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Introduction to Quantum
Information Processing

Michele Mosca

Overview

e Quantum Searching
e Quantum Counting

e Searching when you don't know the
number of elements

QUANTUM SEARCHING




Searching problem

Consider ¢ .ro13" _, {01}

Given U Z|X>I—> (—1)f(x)|x>

find an Xx satisfying f(x) =1 .

Application

Consider a 3-SAT formula
o=C,0C,0.--dcC,
Cj = (yj,l U Yi2 U yJ‘,z)
Yik D{Xl-le"' ’Xn’)Tl'YZ"” ')Tn}
For a given assignment X = X X, == X

fo(x) = 1 if X satisfies @
® 0 otherwise

Some ideas

For simplicity, let's start by assuming that
f (x) =1 has exactly one solution, X = w.

IDEA: Prepare

1 1 1
— (X)) = — W)+ — X
Zx \/2"| > V2" | > (;w\/2”| >)
Keep this “Re-scramble” this

Repeat roughly /2" times.




Must do this with legal
guantum operations

Grover's idea: |w)
/

\/17 | = H |00 - 0)
1 =U ,H |00 0)
| |
“mean value”

Must do this with legal
guantum operations

“invert about the mean”

=(-HU ,H ) H |00 0)
=-U, U H|00--0)

Repeat

=U (-HU H ) H |00 0)




Repeat

L

=(_HU opr(_HU oH)‘JfH‘OO'“O>

A nice way to analyze this

7 > H]o)

s(o) I > |w)

+
cos(6 ) > | Xo)
L A
sr(e)—ﬁ

A nice way to analyze this

>UfH0>
|




Definition

cos(p ) I >W>
+ [Xe)
MTTTTRFTTTTRTAREITATIRN
-sin(o )
Note that
>ufH0>
_ |
0)
cos(26) |||||||||||||||||||||||>HO
sne) 4 >H0>
Verify that

~sin(6)|w) + cos(9) x.)

c0s(26) #]0) ~sin(260) H]o)




After “inversion”

“UypUH ‘0>

— L

» Uy

o) || [][]]]]]
+sin(20) ||||||lllll"""""">

H |0)
H[o)

Alternatively

“UypUH ‘0>

sin(30) I > [w)

cos(ge)ﬁ > [Xo)

After k interations

‘ >(_UH0>Uf)kH(
cos(2ke)‘ | >HO>
+sin(2k9)‘ | >HO>




(*formula found by BBHT)
Alternatively

‘ (_UH\U>Uf)<H‘0

sir{(2k+16) I > |w)

- cod(+1)6 > Xo)

Selecting parameters

So we need

sin((k+16)=1

Square root speed-up! What if we don't
know k? See [BBHT] (or [M98]) for a
protocol that works in this case as well.

Generalization: Amplitude
Amplification (BBHT,BH,BHT,G,BHMT,..)

Consider functions with t solutions
X =f'(1) X, =f(0) t=[X]
Consider any algorithm that works with
non-zero probability
AO) =|¥) |¥) =sin(6) ¥,) +cos(6) ¥,
W)= 2 olx)  Ff =1
xOX,

X0X,

“4—’0> = y;oay‘w y;xo‘cxy‘z =1




Amplitude Estimation

e Given operators
AO) =|'¥) =sin(6) ) + cos(6) ;)
U, :|[¥)> —|¥)
[¥o) = [¥o)

e Estimate sin?(g)

Application: Counting

-y L
eEg A‘O>_xu{;,1}"\/27"‘x>
W)= T %)= Tl
e So _ [t N-t
Ao} = [+ (M)
e So
sn(e)= |-

Eigenvectors of Q

)=o)+
)= %) =)

Qw.)=eé®|y,) Qu)=eP|v)




Amplitude Estimation
= Eigenvalue Estimation

0>E|§ , QFTE.y

W) Q* )

Amplitude Estimation
= Eigenvalue Estimation

0>E|§ , QFTE.y

|¥-) Q" [¥-)

2 < o -26
N

sinZ(ﬂjzsinZ(e)

N

Amplitude Estimation
= Eigenvalue Estimation

AO)=efw)+ efn)
|0) E|§ , QFTE. y
AO) Q

sinz(%] ~sin?(0)

(BBHT discovered this in the Shor picture)




Application: Tight exact
counting (BBHT,BHT,M,BHMT)

. 1
Using A0)= D{;l}" F‘ X)

we have sin(g,)= \/E

To count exactly requires us to distinguish
6, from 6, , k#t

This requires precision @(1J

JE+D(2" -t +1)

Application: Tight exact
counting

QFT eigenvalue estimation techniques will
?ive us this precision using
(€]

[(t+1)(2" -t +1)) applications of Q

Black-box lower bounds imply that we need

Q( (t+1)(2n_t+1)) calls to U

Searching when we don't know
the number of solutions

Note that the amplitude estimation network
produces states

1 1 .64 —

SR+ e EE) )

As the eigenvalue estimates become more
orthogonal, the second register becomes
closer and closer to an equal mixture of

1 1 1 1
E\‘J-’+><‘P+\+E\W_><W_\ =§‘w1><q"1‘ +§‘w0><w0‘
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Searching when we don't know
the number of solutions

nbits
DEG= ==

AO) Q* ' 2

anl (1
Prob(f(z)—l)DE O(Z”G)

Prob(f(z) =1) - %

n - «

Searching when we don't know
the number of solutions

So for each n=1,2,3,4,..., we try twice to find
a satisfying x 1

This means thatonce 2" > — we will find
a satisfying x with probability in

+lzd)
4 2"0

This means the expected running time is in

%)

The way BBHT do it

Notice @ E'E , o=
AO) Q" 'z i

ol (1
Prob(f(z) =1) 0 0(2"6)

Prob(f(z) =1) - %

n - o
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The way BBHT do it

. nbits '
Notiee ) {5’%
AO) Q" ' z

_nol_of t
Prob(f(z)—l)D2 0(2”6)

Prob(f(z) =1) %

n - o

The way BBHT do it

nbits

Notice @ ori=H s
AO) Q" ' z

_nrl_qf 1
Prob(f(z)—l)D2 0(2”6)

Prob(f(z) =1) %

n - o

The way BBHT do it

Notice "o

AO) Q* ' z

ol (1
Prob(f(z) =1) 0 O(zne)

Prob(f(z) =1) - %

n - o
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The way BBHT do it

Pick random x0{04,---,2" -1

AO) Q* ' z

_nol_of t
Prob(f(z)—l)D2 0(2”6)

Prob(f(z) =1) %

n - o
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