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Abstract. We propose self-assemblynodelin whichthegluestrengthbetween
two juxtaposediles is afunctionof thetime they have beenin neighboringposi-
tions.Wethenpreseninimplementatiorof ourmodelusingstranddisplacement
reactionson DNA tiles. Underour model,we candemonstratandstudycataly-
sisandself-replicationin thetile assemblyWe thenstudythetile compleity for
assemblinghapesn our modelandshav thatathin rectangleof size can
beassembledsing typesof tiles.

1 Intr oduction

Self-assemblys a ubiquitousprocessn which small objectsself-organizeinto larger
and complex structuresExamplesin natureare numerous:atomsself-assemblénto
moleculesmoleculesinto cells, cells into tissuesandso on. Recently self-assembly
hasalsobeendemonstratedsapowerful techniqudor constructinghano-scalebjects.
For example,awide varietyof DNA latticesmadefrom self-assembletiranchedNA
molecules(DNA tiles) [9,19,21,22,40,42,43] have beensuccessfullyconstructed.
Peptideself-assemblyprovidesanothernanoscaleexample[8]. Self-assemblys also
usedfor mesoscaleonstructionsisingcapillaryforces[7, 26] or magneticdorces[1].

Mathematicalstudiesof tiling datesback to 1960s,when Wang introducedhis
tiling model [36]. The initial focus of researchin this areawas towardsthe decid-
ability/undecidabilityof the tiling problem[25]. A revival in the study of tiling was
instigatedin 1996 when Winfree proposedhe simulationof computation[41] using
self-assemblpf DNA tiles.

In 2000,RothemundcandWinfree [28] proposedhe abstract Tile AssemblyModel
a mathematicamodelfor theoreticalstudiesof self-assemblyThis modelwas later
extendedby Adlemanet al. to includethe time compleity of generatingspeci ed as-
semblies[3]. Later work includescombinatorialoptimization,complexity problems,
fault tolerance andtopology changesin the abstracfTile AssemblyModel aswell as
in someof its variants [4-6,10-14,17,18,20,23,24,27,29,31,32,34,35,38,39].

In this paper we usethe term standad modelto refer to the above abstract Tile
AssemblyModel proposedy Winfree. For detaileddescriptionof the standad mode]
see[28].

The work is supportecby NSF ITR GrantsEIA-0086015and CCR-0326157NSF QuBIC
GrantsEIA-0218376andEIA-0218359,andDARPA/AFSOR ContractF30602-01-2-0561.



Roughly speaking,a tile in the standardmodelis a unit squarewhereeachside
of the squarehasa glue from a set  associatedwith it. In this paperwe usethe
termspad andside of the tile interchangeablyFormally, a tile is an orderedquadru-
ple ,where , , ,and representhenorthern eastern
southernandwesterrsidegluesof thetile, respectiely. alsocontainsaspecialsym-
bol , Which is a zero-strengtlglue. denoteghe setof all tiles in the system A
tile cannotbe rotated.So, . Also de ned arevari-
ous projectionfunctions , , , and ,
where , , , and

A gluestrengthfunction determineshegluestrengthbetweerntwo
ahutting tiles. is the strengthbetweentwo tiles that akut on sides
with glues and .If , ; otherwisdt is apositivevalue.lt is alsoas-
sumedhat , .Inthetile set ,thereis aspeciakeedile .There
is a systemparameteto controlthe assembljknown astempeature anddenotedas .
All theingredientsdescribedabove constitutea tile systema quadruple A
con gurationis asnapshoof theassemblyMore formally, it isthemappingfrom  to

where is a specialtile , indicating
atile is not presentFor a con guration , atile is attachable
at position iff and

Assemblytakesplacesequentiallystartingfrom a seedtile at a known position.
For agiventile systemarny assemblyhatcanbeobtainedby startingfrom theseedand
addingtiles oneby one,is saidto be produced An assemblys calledto beterminally
producedif no further tiles can be addedto it. The tile compleity of a shape is
the size of the smallesttile setrequiredto uniquelyandterminally assemble under
a givenassemblymodel. One of the well-known resultsis thatthe tile complexity of
self-assemblpf a squareof size in standardnodelis [3,28].

Adlemanintroducedareversiblemodel[2], andstudiedthekineticsof thereversible
linearself-assembliesf tiles. Winfree alsoproposeda kineticassemblynodelto study
the kinetics of the self-assembly37]. Apart from thesebasicmodels,variousgener
alized modelsof self-assemblyare also studied[6, 16]: namely multiple temperature
model, e xible gluemodel,andg-tile model.

Thoughall thesemodelscontribute greatly towardsa good understandingf the
procesof self-assemblytherearestill afew thingsthatcould not be easilyexplained
or modeledfor example the procesf catalysisandself-replicationin tile assembly).
Recently SchulmanandWinfree shaw self-replicationusingthe growth of DNA crys-
tals[33], but their systemrequiresshearforcesto separateéhe replicatedunits. In this
paperwe proposeanev model,in which catalysisandself-replicatioris possiblewith-
out externalintervention.In this new model,which is built on the basicframework of
abstact Tile AssemblyModel, the glue strengthbetweendifferentgluesis dependent
onthetime for whichthey have remainedogether

Therestof the paperis organizedasfollows. Firstwe de ne our modelformally in

Section2. We thenput forth a methodto physicallyimplementsucha systemin Sec-
tion 3. Thenwe presenthe processesf catalysisandself-replicationin tile assembly




in our modelin Sections4 and5, respectiely. In Section6, we discussthe tile com-
plexity of assemblyof variousshapesWe concludewith the discussiorof our results
andfutureresearchlirectionsin Section?.

2 Time-DependentGlue Model

We proposea Time-dependen®lue Model, which is built on theframawork described
above.In this model,theglue-strengtibetweenwo tilesis dependentiponthetime for
which thetwo tiles have remainedogether

Let be the temperatureof the system.Tiles are de ned asin standad model
However, in our model,glue strengthfunction is de ned as

In theargument is thetime for which two sidesof the tiles with glue-
labels and have beenjuxtaposedFor every pair ( ), the value in-
creasesvith upto amaximumlimit andthentakesa constanwaluedeterminedy
and .Wede nethetimewhen reacheshismaximumastimefor maximunstrength

: . Note . ( for
We alsohave a functionminimuminteractiontimede ned as
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Fig. 1. Figureillustratesthe concepibf time-dependerglue strengthminimuminteractiontime,
andtime for maximumstrength

For every pair ( ), a function is de ned asthe minimum time for
which the two tiles with aklutting glue symbols and  stay together If ,
, thetwo tiles will staytogether;otherwisethey will separatéf there
is no otherforce holdingthemin their abutting positions.An exampleof glue-strength
functionis shavn in Figurel. Intuitively speakingmit senesasthe minimumtime re-
quiredby thepadsto decidewhetherthey wantto separat®r remainjoined.We further
de ne , ,and



Next we give the justi cation andestimationof mit for a pair ( ) of glues.Let
bethegluestrengthfunction.For morerealisticestimationof mit, considera
physicalsystemin which, in additionto associationgissociatiorreactionsalsooccut
Let bethe probability of dissociationwhenthebondstrengthis , and bethe

probabilitythatno dissociatiortakesplacein thetime intenal . Then,
The probabilitythatthe dissociatiortakesplacebetweertime and is given
by . Sincemit is de ned asthe time for which two gluesare

expectedo remaintogetheroncethey comein contact,ts expectedvalueis:

where canbedeterminedusingWinfree's kinetic model[37]. Hence basecbnthe
knowledgeof glue strengthfunctionit is possibleto determinethe expectedminimum
interactiontime for a pair ( ). For simplicity, we will usethe expectedvalueof mit
astheactualvalueof mit for a pair of glues( ).

Next we illustratethe time-dependentnodelwith an exampleof the additionof a
singletile to anaggreyate Whenaposition becomeswvailablefor theadditionof a
tile it will stayat foratimeinterval ,where =max

Recallthat our model requiresthat if two tiles ever comein contact,they will stay
togethettill theminimuminteractiontime of thecorrespondingjlues.
After thistimeintenal | if
, , will detachptherwise,
will continueto stayat position
We describén thenext sectionramethodto implementour modelof time-dependent
gluestrengthwith DNA tiles.

3 Implementation of Time-DependentGlue Model

If the hydrogenbondsbetweenthe basesin two hybridizing DNA strandsbuild up
sequentially the total binding force betweenthe two strandswill increasewith time
up to the completehybridization,which will provide a simpleway of obtainingtime-
dependenglue strengthbetweenDNA tiles. However, evenif we assumehatthe hy-
bridizationof two complementarfpNA strandss instantaneousye candesignamulti-
stepbinding mechanisnto implementthe ideaof time-dependenglue strengthwhich
exploits the phenomenomwf stranddisplacement.

Figure 2 (a) illustratesthe processof stranddisplacemenin which strand  dis-
placesstrand from strand . Figure2 (b) illustratesonestepduringthis processAt
ary time eitherthe hybridizationof =~ with  (andhencedehybridizationof ~ from
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Fig. 2. Figure(a) illustratesthe procesof stranddisplacement-igure(b) shavs a singlestepof
strand-displacememissinglestepof randomwalk. In (b), the numbersepresenthe numberof
DNA basepairs

C

(a) (b)

) or hybridizationof ~ with  (andhencedehybridizationof from ) canpro-
ceedwith 1/2 probability Hence,we canmodelthe stranddisplacemenprocessasa
randomwalk, with forwarddirectioncorrespondingo hybridizationbetween and
andbackwarddirectioncorrespondindo hybridizationbetween and . To simplify
themodel,we canassumehatthe steplengthin this randomwalk is 1 basepair long.
Hence,if thelengthof is basesthe expectednumberof stepsrequiredfor to
replace is [15].

Next we describethe designof the padsof DNA tiles with time dependenglue
usingtheabose mechanisnof stranddisplacement.

To makethegluebetweerpad andpad time-dependentye needaconstruction
similarto theonein Figure3 (a). Strandrepresentingad hasvarioussmallerstrands
( 's,calledprotectorstrandg hybridizedto it asshovn in Figure3 (a). Strand  will
displacetheseprotectorstrands  sequentially

The variabletmsherewill be the time requiredfor  to displaceall the 's.In
the casewhenthereare differentsmallstrands of length  attachedo , tmsis

Figure 3 givesthe stepby stepillustration of the above processThe variation of
glue strengthbetween and is shown in Figure3 (i). By controlling the length of
various 's(i.e. ), we cancontrolthe glue-strengtiunction for a pair
of tile-pads(or glues).Thus, we have shavn a methodto renderthe DNA tiles the
characteristiof time-dependenglue strength.

An interestingpropertyis thattheindividual stranddisplacemenof — against is
modeledasarandomwalk, but the completeprocesslescribedhbore canbeviewedas
roughlymonotonic As shavn in Figure3 (i), the strengthof the hybridizationbetween
strand andstrand increasesn aroughly monotonicfashionwith the removal of
every . However duringtheindividual competitionbetween and , theincrease
is notmonotonic.
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Fig. 3. Figures(a) to (h) illustratea mechanisnby which stranddisplacementeactionis usedto
implementtime-dependenglue betweenwo pads.They shav stepby stepremoval of  'sby

B from A. In Figure3 (i) animaginarygraphillustratesthe variationof glue-strengtlbetween
and w.rt.time



4 Catalysis

Catalysisis the phenomenoiin which an externalsubstancéacilitatesthe reactionof
othersubstancesyithout itself beingusedup in the processThe following question
was posedby Adleman[2]: canwe modelthe processof catalysisin self-assembly
of tiles? In this section,we presenta model for catalysisin self-assemblyof tiles
usingtime-dependenglue model.Now considera supertile  (composedf two at-
tachedtiles and ) andtwo singletiles and asshown in Figure4 (a). We
describebelov how  cansene asa catalystfor theassemblyof and . Assume
suchthat is lessthanthetemperature . Let
= = . Also assume
and .
The graphin Figure4 (b) illustratesan examplesetof requiredconditionsfor the
gluestrengthfunctionsin the system.
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Fig. 4. Figure (a) shavs catalyst  with thetiles C and catalyzesthe formation of
(b) shavs the conditionsrequiredfor catalysisin terms of the glue strengthfunction. Solid

line shaws the plot of anddashedine shaws the plot of
Toshov that actsasacatalystwe rst shav thatwithout stable cannot
form. Next we show that will form when is presentand will berecovered

unchangedftertheformationof

Without in thesystem, and canonly be heldin neighboringpositionsfor
time , since .Henceat , and will
fall apart.

However, in thepresencef |, thesituationchangesSupertile hastwo neighbor
ingtiles and .Tiles and attachthemselesto and asshawnin Figured
(a). Sincewe let = = ,tiles and are



heldin thesamepositionfor time . By our constructionasshowvn in Figure4 (b), the
following two eventswill occurattime

— At , the glue strengthbetween and is and hence
and will begluedtogetherThatis, in the presenceof , and remain
togetherfor alongertime, producingstablyglued
— At ,thetotalgluestrengtthetween  and is
, andtheglued will fall off . isrecoveredunchangedrom thereaction
andthe catalysiss completeNow is readyto catalyzeothercopiesof and

Notethatif only (resp. ) comesin to attachwith  (resp. ), it will fall off at

theendof time (resp. ). If assembled  comesdn,
it will alsofall off, attime . Thesetwo reactionsarefutile reactionsanddo notblock
the desiredcatalysisreaction.However, asthe concentratiorof increasesand

the concentratiorof unattached and decreaseghe catalysisef ciency of  will
decreasaueto the increasedrobability of the occurrenceof futile reactionbetween
and

5 Self-replication
Self-replicationprocesss oneof the fundamentaprocesf nature,in which a system

createxopiesof itself. We discusshelow anapproachto modelself-replicationusing
thetime-dependerglue model.

peal
| [ [o] |
,,,,,,, | | e !
‘A [, 1
2 .4»4»/[ |
| 1 [cHp] |
IERNCHE T Nmw
T amer N 1
| (A [5]
i cHo]

Fig. 5. A schematiof self-replication

Our approachs built onthe above describedrocessof catalysis:a product
catalyzeghe formationof , whichin turn catalyzeghe formationof . And
henceanexponentialgrowth of self-replicated and takesplace.



More preciselylet ,considettiles , , ,and ,suchthat:

A systemcontainingthesefour typesof tiles hastwo states:

State 1. If thereis no template or in the systemno assembleduper
tile exists sinceno two tiles canbe held togetherlong enoughto form strongenough
glue betweenthem suchthat they becomestably glued. Since

and , neithersta-
ble norstable canform. Similarly,
, ,and impliesthatneitherstable
nor stable canform.

State 2. In contrastf thereis aninitial copy of stable in the system self-

replicationoccursasfollows. senesascatalystfor the formationof , and

and separatérom eachotherattheendof the catalysigperiod,asdescribed
in Sectiond; in turn, senesascatalystfor the formationof . Thuswe have
aclassicalself-replicationsystem:onemakesa copy of itself via its complementThe
numberof theinitial template( ) andits complement ) grows exponentially
in suchsystem.

Hence,if the systemis in statel, it needsa triggering activity (formationof an
stable or ) to gointo state2. Oncethesystemis in state2, it startstheself-
replicationprocessFigure5 illustratesthe processof self-replicationin the assembly
of tiles.

If thesystemis in statel, thenthetriggeringactiity (formationof anstable
or ) cantakeplaceonlyif , , , co-positionthemselessothattheeastside
of facesthewestsideof andthesouthsideof facesthenorthsideof , and
atthe sametime the southsideof  facesthenorthsideof . In sucha situation,

and will remainatuttedtill time , and will remainakuttedtill time , and
and (and and ) mightalsoremaintogetherfor time , producingstable
andstable . And this will bring the systemto state2. But suchcopositioningof

4 tiles is a very low probability event. Thusa very low probability event can perturb
a systemin statel andtriggerstremendougshangesy bringing the systemto state2
whereself-replicationoccurs.

6 Tile Complexity Results

In thestandardnodel,thetile complexity of assemblingn squards
[3,28]. It is alsoknown that the upperboundon the tile compleity of assemblinga
rectanglein the standardnodelis andthatthe lower boundon

tile compleity of assemblinga rectangleis —— [6]. For small valuesof




this lower-boundis asymptoticallylarger than . Herewe claim that, in
our model,asin the multi-temperaturenodelde nedin [6], a rectanglecanbe
self-assembledsing typesof tiles, evenfor smallvaluesof . The proof
techniqudollowsthe samespirit asin [6].

Theorem 1. Intime-dependergluemodelthetile compleity of self-assembling
rectanglefor an arbitrary integer is

Proof. Thetile compleity of self-assembling rectanglds - ) for the
standardnodel[6]. In time dependenglue model,we canusethe similarideaasin [6]
to reducethetile compleity of assemblinghin rectanglesFor given and , build a

rectanglewith suchthatthe gluesamongthe rst  rows becomestrong
after their mit (minimuminteractiontime), while the gluesamongthe last rows
do not becomeasstrong.As such,these rows, referredto asvolatile rows will
fall apartaftercertaintime andproducethetarget rectangle.

Thetile setrequiredto accomplistthis constructioris shovn in Figure6, whichis
similar to theoneusedin [6]. For moredetailedillustrationof this tile set,referto [6].
First,a -digit -basecounteris assembledsfollows. Startingfrom the westedgeof
the seedtile, a chainof length is formedin the rst row using chaintiles. At the
sametime tiles in the seedcolumnalsostartassemblinglt shouldbe notedthat rst
tilesin the seedcolumnhave sufcient glue-strengtlandthey arestable.Now starting
from their westedgesthe normaltiles start lling the columnsin the upper
rows. Thenthe hairpin tiles and assemblén the secondrow, which causes
the assemblyof further  chaintiles in the rst row, andthe assemblyof 1 normal
tiles in the secondrow (and0 normaltiles in the upperrows) in the next sectionof
columns Generallyspeakingwhenevera chaintile is assembledh the rst row,
probetiles in the upperrows areassembledintil reachinga row thatdoesnot contain
an normaltile. In sucharow, theappropriatérairpintiles areassembledndthis
further propagateshe assemblyof return probetiles dowvnwardsuntil the rst row is
reachedwherea  chaintile getsassembledThis againstartsanassemblyf a chain
of length . Thewholeprocesss repeatedintil a rectanglds assembled.

Next we describeour modi cationswhich arerequiredfor the uppervolatile
rows to getdisassembledfterthe completeassemblyof the rectangleFirst of
all we needto have aspecial -throw ( row), whichwill assemble&o thenorth
of the -throw ( row), asshawvnin Figure6.

The operatingtemperature . Assumethat for all glue-types, and

. Therearethreekinds of gluesshowvn in Figure6: black, gray, anddashed.
Assumethattheglue-strengthiunctionfor asingleblackglueis pack , asinglegray
glueis gy ,andasingledashedjlueis gasned . They arede nedas

black - -

gray
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dashed _
Multiple gluesshavn onthesamesideof atile in Figure6 areadditive.For example,
thegluestrengthbetween and ( )iS  plack gray
This systemwill startassemblindike a base counterof digits, asbriefed
aboreanddetailedn [3, 6]. It will rst constructrectangleof size using
type of tiles. Oncetherectanglas complete thetile onthe north-westcornerwill start
therequireddisassemblypf theupper volatile rows, whichresultsin theforma-
tion of a rectangleWe call thesetwo phasedAssemblyphaseandDisassembly
phaserespectiely, anddescribehembelow.
AssemblyPhase:
In the AssemblyPhasewe aim atconstructinga rectangleln thetime dependent
model,theassemblyproceedssin the standardnodeluntil theassemblyf  tile in
the -throw (' row). At thispoint,an tile is requiredto getassembledHowever,
whenthe tile is assembledh the -th row, thetotal supporton from
its eastneighborisonly - - attheendof . Thus mustobtainadditional
support;otherwiseit will getdisassembledlockingthedesiredassemblyrocessThe
additionalsupportcomesboth from its southneighborandits westneighbor (1) On
the southfront, tile canarrive andbe incorporatedn the -th row ( row) of the
assemblylt holds for anothertime interval of andprovidesa supportof -.
Furthernotethat during this secondinterval, an  tile canbe assembledn the
-th row, andthe tile in the -th row will thenhave support2 at mit andhence
stay attachedIn addition,tile  hassupport2 at mit, soit will also stay attached.
Regarding , the endresultis thatit recevesan additionalstablesupport- from
its southneighbor However, the maximumsupportfrom both the southandthe east
is at most - -, whichis still lessthan . Fortunately additionalrescue
comesfrom the west.(2) On thewestfront,an tile cangetattachedo , and
stabilizeit by raisingits total supportabose . However, this supportis unstable,or
volatile, in thesensahat itself needsadditionalsupportfrom its own westandsouth
neighborgo stayattachedIf this supportcannotcomein time, thatis, beforemit,
will getdisassembledn turn causingthe disassemblyf . The key obsenation
hereis thatthis assembly/disassembhlya reversibledynamicprocessthedisassembly
may stop and start going backwards (i.e. assemblingagain)at any point. Thusin a
dynamic,reversiblefashion,the target structureof the AssemblyPhasenamelythe
rectanglecanbeeventuallyconstructed.
Theaboreaddedcomplicationis dueto thefactthatwe requirethe tilesin the
-th row to getatotal supportof from the southandthe east.Thisis crucial
becausaluring the subsequenbisassemblyPhase(as we describenext) the desired
disassemblycanonly carry throughif the total supportof eachvolatile tile from the
southandthe eastis
DisassemblyPhase:
In the DisassemblyPhasewe will removethe volatile rows, andreachthe nal
tamgetstructurea rectangleOncethe rectanglas completethetile at
thenorth-westcorner(  tile in the -throw) initiatesthedisassemblywWhenthemit of
theglue-pairdbetweertile  andits neighbords over, tile  will getdetachedecause



thetotal glue strengththatit hasaccumulateds - - . Notethat, unlike the
above casefor , no additionalsupportcancomefrom the westfor tile  since
is thewest-mostiles. As such, isdoomedo getdisassembledVith gone, 'seast
neighborwill getremoved next, sinceit now hasa total glue strength -
Similarly, all thetilesin this row will getremovedoneby one foIIowedbytheremolaI
of thetilesin thenext row (southrow). Suchdisassemblpf thetiles continuesuntil we
areleft with thetargetrectangleof size , whoseconstituentiles, at this stageall
have atotal gluestrengthno lessthan , andhencestaystablyattached.
Notethat,similar asin the AssemblyPhasethe volatile tiles thatjust got removed
might comeback.But again,ultimatelythey will haveto all fall off (afterthemit), and
producethedesired rectangle.
Concluding the Proof:
We canconstrucia rectangleusing typeof tiles (where ). As
in [6], it canbereducedo by choosing
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Fig. 7. Direction of the gray arrov shaws the directionof constructionof a squarewith a hole,
startingfrom theindicatedseed

Thin rectanglescan sene as building blocks for the constructionof mary other
interestingshapesOneexampleis a squareof size with alarge squarehole of
size . Underthe standardnodel, the lower boundcanbe shown to be

by a lower boundargumentsimilar to the onein [6]. Notethatas
decreases.e. thesquareholein thesquardncreasesthelower boundincreasesin the

casewhen is smallerthan , the lower boundis morethan
. In the casewhen is a small constantthe compleity is almost
where is someconstant . However, in time-dependemnnodel,thetile compleity

of this shapecanbereducedo
thin rectangleconstruction.
The basicideais quite simple. We sequentiallygrow four different
rectangleshatwill make up the major partof the squares sides.To enablethe
sequentiafirowth of theserectanglesweintroducefour connectottilesthatconcatenate

evenfor small valuesof , usingour




them.After thecompletionof onerectangléheconnectotile will assemblandprovide
basisfor theassemblyof the subsequentctangleFinally, somemoreconstantype of

tileswill beintroducedo Il in thegapsatthefour cornerghis squareandthe
gapbetweertwo subsequertonnectotiles, producingthetarget squarewith a
hole.

The upperboundon the numberof tiles is exactly the sameasthe upperboundfor
constructinghefour thin rectangleswhichis ——— .

7 Discussionand Futur e Work

In this paperwe de ne amodelin which the glue strengthbetweertiles dependsipon
the time they have beenalutting eachother Under this model, we demonstrateind
analyzecatalysisandself-replicationandshav how to constructathin rectangle
using tiles. The upperboundon assemblinga thin rectangleis obtained
by applyingsimilar assemblystrateyy asin the multi-temperaturenodel[6]. Thus,an
interestingquestionis whetherthe multi-temperaturenodel can be simulatedusing
our time-dependentnodel. We alsowantto furtherinvestigatef underour modelthe
lower boundof for thetile compleity of an squarecanbe further
improved.

Anotherinterestingdirectionis to studythekineticsof thecatalysisandself-replication
analytically Winfree's kinetic model[37] canbe usedto studythem,but the challenge
hereis thattherateconstanfor thedissociatiorfor a particularspecievarieswith time
becaus@f changingglue strengthof its bonds.This makesthe analyticalstudyhard.
However, thesecatalyticand self-replicatingsystemscanbe modeledasa continuous
time markov chain,andstudiedusingcomputersimulationto obtainempiricalresults.
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