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Abstract. Weproposeaself-assemblymodelin whichthegluestrengthbetween
two juxtaposedtiles is a functionof thetime they have beenin neighboringposi-
tions.Wethenpresentanimplementationof ourmodelusingstranddisplacement
reactionson DNA tiles.Underour model,we candemonstrateandstudycataly-
sisandself-replicationin thetile assembly. Wethenstudythetile complexity for
assemblingshapesin ourmodelandshow thata thin rectangleof size ����� can
beassembledusing 	�
�� 
����

� 
���� 
����

�

typesof tiles.

1 Intr oduction

Self-assemblyis a ubiquitousprocessin which small objectsself-organizeinto larger
andcomplex structures.Examplesin natureare numerous:atomsself-assembleinto
molecules,moleculesinto cells, cells into tissues,andso on. Recently, self-assembly
hasalsobeendemonstratedasapowerful techniquefor constructingnano-scaleobjects.
For example,a widevarietyof DNA latticesmadefrom self-assembledbranchedDNA
molecules(DNA tiles) [9, 19,21,22,40,42,43] have beensuccessfullyconstructed.
Peptideself-assemblyprovidesanothernanoscaleexample[8]. Self-assemblyis also
usedfor mesoscaleconstructionsusingcapillaryforces[7,26] or magneticforces[1].

Mathematicalstudiesof tiling datesback to 1960s,when Wang introducedhis
tiling model [36]. The initial focus of researchin this areawas towardsthe decid-
ability/undecidabilityof the tiling problem[25]. A revival in the studyof tiling was
instigatedin 1996whenWinfree proposedthe simulationof computation[41] using
self-assemblyof DNA tiles.

In 2000,RothemundandWinfree[28] proposedtheabstractTile AssemblyModel,
a mathematicalmodel for theoreticalstudiesof self-assembly. This model was later
extendedby Adlemanet al. to includethe time complexity of generatingspeci�ed as-
semblies[3]. Later work includescombinatorialoptimization,complexity problems,
fault tolerance,andtopologychanges,in theabstractTile AssemblyModel aswell as
in someof its variants [4–6,10–14,17,18,20,23,24,27,29,31,32,34,35,38,39].

In this paper, we usethe term standard modelto refer to the above abstract Tile
AssemblyModelproposedby Winfree.For detaileddescriptionof thestandard model,
see[28].
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Roughlyspeaking,a tile in the standardmodel is a unit squarewhereeachside
of the squarehasa glue from a set � associatedwith it. In this paperwe usethe
termspad andsideof the tile interchangeably. Formally, a tile is an orderedquadru-
ple ����������� ����! ����"$#&%'�)( , where ��� , ��� , ��! , and ��" representthenorthern, eastern,
southern, andwesternsidegluesof thetile, respectively. � alsocontainsaspecialsym-
bol *�+�,-, , which is a zero-strengthglue. . denotesthesetof all tiles in thesystem.A
tile cannotbe rotated.So, �-�
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A gluestrengthfunction GH8��JIH�J;LK determinesthegluestrengthbetweentwo

abutting tiles. G����M�3��NO#
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GM�-��N��3�P# is the strengthbetweentwo tiles that abut on sides
with glues� and �PN . If ��4
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��N , G����M����NQ#

6SR ; otherwiseit is apositivevalue.It is alsoas-
sumedthat GM�-�M�T*�+M,�,-#

6SR , UM�V%W� . In thetile set . , thereis aspecialseedtile A . There
is a systemparameterto controltheassemblyknown astemperatureanddenotedas X .
All the ingredientsdescribedaboveconstitutea tile system, a quadrupleY�.Z�3A��[GM�TX7\ . A
con�gurationis asnapshotof theassembly. Moreformally, it is themappingfrom ]

/ to
._^a` b&ced�.gfih where b)ced�.gf is a specialtile ��*�+�,-,[��*�+�,-,[�T*�+M,�,T�T*�+M,Q,-# , indicating
a tile is not present.For a con�guration j , a tile k
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b&ced�.gf and GM�-�
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Assemblytakesplacesequentiallystartingfrom a seedtile A at a known position.

For agiventile system,any assemblythatcanbeobtainedby startingfrom theseedand
addingtiles oneby one,is saidto beproduced. An assemblyis calledto beterminally
producedif no further tiles can be addedto it. The tile complexity of a shape{ is
the sizeof thesmallesttile setrequiredto uniquelyandterminallyassemble{ under
a given assemblymodel.Oneof the well-known resultsis that the tile complexity of
self-assemblyof a squareof size |DI}| in standardmodelis ~p�S• €3•ƒ‚

• €3•ƒ• €3•ƒ‚

# [3, 28].
Adlemanintroducedareversiblemodel[2], andstudiedthekineticsof thereversible

linearself-assembliesof tiles.Winfreealsoproposedakineticassemblymodelto study
the kineticsof the self-assembly[37]. Apart from thesebasicmodels,variousgener-
alizedmodelsof self-assemblyarealsostudied[6,16]: namely, multiple temperature
model,�e xible gluemodel,andq-tile model.

Thoughall thesemodelscontribute greatly towardsa good understandingof the
processof self-assembly, therearestill a few thingsthatcouldnot beeasilyexplained
or modeled(for example,theprocessof catalysisandself-replicationin tile assembly).
Recently, SchulmanandWinfreeshow self-replicationusingthegrowth of DNA crys-
tals [33], but their systemrequiresshearforcesto separatethereplicatedunits. In this
paperweproposeanew model,in whichcatalysisandself-replicationis possiblewith-
out externalintervention.In this new model,which is built on thebasicframework of
abstract Tile AssemblyModel, the glue strengthbetweendifferentgluesis dependent
on thetime for which they haveremainedtogether.

Therestof thepaperis organizedasfollows.Firstwe de�ne our modelformally in
Section2. We thenput forth a methodto physicallyimplementsucha systemin Sec-
tion 3. Thenwe presenttheprocessesof catalysisandself-replicationin tile assembly



in our modelin Sections4 and5, respectively. In Section6, we discussthe tile com-
plexity of assemblyof variousshapes.We concludewith thediscussionof our results
andfutureresearchdirectionsin Section7.

2 Time-DependentGlue Model

We proposea Time-dependentGlueModel,which is built on theframework described
above.In thismodel,theglue-strengthbetweentwo tiles is dependentuponthetimefor
which thetwo tiles haveremainedtogether.

Let X be the temperatureof the system.Tiles are de�ned as in standard model.
However, in our model,gluestrengthfunction G is de�ned as GH8��„I_�…I}K†;LKˆ‡

In G����M���PNq�T‰T# theargument‰ is the time for which two sidesof the tiles with glue-
labels � and � N have beenjuxtaposed.For every pair ( �M�3� N ), the value G����M�3� N �T‰T# in-
creaseswith ‰ up to a maximumlimit andthentakesa constantvaluedeterminedby �

and ��N . Wede�ne thetimewhenG reachesthismaximumastimefor maximumstrength,
‰�Š}A : �…I_�‹;ŒK . Note G����M�3��No�T‰T#

6

GM�-�M����N ,‰�ŠWA ( �M���PN•#�# for ‰ˆŽu‰�Š}A��-�M����NQ# .
We alsohavea functionminimuminteractiontimede�ned as Š•lo‰ˆ8��„IW�‹;ŒK .
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Fig.1. Figureillustratestheconceptof time-dependentgluestrength,minimuminteractiontime,
andtime for maximumstrength

For every pair ( �M���
N ), a function Š•lq‰‘���M�3�

N
# is de�ned as the minimum time for

which the two tiles with abutting glue symbols � and �vN stay together. If GM�-�M���PN ,
Š•lq‰‘���M�3��NO#T#gy9X , the two tiles will staytogether;otherwisethey will separateif there
is no otherforceholdingthemin their abutting positions.An exampleof glue-strength
functionis shown in Figure1. Intuitively speaking,mit servesastheminimumtimere-
quiredby thepadsto decidewhetherthey wantto separateor remainjoined.Wefurther
de�ne Š•lo‰‘�-�M�T*�+M,�,o#

6’R , ‰�ŠWA����M��*�+�,-,-#

6“R , and GM�-�M�T*�+M,�,T�T‰T#

6’R .



Next we give the justi�cation andestimationof mit for a pair ( �M���vN ) of glues.Let
GM�-�M����No�T‰T# bethegluestrengthfunction.For morerealisticestimationof mit, considera
physicalsystemin which, in additionto association,dissociationreactionsalsooccur.
Let ”•�-–‘# betheprobabilityof dissociationwhenthebondstrengthis – , and —$��‰T# bethe
probabilitythatnodissociationtakesplacein thetime interval ˜
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Theprobabilitythatthedissociationtakesplacebetweentime ‰ and ‰wruœ ‰ is given
by —$�Q‰T#Z•š”•�OG��Q‰ˆr¡œ ‰T#T#g•�œ ‰ . Sincemit is de�ned as the time for which two gluesare
expectedto remaintogetheroncethey comein contact,its expectedvalueis:

ba˜ Š•lq‰q›
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where”v�o–‘# canbedeterminedusingWinfree'skineticmodel[37]. Hence,basedon the
knowledgeof gluestrengthfunctionit is possibleto determinetheexpectedminimum
interactiontime for a pair ( �M���PN ). For simplicity, we will usetheexpectedvalueof mit
astheactualvalueof mit for a pair of glues( �M�3�

N ).
Next we illustratethe time-dependentmodelwith anexampleof theadditionof a

singletile to anaggregate.Whenaposition �Qlm�onF# becomesavailablefor theadditionof a
tile k , it will stayat �Qlm�onF# for atimeinterval ‰

« , where‰

« = max `ŸŠ•lq‰‘��>F�-k¯# ��C&�-jp��lm�on:r

sŸ#T#�# , Š•lq‰‘��*E��k¯#‘�3A��-jp��l™r•s2�onF#�#T# ,Š•lq‰‘�QC&�-k¯#‘��>F�-jp��l3�qnvx°sŸ#T#�# ,Š•lq‰‘�-A���k±# ��*E�-jp�Ql x°s��onF#T#�#mh .
Recall that our model requiresthat if two tiles ever comein contact,they will stay
togethertill theminimuminteractiontimeof thecorrespondingglues.

After thistimeinterval ‰

« , if GM�->F��k¯#‘�TC&�ojp�Qlm�on²r)s #T# ��‰

«

#�rgG��Q*E��k±# �mA��ojp�QlTr)s2�qnF#T# ��‰
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#µ´'X , k will detach;otherwise,
k will continueto stayatposition �Qlm�qn�# .

Wedescribein thenext sectionamethodto implementourmodelof time-dependent
gluestrengthwith DNA tiles.

3 Implementation of Time-DependentGlue Model

If the hydrogenbondsbetweenthe basesin two hybridizing DNA strandsbuild up
sequentially, the total binding force betweenthe two strandswill increasewith time
up to thecompletehybridization,which will provide a simpleway of obtainingtime-
dependentgluestrengthbetweenDNA tiles. However, even if we assumethat thehy-
bridizationof two complementaryDNA strandsis instantaneous,wecandesignamulti-
stepbindingmechanismto implementtheideaof time-dependentgluestrength,which
exploits thephenomenonof stranddisplacement.

Figure2 (a) illustratesthe processof stranddisplacementin which strand ¶ dis-
placesstrandj from strandk . Figure2 (b) illustratesonestepduringthis process.At
any time either the hybridizationof ¶ with k (andhencedehybridizationof j from
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Fig.2. Figure(a) illustratestheprocessof stranddisplacement.Figure(b) shows a singlestepof
strand-displacementassinglestepof randomwalk. In (b), thenumbersrepresentthenumberof
DNA basepairs

k ) or hybridizationof j with k (andhencedehybridizationof ¶ from k ) canpro-
ceedwith 1/2 probability. Hence,we canmodelthe stranddisplacementprocessasa
randomwalk, with forwarddirectioncorrespondingto hybridizationbetween¶ and k ,
andbackwarddirectioncorrespondingto hybridizationbetweenj and k . To simplify
themodel,we canassumethat thesteplengthin this randomwalk is 1 basepair long.
Hence,if the lengthof j is * bases,the expectednumberof stepsrequiredfor ¶ to
replacej is *

/ [15].

Next we describethe designof the padsof DNA tiles with time dependentglue
usingtheabovemechanismof stranddisplacement.

To makethegluebetweenpad k andpad ¶ time-dependent,weneedaconstruction
similar to theonein Figure3 (a).Strandrepresentingpad k hasvarioussmallerstrands
( jµ· 's,calledprotectorstrands) hybridizedto it asshown in Figure3 (a).Strand¶ will
displacetheseprotectorstrandsj

· sequentially.

The variabletmsherewill be the time requiredfor ¶ to displaceall the j
· 's. In

thecasewhenthereare ¸ differentsmallstrandsj
· of length *

· attachedto k , tmsis
¹Sº

·

®

�

*

/

·

.

Figure3 givesthe stepby stepillustration of the above process.The variationof
glue strengthbetweenk and ¶ is shown in Figure3 (i). By controlling the lengthof
various jµ· 's (i.e. *

�

�T*P/2�™‡™‡š‡™��*

º ), wecancontroltheglue-strengthfunction G for apair
of tile-pads(or glues).Thus,we have shown a methodto renderthe DNA tiles the
characteristicof time-dependentgluestrength.

An interestingpropertyis thattheindividualstranddisplacementof ¶ againstjZ· is
modeledasarandomwalk, but thecompleteprocessdescribedabovecanbeviewedas
roughlymonotonic.As shown in Figure3 (i), thestrengthof thehybridizationbetween
strand k andstrand ¶ increasesin a roughly monotonicfashionwith the removal of
every j

· . However during the individual competitionbetween¶ and j
· , the increase

is notmonotonic.
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implementtime-dependentglue betweentwo pads.They show stepby stepremoval of »E¼ 's by
B from A. In Figure3 (i) animaginarygraphillustratesthevariationof glue-strengthbetween½

and ¾ w.r.t. time



4 Catalysis

Catalysisis thephenomenonin which anexternalsubstancefacilitatesthe reactionof
othersubstances,without itself beingusedup in the process.The following question
was posedby Adleman[2]: can we model the processof catalysisin self-assembly
of tiles? In this section,we presenta model for catalysisin self-assemblyof tiles
usingtime-dependentglue model.Now considera supertile ¿ (composedof two at-
tachedtiles j and À ) and two single tiles k and ¶ as shown in Figure 4 (a). We
describebelow how ¿ canserve asa catalystfor the assemblyof k and ¶ . Assume
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Thegraphin Figure4 (b) illustratesan examplesetof requiredconditionsfor the

gluestrengthfunctionsin thesystem.
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Fig.4. Figure (a) shows catalyst Â with the tiles C and Ã catalyzesthe formationof ½“Ä0¾ .
(b) shows the conditionsrequiredfor catalysisin terms of the glue strengthfunction. Solid
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To show that ¿ actsasacatalyst,we �rst show thatwithout ¿ stableku•‘¶ cannot
form. Next we show that k¡•³¶ will form when ¿ is presentand ¿ will be recovered
unchangedaftertheformationof k†•š¶ .

Without ¿ in the system,k and ¶ canonly be held in neighboringpositionsfor
time ‰

«

6

Š•lo‰‘�->F��k¯#‘�TC&�-¶)#�# , sinceG���>F��k±# ��C&��¶i# �T‰

«

#g´“X . Hence,at ‰

« , k and ¶ will
fall apart.

However, in thepresenceof ¿ , thesituationchanges.Supertile¿ hastwo neighbor-
ing tiles j and À . Tiles k and ¶ attachthemselvesto j and À asshown in Figure4
(a). Sincewe let Š•lq‰‘�oA��-k¯#‘�T*E�-jÁ#�# = Š•lo‰‘�oA���¶)#‘�T*E�-ÀH#T# = ‰

�

Ž„‰

« , tiles k and ¶ are



heldin thesamepositionfor time ‰

� . By ourconstruction,asshown in Figure4 (b), the
following two eventswill occurat time ‰

� :

– At ‰

� , the glue strengthbetweenk and ¶ is GM�->F��k¯#‘�TC&�-¶)#‘�T‰

�

#ÍyÎX andhence
k and ¶ will be gluedtogether. That is, in the presenceof ¿ , k and ¶ remain
togetherfor a longertime,producingstablyglued k“•™¶ .

– At ‰

� , thetotalgluestrengthbetweenk�• ¶ and ¿ is G��-A���k±# �T*E�ojÁ# ��‰

�

#�rgG��-A��-¶)# ��*E��ÀH#‘�T‰

�

#µ´

X , andtheglued k†•Ÿ¶ will fall off ¿ . ¿ is recoveredunchangedfrom thereaction
andthecatalysisis complete.Now ¿ is readyto catalyzeothercopiesof k and ¶ .

Notethat if only k (resp.¶ ) comesin to attachwith j (resp.À ), it will fall off at
theendof time Š•lo‰‘�oA���k¯#‘�T*E�ojÁ#T# (resp.Š•lq‰‘�-A���¶i# �T*E�-ÀH#T# ). If assembledkp•Ï¶ comesin,
it will alsofall off, at time ‰

� . Thesetwo reactionsarefutile reactions,anddonotblock
the desiredcatalysisreaction.However, as the concentrationof kJ•�¶ increasesand
theconcentrationof unattachedk and ¶ decreases,thecatalysisef�ciency of ¿ will
decreasedueto the increasedprobabilityof theoccurrenceof futile reactionbetween

k“•™¶ and jS•šÀ .

5 Self-replication

Self-replicationprocessis oneof thefundamentalprocessof nature,in whicha system
createscopiesof itself. We discussbelow anapproachto modelself-replicationusing
thetime-dependentgluemodel.
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Fig.5. A schematicof self-replication

Our approachis built on theabove describedprocessof catalysis:a product k¡•³¶

catalyzestheformationof je• À , which in turn catalyzestheformationof kS• ¶ . And
henceanexponentialgrowth of self-replicatedk“•š¶ and jS•šÀ takesplace.



Moreprecisely, let ‰

«
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� , considertiles k , ¶ , j , and À , suchthat:
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#µ´'Xƒ‡

A systemcontainingthesefour typesof tileshastwo states:
State1. If thereis no templatek’•³¶ or jt•³À in thesystem,no assembledsuper-

tile exists sinceno two tiles canbe held togetherlong enoughto form strongenough
glue betweenthem suchthat they becomestably glued.Since Š•lq‰‘��>F�-k¯# ��C&��¶i#T#

6

Š•lq‰‘��>F�ojÁ# �TC)��ÀH#�#

6

‰

« and G���>F��k±# ��C&��¶i# �T‰

«

#

6

G���>F�-jÁ#‘�TC&�-ÀH# ��‰

«

#Á´¡X , neithersta-
ble k}•�¶ norstablejÍ•�À canform.Similarly, Š•lq‰‘�-A���k±# �T*E�ojÁ#T#

6

Š•lo‰‘�oA���¶)#‘�T*E�-ÀH#T#

6

‰

� , G��-A��-k¯# ��*E�-jÁ#‘�T‰

�

#µ´uX , and G��-A���¶i# ��*E��ÀH#‘�T‰

�

#µ´'X impliesthatneitherstablek†•šj

norstable¶e•ŸÀ canform.
State 2. In contrast,if thereis an initial copy of stable ke•�¶ in the system,self-

replicationoccursasfollows. k¡•³¶ servesascatalystfor theformationof je•³À , and
jž•[À and kB•[¶ separatefrom eachotherat theendof thecatalysisperiod,asdescribed
in Section4; in turn, j¡•™À servesascatalystfor theformationof k†•Ÿ¶ . Thuswe have
a classicalself-replicationsystem:onemakesa copy of itself via its complement.The
numberof theinitial template( k†•‘¶ ) andits complement( j“•™À ) growsexponentially
in suchsystem.

Hence,if the systemis in state1, it needsa triggering activity (formation of an
stablek’•š¶ or j¡•ŸÀ ) to go into state2. Oncethesystemis in state2, it startstheself-
replicationprocess.Figure5 illustratestheprocessof self-replicationin theassembly
of tiles.

If thesystemis in state1, thenthetriggeringactivity (formationof anstablek’•Ÿ¶

or j'• À ) cantakeplaceonly if k , ¶ , j , À co-positionthemselvessothattheeastside
of k facesthe westsideof ¶ andthe southsideof k facesthe north sideof j , and
at thesametime thesouthsideof ¶ facesthenorthsideof À . In sucha situation, k

and j will remainabuttedtill time ‰

� , ¶ and À will remainabuttedtill time ‰

� , and k

and ¶ (and j and À ) might alsoremaintogetherfor time ‰

� , producingstablekt•0¶

andstablejÐ•0À . And this will bring thesystemto state2. But suchcopositioningof
4 tiles is a very low probability event.Thusa very low probability event canperturb
a systemin state1 andtriggerstremendouschangesby bringing thesystemto state2
whereself-replicationoccurs.

6 Tile Complexity Results

In thestandardmodel,thetile complexity of assemblingan |’Iˆ| squareis ~p�t• €3•ƒ‚

• €�•ƒ• €3•ƒ‚

#

[3, 28]. It is alsoknown that the upperboundon the tile complexity of assemblinga
¸_I5| rectanglein the standardmodelis Ñp�o¸pr’|

�TÒ

º

# andthat the lower boundon
tile complexity of assemblinga ¸_IB| rectangleis Ói�

‚zÔoÕ�Ö

º

# [6]. For small valuesof



¸ this lower-boundis asymptoticallylarger than Ñp� • €3•7‚

• €�•²• €3•ƒ‚

# . Herewe claim that, in
our model,asin themulti-temperaturemodelde�ned in [6], a ¸}IW| rectanglecanbe
self-assembledusing Ñp� • €3•ƒ‚

• €3•²• €�•ƒ‚

# typesof tiles, evenfor small valuesof ¸ . Theproof
techniquefollowsthesamespirit asin [6].

Theorem1. In time-dependentgluemodel,thetile complexity of self-assemblinga ¸¯I

| rectanglefor anarbitrary integer ¸•y†× is Ñp�S• €�•7‚

• €3•²• €3•ƒ‚

# .

Proof. Thetile complexity of self-assemblinga ¸°I•| rectangleis Ñp�-|

Ô

Ö

rž¸ ) for the
standardmodel[6]. In timedependentgluemodel,wecanusethesimilar ideaasin [6]
to reducethetile complexity of assemblingthin rectangles.For given ¸ and | , build a

nHI_| rectanglewith n_Žt¸ suchthat thegluesamongthe�rst ¸ rows becomestrong
after their mit (minimuminteraction time), while thegluesamongthe last npxu¸ rows
do not becomeasstrong.As such,thesenix'¸ rows, referredto asvolatile rows, will
fall apartaftercertaintimeandproducethetarget ¸•I}| rectangle.

Thetile setrequiredto accomplishthis constructionis shown in Figure6, which is
similar to theoneusedin [6]. For moredetailedillustrationof this tile set,referto [6].
First,a n -digit Š -basecounteris assembledasfollows.Startingfrom thewestedgeof
theseedtile, a chainof length Š is formedin the�rst row using Š chaintiles. At the
sametime tiles in theseedcolumnalsostartassembling.It shouldbenotedthat �rst ¸

tiles in theseedcolumnhave suf�cient glue-strengthandthey arestable.Now starting
from their westedges,the R normaltiles start�lling the ŠÎx¡s columnsin theupper
rows. Then the hairpin tiles ØÍÙ

� and Ø_Ú

� assemblein the secondrow, which causes
the assemblyof further Š chain tiles in the �rst row, and the assemblyof 1 normal
tiles in thesecondrow (and0 normaltiles in theupperrows) in thenext sectionof Š

columns.Generallyspeaking,whenevera jzÛ¯Ü

� chaintile is assembledin the�rst row,
probetiles in theupperrows areassembleduntil reachinga row thatdoesnot contain
an ŠÝx5s normaltile. In sucharow, theappropriatehairpintilesareassembledandthis
further propagatesthe assemblyof returnprobetiles downwardsuntil the �rst row is
reached,wherea j

« chaintile getsassembled.Thisagainstartsanassemblyof achain
of length Š . Thewholeprocessis repeateduntil a naI•Š•Þ rectangleis assembled.

Next we describeour modi�cationswhich arerequiredfor the n�xž¸ uppervolatile
rows to getdisassembledafterthecompleteassemblyof the nHI•Š}Þ rectangle.First of
all we needto haveaspecial�o¸±r“sŸ# -th row ( ß2ß row), whichwill assembleto thenorth
of the ¸ -th row ( ß row), asshown in Figure6.

The operatingtemperatureX
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« and
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� . Therearethreekindsof gluesshown in Figure6: black,gray, anddashed.
Assumethattheglue-strengthfunctionfor asingleblackglueis G black �Q‰T# , asinglegray
glueis G gray �Q‰T# , andasingledashedglueis G dashed�Q‰T# . They arede�ned as
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Š„x?× ) is × G black ��‰T#wr5G gray �Q‰T# .
This systemwill startassemblinglike a base|

�TÒ

Þ counterof n digits, asbriefed
aboveanddetailedin [3,6]. It will �rst constructarectangleof sizen$Iˆ| using |

��Ò

Þ0rZn

typeof tiles.Oncetherectangleis complete,thetile on thenorth-westcornerwill start
therequireddisassemblyof theupper �§ngx_¸ƒ# volatile rows,which resultsin theforma-
tion of a ¸_I_| rectangle.We call thesetwo phasesAssemblyphaseandDisassembly
phaserespectively, anddescribethembelow.

AssemblyPhase:
In theAssemblyPhase,weaimatconstructinga ngIÁ| rectangle.In thetimedependent
model,theassemblyproceedsasin thestandardmodeluntil theassemblyof d°ñ tile in
the ¸ -th row ( ß row). At thispoint,an ØVÚwò[ò tile is requiredto getassembled.However,
whenthe Ø_Úwò[ò tile is assembledin the �o¸Ár†sŸ# -th row, thetotal supporton ØBÚwò[ò from
its eastneighboris only (

ä

r

/

ä

´'× at theendof Š•lq‰ . Thus ØÍÚwò[ò mustobtainadditional
support;otherwiseit will getdisassembled,blockingthedesiredassemblyprocess.The
additionalsupportcomesboth from its southneighborandits westneighbor. (1) On
the southfront, tile ó&ñ canarrive andbe incorporatedin the ¸ -th row ( ß row) of the
assembly. It holds Ø

Úwò[ò for anothertime interval of Š•lq‰ andprovidesa supportof /

ä .
Furthernotethat during this secondinterval, an ó tile canbe assembledin the �o¸Hx

sŸ# -th row, andthe ó�ñ tile in the ¸ -th row will thenhave support2 at mit andhence
stay attached.In addition, tile ó hassupport2 at mit, so it will also stay attached.
Regarding ØÍÚwò[ò , theendresultis that it receivesanadditionalstablesupport /

ä from
its southneighbor. However, the maximumsupportfrom both the southandthe east
is at most s�r

�

/

r

/

ä , which is still lessthan X

6

× . Fortunately, additionalrescue
comesfrom thewest.(2) On thewestfront, an l3ñmñ tile cangetattachedto ØÍÚwò[ò , and
stabilizeit by raising its total supportabove × . However, this supportis unstable,or
volatile, in thesensethat l�ñ3ñ itself needsadditionalsupportfrom its own westandsouth
neighborsto stayattached.If this supportcannot comein time, that is, beforemit, l ñ3ñ

will getdisassembled,in turn causingthedisassemblyof ØBÚwò[ò . The key observation
hereis thatthisassembly/disassemblyis a reversibledynamicprocess:thedisassembly
may stop and start going backwards(i.e. assemblingagain)at any point. Thus in a
dynamic,reversiblefashion,the target structureof the AssemblyPhase,namelythe

n°I}| rectangle,canbeeventuallyconstructed.
Theaboveaddedcomplicationis dueto thefactthatwerequirethe Ø

Úwò[ò tilesin the
�-¸�rSsŸ# -th row to geta total supportof ´’× from thesouthandtheeast.This is crucial
becauseduring the subsequentDisassemblyPhase(as we describenext) the desired
disassemblycanonly carry throughif the total supportof eachvolatile tile from the
southandtheeastis ´'× .

DisassemblyPhase:
In theDisassemblyPhase,we will remove the nix�¸ volatile rows,andreachthe�nal
targetstructure,a ¸•I}| rectangle.Oncethe naI}| rectangleis complete,thetile . at
thenorth-westcorner( d�N tile in the n -th row) initiatesthedisassembly. Whenthemit of
theglue-pairsbetweentile . andits neighborsis over, tile . will getdetachedbecause



thetotal gluestrengththat it hasaccumulatedis (

ä

r

/

ä

´¡X

6

× . Notethat,unlike the
abovecasefor ØÍÚwòTò , no additionalsupportcancomefrom thewestfor tile . since .

is thewest-mosttiles.As such,. is doomedto getdisassembled.With . gone,. 'seast
neighborwill get removednext, sinceit now hasa total glue strength è

sgr

�

/

´JX .
Similarly, all thetiles in this row will getremovedoneby one,followedby theremoval
of thetiles in thenext row (southrow). Suchdisassemblyof thetilescontinuesuntil we
areleft with thetargetrectangleof size ¸aIH| , whoseconstituenttiles,at thisstage,all
havea total gluestrengthno lessthan X

6

× , andhencestaystablyattached.
Notethat,similar asin theAssemblyPhase,thevolatile tiles that just got removed

might comeback.But again,ultimatelythey will haveto all fall off (afterthemit), and
producethedesireḑ•I•| rectangle.

Concluding the Proof:
Wecanconstructa ¸pIa| rectangleusing Ñp��|

��Ò

Þ

r}n�# typeof tiles (wheren°Ž“¸ ). As
in [6], it canbereducedto Ñp�S• €�•ƒ‚

• €�•7• €3•ƒ‚

# by choosingn

6

• €�•�‚

• €3•²• €3•ƒ‚

Ü

• €3•²• €3•²• €�•ƒ‚
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      Tiles

k

k
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Fig.7. Direction of the gray arrow shows the directionof constructionof a squarewith a hole,
startingfrom theindicatedseed

Thin rectanglescan serve as building blocks for the constructionof many other
interestingshapes.Oneexampleis a squareof size |ŒI}| with a largesquareholeof
size ¸ÍIV¸W�o¸Bõî|V# . Underthestandardmodel,the lower boundcanbe shown to be

Ói�

æ

º

ç’ö ÷vø

Ö

‚

Ü

º

# by a lower boundargumentsimilar to theonein [6]. Note thatas |ùxu¸

decreases,i.e. thesquareholein thesquareincreases,thelowerboundincreases.In the
casewhen |ùx“¸ is smallerthan • €3•ƒ‚

• €3•²• €�•7‚

Ü

• €3•²• €�•²• €3•ƒ‚

, the lower boundis morethan

• €3•ƒ‚

• €3•²• €�•ƒ‚

. In the casewhen |Lx’¸ is a small constant,the complexity is almost |5ú ,
where û is someconstant́Ýs . However, in time-dependentmodel,thetile complexity
of this shapecanbereducedto Ñp�¡• €�•

º

• €�•²• €3•

º

# evenfor smallvaluesof |üx�¸ , usingour
thin rectangleconstruction.

The basicidea is quite simple.We sequentiallygrow four different �

‚

Ü

º

ÜM/

/

#&I

�-¸�ru×2# rectanglesthatwill makeup themajorpartof thesquare'ssides.To enablethe
sequentialgrowthof theserectangles,weintroducefourconnectortilesthatconcatenate



them.After thecompletionof onerectangletheconnectortile will assembleandprovide
basisfor theassemblyof thesubsequentrectangle.Finally, somemoreconstanttypeof
tileswill beintroducedto �ll in thegapsat thefour cornersthis |üIa| square,andthe
gapbetweentwo subsequentconnectortiles,producingthetarget |<Ip| squarewith a

¸HIW¸ hole.
Theupperboundon thenumberof tiles is exactly thesameastheupperboundfor

constructingthefour thin rectangles,which is Ñp�t• €�•

º

• €3•²• €3•

º

# .

7 Discussionand Future Work

In this paper, we de�ne a modelin which thegluestrengthbetweentilesdependsupon
the time they have beenabutting eachother. Under this model,we demonstrateand
analyzecatalysisandself-replication,andshow how to constructathin ¸±I�| rectangle
using Ñp�

• €3•ƒ‚

• €�•²• €3•ƒ‚

# tiles. The upperboundon assemblinga thin rectangleis obtained
by applyingsimilar assemblystrategy asin themulti-temperaturemodel[6]. Thus,an
interestingquestionis whetherthe multi-temperaturemodel can be simulatedusing
our time-dependentmodel.We alsowant to further investigateif underour modelthe
lowerboundof Óp�’• €�•ƒ‚

• €3•²• €3•7‚

# for thetile complexity of an |DI}| squarecanbefurther
improved.

Anotherinterestingdirectionis tostudythekineticsof thecatalysisandself-replication
analytically. Winfree'skinetic model[37] canbeusedto studythem,but thechallenge
hereis thattherateconstantfor thedissociationfor aparticularspeciesvarieswith time
becauseof changinggluestrengthsof its bonds.This makestheanalyticalstudyhard.
However, thesecatalyticandself-replicatingsystemscanbe modeledasa continuous
timemarkov chain,andstudiedusingcomputersimulationto obtainempiricalresults.
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