows for the valug&¥i —
1,7 — 1) andV(i,j — 1) to be communicated to tile
T, (i, j) from the tileT’ (i, j — 1) just belowT" (i, j). The
valueU (i — 2,j) is communicated to tild7 (¢, j) from
its immediate right neighbouF; (i — 1,5). The values
V(i—1,7)andU(i — 1, j) are determined by til&, (i, j)
fromV(i — 1,7 — 1) andU(: — 2,5) by the formula:
Vi—-1,75) = UG —2,5) OP, V(i — 1,5 — 1) and
U(i—1,§) =U(i—2,§) OP, V(i—1,j—1). The value

Figure 4: Construction of compact error-resilient assembl¥/ (7, j) is determined fronV (i, j — 1) andU (i — 1, j) by
version |. Each pad has two portions. A portion encodirthe formula:V'(i,j) =U(i—1,5) OP, V(i,5—1). Ifthe
an input (resp. output) value is indicated with a dark blugetermined valu& (i,j) = 1, then it is displayed by the

(resp. light pink) colored arrow head. The error checkinge T (i, §), for example, using an extruding stem loop of
portion is depicted as a checked rectangle. Tiléi, j) takes ggpNA.

inputsU(¢ — 2,5), V(i — 1,7 — 1), and V(4,5 — 1); de-
terminesV (i — 1,5) = U(i — 2,5) OP, V(i — 1,5 — 1),
UG—1,5)=U(i—2,j) OP, V(i—1,j —1),andV (i, j) =
U(i—1,5) OP, V(i,j — 1); displaysV (i, 5).

In this construction, each pad encodes two bits. How-
ever, since the values of the left pad, the top pad, and the
bottom portion ¥ (z — 1, j)) of the right pad each depend
only on the values of the top portio®/(i — 2, 5)) of the
right pad and the bottom pads, the tile type depends on
only 3 input binary bits, and hence ondy = 8 tile types
are required. In addition tiles are required to assemble
the frame, as described in Sectidn 6.

We emphasize that though a pad has two portions, it
should be treated as a whole unit. A value change in one
portion of a pad changes the pad to a completely new pad.
If the pad is implemented as a ssDNA, this means that
the sequence of the ssDNA corresponding to the pad will
be a complete new sequence. One potential confusion to
be avoided is mistakenly considering two pads encoding,
say00 and01, as having one portion identical or, in the



context of ssSDNA, as having half of the ssDNA sequencBsoof: Suppose that a pad binding error occurs on the bot-
identical. To emphasize the unity of a pad, we put a béem pad or the right pad of til&) (¢, j) but no further pad
around each pad in Figuré 4. mismatch occurs between two neighborhood tiles which
are independent df; (7, ). We now consider a case anal-
) ysis of possible pad mismatches. We first consider the
3.2 Error analysis case where there is an error on the bottom pa, ¢f, )
tgcase 1), and then consider the case where there is no error
n the bottom pad df’ (¢, j) but there is an error on the
fight pad ofT} (4, j) (case 2).
1. The likelihood of a pad mismatch error is indepen- (1) First consider the case where the pad binding er-
dent for distinct pads as long as they do not involV&r occurs on the bottom pad of tilg (i, j). Recall that

Recall thate is the probability of a single pad mismatc
between two adjacent DNA tiles and we have assume

the binding of the same two tiles. the right and left portions of the bottom pad represent the
values ofV (i — 1,5 — 1) andV (4, j — 1) respectively as
2. OP; is the function XOR. communicated from til€7 (i, j — 1). Observe that neigh-

borhoodtilesl (i,5—1),T1(i—1,j—1),andTy(i—1, j)

Our intention is that the individual tiling assembly erroare all independent df (i, j) and so allcorrectly com-
rate (and hence the propagation of these errors to furthaeteV (—, —) andU(—, —) according to the assumption
tile assemblies) is substantially decreased, due to coopthe lemma.
erative assembly of neighboring tiles, which redundantly (1.1) Consider the case where the pad binding error is
compute the/’(—, —) andU(—, —) values at their posi- due to théncorrectvalue of the right portio® (i — 1, j —
tions and at their right neighbours. 1) of the bottom pad of tilg"; (i, j) as shown in Figurgl5.

Without loss of generality, we consider only the cas@ote that the left portiod’ (i, 5 — 1) of the bottom pad of
where the pad binding error occurs on either the bottdite 7} (¢, j) may also béncorrect In case (i).I3(z, j) has
pad or the right pad of a til& (¢, j). Otherwise, if the anincorrectvalue for theU (i — 2, j) portion of its right
pad binding error occurs on the left (resp. top) pad p&d and hence there is a further pad mismatch on the right
tile 7' (i, j), then use the same below argument for tilead of T3 (i, j). In case (ii),T} (i, j) has acorrectvalue
T (i + 1,7) (resp. T1(i,j + 1)). We define theneigh- fortheU (i — 2, j) portion of its right pad. Sinc&, (i, j)
borhoodof tile T;(4,j) to be the set of distinct tiles uses the formul& (i — 1,5) = U(i — 2,j) OP, V(i —
{Ti(@, 5" |i'—i| <2, |7 =7 <2}\{Tu(i,7) }with 1,5 —1)tocomputd/(i—1,7)and OP;, is assumed to
coordinates that differ fronf, j) by at mostl. A neigh- be the XOR function, it will determine ancorrectvalue
borhood tileT; (7', j') is dependenon T; (i, 7) if both its  for V(i — 1, j), which is distinct from theorrectvalue of
coordinates are equal to or greater than thosg ¢f, j); V(i—1,j) determined by its (independent) right neighbor
otherwiseT (i, j') isindependendf T; (7, 7). Note thata tile 71 (i—1, §). This again implies a further pad mismatch
neighborhoodtild’ (i, j') is dependent o (4, j) if and  on the right pad of tiley (i, j).
only if the valuesV (i’, j') and U (¢, j') are determined (1.2)Next consider the case in Figure 6 where the pad
at least partially fromV/ (i, j) or U(,j). More specif- binding error is due to the wrong value of the left portion
ically, the neighborhood tiles dependent &n(i, j) are V (i, j — 1) of the bottom pad of tilél; (i, 7). However,
Ti(i+1,j+1),Ty(i+1,5), andT’ (i, 5+ 1). The neigh- there is acorrectmatch in the right portio” (i — 1, — 1)
borhood tiles independent &1 (i, j) areT1 (i + 1, — 1), of the bottom pad of tild", (4, 7). In case (i)} (4, j) has
Ty(i,j — 1), Th(i — 1,5 + 1), T1(i — 1,4), andT1(i — anincorrect value for the top portiori/ (i — 2, j) of its
1,j—1). right pad, then there will be a mismatch on the right pad

of T1(¢,j). In case (ii),T1(i,7) has acorrectvalue for

Lemma 3.1 Suppose that the neighborhood tiles indéhe top portionU (i — 2, j) of its right pad, then it will
pendent of tiler’, (4, j) have correctly computed(—, —) further determine &orrectvalue forU(i — 1, j), since
andU(—, —). If there is a single pad mismatch betweet (i — 1,j) = U(i — 2,5) OP; V(i — 1, — 1) and both
tile 71 (4, ) and another tile just below (i, j) or to its U(i —2,j) andV (i — 1, j — 1) have correct values. Since
immediate right, then there is at least one further pad mi&<i,j) = U(i — 1,j) OP1 V(i,j — 1), U(i — 1,j) is
match in the neighborhood of tilg, (4, j). Furthermore, correctand/(i,j—1)isincorrectT} (i, j) will determine
given the location of the initial mismatch, the location ginincorrectvalue forV (i, j).
the further pad mismatch can be determined among atNote that the neighborhood til€g (i — 1,57 — 1),
most three possible pad locations. T,(i,j—1),andT; (i+1,j—1) are independent df, (¢, )
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Figure 5: Case 1.1 in the proof of LemniaB.1: error in rightigure 6: Case 1.2 in the proof of LemniaB.1: a further mis-
portionV'(i —1, j — 1) of the bottom pad of tild", (i, j) causes match is caused by an error in the(i, j — 1) portion of the
a further mismatch on the right pad of tilg (z, 7). bottom pad of tileT’ (4, 7).

and so bothcorrectly computeV (-, —) andU(—,—). right pad are correct and there must be no mismatch on the

However,T1 (i, j)'s immediate left neighbouf: (i + 1, j)  right pad. A contradiction. Thereforé&](i — 2, j) must

is dependentboth on tiecorrectvalue communicated by have arincorrectvalue, and hence we only need to con-

the pad ofT} (i, j) and thecorrect values communicatedsijder this case.

by the pad off1 (i + 1,5 — 1). So in case (i) there must (2.1)Now consider the case where the pad binding error

be a further pad mismatch at til& (i + 1,;) as argued s due to théncorrectvalue of the top portiod/ (i — 2, j)

below. In case (iia) there is pad mismatch on the right pgglthe right pad of tilel} (i,j) as shown in FigurE]7. We

of 71 (i + 1, j) either due to a mismatch on the portioRote thatr? (i, j) will compute anincorrectvalue for the

of U(: — 1, ) or on the portion oV (i, j). Otherwise, in right portionV (i — 1, ) of its top pad, according to the

case (iib) there is no mismatch on eitherth@ — 1, j) or  formulaV (i — 1,) = U(i — 2,j) OP, V(i — 1,5 — 1).

theV'(i, j) portion of the pad betwe€h (i, j) andT1 (i + Note thatl} (i, j + 1) is dependent off, (i, j). In case (i),

1,j). This implies thatl’ (i, j) is incorrectly computed tile T (i, j + 1) has acorrectvalue ofV (i — 1, ). There

by 71 (i + 1, j) (sinceTi (i, j) has incorrectly computedmust be a pad mismatch ®f(i—1, j) betweerf (i, j+1)

V(i,j)), butTy(i+1, j) has acorrectvalue &f (: — 1, j). andT (i, ), since the value of (i — 1, j) determined by

However,V (i, j) = U(i —1,j) OPy V(i,j — 1) and T,(;, j) is incorrect. In case (ii), tilg (i, j + 1) has an

OP, is XOR, thisimplies that the right portidri(i, j—1)  incorrectvalue ofV (i—1, j), using similar argument as in

of the bottom pad of’\ (i + 1, j) has anincorrectvalue, case 1.1, we can show that there must be a pad mismatch

and hence there is a mismatch betw&g( + 1,5) and on thel/ (i — 2, j + 1) portion of T (, j + 1)’s right pad.

Ti(i+1,j—1). Hence we conclude that in each case, there is a further
(2) Next consider the case where the pad binding erigid mismatch that occurs between a pair of adjacent tiles

occurs on the right pad of til, (i, j), but there is no error in the neighborhood of il (¢, 7). Furthermore, we have

on the bottom pad df (i, j). We first note that the valueshown in each case that given the location of the initial

of the top portionU (i — 2, j) of the right pad off (7, 7) mismatch, the location of the further pad mismatch can be

must have amncorrectvalue. Assume the opposite casgetermined among at most three possible pad locations.

whereU (i—2, j) is correct. Butthd’(i—1, j—1) portion

of T’ (4, j)'s bottom pad must also have a correct value (noRecall that we have let be the probability of a sin-

mismatch on the bottom pad), this results in a further cajle pad mismatch between adjacent assembling tiles. This

rect value forthd’(i—1, j) portion of Ty (i, j)’s right pad. implies thatl — ¢ is the probability of no single pad mis-

Thus bothlJ (i—2, j) andV (i—1, j) portions ofT; (i, j)’s match between a given pair of adjacent tiles. So the prob-



el myG—1,541) ability of a single pad mismatch between adjacent assem-

T1(Z,7 1
1\(,(”;; ) Vi-141) bling DNA tiles wase = 5% = 5/100, the tiling-error
ratee’ is at most6e? = 6 x (25/10,000) = 1.5%. This
o bk implies that we would have an expected size of an error-
(:,j)iv(i—l,j) viley Ev(i—z,j) free assembly 086.6 tiles. We might be ablg to achieve
| eplCasel ! a few factors more than this, say ah = 5 bit counter
ik o counting up t@2" — 1 = 31 with a total of155 tiles (not
TGl D) ey TiC.D _ Tl(’: il’j) cpunting the righ_t border tiles), or perh_aps everh\ar 6
V(i+1) o V(i) V(L) bit counter counting up t2"V — 1 = 63 with a total of378
: tiles (not counting the right border tiles).
A We will give in a later section the kinetic analysis and
va ‘1>|5V“-1vi*1> computer simulation, similar to that done by Winfree for
i his2 x 2 error-correction scheme [11,/10], to show that the
= ( p _ n assembly rate of the tilings are only negligibly affected by
V1) implementing the error correction scheme described here.

4 Error-resilient assembly using
Figure 7:Case 2.1 in the proof of Lemnia_8.1: a further mis-

match is caused by an error in thg: — 2, 5) portion of the right three—way Overlay redundancy
pad of tileT (i, 7).

ability that there is no pad mismatch betweenTil¢i, j) T2\(/l(i’il)+ 2

and another tile just below or to its immediate right is '

(1 — €)2. Hence the probability that there is a pad mis- N

match between til@" (i, j) and another tile just below or VG Aifll’_f VL)

to its immediate rightid — (1 — €)? = 2e — €2, which is Ve

at most2e. But by Lemma 311, if there is a pad mismatch A

between tileT) (i, j) and another tile just below or to its Ty (i + 1, ), e 1206,3) - AKTz(i —1,5)
immediate right, then there is a further pad mismatch b vt £ Ve 4 Cva) - £ veriig VEL)
tween a pair of adjacent tiles in the immediate neighbc T LR

hood of tile Ty (i, ), and the location of the further paa ok

mismatch can be determined among at most three pos- Vi) ,J.J::Xﬂi}f;

sible pad locations. The probability that there is such a e

further pad mismatch between tiles at most three possible T2Ei’j —1)

pad locations is at modt— (1 — ¢)3, which is at mos8e. T

This implies that with probability at mo$Be)(2¢) = 6¢2,

there is both (i) a pad mismatch between fildi, j) and

another tile just below or to its immediate right; and (ii)

furthermore, there is also a further pad mismatch betwegagure 8: Tile T takes inputd/(i — 2, ), U(i — 2,5 — 1),

tiles in the immediate neighborhood of tilg (i, j) as con- V(i — 1,7 —2), andV (i, j —2); determined/(i —1,j — 1) =

sidered in the case analysis in the proof of Lenima 34(i-2j-DORV(i-1j-2),U-1;j-1)=Uli~

Hence we have shown: 2,0 —1) 0P V(-1,j=2),V(i,j—1) =U(~1,j -
DOPV(i,j—2),U(i—1,5) =U(i—2,5) OP, V(i—1,j—

Theorem 3.2 Suppose that the neighborhood tiles indé): V(6;5) = U(i —1,7) OPy V(i, j — 1), andV (i — 1, j) =

pendent of tileT’ (4, j) have correctly computed(—, —) U —2.5) OP1 V(i — 1,5 —1); displaysV’ (i, 7).

andU (-, —). Then the assembly error probability for tile

Ty (i, ) is at most6e2, wheree is the probability of a sin-

gle pad mismatch. 4.1 Construction

The assembly error rate per tile is the square of thige next extend the design of our scheme to a 3-way over-
probabilitye of single pad mismatches. Hence if the prollay scheme. The Error-Resilient Tiling Using 3-Way Over-



Inputl | Input2 || Output serve as the part to redundantly compute and compare the
0 0 0 outputs of two neighboring tiles as shown in the Figure.
Without loss of generality, we again consider only the

cases where the pad binding error occurs on either the bot-

tom pad or right pad of a tild% (i, j). Otherwise, if the

pad binding error occurs on the left pad of tilg(s, j),

then use the same below argument for filgi + 1, j);

likewise if the pad binding error occurs on the top pad

of tile T»(i,j), use the same below argument for tile

Ts(i,j + 1).

—_ O =
)
—_ O =

Table 1: An instance ofOP, . This binary operation
can detect the incorrect value of inpytregardless of the
correctness of inpLi.

: ) emma 4.1 Suppose that the neighborhood tiles inde-
lay Redundancy using 16 tile types plus the 5 frame t &ndent of tileT (i, j) have correctly computed (—, —)

types. One mismatch on a tile forces two more mismatc %%U(— _). I there is a single pad mismatch between

in its neighborhood. This property further lowers the A3ie T, (i, j) and another tile just below or to its immediate

se_lrphblyberr(_)r. ion is sh i Ei 8 | hright, then there are at least two further pad mismatches
e basic construction is shown in Figlre 8. In t Between pairs of adjacenttiles in the immediate neighbor-

construction, each pad encodes a tupl® bits and hence hood of tileTs (i, 7). Furthermore, given the location of

IS ans-E)/?IL_Jed p;]ad. Thehbasm. |o!ea of this Error-Rhe5|I||(eme initial mismatch, the location of the second mismatch
assembly is to have each tifg(i, j) compute error chec “can be determined among at most three locations in the

ir?g.values f(:]r_ pr(])sitionez‘ N l’j)a(i’_jh_ 1), (i+1, Jd) and neighborhood of (4, j); given the location of the initial
(4,7 + 1), which are compared with corresponding errqf, 4'the second mismatches, the location of the third mis-
checking values computed I#5(7, j)’s four neighbors.

match can be determined among at most five locations.
The neighbors are unlikely to bind with,(i, j) if such g

error checking values are inconsistent, and the kineticsfrbof: Suppose a pad binding error occurs on a bottom
the assembly will allow these tiles to dissociate from eaglad or right pad of tilel (i, j) but no further pad mis-
other, as in the Version I. However, instead of introducingatch occurs between two neighborhood tiles which are
just one additional mismatch i (4, j)'s neighborhood, independent ofi» (i, j). We now consider a case analy-
Version Il forces two mismatches, and hence we haveig of possible pad mismatches. The case analysis is also

further lowered error rate. shown in the appendix pictorially.
(1) First consider the case where the pad binding error
4.2 Error analysis occurs on thé’ (i — 1, j — 2) portion of the bottom pad of
tile T (i, 7).

We again lete be the probability of a single pad mis- (1.1) Consider the case where the pad binding error is
match between adjacent assembling DNA tiles and agdire to thencorrectvalue of the right portion (i — 1, j —
we have assumed: 2) of the bottom pad of tilél% (4, j) (there may also be
- ) theincorrectvalue of the other portions of the bottom pad
L _that the I|kel|hoqd .Of a pad mismatch error igg i T>(i,j)). Further consider cagd.1a)when there
!ndependent_for_ distinct pads as Iong as they do N9%ho mismatch on the bottom portien(i — 2, j — 1) of
involve the binding of the same two tiles. the right pad. Immediately, we have a mismatch on the
portionV (i — 1, — 1) of the right pad oflx (i, j), since
2. OP; is the function XOR. V(i-1,j-1)=U(i-2,j-1) O~ V(i—1,j—2)and
OP, is XOR. Furthermore, til§%(i, j) will determine an
In addition, we require a special property 6fP, —it incorrect value for thé’(i — 1,5 — 1) portion of its top
should be able to detect incorrect value of inpuégard- pad, resulting in a mismatch either on the bottom or on
less of the correctness of inpRt This property seemsthe right pad ofl»(i,j + 1). Next consider casél.1b)
essential to guarantee two further mismatches in a tileen there is a mismatch on th&i — 2, j — 1) portion
neighborhood when there is an initial mismatch on owéthe right pad off» (¢, j). This will result in an incorrect
of the tile’s four pads. One possible instance@P, is value ofU(i—1,j—1) portion ofT% (i, j)'s left pad (since
given in Tablé L. OP, can detect the incorrect value bf(i — 2,j — 1)),
The middle portions of all the four pads (top, right, lefieading to a further mismatch either on the right pad or on
bottom) are computed as in the caption of Fidure 8 attte bottom pad of% (i + 1, 5).



(1.2) Consider the case where the pad binding errords(i,j + 1) and7%(i — 1,5 + 1). Next note thaf» (i, j)
due to theincorrect value of the middle portiod’ (i — must compute an incorrect value for théi — 1, j) por-
1,7 — 1) of the bottom pad of tilel» (4, j), but there is tion of its left pad, resulting in yet another mismatch either
a correct match in the right portiod (i — 1,5 — 2) of betweerl» (i, j) andT>(i + 1, j) or betweerl» (i + 1, j)
tile T»(7, j) (there may also be thiacorrectvalue of the andT>(i + 1,5 + 1).
left portionV (7, j — 2) of the bottom pad of tild5 (7, 5)). We have thus proven that a mismatch in the right or
Since the value oF (i—1, j—2) is correctand/(i—1,j— bottom pad ofT;(i,j) results in at least two further
1) isdeterminedby/ (i —2,j—1) OP, V(i—1,j—2)and mismatches. And given the location of the first mis-
OP, is XOR, we immediately have that there must beraatch, the location of the second mismatch can be de-
mismatch on thé&/ (i — 2, j — 1) portion of T»(i, j)'s right termined among at most three locations (betwBg, j)
pad, due to the incorrect valueGfi — 2, j — 1) portion andTx(i — 1, ), or betweerl» (i, j) andTy(i,j + 1), or
of this pad. However, sinct (i — 1,5 — 1) = U(i — betweerl,(i,j + 1) andTs(i — 1,7 + 1) ). Furthermore,
2,j—1)OP, V(i—1,j—2),thevalueof (i —1,5—1) given the locations of the first two mismatches, the loca-
(right portion of its top pad) computed (7, j) must tion of the third mismatch can be determined among at
be incorrect, resulting in a further mismatch either on ttmeost five locations (betweéh (i, ) andT>(: + 1, j), be-
bottom or on the right pad &> (i, j + 1). tweenT> (i + 1,7) andT>(i + 1,5 — 1), betweeri» (i, 7)
(1.3) Consider the case where the pad binding errordgdT: (i, j + 1), betweerls (i, j +1) andT> (i — 1,5 +1),
due to thdéncorrectvalue of the left portioiV/ (i, j —2) of or betweerl (i + 1, ) andT>(i + 1, + 1)).
the bottom pad of tild% (i, j), but there are bothorrect ~ This concludes the proof. i
matches in the right portiol (¢ — 1, j — 2) and middle ) o
portionV (i — 1, j — 1) of the bottom pad of tild} (i, ). Using analysis similar to that of Theorém13.2, we can
Further consider cagé.3a)when there is no mismatch orshow that
theU (i — 2, j — 1) portion of the right pad. Thef: (i, j) . o
must compute a correct value f6i(i — 1, — 1) = U(i — Theorem 4._2 Sup_pqse that the neighborhood tiles inde-
2,7 — 1) OP, V(i — 1,j — 2). Tv(i, j) further computes pendent of tilél» (4, j) have correctly computeYz_I_(—, —)_
both an incorrect value df (i, j — 1) portion of its top pad and.U_(—_, —). Then the assembly error3probab|I|t_y for tile
(sinceV(i,j—1) = U(i—1,j—1) OP, V(i,j — 2)) and Tz(z,y).[s at mo;th x 3e X 56 = 30¢’, wheree is the
an incorrect value foF (i, j — 1) portion of its left pad. Probability of a single pad mismatch.
The first incorrect value will result in a mismatch either on
the bottom or on the right pad @% (i, j + 1). The second
incorrect value will result in a mismatch either on the rig
or on the bottom pad df»(i + 1, 7). Next consider case
(1.3b)when there is a mismatch on th&i — 2,7 — 1)
portion of the right pad of» (4, j). But this case cannot
occur since botfy (i—1, j—1) andV (i—1, j—2) portions

Note that each pad encodes a tuple of three bits, and the
Y lues of the left pad, the top pad, the middle portion of
the right pad, and the middle portion of the bottom pad
each depend only on the values of the top portion and the
bottom portion of the right pad and the right and left por-
tion of the bottom pad. As such, the tile type depends on
only 4 binary bits, and hence onB* = 16 tile types are

?;(?_(;’ y_)_slt;o(';t]c;m‘f (a;d_alre. cioZr)revcvtr,]:;ﬁedé; 1’_J ;(1(; ; required in addition to the initial frames at the bottom and
) ! ' J =), L " _to the right (requiring additional tiles).

(2) Now consider the case where the pad binding error
occurs on the right pad (4, j), but there is no binding
error on the bottom pad @,(i, j).

We note that since botti(i—1, j—2) andV (i—1,j—1)
portions of the bottom pad are correct, g —2,5—1) 5 Kinetic analysis
andV (i — 1,7 — 1) portions of the right pad must also be
correct, so we only need to consider the cgsé&)where This kinetic analysis is based upon the analysis done by
the binding error is due to an incorrect value of the tdfvinfree [11]. Two parametersy;. and G,,., are de-
portionU (i — 2, j) of the right pad off» (i, j), but there is fined in [11]. G,,. measures the entropic cost of fixing
no mismatch on other portions of the right padsfi, j). the location of a monomer unit an@d,. measures the
First note an incorrect value &f (i — 2, 7) will result in free energy cost of breaking a single sticky-end bond. A
an incorrect value of the right portidri(; — 1,j — 1) of non-rigorous condition for good self-assembly is given
the top pad of’» (i, ). And this will lead to a further mis- as G, =~ 2G,. and the growth rate of assembly is
match either betwe€f (i, j) andT (i, j + 1) or between approximatelyne=%<. If X and) are structures with



In the above equation, variable is the total number of
cases in which there is exactly one mismatch. The value
\ \ of €%« is in the order of hundreds, while the valuekgfis

in the range ofl0 — 15. So, the quantity, e~ =< is of the
order of10~!. The variablé, is the total number of cases
a b in which there are exactly two mismatches. A really loose
upper-bound on the value &f is k2. Similarly, for all
i > 2, k; < ki. Since the value o, e~ is of the order
of 101, the quantities;e—*“+ for i > 1 can be safely
| ignored, when added te e~ “+<. Thus, we havé — § ~
\ N H o & 1 kie~Gec. This impliesd ~ kjeC.
[ In other words, the equilibrium error rate for an assembly
without any error-correction is approximately“s-. We
¢ d further haver* ~ ae=%me ~ ae 2%« x (a/k?)52.

. . . . We next derive a similar relation for our error resilient
iFnIgusrifeg.Ba g';ireg}téyge; doi::z:tilc?gbotwgzcrjrsov?/f :nz'?dei semblies. In version 1, a mismatch in a pad of a tile
ng ' 9 Dy : ' rces at least one more mismatch in its neighborhood.
tiles represent the newly attached tiles which complete

neiahborhood. Binding site in a) reqires 5 more tiles St k! be the number of cases in which there arais-
'9 - Binding site in a) requi ! atches in the neighborhood Bf A straightforward yet

complete the neighborhood in addition to the one tile th@rtucial observation is that, = 0. Using approximation
o o o ) ] 1 = 0.

fltsirln a?: the binding site; b) and c) require 4 each; d) 'S5 described above, we can show that the probability that
quires . B’s neighborhood is error free is,

1
1+ khe 2Gse + kle 3Gse + ..+ kI e~ Goe
1
1+ khe2Gse

X

the same number of tiles but the different total binding— ¢
strength between tiles equalipwe have,% = e bGse,
For details, see [11].

Let B be a binding site at thé&-shaped growth front C oc
of an assembled structuré as shown in Figurg]9. Let 1= ke
S; be a set of tiles that can bind & and completes its
neighborhood, formingdS;, wherei = 1,...,n. One
and only one of thes sets, says;, produces an error-free
tiling, AS;.

Let d be the probability that there is errorS;. Then
the probability thatS; attachestod is1 — 4.

X

Hence the error rate is approximately~ ke 2Cs-
in version 1. This further yields* =~ ae Cmc =
ae20e ~ (a/kb)d, as opposed ton/k?)§? for the orig-
inal tile set.

In our error-correction scheme version 2, one pad mis-
match of a tile forces two more mismatches in its neigh-

[AS] borhood. Lett]’ be the number of cases where thereiare
1-60 =~ ST TAS] mismatches, we havg' = kJ = 0. Hence the probability
=1 1’ thatB and its neighborhood are error free is,
T AS/TAS)] s L
_ 1 1+ ke 3Gse + ke 4Gee 4+ .+ kIl e=m" Goe
T 14 e b2Gse 4o b3Gse 1 4 g bnGe 1

X

1+ ke 30

where b; is the difference between the total binding Y e
— klle3Ge

strengths 0fAS,; and that ofAS;. Since we have assumed ~
that. A4S is the correct assembly (with zero mismatdh),
equals the number of mismatchesAs;.

Let k; be the number of cases with exactlymis-
matches, and we will have

Thus, the error rate is approximatelys kje=3%-<, and
this yieldsr* ~ ae=me x ae™2% ~ (a/kY)63/?), as
opposed tqa/k%)4? for the original tile set.
The above analysis shows that while the error is re-
1 duced in our error resilient assemblies significantly, the
-0 =~ 1+ kre—Coe + kpe—2Gee + .+ kye—mGae aggregation speed stays approximately the same.




6 Concrete examples and simula-
tions

_ . o Pad A= Serpingy il
We first give below the constructions of a Sierpinsky Tri- wom e Sierpinsky Tiling

. . . d g % 1 00 0 00 40 &=
angle and a binary counter using our error resilient agg, d od od 14 od -
. . .« . 0|

semblies version 1, then perform empirical study of the e o u PSS i O D
error rates using computer simulation of assembly of th§ o . g v % il 1E g o@ 14 14 14 b

. . . . 0 1
Sierpinsky Triangle and compare the results with that or = < : > J;LO °§ e
. - a
Winfree’s ‘1]] 00 o1 D 1 " JLLO ooo o1 . A
We show below the construction of a binary counte§ o g H 19 & Lo od o@ 14 »

. . . 0 01 L i
and a Sierpinsky triangle. For each of them we use a toj- o = D N B N
iles, includi i i § 19 0@ 1q o@ °
tal of 12 tiles, including 8 counter tiles and 4 frame tiles_a = u oW | m | m | A
as shown in Figure_10 and Figdrel 11. We would like t9 s : %Ij 41 cA{ A cd ca cq coa s
again emphasize that although we give the construction

of the tiles in previous sections with each pad having t
L P . . P . g VY—Olgure 11: The construction of a Sierpinsky Triangle using
or three distinct portions, a mismatch on any portion of a

d Its in dotal mi tch of th hol d inst (irror resilient assemblies version 1. The pads and the tile set
pad resutts in dotal mismatch of the whole pad INS€aq ¢ spown on the left and the assembled Sierpinsky Triangle is

of a partial mismatch of only that portion. Hence, in thg,own on the right. The pads of strength 2 have black borders
Figurd 10 anq Flguﬂﬂl, we use a distinct symbol for eaghile the strength 1 pads are border-less. The seed tile is labeled
pad, emphasizing the wholeness of the pad. with S. Tiles a, b, and c are the other frame tiles.

Pads 400 fon A0 B a A == Assembled Binary Counter

S

0 0 1
o 1 @ 0o ML g0 MO0 o=
Tiles 0 d a 1
o oqf 194 of 14 2
© o 10 u 6o | o0 | Ao 6 | A
g 1 1 1 d 1 1 1l
g © 3 51 1 % o @ 14 §| o4 11 ofg of b
00 01 00 00 o1 i —
Q 0 gk
g 09 0@g 19 114 a
00 o1 0 1 00 00 o1 10 A
o 1 ? 0 : g 1 2 8 0 8 0 8 1 % 0 % b x10° Size of error—free aggregate vs Probability of single mismatch
1
11 o1 a 11 0 0 0 o1 = 3.5 T T T T T T T
d o q q 4 — No error correction
o0 0% 099 04 175 a Our T, construction .
A /== A _00_ 00 00 00 — - Winfree 2x2 construction N
d 3r — . Our T, construction b
- s % a 0 cd da cd ca ca co s —— Winfree 3x3 construction
A —

25F

Figure 10: The construction of a binary counter using erro
resilient assemblies version 1. The pads and the tile set i
shown on the left and the assembled binary counter is sho
on the right. The pads of strength 2 have black borders while t & 5
strength 1 pads are border-less. The seed tile is labeled witr g
Tiles a, b, and c are the other frame tiles. T

or-free aggregate
N

For the simulation study, we used the Xgrow Simule ost ~~
tor provided in [11] written by Erik Winfree and simu- T

lated the assembly of Sierpinsky triangles for the follow o ——————5 5",
|ng cases: log(probability of single mismatch)
e Assembly without any error correction. Figure 12: A graph showing the variation of v.s. in-

) . o creasing value of error (probability of single mismatch)
e Assembly using Winfree'8 x 2 proofreading tile set.

e Assembly using Winfree’8 x 3 proofreading tile set.

e Assembly using our error resilient scheme version 1,
T, (construction in Figurg11).



e Assembly using our error resilient scheme version 2,

T> (construction not shown).

We performed simulations of the assembly process db]

a target aggregate 6fl2 x 512 tiles. A variableN is

defined as the number of tiles assembled without any per-
manent error in the assemblyd6% cases. The variations
in the value ofV are measured as we increase value of th
probability of a single mismatch in pads) by changing
the values of4,,. andG,., whereG,,. andG,, are the
free energies [11]. We have used the fact mentioned by
Winfree [11] thate ~ 2e~ %+ and for a good assembly

we need to hav€l,,,. ~ 2G,..

Figure[I2 shows the variation iN with log, e. From
the figure it can be seen that the performance of our ver-

sion 1 (I}) construction is comparable to Winfre@ 2

proofreading tile set construction, while our versiod 2)(

Fibonacci Association, 1993. Translated from Russion
and edited by R. C. Bollinger.

H. L. Chen, Q. Cheng, A. Goel, M. deh Huang, and P. M.
de Espanes. Invadable self-assembly: Combining robust-
ness with efficiency. IPACM-SIAM Symposium on Dis-
crete Algorithms (SODAR004.

f3] T. H. LaBean, H. Yan, J. Kopatsch, F. Liu, E. Win-

free, J. H. Reif, and N. C. Seeman. The construc-
tion, analysis, ligation and self-assembly of DNA triple
crossover complexedournal of American Chemistry So-
ciety, 122:1848-1860, 2000.

M. G. Lagoudakis and T. H. LaBean. 2-D DNA self-
assembly for satisfiability. IIDNA Based Computers,V
volume 54 ofDIMACS pages 141-154. American Math-
ematical Society, 2000.

outperforms both of them and is performing comparabl%] C. Mao, W. Sun, and N. C. Seeman. Designed two-

to Winfree's3 x 3 proofreading tile set construction.

7 Discussion

In the proof of this paper, we requit@P; to be XOR, for
concreteness. However, note that our constructions apply
to boolean arrays in whict©D P, is aninput sensitive op-
erator, i.e. the output changes with the change of exactly

one input.

Note that OP; and OP, are both the function XOR
for the example assemblies for the Sierpinsky Triangle but

dimensional DNA holiday junction arrays visualized by
atomic force microscopylournal of the American Chem-
ical Society 121:5437-5443, 1999.

[6] J. H. Reif. Local parallel biomolecular computation. In

H. Rubin and D. H. Wood, editor§NA-Based Comput-
ers volume 48 ofDIMACS Series in Discrete Mathemat-
ics and Theoretical Computer Sciengeages 217-254.
American Mathematical Society, 1999.

N. C. Seeman. DNA in a material worltlature 421:427—
431, 2003.

this is not true for the assembly for a binary counter of N[8] J. von Newmann. Probabilistic logics and the synthesis of

bits, since OP; is the logical AND in that example. It

is an open question whether our above error-resilient con-
structions can be further simplified in the case of speci
computations, such as the Sierpinsky Triangle, where th

OP; and OP, are the same function such as XOR.

Another open question is to extend the construction into
a more general construction such that the error probability
can be decreased tb for any givenk, or alternatively, [10]

prove an upper bound far.
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