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1. Introduction. The following subsections give an extended description of mo-
tivation, statement of the problem, and comparison with prior work.

1.1. Machine model. For most of this paper, we assume an arithmetic circuit
model of sequential computation, where each basic arithmetic or logical operation such
as addition, subtraction, multiplication, division, and comparison over the domain of
rational numbers can be exactly computed in one step. The floor and ceiling opera-
tions are not allowed in this model. (One of our results assumes an extended arithmetic
model, where given a real θ, then eiθ = cos(θ)+i sin(θ) can be computed in O(1) steps.
The assumptions made for the extended arithmetic model will be stated during pre-
sentation of our algorithms.) We also assume an arithmetic (EREW) PRAM model
of parallel computation, where the processors can execute these arithmetic operations
in parallel, with exclusive reading and exclusive writing into locations of the shared
memory. The computation is sequential if there is only one processor. The resource
metrics of this model are: parallel time (the time to compute the outputs) and work,
which is the total number of such steps summed over all processors.

1.2. Multipoint polynomial evaluation and interpolation. The multipoint
polynomial evaluation problem over ring D is defined as follows:
Input: n coefficients p0, . . . , pn−1 ∈ D defining a polynomial

P (z) =
n−1∑
j=0

pjz
j

of degree n− 1 and m evaluation points

z0, . . . , zm−1 ∈ D.
Output: The values P (z0), . . . , P (zm−1).

The multipoint polynomial interpolation problem over ring D is defined as follows:
Input: n distinct interpolation points z0, . . . , zn−1 ∈ D and n values y0, . . . , yn−1 ∈ D.
Output: coefficients p0, . . . , pn−1 ∈ D defining the unique polynomial

P (z) =
n−1∑
j=0

pjz
j

of degree n− 1 such that yj = P (zj) for j = 0, . . . , n− 1.
The multipoint complex (real) polynomial evaluation and interpolation problems

restrict D to the complex numbers C (real numbersR, respectively). Exact algorithms
for multipoint polynomial evaluation and interpolation use modular techniques devel-
oped in the initial work of Moenck and Borodin [27], Borodin and Munro [4], Horowitz
[25], Fiduccia [16], and Kung [26] and were improved by Borodin and Munro [5] to
the best known work bounds: O((n+m) log2(n+m)) for evaluation and O(n log2 n)
for interpolation. An error analysis for these algorithms is given by Newbery [28].
Pan et al. [31] also gave polynomial evaluation and interpolation algorithms with at
least this same work, which in certain cases provide improved numerical stability.
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1.3. Multipoint polynomial evaluation at a small number of points. A
special case of the multipoint polynomial evaluation problem is where the polynomial
P (z) has degree n−1, where n is much larger than the number m of evaluation points
z0, . . . , zm−1. This special case has been well known since the early days of algebraic
computation and is frequently used in recursive algorithms for multipoint polynomial
evaluation.

Proposition 1.1. The work to evaluate a polynomial P (z) of degree n − 1 at
m < n evaluation points z0, . . . ,zm−1 is O(n) plus dn/me times the work to evaluate
a polynomial of degree m− 1 at m evaluation points over the same domain.

Proof. Given P (z) of degree n− 1, we define dn/me polynomials

P0(z), . . . , Pdn/me−1(z)

of degree at most m− 1, where

P (z) =

dn/me−1∑
j=0

Pj(z)z
jm.

To initialize, we precompute the (trivial) multipoint evaluation zmk for each k =
0, . . . ,m − 1. Then for each j = 0, . . . , dn/me − 1 we do the multipoint evaluation
Pj(zk) for k = 0, . . . ,m− 1 and also compute each zjmk by multiplication of zmk times

z
(j−1)m
k .

By application of Proposition 1.1, combined with previous exact algorithms [27,
16, 26, 5] for m point polynomial evaluation for dn/me polynomials of degree m− 1,
which require work O(m log2m) each, we have the m point polynomial evaluation
problem, for m ≤ n, which can be computed within work

dn/me(m log2m) ≤ O(n log2m).

Also, the multipoint polynomial evaluation problem, for m ≥ n, can be solved within
work

m/nO(n log2 n) ≤ O(m log2 n).

Hence we have the following proposition.
Proposition 1.2. The multipoint polynomial evaluation problem costs work ≤

O((m+ n) log2 min(n,m)).

1.4. The DFT and generalizations. An nth root of unity ω satisfies ωn = 1
and ωj 6= 1 for 1 ≤ j < n. The nth root of unity over the complex numbers C is
ω = ei2π/n, where i =

√−1. The n roots of unity over C are ω0, ω1, . . . , ωn−1.
The discrete Fourier transform (DFT) problem over the complex numbers C is

defined as follows:
Input: coefficients p0, . . . , pn−1 ∈ D defining a polynomial

P (z) =

n−1∑
j=0

pjz
j

of degree n− 1.
Output: The values

P (ω0), P (ω1), . . . , P (ωn−1).
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The celebrated fast Fourier transform (FFT) algorithm of Cooley and Tukey [9]
(which, according to Cooley, Lewis, and Welch [8], originates with early work by
Runge and König [36] and had early use in the works of Danielson and Lanczos [11]
and Good [20]) provides the DFT in work O(n log n) (also see Gentleman and Sande
[17] and Rabiner and Rader [32] for efficient implementations of the DFT).

The DFT−1, which is the inverse problem to the DFT (that is, interpolation from
the n roots of unity), reduces to multiplying 1

n by the evaluation of a given polynomial
at the inverses of each of the n roots of unity. Since for each of the n roots of unity
ωj , the inverse ω−j = ωn−j is also one of the n roots of unity (now reverse ordered),
the DFT−1 can also be solved via the FFT in work O(n log n). The chirp transform
generalizes the FFT to the evaluation of a polynomial of degree n− 1 over the points
ζj , for a complex constant ζ. The chirp transform can be computed in work O(n log n)
by a generalization of the FFT algorithm. By a reduction to convolution and thus
DFT, the following has also been shown.

Proposition 1.3 (see Aho, Steiglitz, and Ullman [2]). For fixed complex con-
stants s0, s1, ζ, the generalized chirp transform problem of evaluation of a polynomial
of degree n− 1 over the points s0 + s1ζ

j for j = 0, . . . , n− 1 (and also the inverse of
this problem, that of interpolation from these chirp points) can be solved within work
O(n log n).

By application of Proposition 1.1, we have the following proposition.
Proposition 1.4. For fixed complex constants s0, s1, ζ, the generalized chirp

transform problem of evaluation of a polynomial of degree n − 1 for over the points
s0 + s1ζ

j for j = 0, . . . ,m− 1 can be solved within work O((m+ n) log min(n,m)).
Recently, Dutt and Rokhlin, [14] gave an ε-approx algorithm for evaluation of a

degree n−1 polynomial at n−1 points on a unit circle with work O(n log n+n log(1/ε))
and Dutt, Gu, and Rokhlin [12] gave an ε-approx algorithm for interpolation of a
degree n − 1 polynomial from n − 1 Chebyshev points on a unit circle with work
O(n log(1/ε)).

1.5. Organization of this paper. The results of this paper are summarized
in the abstract. Section 1 provides the standard definitions of the assumed arith-
metic model of computation, multipoint polynomial evaluation and interpolation,
the DFT, and generalizations to the chirp transform (see also Aho, Steiglitz, and
Ullman [2]).

Section 2 gives our main result, Theorem 2.7, an approximate complex polynomial
evaluation algorithm using a reduction to Trummer’s problem which we approximately
solve by multipole algorithms. We first define Trummer’s problem in subsection 2.1
and describe Multipole methods for approximately solving Trummer’s problem in sec-
tion 2.2. We then give an algorithm for multipoint complex polynomial re-evaluation
by reduction to Trummer’s problem in section 2.3, and finally in section 2.4 we use this
reduction to do approximate complex polynomial evaluation via DFT and multipole
algorithms.

Note. Our computational model assumes each arithmetic operation yields exact
results; thus, it is not yet known if our algorithm yields the performance given in the-
ory if each arithmetic operation is computed in approximate floating point. However,
implementations (see [22, 15]) of fast multipole algorithms using approximate floating
point operation do give excellent performance in practice.

Section 3 describes known results for approximate real polynomial evaluation;
section 3.1 defines the Chebyshev point evaluation problem and known algorithms;
section 3.2 bounds the errors of interpolation at the Chebyshev points; and section 3.3
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describes known methods for approximate real polynomial evaluation via interpolation
at the Chebyshev points.

Section 4 has a secondary (less general) result: it gives approximate polynomial
evaluation on a circle in a number of interesting cases, using classical methods of real
approximation by interpolation at the Chebyshev points. Subsection 4.1 describes
approximate polynomial evaluation on a circle via interpolation at the Chebyshev
angles and section 4.2 gives an alternative method which is proved in Appendix A.

Section 5 proves a lower bound for a wide class of schemes for polynomial eval-
uation on the unit circle; namely, there is no general approximation method, using a
low degree polynomial, that is convergent over a large fraction of the unit circle.

Appendix B gives an algorithm for exact Chebyshev point evaluation in O(n log n)
work, which is useful for the approximate real polynomial evaluation results of section
3 (this can be used as an alternative for a somewhat more complex algorithm for
Chebyshev point evaluation of Gerasoulis [18]).

2. Approximate complex polynomial evaluation via the multipole
methods.

2.1. Trummer’s problem. We define the (generalized) Trummer’s problem
over the complex plane C:
Input: n points a0, . . . , an−1 ∈ C, n weights c0, . . . , cn−1 ∈ C, defining a rational
function ψ(z) =

∑n−1
j=0

cj
z−aj , and also m ≥ n evaluation points z0, . . . , zm−1 ∈ C.

Output: The values ψ(z0), . . . , ψ(zm−1).
Trummer’s problem has widespread application to calculation of electrostatic and

gravitational forces. Gerasoulis [18] (also see Gerasoulis, Grigoriadis, and Sun [19])
gave an exact algorithm for Trummer’s problem, requiring O(m log2m) work. For
the case where m = n and aj = zj , for j = 1, . . . , n, Gerasoulis defined a polynomial

σ(z) = Πn−1
j=0 (z − aj) and its derivative σ(1)(z) = dσ(z)

dz . By l’Hôpital’s rule (the limit
is preserved by taking derivatives), we have the following proposition.

Proposition 2.1.

ψ(aj) =
cj

σ(1)(aj)

for j = 0, . . . , n− 1
Thus Gerasoulis gave a reduction of the probem of evaluation of ψ(z) to evaluation

of σ(1)(z) at the n points a0, . . . , an−1, which requires O(n log2 n) work for the exact
solution of Trummer’s problem. The result of Gerasoulis also easily extends (e.g., by
use of additional weights cj with value 0) to allow for exact solution of the generalized
Trummer’s problem, as defined above, in O(m log2m) work.

2.2. Multipole methods. Let k = log(|C|/ε), where |C| = ∑n−1
j=0 |cj | is the sum

of the moduli (the modulus of complex number reiθ is r) of the weights c0, . . . , cn−1

and ε is a given absolute error bound on each output. Greengard and Rokhlin [21]
(also see Carrier, Greengard, and Rokhlin [7]) gave an ε-approx algorithm, known
as the multipole algorithm, for Trummer’s problem using an O(k) term rational se-
ries expansion of O(k) terms and requiring O(mk2) work over the complex plane.

They computed ε-approx values ψ̃(a0), . . . , ψ̃(am) such that |ψ(aj) − ψ̃(aj)| ≤ ε for
j = 0, . . . ,m−1. Given the n points a0, . . . , an−1 ∈ C for Trummer’s problem, rational
function ψ(z), and also m ≥ n evaluation points z0, . . . , zm−1 ∈ C, the multipole algo-
rithm requires using these m+n points to construct a certain tree-like data structure
known as the well-separated decomposition; see Callahan and Kosaraju [6] for details.
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Given these m + n points, the well-separated decomposition algorithm of Callahan
and Kosaraju [6] costs work O(m logm). Also, Pan, Reif, and Tate [30] (see Reif and
Tate [33] for the full paper) gave an O(m log logm) algorithm for the well-separated
decomposition in the case where the input points have logarithmic bit-precision. As-
suming a well-separated decomposition, the Multipole algorithm over the complex
plane was improved by Greengard and Rokhlin [22] to O(mk log k) work by use of the
FFT, to do each of the O(m) operations on O(k) term power series required by this
multipole algorithm, each within work O(k log k). Later work by Pan, Reif, and Tate
[30] (see Reif and Tate [34] for the full paper) gave a further substantial improve-
ment, which remains the most efficient known algorithm for approximate solution of
the Trummer’s problem.

Lemma 2.2. Given a well-separated decomposition of the set of the input points,
a Trummer’s problem for m evaluation points can be ε-approx on every output within
work O(m log2 k), where k = log(|C|/ε).

The algorithm of [30, 34] uses a reduction from Trummer’s problem for m eval-
uation points to ε-approx solution of a (slightly generalized) Trummer’s problem of
size m′ ≤ m/kc for a constant c with cost O(m′k log k) ≤ O(m), and also solves
O(m′) instances of Trummer’s problem; each has m/m′ ≤ kc evaluation points cost-
ing O((m/m′) log2 k) per such instance, resulting in the total cost

O(m′(m/m′) log2 k) ≤ O(m log2 k).

Note. In the special case that the m evaluation points are chirp points, the algo-
rithm of [30, 34] can be sped up as follows: again we compute an ε-approx solution of
a (slightly generalized) Trummer’s problem of size m′ ≤ m/kc with cost O(m′k log k)
≤ O(m) and also solve O(m′) instances of Trummer’s problem with m/m′ ≤ kc chirp
evaluation points, with the reduced cost O((m/m′) log k) for each such instance, re-
sulting in a somewhat reduced total cost O(m′(m/m′) log k) ≤ O(m log k).

2.3. Reduction to Trummer’s problem. The multipoint polynomial
re-evaluation problem over C is defined as follows:
Input: n distinct points a0, . . . , an−1 ∈ C and n values y0, . . . , yn−1 ∈ C defining a
unique polynomial P (z) of degree n − 1 such that yj = P (aj) for j = 0, . . . , n − 1,
and m re-evaluation points z0, . . . , zm−1 ∈ C, which are distinct from these points
a0, . . . , an−1.
Output: The values P (z0), . . . , P (zm−1).

Note that in the polynomial re-evaluation problem, the coefficients of the input
polynomial are not explicitly given.

Given as input n distinct points a0, . . . , an−1 ∈ C, and values y0, . . . , yn−1, let
σ(z) = Πn−1

j=0 (z − aj). Our basic approach is as follows. We construct the rational
function ψ(z) = P (z)/σ(z), which can be expanded as a Trummer’s function ψ(z)

=
∑n−1
j=0

cj
z−aj . The weights c0, . . . , cn−1 ∈ C are determined by reversing the formula

of Proposition 2.1, as follows in this proposition.
Proposition 2.3. Suppose we set cj = yj/σ

(1)(aj) for j = 0, . . . , n − 1, where

σ(1)(z) = dσ(z)
dz . Then P (z) = ψ(z)σ(z) for all z, where ψ(z) =

∑n−1
j=0

cj
z−aj , and P (z)

is the unique degree n− 1 polynomial such that P (a0) = y0, . . . , P (an−1) = yn−1.
Proof. If P (z) = ψ(z)σ(z), then for j = 0, . . . , n− 1,

cj = lim
z→aj

(z − aj)ψ(z) = lim
z→aj

(z − aj)(P (z)/σ(z))

= P (aj)/σ
(1)(aj) = yj/σ

(1)(aj).
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We will exactly compute the values σ(1)(aj), j = 0, . . . , n − 1. We will compute
or approximate (as in certain specialized cases described below) the values σ(zj),
j = 0, . . . ,m − 1. Next we apply the efficient multipole method of [30, 34] (Lemma

2.2) to construct an ε-approx solution ψ̃(z0), . . . ,ψ̃(zm−1) of this Trummer’s problem,

such that |ψ(zj)− ψ̃(zj)| ≤ ε for j = 0, . . . ,m− 1. If we exactly compute σ(zj), then

we approximate each P (zj) by P̃ (zj) = ψ̃(zj)σ(zj). Otherwise, we approximate each

P (zj) by P̃ (zj) = ψ̃(zj)σ̃(zj), where σ̃(zj) is an ε∗-approx to σ(zj) (as determined
below).

Proposition 2.4. For j = 0, . . . ,m− 1, the P̃ (zj) are an ε̂-approx to the P (zj),
where if the σ(zj) are exactly computed, then

ε̂ ≤ εmax
j
|σ(zj)|,

and if each σ(zj) is ε∗-approx by σ̃(zj), then

ε̂ ≤ (ε∗ + max
j
|σ(zj)|)ε+ (2 + 3ε∗/min

j
|σ(zj)|)|P |,

where |P | = ∑n−1
j=0 |pj |.

Proof. First suppose the σ(zj) are exactly computed, so ε∗ = 0. By definition,

P (zj) = ψ(zj)σ(zj) and P̃ (zj) = ψ̃(zj)σ(zj), so we have

|P (zj)− P̃ (zj)| = |ψ(zj)σ(zj)− ψ̃(zj)σ(zj)|
= |ψ(zj)− ψ̃(zj)||σ(zj)| ≤ ε|σ(zj)|.

Otherwise, suppose each σ(zj) is ε∗-approx by σ̃(zj). We have |ψ(zj)| ≤ |P |/|σ(zj)|,
and |ψ̃(zj)| ≤ ε+ |ψ(zj)| ≤ ε+ |P |/|σ(zj)|, so

|ψ̃(zj)||σ(zj)| ≤ |σ(zj)|ε+ |P |,
and also

|ψ(zj)|+ |ψ̃(zj)| ≤ ε+ 2|ψ(zj)| ≤ ε+ 2|P |/|σ(zj)|.
Furthermore, |σ(zj)− σ̃(zj)| ≤ ε∗, so |σ̃(zj)| ≤ ε∗ + |σ(zj)|, and

|ψ(zj)σ̃(zj)| ≤ ε∗|ψ(zj)|+ |P | = ε∗(|P |/|σ(zj)|) + |P |.
Also,

(|ψ(zj)|+ |ψ̃(zj)|)|σ(zj)− σ̃(zj)| ≤ ε∗(ε+ 2|P |/|σ(zj)|).
Note that

P (zj)− P̃ (zj) = ψ(zj)σ(zj)− ψ̃(zj)σ̃(zj)

= (ψ(zj) + ψ̃(zj))(σ(zj)− σ̃(zj)) + ψ(zj)σ̃(zj)− ψ̃(zj)σ(zj).

Hence

|P (zj)− P̃ (zj)| = |ψ(zj)σ(zj)− ψ̃(zj)σ̃(zj)|
≤ (|ψ(zj)|+ |ψ̃(zj)|)|σ(zj)− σ̃(zj)|+ |ψ(zj)σ̃(zj)|+ |ψ̃(zj)σ(zj)|
≤ ε∗(ε+ 2|P |/|σ(zj)|) + (ε∗(|P |/|σ(zj)|) + |P |) + (|σ(zj)|ε+ |P |)
= (ε∗ + |σ(zj)|)ε+ (2 + 3ε∗/|σ(zj)|)|P |.
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To approximately compute each of the σ(zj), given zj (and with fixed aj) for
j = 0, . . . ,m − 1, we define a unitary Trummer’s problem of size m where we spe-
cialize the yj to 1 but keep the aj fixed as before. Hence, since the aj are fixed,
the weights are fixed as cj = 1/σ(1)(aj), and so can be assumed to be precomputed.
This corresponds to defining a constant polynomial P ∗(z) = 1 = ψ∗(z)σ(z); with this
specialization, ψ∗(z) = 1/σ(z). Next we can apply again Lemma 2.2 to construct an

ε-approx solution: ψ̃∗(z0), . . . , ψ̃∗(zm−1) of the unitary Trummer’s problem. Then we

define σ̃(z) = 1/ψ̃∗(z), and use σ̃(zj) as an approximation to σ(zj).
Proposition 2.5. For j = 0, . . . , n− 1, each

σ̃(zj) = 1/ψ̃∗(zj)

is an ε∗-approx to σ(zj), where

ε∗ =
ε|σ(zj)|2

1− |σ(zj)|ε .

Proof. The error is bounded as

|σ̃(zj)− σ(zj)| = | 1

ψ̃∗(zj)
− 1

ψ∗(zj)
| = | ψ̃

∗(zj)− ψ∗(zj)
ψ∗(zj)ψ̃∗(zj)

| = |ψ̃
∗(zj)− ψ∗(zj)|
|ψ∗(zj)ψ̃∗(zj)|

≤ ε

|ψ∗(zj)||ψ̃∗(zj)|
≤ ε

|ψ∗(zj)|(|ψ∗(zj)| − ε) = ε∗

for

ε∗ =
ε|σ(zj)|2

1− |σ(zj)|ε ,

since σ(z) = 1/ψ∗(z), and

|ψ̃∗(zj)| ≥ |ψ∗(zj)| − ε =
1− |σ(zj)|ε
|σ(zj)| .

2.4. Approximate complex polynomial evaluation via DFT and multi-
pole algorithms. Let ω = ei2π/n be the nth root of unity ∈ C. We assume the n
roots of unity ωj , for j = 1, . . . , n − 1 are precomputed. Let us specialize the points
a0, . . . , an−1 to be the n roots of unity, so aj = ωj for j = 0, . . . , n − 1. Then it is
known (e.g., see Aho, Hopcroft, Ullman [1]) that σ(z) = Πn−1

j=0 (z − ωj) = zn − 1. In
this case, each σ(zj) = znj − 1 can be exactly computed by repeated squaring with

work only O(log n). Since σ(1)(z) = nzn−1 in this case, and ωn = 1, each

σ(1)(aj) = σ(1)(ωj) = nωj(n−1) = n/ωj = nωn−j .

Thus each σ(1)(aj) costs one multiplication to compute from the known (precomputed)
root of unity ωn−j . Also,

max
j
|σ(zj)| ≤ 1 + max

j
|zj |n.

Note that if all the re-evaluation points zj , for j = 0, . . . ,m− 1, are on or within the
unit disk,

max
j
|zjn| ≤ max

j
|zj |n ≤ 1.
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This implies that

max
j
|σ(zj)| ≤ 1 + max

j
|zjn| ≤ 2,

so by Proposition 2.4 (where we fix ε∗ = 0 since the σ(zj) are exactly computed) we
have the following lemma.

Lemma 2.6. Let the points a0, . . . , an−1 be the n roots of unity, and all the re-
evaluation points zj, j = 0, . . . ,m− 1 be on or within the unit disk, so |zj ≤ 1, and
let the zj be distinct from the n roots of unity. We construct an ε-approx solution

ψ̃(z0), . . . , ψ̃(zm−1) of the resulting Trummer’s problem. Then for j = 0, . . . ,m − 1,
each P (zj) is 2ε-approx by

P̃ (zj) = ψ̃(zj)σ(zj).

Now we bound the work. Given as input the coefficients of a degree n − 1 poly-
nomial P (z), we can exactly evaluate P (z) at the n roots of unity by applying the
DFT algorithm to the coefficients of P (z) in work O(n log n). Now given m evaluation
points z0, . . . , zm−1 on or within the unit disk, and distinct from the n roots of unity,
we apply the above reduction to Trummer’s problem. Let |P | =

∑n−1
j=0 |pj |. Since

σ(1)(z) = dσ(z)
dz = nzn−1, it follows that |σ(1)(ωj)| = n. Hence the coefficients cj =

P (ωj)/σ(1)(ωj) of Trummer’s problem have magnitude

|cj | = |P (ωj)|/n = |P |/n
and have summed magnitude

|C| =
n−1∑
j=0

|cj | = |P |.

We compute all the σ(aj) by O(n) multiplications (of n times each of the precomputed
roots of unity). If the input evaluation points z0, . . . , zm−1 are fixed, then we can
assume a precomputed well-separated decomposition of the set containing all the n
roots of unity and the set of m evaluation points. Also, when the input evaluation
points are fixed, we can assume precomputed σ(zj), j = 0, . . . ,m− 1.

By the efficient multipole algorithm of [30, 34] (Lemma 2.2) the resulting Trum-
mer’s problem of size m can be ε-approx on every output within work O(m log2 k),
where k = O(log(|C|/ε)) = O(log(|P |/ε)). Thus if m ≥ (n log n)/ log2 k, then the
total work for m fixed evaluation points is O(m log2 k). By Proposition 2.4, for

j = 0, . . . ,m− 1, the P̃ (zj) are an ε̂-approx to the P (zj), where

ε̂ = εmax
j
|σ(zj)| ≤ 2ε,

since maxj |σ(zj)| ≤ 2. Thus the approximation errors are upper bounded by 2ε, and
rescaling (to simplify notation) 2ε to ε, we have the following theorem.

Theorem 2.7. Suppose we are given a complex degree n− 1 polynomial P (z), m
fixed evaluation points on or within the unit disk (with a precomputed well-separated
decomposition), and a given ε > 0. Let k = O(log(|P |/ε)). Then we can compute
an ε-approx of this complex polynomial evaluation problem within work O(m log2 k +
n log n). If m ≥ (n log n)/ log2 k, the amortized work per evaluation point is bounded
by O(log2 k).



2068 JOHN H. REIF

Note. For practical implementation of approximate polynomial evaluation via
Theorem 2.7, one may substitute a theoretically less efficient multipole algorithm
in place of the efficient multipole algorithm of [30, 34] (Lemma 2.2), which costs
O(m log2 k) work. For example, the FFT-accelerated fast multipole algorithm of
Greengard and Rokhlin [22], which requires O(mk log k) work, in theory gives an
improvement over the bounds of O(n log2 n) for exact algorithms if k ≤ o((log2 n)/
log log n) and moreover is known to be very efficient in practice. This FFT-accelerated
fast multipole algorithm was implemented by Elliott and Board [15] on a variety of
high performance machines, gives the currently fastest running multipole algorithm
implementation known in practice (as opposed to theory) on these machines, and is
used in many molecular simulation applications. Another approach would be to do a
careful implementation of the multipole algorithm of Reif and Tate [30, 34], which may
provide improved performance in practice, over the FFT-accelerated fast multipole
algorithm.

Further note. We can reduce the work bounds of Theorem 2.7 for the special case
of m chirp evaluation points, a Trummer’s problem for m chirp evaluation points can
be ε-approx on every output within work O(m log k). Thus the work bounds given in
Theorem 2.8 can in this case be reduced by replacing log2 k by log k.

The case where the m evaluation points are not fixed. For small k =
o(n), the most costly parts of the above approximate complex polynomial evaluation
algorithm is the computation of the σ(zj) and the well-separated decomposition, both
costing work O(m logm) in the worst case. We now describe how to reduce this
cost by approximate computation of the σ(zj) and, in certain cases, more efficient
computation of the well-separated decomposition.

Again, we will assume that the input evaluation points z0, . . . , zm−1 are on or
within the unit disk; however, we redefine aj = rωj where ω is the nth root of unity.
Let r = (1 + 1

n ) and note rn ≈ e. Recall (e.g., see Aho, Hopcroft, Ullman [1]) that

Πn−1
j=0 (z − ωj) = zn − 1. In this case we redefine

σ(z) =

n−1∏
j=0

(z − rωj) = rn
n−1∏
j=0

(z
r
− ωj

)
= rn

((z
r

)n
− 1
)

= zn − rn.

Since |zj | ≤ 1, we have

|σ(zj)| = |znj − rn| ≤ |zj |n + rn ≤ 1 + rn ≈ 1 + e.

Also,

|σ(zj)| = |zn − rn| ≥ |rn| − |zn| ≤ rn − 1 ≈ e− 1.

Since we again have

σ(1)(z) =
dσ(z)

dz
= nzn−1

in this specialized case, and since |aj | = 1, each

σ(1)(aj) = σ(1)(rωj) = n(rωj)n−1,

so

|σ(1)(aj)| = nrn−1 ≈ ne/r.
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1. Approximate computation of the σ(zj) via the unitary Trummer’s problem. If
the input evaluation points are not fixed, we might exactly compute all the
σ(zj) = znj − rn by powering in O(m log n) work. Instead, we will approxi-
mately compute the σ(zj), j = 0, . . . ,m− 1. To do this, as described above,
define a unitary Trummer’s problem of size m where we specialize the weights
to be 1, so ψ∗(z) = 1/σ(z). Since for each j, the aj = rωj are fixed, we can as-
sume the σ(1)(aj) = n(rωj)n−1 are precomputed, thus providing the weights
cj = 1/σ(1)(aj). Applying Lemma 2.2 again, the resulting unitary Trummer’s
problem of size n is ε-approx on every output σ̃(zj), so |σ(zj) − σ̃(zj)| ≤ ε,
with the same work O(m log2 k). We assume ε ≤ 1/4. By Proposition 2.5,

each σ̃(z) = 1/ψ̃∗(zj) is an ε∗-approx to σ(zj), where

ε∗ = max
j

ε|σ(zj)|2
1− |σ(zj)|ε ≤

ε(1 + e)2

1− (1 + e)ε
≤ O(ε),

since we have shown maxj |σ(zj)| ≤ 1 + e and we have assumed ε ≤ 1/4. By

Proposition 2.4, for j = 0, . . . ,m − 1, each P̃ (zj) are an ε̂-approx to P (zj),
where

ε̂ ≤ (ε∗ + max
j
|σ(zj)|)ε+ (2 + (3ε∗)/min

j
|σ(zj)|)|P | ≤ O(ε|P |).

2. Computation of the well-separated decomposition. We can compute a well-
separated decomposition of the set union of the m ≥ n evaluation points
and the aj = rωj , j = 0, . . . , n − 1 within work O((n + m) log(n + m)) ≤
O(m logm) by the algorithm of Callahan and Kosaraju [6]. Alternatively,
if the points have logarithmic bit-precision, then the algorithm of [30, 34]
computes, within work O((n + m) log log(n + m)) ≤ O(m log logm), a well-
separated decomposition the set of m evaluation points. Furthermore, since
the aj = rωj , j = 0, . . . , n − 1 are regularly spaced on the radius r circle, a
simple modification of the well-separated decomposition algorithm of [30, 33]
can be used to compute a well-separated decomposition of the set union of n
roots of unity and the set of m evaluation points, within work O(m log logm).

In either case, we proceed as follows. We apply the above construction, for
re-evaluation via Trummer’s problem, to P (z). Since |σ(1)(rωj)| ≈ ne/r, the co-
efficients cj = P (ωj)/σ(1)(ωj) of the Trummer’s problem have summed magnitude
|C| ≈ |P |r/e ≤ O(|P |), so we may let

k = O(log(|C|/ε)) = O(log(|P |/ε)).
Again the resulting Trummer’s problem of size m can be ε′-approx on every output us-
ing the efficient multipole algorithm of [30, 34] (Lemma 2.2) within work O(m log2 k).
For j = 0, . . . ,m− 1, let

P̃ (zj) = ψ̃(zj)σ̃(zj)

be the resulting approximation of P (zj). In either case, the error of approximation

of P (zj) by P̃ (zj) is bounded as |P̃ (zj)− P (zj)| ≤ ε̂. Thus, by rescaling (to simplify
notation) the total error O(ε̂) to ε, we have the following theorem.

Theorem 2.8. Suppose we are given a complex degree n− 1 polynomial P (z), m
evaluation points (which are not fixed) on or within the unit disk, and a given ε, 0 <
ε < 1/4. Let k = O(log(|P |/ε)). Then we can compute an ε-approx of this complex
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polynomial evaluation problem within work O(m(logm + log2 k) + n log n). Thus, if
m ≥ (n log n)/(logm+ log2 k), then we require amortized work O(logm+ log2 k) per
evaluation point.

Note. If the m evaluation points have logarithmic bit-precision, then the com-
plexity bounds of Theorem 2.8 can be improved by application of the well-separated
decomposition algorithm of [30, 33]; in this case each appearance of logm in Theorem
2.8 can be replaced with log logm.

Further note. In the special case that the m evaluation points are chirp points,
a Trummer’s problem for m chirp evaluation points can be ε-approx on every output
within work O(m log k). Thus the work bounds given in Theorem 2.8 can in this case
be reduced by replacing log2 k by log k.

3. Chebyshev points and approximate real polynomial evaluation.

3.1. The Chebyshev point evaluation problem. Let ω = ei2π/n
′

be the n′th
root of unity over the complex numbers C. Note that

ωj = cos(j2π/n′) + isin(j2π/n′).

Let m ≤ n′. The (n′,m)-Chebyshev points are the set of m real parts xj = cos(j2π/n′)
of the powers ωj , for j = 0, 1, . . . ,m− 1. (This is slightly nonstandard notation, but
convenient for our purposes.) Given real constants s0, s1 the shifted (n′,m)-Chebyshev
points are real values

x′j = s0 + s1 cos(j2π/n′).

The (shifted) (n′,m)-Chebyshev point evaluation problem is the multipoint real eval-
uation problem of evaluating a polynomial of degree n − 1 at the set of m (shifted,
respectively) (n′,m)-Chebyshev points. The (shifted) (n′, n)-Chebyshev point inter-
polation problem is the multipoint real interpolation problem of interpolating a poly-
nomial of degree n − 1 from the set of n (shifted, respectively) (n′, n)-Chebyshev
points.

Pan [29] has given an O(n log2 n) algorithm for the (4n, n)-Chebyshev point eval-
uation problem and the shifted version of this problem. The results of Gerasoulis [18]
imply an O(n log n) algorithm for (n′, n)-Chebyshev point evaluation, for n′ = O(n),
which uses a reduction to Trummer’s problem for Chebyshev points. In the appendix
we give an alternative algorithm (using a recursive algorithm and a reduction to the
DFT and by application of Proposition 1.1) for (n′, n)-Chebyshev point evaluation
(and also interpolation) with these same work bounds but yielding a simpler algo-
rithm.

Lemma 3.1. For n′ ≤ O(n), the (n′,m)-Chebyshev point evaluation problem can
be solved in work O((n+m) log min(n,m)), and the (n′, n)-Chebyshev point interpo-
lation problem can be solved in work O(n log n). (The circuit depth is O(log n).) Also,
the shifted version of these problems can be solved within the same work bounds.

3.2. Approximate real evaluation via interpolation at the Chebyshev
points. Interpolation at the Chebyshev points is a well-known classical method for
approximation of real functions (see, for example, Dahlquist and Björck [10] and Henry
[24]). Fix an interval I = [L,U ] of the real line of length |I| = U −L. Let f(x) be any

real function over I. We say f̃(x) is an ε-approx of f(x) over I if |f(x) − f̃(x)| ≤ ε

for any x ∈ I. Fix f̃(x) to be the degree k polynomial derived by interpolating f(x)
at the shifted (2k, k)-Chebyshev points x′j = U+L

2 + U−L
2 cos( jπk ), for j = 0, . . . , k− 1,
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which are on the interval I = [L,U ]. Thus f̃(x) is the unique degree k polynomial

such that f̃(x′j) = f(x′j) for j = 0, . . . , k − 1. Let

f (k)(x) =
dkf(x)

dkx

be the kth derivative of f(x) with respect to x.

Proposition 3.2 (see Dahlquist and Björck [10]). For any x ∈ I, f̃(x) is an
ε-approx of f(x), for

ε =
2(|I|/4)k

k!
max
y∈I
|f (k)(y)|.

3.3. Approximate real polynomial evaluation via interpolation at the
Chebyshev points. Rokhlin [35] applied Proposition 3.2 for a fast algorithm for the
discrete Laplace transformation. Fix P (x) to be a real polynomial of degree n−1. As
observed in Pan, Reif, and Tate [30], direct application of the well-known Proposition
3.2 immediately gives an ε-approx to the real multipoint evaluation problem for P (x)
at any given m real points x0, . . . , xm−1. By Lemma 3.1, the shifted (2k, k)-Chebyshev
point evaluation problem for P (x) can be solved within work O(n log k). Known exact
algorithms [16, 26, 5] for k-point polynomial interpolation require work O(k log2 k).

By Proposition 1.2, the multipoint polynomial evaluation problem for P̃ (x) at the
real points x0, . . . , xm−1 ∈ I can be solved within work O(m log2 k). Thus an ε-
approx of the multipoint polynomial evaluation problem for P (x) at any m real points

∈ I can be solved within work O(m log2 k), where ε = 2(|I|/4)k

k! maxy∈I |P (k)(y)|. Let
β = log(|P |/ε), where |P | is the sum of the moduli of the coefficients of P . Assuming
without loss of generality (w.l.o.g.) k = o(n), note that if we fix I = [−1, 1] we have
that

max
y∈I
|P (k)(y)| ≤ max

y∈I
max
k≤j<n

j!

(j − k)!
y−(j−k)|P | ≤ max

k≤j<n
j!

(j − k)!
2−(j−k)|P |,

which is maximized when j = k, so

max
y∈I
|P (k)(y)| ≤ j!

(j − k)!
2−(j−k)|P | ≤ k!|P |.

Setting the degree of P̃ to be k − 1, where k = log(|P |/ε), we have that

ε ≤ 2(|I|/4)k

k!
max
y∈I
|P (k)(y)| ≤ |P |/2k−1,

implying, by Proposition 3.2, the following known result.
Lemma 3.3 (see Pan, Reif, and Tate [30] and also Bini and Pan [3]). An ε-approx

of the multipoint polynomial evaluation problem for a degree n−1 polynomial P (x) at
any m ≥ n real points ∈ [−1, 1] can be solved within work O(m log2 min (n, k)), where
k = log(|P |/ε).

So far we have assumed that P (x) has only real coefficients. Note that if P (x) has
complex coefficients, then we can let P (x) = P0(x) + iP1(x) where P0(x), P1(x) have
only real coefficients. Then application of Lemma 3.3 for each of the P0(x), P1(x)
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implies that for k = log(|P |/ε), the resulting error of approximation for evaluation of
P (x) is a

√
2 factor more, that is,

√
2ε. Hence rescaling (to simplify notation) the

error
√

2ε to ε, we have the following lemma.
Lemma 3.4. An ε-approx of the multipoint polynomial evaluation problem for

a degree n − 1 polynomial P (x) with complex coefficients at any m ≥ n real points
∈ [−1, 1] is solved in work

≤ O(m log2 min (n, log(|P |/ε))).

By Lemma 3.1, the (n′,m)-Chebyshev point evaluation problem for the degree

k− 1 polynomial P̃ (x) at shifted (n′,m)-Chebyshev points can be solved within work
O(m log k). All Chebyshev points are within the interval I = [−1, 1]. Setting k =
log(|P |/ε), we have again that ε ≤ |P |/2k−1 implying the improved result.

Lemma 3.5. An ε-approx of the (n′,m)-Chebyshev point evaluation problem for
a degree n− 1 polynomial P (x) is solved in work

O((m+ n) log min (n, log(|P |/ε))).

(The parallel time is O(log min (n, log(|P |/ε))).)
4. Approximate evaluation on a circle.

4.1. Approximate polynomial evaluation on a circle via interpolation
at the Chebyshev angles. We further reduce our amortized work bounds for spe-
cial sets of evaluation points. By reduction to approximate evaluation of Trummer’s
problem via the Multipole algorithm, we have already shown how to ε-approx complex
degree n − 1 polynomial evaluation at m ≥ n log n chirp points ζj , j = 0, . . . ,m − 1,
for some fixed complex number ζ, |ζ| ≤ 1 in amortized work O(log k) per point. Using
quite distinct techniques, we give in this section a reduction from ε-approx complex
degree n− 1 polynomial evaluation at m ≥ n points on a circle of radius r to approx-
imate real polynomial evaluation, again in amortized work O(log2 k) per point. Let

i =
√−1. Fix a complex polynomial P (z) =

∑n−1
j=0 pjz

j of degree n− 1 and let

|P | =
n−1∑
j=0

|pj |.

Let ε > 0 be a given error bound. Let z = reiθ range on a circle of radius r, and
define the angle of z to be θ(z) = θ. We now consider the evaluation of P (z) at a
set of points zj = reiθj for j = 1, . . . ,m over an interval of a circle of radius r with
angular bounds θj ∈ [0,∆], for a positive real ∆ ≤ 2π. The set of points reiθj , for
j = 0, . . . ,m − 1, are regularly spaced on the circle of radius r if the θj are a linear
function of j (for example, the n roots of unity are regularly spaced on the unit circle).
The polynomial P (z) is (k, t)-descending if the magnitude of the coefficients drops as

|pj | ≤ nO(1)|P |
(
t

j

)k
,

for j = k, . . . , n− 1. Here we prove the following.
Theorem 4.1. Suppose we are given a complex polynomial P (z) =

∑n−1
j=0 pjz

j of

degree n− 1, and a fixed set of evaluation points zj = reiθj for j = 0, . . . ,m− 1 on a
circle of radius r with angular range θj ∈ [0,∆]. Let c = 1 if the evaluation points are
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regularly spaced and otherwise c = 2. Then an ε-approx of this multipoint polynomial
evaluation problem can be computed within work O(m logc k) if either 1. r = 1 and
∆ ≤ k

e(n−1) , or 2. r = 1 and P (z) is (k, k/(eπ))-descending, or 3. r ≤ 1/(eπ). Here

k = 1
2 log(|P |/ε) +O(1) in cases 1 and 3 and k = O(log(n|P |/ε)) in case 2.

Proof. Restrict z to the upper half circle of radius r, so z = reiθ, where i =
√−1,

and 0 ≤ θ ≤ π. Let Q(θ) = P (reiθ) =
∑n−1
j=0 qje

ijθ, where qj = rjpj , and P (z) =∑n−1
j=0 pjz

j . Fix a number k which divides n, to be determined below. The exact
evaluation of P (z) at the evaluation points zj , for j = 0, . . . ,m−1, can be done by an
exact evaluation of Q(θ) at the real points θ0, . . . , θm−1, where zj = reiθj . Instead, we
will do an ε-approximate evaluation of P (z) at the evaluation points z0, . . . , zm−1, as

follows. We can assume w.l.o.g. that each 0 ≤ θj ≤ π. Since P (−z) =
∑n−1
j=0 pj(−z)j

=
∑n−1
j=0 p

′
jz
j , where p′j = −pj if j is odd, and else p′j = pj , the case where the

evaluation points zj = reiθj are on the lower half circle can be reduced to this case
by multiplication of the zj by eiπ = −1, and switching the sign of the coefficients pj
of P (z) where j is odd. We construct a degree k − 1 polynomial Q̃(θ) which gives an

ε-approx of polynomial Q(θ). To construct Q̃(θ), we do an exact evaluation of Q(θ) at
the shifted (2k, k)-Chebyshev points θ′j = π cos(jπ/k) for j = 0, . . . , k−1 over the real
interval I = [0,∆], for a given ∆, 0 < ∆ ≤ 2π. To do this first step, we can exactly

evaluate P (z) at reiθ
′
j for j = 0, . . . , k− 1, which in general costs work O(n log2 k) by

Proposition 1.1; or if the evaluation points are regularly spaced, then by Proposition
1.4 this costs O(n log k). We could now exactly interpolate a degree k− 1 polynomial

Q̃(θ) from Q(θ′j) = P (reiθ
′
j ), for j = 0, . . . , k − 1, which are the values of Q(θ) at

these shifted (2k, k)-Chebyshev points θ′0, θ
′
1, . . . , θ

′
k−1. By the known algorithms of

[16, 26, 5], the exact interpolation of polynomial Q̃(θ) at these k points cost work
O(k log2 k). Also, by known algorithms (see Proposition 1.2), we can exactly evaluate

Q̃(θj) for j = 0, . . . ,m − 1, in work O(m log2 k), and if these evaluation points are
regularly spaced, then this costs work O(m log k) by the chirp transform (Proposition
1.4).

Lemma 4.2. For k = o(n), and 0 ≤ θ ≤ ∆, then

|Q(k)(θ)| =
∣∣∣∣dkQ(θ)

dkθ

∣∣∣∣
is bounded by O(k!|P |∆−k) if either 1. r = 1 and ∆ ≤ k

e(n−1) ≤ π, or ∆ = π and

either 2. r = 1 and P (z) is (k, k/(eπ))-descending, or 3. r ≤ 1/(eπ).
Proof.

dkeijθ

dkθ
=

j!

(j − k)!
(ij)keijθ,

so

Q(k)(θ) =
dkQ(θ)

dkθ
=
n−1∑
j=k

qj
j!

(j − k)!
(ij)keijθ.

Since |i| = |ei| = 1, and |qj | = |pj |rj , we have

|Q(k)(θ)| =
n−1∑
j=k

|qj |jk =

n−1∑
j=k

|pj |rjjk.
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1. Now suppose r = 1 and ∆ ≤ k
e(n−1) . Then by the Stirling approximation to

factorial, k! ≥ (k/e)k and so

jk ≤ (k/e)k∆−k ≤ k!∆−k.

Hence we have

|Q(k)(θ)| ≤
n−1∑
j=k

|pj |jk ≤ O(|P |k!∆−k).

2. Next, suppose r = 1, and ∆ = π, and P (z) is (k, k/(eπ))-descending; so by
definition, the magnitude of the coefficients of P (z) drops as

|pj | ≤ nO(1)|P |( k

jeπ
)k,

for j = k, . . . , n− 1. Then

|pj |rjjk ≤ nO(1)|P |(k/(eπ))k ≤ O(nO(1)|P |k!∆−k).

Thus,

|Q(k)(θ)| ≤
n−1∑
j=k

|pj |rjjk ≤
n−1∑
j=k

O(nO(1)|P |k!∆−k) ≤ O(nO(1)|P |k!∆−k).

3. Finally, suppose r ≤ 1/(eπ) and ∆ = π. Since |Q(k)(θ)| increases with r, to
upper bound |Q(k)(θ)| we can assume w.l.o.g. that r is at its maximum value
r = 1/(eπ). By taking derivatives, it is easy to verify that 1/(eπ) ≤ (seπ)−1/s

for any s ≥ 1. So

1/(eπ) = min
s≥1

(seπ)−1/s = min
j≤k

(
k

jeπ

)k/j
(by the substitution j = sk). Hence for each r ≤ 1/(eπ), we can bound
rj ≤ ( k

jeπ )k and so for all j ≥ k we have

rjjk ≤ (k/(eπ))k ≤ k!∆−k,

since ∆ = π and k! ≥ (k/e)k. Thus,

|Q(k)(θ)| ≤
n−1∑
j=k

|pj |rjjk ≤
n−1∑
j=k

|pj |k!∆−k ≤ O(|P |k!∆−k).

To complete the proof of Theorem 4.1, we need to bound the approximation
errors for evaluation of Q̃(θ) at all the given evaluation points; this is implied by the
following proof of ε-approximate evaluation of P (z). Since |I| = ∆, then by Lemma

4.2 and Proposition 3.2 the error in the approximation of P (z) = Q(θ) by Q̃(θ), for
θ ∈ I = [0,∆] is upper bounded by

2

k!
(|I|/4)kmax

θ∈I
|Q(k)(θ)| ≤ O(|P |(∆/4)k∆−k) ≤ O(|P |4−k)
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in cases 1 and 3, and in case 2, the error is upper bounded by O(nO(1)|P |4−k). Hence
the error is upper bounded by O(ε) if in cases 1 and 3 we set k = 1

2 log(|P |/ε) +O(1)
and in case 2 we set k = O(log(n|P |/ε)). Finally, note that the (empty) restriction
0 ≤ θ ≤ π = ∆ in cases 2 and 3 allows z to range over any point on the upper half
circle of fixed radius r, so we have the following lemma.

Lemma 4.3. Q̃(θ) is an ε-approx of P (z) at any point z = reiθ on the upper half
circle of fixed radius r, where 0 ≤ θ ≤ ∆, if either 1. r = 1 and ∆ ≤ k

e(n−1) ≤ π, or

2. r = 1 and P (z) is (k, k/(eπ))-descending, or 3. r ≤ 1/(eπ).
Thus, we have proven Theorem 4.1.
Cases 1 and 2 of Theorem 4.1 imply the following corollary.
Corollary 4.4. In total work O(n log k) we can
1. ε-approx the evaluation of a degree n polynomial at the first n powers of the
n′th root of unity, where n′ ≥ Ω(n2/k), and

2. ε-approx the n-point DFT in total work O(n log k) for inputs with (k, k/(eπ))-
descending coefficient magnitude.

Note. If the input set of evaluation points are not fixed, the result as given in
Theorem 4.1 holds with the same work bounds, assuming an extended arithmetic
model where, given a real θ, then eiθ = cos(θ) + i sin(θ) can be computed in O(1)
steps. This assumption is not required if the points are fixed, as assumed in Theorem
4.1, or regularly spaced (as in Corollary 4.4). Also this assumption is not required in
the alternative construction given in subsection 4.2, even if the input set of evaluation
points are not fixed.

4.2. An alternative approach to approximate evaluation on a circle via
approximate real polynomial evaluation. We now give an alternative construc-
tion for a similar, but slightly weaker, result as Theorem 4.1, by use of a surprisingly
simple algorithm (the proof is somewhat more involved, however), which uses complex
polynomials rather than real polynomials.
Input: The coefficients of degree n − 1 complex polynomial P (z), and m ≥ n eval-
uation points zj = reiθj , for j = 0, . . . ,m − 1 on an interval of a circle of radius
r = 1 with | cos(θj)| ≤ ∆. We assume either 1. ∆ ≤ k

e(n−k) , or 2. P (z) is (k,
√

2/8)-

descending. In case 1. let k be the smallest power of 2 which is ≥ log(
√

2|P |/ε), and
in case 2. let k be the smallest power of 2 which is O(log(n|P |/ε)). In any case we
assume k = o(n).

[0] Partition the set of evaluation points {zj |j = 1, . . . ,m− 1} into 4 sets

{zj,h|j = 0, . . . ,mh − 1}, h = 0, . . . , 3,

such that |ihθj,h − π/2| ≤ π/4 for each j = 0, . . . ,mh.
Comment: Multiplication by i = eiπ/2 shifts the angle by π/2.
For h = 0, . . . , 3 do
1. Define polynomial Ph(z) = P (ihz). Evaluate Ph(z) at

z′j = r(x′j + i
√

1− (x′j)2),

where

x′j = cos(jπ/k)/
√

2,

for j = 0, . . . , k − 1, in work O(n log2 k) (by Proposition 1.1).
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2. Interpolate the degree k−1 complex polynomial P̃h(z) from the values Ph(z′j),
for j = 0, . . . , k − 1, in work O(k log2 k).

3. Evaluate polynomial P̃h(z) at the given evaluation points zj,h for j = 0, . . . ,
mh−1. If these evaluation points are regularly spaced, then this costs workO(mh log k)
by the chirp transform (Proposition 1.4) and otherwise costs work O(mh log2 k) by

Proposition 1.1. This gives P̃h(zj) which ε-approx Ph(zj), for j = 0, . . . ,mh − 1.

Output: P̃ (zj) which ε-approx P (zj), for j = 0, . . . ,m− 1.
We prove the following in Appendix A.
Theorem 4.5. P̃ (z) is an ε-approx of P (z) at any point z = r(x + iy) on the

unit circle of fixed radius r = 1 where |θ(z) − π/2| ≤ π/4 and |x| ≤ ∆ if either 1.
∆ ≤ k

e(n−k) or 2. P (z) is (k,
√

2/8)-descending.

The work is again O(n log2 k) + O(m logc k) ≤ O(n log2 k + m logc k). Also, the
circuit depth can be seen to be O(logc k) with this same work bound.

4.3. Dutt and Rokhlin’s approximation of a polynomial on the unit
circle. A further method for approximation of a polynomial over an interval of the
unit circle is proposed by Dutt and Rokhlin [14], who give an approximation to a
polynomial P (z), as follows. Fix a real constant α, 0 < α < π/3. They define a
mapping τ from complex numbers z = eiθ on the unit circle to real x = τ(z) =
3 tanα cot(θ/2) and use this mapping to define the real function f(x) = P (z). They

use a degree k − 1 polynomial f̃(x) to approximate P (z) at angular positions θ,

6α ≤ θ ≤ 2π − 6α. The polynomial f̃(x) interpolates f(x) at the shifted (2k, k)-

Chebyshev points aj = − cos((j − 1/2)π/k) and is defined, for |x| ≤ 1, as f̃(x)

=
∑k−1
j=1 f(aj)

∏
` 6=j ( x−a`aj−a` ). Note that f̃(aj) = f(aj) for j = 1, . . . , k − 1. Dutt and

Rokhlin [14] prove that f̃(x) approximates fh(x) = P (z), with relative error O(1/5k)
over some portion of this interval. Our Theorem 5.1 implies that the length of the
interval where these error bounds can be obtained must be very small.

5. Approximation everywhere on the unit circle is not possible. Here
we show that it is not possible to approximate an arbitrary polynomial by a small
degree polynomial over a large portion of the unit circle. Fix an angular interval
[0,∆] for 0 ≤ ∆ ≤ 2π and an error ε, 0 ≤ ε < 1. Let us define an (k,∆) circle ε-approx
evaluation scheme for a degree n−1 polynomial P (z) to be a degree k−1 polynomial

f̃(x) which ε-approx P (z) = f(x) at all angular positions θ ∈ [0,∆], where τ is a
mapping from complex numbers z = eiθ on the interval of the unit circle, θ ∈ [0,∆]
to real x = τ(z). We now prove that any (k,∆) circle ε-approx evaluation scheme in
general only can be convergent for angular positions θ ∈ [0,∆], where ∆ ≤ O(k/n).

Theorem 5.1. There is no (k,∆) circle ε-approx evaluation scheme for every
degree n− 1 polynomial P (z), where kd2π/∆e < n and ε(ε+ 2|P |) < 1.

Proof. Let H = d2π/∆e. We can use the (k,∆) circle ε-approx evaluation scheme
to define for each h, 0 ≤ h < H a degree k − 1 polynomial fh(x) that ε-approx P (z)
for x = τ(zω−2πh/H). For a complex number z, define h(z) to be the integer h such
that 2πh/H ≤ |angle(z)| < 2π(h+ 1)/H.

Proposition 5.2. Given a complex degree n− 1 polynomial P (z), and a (k,∆)
circle ε-approx evaluation scheme, we can construct H = d2π/∆e polynomials (f0(x),
. . . , fH−1(x))=POLY-APPROXk(P ), each of degree k− 1, such that for any z on the
unit circle, fh(x) is an ε-approx of P (z), for h = h(z) and x = τ(zω−2πh/H).

Polynomial Convolution is defined as follows:
Input: Complex coefficients p0, . . . , pn−1, q0, . . . , qn−1, defining degree n− 1 polyno-
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mials P (z) =
∑n−1
j=0 pjx

j and Q(z) =
∑n−1
j=0 qjx

j .
Output: Complex coefficients q0, . . . , q2n−2, defining degree 2n− 2 product polyno-
mial R(z) = P (z)Q(z) =

∑2n−2
`=0 r`x

`, where

r` =
n−1∑

j=0,0≤`−j<n
pjq`−j .

Next we show the following.
Lemma 5.3. Suppose there is a (k,∆) circle ε-approx evaluation scheme. Then,

given complex n-vectors u, v, we can construct vectors ũ = ROW-COMPRESS k(u),
ṽT = COLUMN-COMPRESSk(vT ) of size O(k) (where ũ depends only on u and
not on v, and furthermore ṽ depends only on v and not on u) such that ũT ṽ is an
ε1-approx of uTv for ε1 ≤ ε(ε+ |u|+ |v|).

Proof. Given complex n-vectors u = (u0, . . . , un−1)T , v = (v0, . . . , vn−1)T , we
can compute the inner product

uTv =
n−1∑
j=0

ujvj

by computing the nth coefficient

rn =

n−1∑
j=0

pjqn−j =

n−1∑
j=0

ujvj = uTv

of the product polynomial R(z) = P (z)Q(z) as defined above and where pj = uj and
qj = vn−j , for j = 0, . . . , n − 1. Let ω = eiπ/n be the (2n)th root of unity, where

i =
√−1. By the convolution theorem, uTv = rn = 1

2n

∑2n−1
j=0 ω−njP (ωj)Q(ωj).

For each of P (z), Q(z) defined above, by Proposition 5.2 we can construct H =
d2π/∆e degree k− 1 polynomials (f0(x), . . . , fH−1(x)) = POLY-APPROXk(P ), and
(g0(x), . . . , gH−1(x)) = POLY-APPROXk(Q), such that for any z on the unit circle,

P̃h(z) = fh(x) is an ε-approx of P (z), and Q̃h(z) = gh(x) is an ε-approx of Q(z), for

h = h(z) and x = τ(zω−2πh/H). For h = 0, . . . , H − 1 let fh(x) =
∑k−1
a=0 fh,ax

a and

gh(x) =
∑k−1
b=0 gh,bx

b. Let δ = n/H. For each integer j, 0 ≤ j < 2n, let hj be the

number h ∈ {0, . . . , H − 1} such that δh ≤ j < δ(h+ 1). Then we have that P̃hj (ω
j)

is an ε-approx of P (ωj), and Q̃hj (ω
j) is an ε-approx of Q(ωj). We will approximate

rn = 1
2n

∑2n−1
j=0 ω−njP (ωj)Q(ωj) by r̃n = 1

2n

∑2n−1
j=0 ω−nj P̃hj (ω

j)Q̃hj (ω
j).

Proposition 5.4. |rn − r̃n| ≤ ε(ε+ |P |+ |Q|).
Proof. Since |ω−nj | = 1 and for h = hj ,

|P (ωj)Q(ωj)− P̃h(ωj)Q̃h(ωj)| ≤ |P (ωj)(Q(ωj)− Q̃h(ωj)) + (P (ωj)− P̃h(ωj))Q̃h(ωj)|

≤ |P (ωj)||Q(ωj)− Q̃h(ωj)|+ |P (ωj)− P̃h(ωj)||Q̃h(ωj)| ≤ ε(|P |+ ε+ |Q|).

Thus we have

|rn − r̃n| ≤ 1

2n

2n−1∑
j=0

|ω−nj ||P (ωj)Q(ωj)− P̃hj (ωj)Q̃hj (ωj)|
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≤ 2n

2n
ε(ε+ |P |+ |Q|) = ε(ε+ |P |+ |Q|).

Surprisingly, we can contract the expansion of r̃n as follows in this proposition.
Proposition 5.5. r̃n =

∑H−1
h=0

∑k−1
a=0 fh,ash,a, where sh,a =

∑k−1
b=0 gh,bch,a+b,

and the ch,` are complex scalar constants dependent only on h, `, n, and δ.
Proof. The (2n)th root of unity is defined ω = eiπ/n. For a fixed small constant

α, each power ωj , for 0 ≤ j < n, is mapped to the real dj = τ(ωj) which is a constant
(that is, the dj need not be computed, and instead are provided by the algebraic

circuit that we construct) for fixed n and α. For h = hj , we have defined P̃h(ωj)

= fh(dj−δh) =
∑k−1
a=0 fh,ad

a
j−δh and similarly,

Q̃h(ωj) = gh(dj−δh) =

k−1∑
b=0

gh,bd
b
j−δh.

Thus for h = hj , we can expand

P̃h(ωj)Q̃h(ωj) =

(
k−1∑
a=0

fh,ad
a
j−δh

)(
k−1∑
b=0

gh,bd
b
j−δh

)
=

k−1∑
a,b=0

fh,agh,bd
a+b
j−δh.

Interchanging the order of summation (bringing the summation of j inside and a
summation of h outside), we get

r̃n =
1

2n

2n−1∑
j=0

ω−njP̃hj (ω
j)Q̃hj (ω

j) =
H−1∑
h=0

k−1∑
a=0

fh,ash,a,

where we define the associated prefix sums to be

sh,a =
1

2n

k−1∑
b=0

gh,b

δ(h+1)−1∑
j=δh

ω−njda+b
j−δh

=
k−1∑
b=0

gh,b

 1

2n

δ(h+1)−1∑
j=δh

ω−njda+b
j−δh

 =
k−1∑
b=0

gh,bch,a+b,

and where we define the associated scalar constants to be

ch,` =
1

2n

δ(h+1)−1∑
j=δh

ω−njda+b
j−δh.

Thus, Proposition 5.5 follows.
Note that the sh,a are defined independently of the fh,a. To complete the proof

of Lemma 5.3, we define ũ = ROW-COMPRESSk(u) and ṽT = COLUMN-
COMPRESSk(vT ), where for each h = 0, . . . , H − 1 and for each a = 0, . . . , k − 1,

ũhk+a = fh,a

and

ṽhk+a = sh,a.
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Thus by the convolution theorem and Proposition 5.5,

r̃n =
H−1∑
h=0

k−1∑
a=0

fh,ash,a =
Hk−1∑
`=0

ũ`ṽ` = ũT ṽ.

Note that

|u| =
∑
|uj | =

∑
|pj | = |P |

and

|v| =
∑
|vj | =

∑
|qj | = |P |.

Now, given an error bound ε1 > 0, let

ε = ε1/(ε+ |P |+ |Q|) = ε1/(ε+ |u|+ |v|).
By Proposition 5.4, approximation error ε1 ≤ ε(ε + |u| + |v|), so we have proved
Lemma 5.3.

Given two n×n matrices A,B (with rows and columns indexed from 0 to n− 1),

we now approximate the inner product AB, where (AB)`,m =
∑n−1
j=0 A`,jBj,m; this is

the inner product of the `th row of A times the mth column of B. Now again fix an
error bound ε1 > 0. Let

k = O(log((‖A‖∞ + ‖BT ‖∞)/ε1),

where ‖A‖∞ is the maximum, for any row of A, of the sum of the moduli of elements
of the row, and ‖BT ‖∞ is the maximum, for any column of B, of the sum of the
moduli of elements of the column. We can precompute approximation polynomials of
degree k−1 and their associated prefix sums for each of the rows of A and each of the
columns of B. That is, we define an n× (Hk) matrix Ã = ROWS-COMPRESSk(A)

and an (Hk) × n matrix B̃ = COLUMNS-COMPRESSk(B) such that for each

` = 0, . . . , n − 1 we define row Ã` = ROW-COMPRESSk(A`) (where A`, Ã` denote

the `th row vectors of matrices A, Ã, respectively) and for each m = 0, . . . , n− 1 we

define column B̃−,m = COLUMN-COMPRESSk(B−,m) (where B−,m, B̃−,m denote

the mth columns of matrices B, B̃, respectively). Then by Lemma 5.3, Ã`B̃−,m is

an ε-approx to A`B−,m. Hence, for each 0 ≤ `,m < n, (ÃB̃)`,m is an ε-approx to
(AB)`,m. Hence we have the following lemma.

Lemma 5.6. Suppose there is a (k,∆) circle ε-approx evaluation scheme. Then

given two n × n matrices A,B, we can ε1-approximate the inner product AB by ÃB̃
for

ε1 ≤ ε(ε+ |u|+ |v|).
Proposition 5.7. An n×n matrix of rank < n cannot ε1-approximate an n×n

identity matrix, for any ε1 < 1.
Proof. Suppose, for the sake of contradiction, that an n × n matrix M̃ of rank

< n is an ε1-approx of n × n matrix I, so ‖M̃ − I‖∞ ≤ ε1. Then since M̃ has rank

< n, there is an x 6= 0 such that ‖x‖∞ = 1 and M̃x = 0. Thus

‖M̃x− Ix‖∞ = ‖Ix‖∞ = ‖x‖∞ = 1,
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so

‖M̃ − I‖∞ ≥ ‖M̃x− Ix‖∞/‖x‖∞

= 1 > ε1,

a contradiction.
We now consider the case where A,B are n× n identity matrices. Their product

M = AB is also an identity matrix. But M̃ = ÃB̃ is the product of an n × (kH)
matrix and a (kH) × n matrix and thus has rank ≤ kH. Recall that the statement

of Theorem 5.1 makes the assumption that kH = kd2π/∆e < n, so M̃ has rank < n.

But Lemma 5.6 states that M̃ is an ε1-approximation to I = AB, a contradiction of
Proposition 5.7. Hence Theorem 5.1 follows.

Appendix A. Proof of an alternative approximate evaluation on a circle.

Proof of Theorem 4.5. We give a proof of this alternative construction in stages,
first considering a somewhat more complex algorithm.

An approach to approximate evaluation on a circle via approximate
real polynomial evaluation. We will derive and prove the alternative algorithm
given in subsection 4.2 by the use of classic real polynomial approximation techniques
which provide our error analysis, but we observe at the end of this subsection that
we do not need to explicitly construct the real approximation polynomials. Restrict
z to the circle of radius r, so z = r(x + iy), where x, y are real and x + iy is on the
unit circle, so y =

√
1− x2. Note that an expansion of P (z) in terms of x, y gives

P (z) = R(x) + iS(x)y, for polynomials R(x), S(x) of degree n − 1. For simplicity,
let us assume, w.l.o.g., P (z) has real coefficients p0, . . . , pn−1 ∈ R, so R(x), S(x)
are real polynomials. The exact evaluation of P (z) at the evaluation points zj , for
j = 0, . . . , n−1, might be done by an exact evaluation of R(x), S(x) at the real points
x0, . . . , xn−1, where zj = xj + iyj , so P (zj) = R(xj) + iS(xj)yj . Instead, we consider
(see also Bini and Pan [3]) an approach for an ε-approximate evaluation of P (z) at the
evaluation points z0, . . . , zm−1 using approximation of real polynomials (we will later
show we can avoid explicit construction of these real polynomials). Fix a number k
which divides n, to be determined below. We could construct degree k−1 polynomials
R̃(x), S̃(x), which give an ε′-approx of polynomials R(x), S(x), where ε′ = ε/

√
2. Then

P̃ (z) = R̃(x) + iS̃(x)y is an ε-approx of P (z) over the circle of radius r, since

|P (z)− (R̃(x) + iS̃(x)y)| ≤
√

(R(x)− R̃(x))2 + (S(x)− S̃(x))2 ≤
√

2ε′ = ε.

To construct R̃(x), S̃(x), we could do an exact evaluation of R(x), S(x) at the shifted
(2k, k)-Chebyshev points x′j = ∆cos(jπ/k), for j = 0, . . . , k − 1 over the real interval
I = [−∆,∆], for a positive real ∆ ≤ 1. To do this first step, we can exactly evaluate
P (z) at

z′j = r
(
x′j + i

√
1− (x′j)2

)
,

for j = 0, . . . , k − 1, which costs work O(n log k) by Proposition 1.4. Then, we could

exactly interpolate a degree k − 1 real polynomial R̃(x) from the real parts R(x′j) of
P (z′j), for j = 0, . . . , k − 1. We could also interpolate a degree k − 1 real polynomial

S̃(x) from the real values s0, s1, . . . , sk−1, where

isj

√
1− (x′j)2
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is the complex part of P (z′j). By Lemma 3.1, the exact interpolation of polynomials

R̃(x), S̃(x) at these (2k, k)-Chebyshev points cost work O(k log k).
Exponential coefficient growth: The key difficulty with this approach.

Next we need to bound the approximation errors for evaluation of R̃(x), S̃(x) at
all the evaluation points. To apply Proposition 3.2 we need to upper bound, the

maximum moduli of R(k)(x) = dkR(x)
dkx

(the kth derivative of R(x) with respect to x),

and S(k)(x) = dkS(x)
dkx

over the interval I = [−∆,∆]. Unfortunately, straightforward
application of the binomial expansion (in terms of x and y) to bound the moduli
of coefficients of R(x) and S(x) give bounds on |R|, |S| (the sums of the moduli of
the coefficients of R(x), S(x)) that grow exponentially with the degree n − 1. Thus

application of Lemma 3.4 to evaluate R̃(x), S̃(x) at all the evaluation points gives the
work bound of the form

O(n log log(|R|/ε′)) = O(n log(n+ log(1/ε′))),

since in this case

log(2n/ε′) = n+ log(1/ε′).

The same difficulty occurs for ε′-approximate evaluation of the polynomial S(x).
Evaluation at restricted intervals. To avoid this difficulty, we will do only an

ε-approximate evaluation of P (z) at a restricted interval on the radius r circle, where
| cos(θ(z))| ≤ ∆ or, for the case of descending input coefficients,

|x| ≤ 1√
2
≤ ∆ =

1

max(
√

2, 8(n− 1− k)/
√

2)
.

Then we can do an ε-approximate evaluation of P (z) over the entire circle of radius
r by a number of separate evaluations of P (z), each at a consecutive segment of the
circle. The following lemma provides useful bounds on the k derivatives of R(x), S(x).

Lemma A.1. Suppose r = 1 and either 1. ∆ ≤ k
e(n−k) or 2. P (z) is (k,

√
2/8)-

descending. For

|x| ≤ ∆ ≤ 1√
2
,

the modulus of the kth derivative (with respect to x) of z = r(x+ iy) (where x+ iy is
on the unit circle) is bounded as ∣∣∣∣dkzdkx

∣∣∣∣ ≤ O(rk!8k).

Also, ∣∣∣∣dkP (z)

dkx

∣∣∣∣ , ∣∣∣R(k)(x)
∣∣∣ ,

and |S(k)(x)| are bounded in case 1 by O(k!|P |∆−k) and in case 2 by O(k!nO(1)|P |∆−k).

Proof. We shall show that dz
dx = r(1 − if1(x)) and, for k ≥ 2, dkz

dkx
= −irfk(x),

where fk(x) is a sum of at most 2k−1 terms, each of the form c(k) xa

y2b+1 , where |c(k)|
≤ O(k!2k) is the term’s coefficient, and 0 ≤ a, b ≤ k are integers. We prove this by
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construction of a derivative tree, which is a binary tree whose nodes are such terms.
Since y =

√
1− x2, dydx = −x

y3 , we have dz
dx = 1− if1(x) where f1(x) = x

y3 , so we define

the root to be f1(x). Note that for k > 1,

dkz

dkx
= −id

k−1f1(x)

dk−1x
.

Inductively, assume the label of a node is a term of form c(k) xa

y2b+1 labeling a node,

since the derivative of c(k) xa

y2b+1 with respect to x is the sum of terms c(k)(2b + 1)
xa

y2(b+1)+1 and c(k)a x
a−1

y2b+1 , we let its left and right children be labeled by these two

terms, respectively. Note that since we take k derivatives, the tree has depth k − 1,
and so there are at most 2k−1 terms at the leaves of the tree. The leaves will be the
terms of dk−1f1(x)

dk−1x
. The leaf with largest coefficient modulus is reached by a length

k− 1 path of left branches down the tree, so the maximum coefficient modulus of any
leaf can be upper bounded as

|c(k)| ≤ (2k − 1)(2k − 3) · · · 3 · 1 ≤ k!2k−1.

Since |x| ≤ 1√
2
,

y ≥
√

1− x2 ≥ 1/
√

2,

so

1/y2b+1 ≤ (
√

2)2k+1 ≤ 2k+1.

Thus the modulus of each leaf term c(k) xa

y2b+1 is upper bounded by |c(k)|2k+1 ≤
k!2k−12k+1 O(k!4k). Hence |fk(x)| ≤ the product of the number 2k−1 of terms at the
leaves times their maximum modulus O(k!4k), so |fk(x)| ≤ O(k!8k). This implies∣∣∣∣dkzdkx

∣∣∣∣ ≤ r(1 + |fk(x)|) ≤ O(rk!8k).

Note that for j > k,

j!

(j − k)!
≈ (j − k)k

for k = o(n), since by the Stirling approximation to factorial,

j! ≈ (j)je−j
√

2πj,

(j − k)! ≈ (j − k)j−ke−(j−k)
√

2π(j − k),

and (
j

j − k
)j−k

=

(
1 +

k

j − k
)j−k

≈ ek;

so

j!

(j − k)!
≈ jj

(j − k)j−k
e−k ≈ (j − k)ke−kek ≈ (j − k)k.
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Since |z| ≤ r, we have |dkP (z)
dkz

| ≤∑n−1
j=k

j!
(j−k)!r

j−k|pj |. By the chain rule of derivatives,

dkP (z)

dkx
=
dkz

dkx

dkP (z)

dkz
,

so ∣∣∣∣dkP (z)

dkx

∣∣∣∣ ≤ ∣∣∣∣dkzdkx

∣∣∣∣ ∣∣∣∣dkP (z)

dkz

∣∣∣∣ ≤ O(rk!8k)
n−1∑
j=k

j!

(j − k)!
rj−k|pj |.

Thus ∣∣∣∣dkP (z)

dkx

∣∣∣∣ ≤ O(rk!8k)
n−1∑
j=k

j!

(j − k)!
rj−k|pj | ≤ O(rk!8k)

n−1∑
j=k

(j − k)krj−k|pj |.

1. Now suppose r = 1 and ∆ ≤ 1
8(n−k) . Then

∑n−1
j=k (8(j−k))k|pj | ≤ |P |∆−k, so

(8(j − k))k|pj | ≤ |P |(1/
√

2)k ≤ O(|P |∆−k).

Thus,∣∣∣∣dkP (z)

dkx

∣∣∣∣ ≤ O(rk!8k)
n−1∑
j=k

(j − k)krj−k|pj | ≤ O(k!)
n−1∑
j=k

(8(j − k))krj−k+1|pj |

≤ O(k!|P |∆−k).

Since P (z) = R(x) + iS(x)y, we have

dkP (z)

dkx
= R(k)(x) + i

(
S(k)(x)y +

xS(x)

y

)
.

Hence for |x| ≤ ∆,

|R(k)(x)| ≤
∣∣∣∣dkP (z)

dkx

∣∣∣∣ ≤ O(k!|P |∆−k).

Also, |xS(x)
y | ≤ |P (z)| ≤ |P |, so

|S(k)(x)| ≤
∣∣∣∣dkP (z)

dkx

∣∣∣∣+

∣∣∣∣xS(x)

y

∣∣∣∣ ≤ ∣∣∣∣dkP (z)

dkx

∣∣∣∣+ |S(x)|
∣∣∣∣xy
∣∣∣∣

≤
∣∣∣∣dkP (z)

dkx

∣∣∣∣+O(|P |)

≤ O(k!|P |∆−k).

2. Next suppose r = 1. If P (z) is (k,
√

2/8)-descending, then, by definition, the
magnitude of the coefficients of P (z) drops as

|pj | ≤ nO(1)|P |
(√

2

j8

)k
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for j = k, . . . , n− 1. Then
∑n−1
j=k (8(j − k))k|pj | ≤ |P |∆−k), so

(8(j − k))k|pj | ≤ nO(1)|P |(1/
√

2)k ≤ O(nO(1)|P |∆−k).

Thus in this case,∣∣∣∣dkP (z)

dkx

∣∣∣∣ ≤ O(rk!8k)
n−1∑
j=k

(j − k)k|pj | ≤ O(k!)
n−1∑
j=k

(8(j − k))k|pj |

≤ O(k!nO(1)|P |∆−k).

Also,

|S(k)(x)| ≤ O(k!nO(1)|P |∆−k).

Since |I| = 2∆, for I = [−∆,∆], by Propositions 3.2 and A.1, the error in the

approximation of R(x) by R̃(x), for |x| ≤ ∆, is upper bounded in case 1 by

2

k!
(|I|/4)kmax

x∈I
R(k)(x) ≤ O(|P |(∆/2)k∆−k) ≤ O(|P |2−k)

and in case 2 by O(nO(1)|P |2−k). This error is upper bounded by O(ε′) if we set
k = log(|P |/ε) + O(1) in case 1 or k = O(log(n|P |/ε)) in case 2. Also, the error in

the approximation of S(x) by S̃(x), for |x| ≤ ∆, is upper bounded by

2

k!
(|I|/4)kmax

y∈I
S(k)(y) ≤ ε′.

Hence

|P (z)− (R̃(x) + iS̃(x)y)| ≤ ((R(x)− R̃(x))2 + (S(x)− S̃(x))2)1/2 ≤
√

2ε′ = ε.

Thus we have proved the error bounds given in Theorem 4.5 for the case

P̃ (z) = R̃(x) + iS̃(x)y.

A simplification avoiding construction of real polynomials. Finally, we
observe that we do not need to explicitly construct real approximation polynomials
defined above. For simplicity, we assume, w.l.o.g., for each evaluation point zj that
|θ(zj)− π/2| ≤ π/4. Instead, we do the following:

• In work O(n log2 k), interpolate the degree k − 1 complex polynomial P̃ (z)

from the values P (z′j), for j = 0, . . . , k − 1, where z′j = r(x′j + i
√

1− (x′j)2),

and x′j = cos(jπ/k)/
√

2, for j = 0, . . . , k − 1.

Comment: Thus we construct P̃ (z) = (R̃(x) + iS̃(x)y), without explicitly

constructing R̃(x), S̃(x).

• Evaluate polynomial P̃ (z) exactly at the given evaluation points z0, . . . , zm−1,
within work O(m logc k), where c = 2 by Proposition 1.1 (or c = 1 by Propo-
sition 1.4 if these evaluation points are regularly spaced).

Comment: Thus we evaluate P̃ (z) = (R̃(x)+iS̃(x)y), at the given evaluation

points, without explicitly evaluating R̃(x), S̃(x).
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Thus we have derived the algorithm as defined in subsection 4.2, which provides
a somewhat simpler implementation of Theorem 4.5.

Appendix B. Exact Chebyshev point evaluation in O(n logn) work.
Let P (x) be a polynomial of degree n − 1. Let ω = ei2π/n

′
be the n′th root of

unity over the complex numbers C, for some n′ ≥ n, such that n divides n′. We wish
to exactly evaluate P (x) at the (n′, n)-Chebyshev points, which we defined to be the
real parts x0,j = cos(j2π/n′) of the powers z0,j = ωj = eji2π/n

′
, for j = 0, . . . , n− 1.

For simplicity, we assume n is a power of 2 and n′ = 2n. For each ` = 0, . . . , log n,
• let n` = n/2`, n′` = n′/2`,
• let z`,j+n` = −z`,j , and if ` > 0 then let z`,j = 2z2

`−1,j − 1, and

• let x`,j = real(eji2π/n
′
`) = cos(j2π/n′`) denote the (n′`, n`)-Chebyshev points.

By the identities cos(2θ) = 2 cos2(θ)−1 and cos(θ+π) = − cos(θ), we have a recursive
definition of these (n′`, n`)-Chebyshev points.

Proposition B.1. For each ` = 0, . . . , log n and all j = 0, . . . , n` − 1, x`,j+n` =
−x`,j and if ` > 0 then x`,j = 2x2

`−1,j − 1.
The key idea behind our algorithm is as follows:
• Starting with the polynomial P to be evaluated, we define two polynomials P0

and P1 as the unique polynomials such that P (x) = P0(2x2−1)+xP1(2x2−1).
• The map from x to 2x2 − 1 sends cos θ to cos 2θ, that is, it maps Chebyshev

points to Chebyshev points. If the original set of Chebyshev points contains
both x and −x, then this map collapses them, so the number of points to
be evaluated is halved. Thus the problem of evaluating P at the (n′, n)-
Chebyshev points reduces to evaluating P0 and P1 at (n′/2, n/2)-Chebyshev
points.
• To apply this argument recursively, we compute the polynomials at each node

of a logarithmic depth tree, by their evaluations on suitably defined points.
This process can be initiated at the leaves, since there evaluation is the same
as the coefficient itself.

We define a full binary tree of depth logn which we call the (n′, n)-Chebyshev
evaluation tree, whose nodes of depth ` = 0, . . . , log n are the set {0, 1}` of binary
strings of length `. The root is labeled with the input polynomial Pλ(x) = P (x),
where λ is the empty string. Each node β ∈ {0, 1}` of the tree is labeled with a
degree n` − 1 polynomial Pβ(x) and if ` < log n, node β has two children β0, β1 with
labels consisting of the unique degree n`+1 − 1 polynomials Pβ0(x), Pβ1(x) such that
Pβ(x) = Pβ0(2x2 − 1) + xPβ1(2x2 − 1). In contrast with the O(n log2 n) algorithm
of Pan [29], we will not actually compute these polynomials, but they will aid us in
definition of our algorithm. However, we will compute for each node β ∈ {0, 1}` two
sets of values

{Fβ,j = Pβ(z`,j)|j = 0, . . . , n` − 1}
and

{φβ,j = Pβ(x`,j)|j = 0, . . . , n` − 1}.
Proposition B.2. For each β ∈ {0, 1}logn, φβ,0 = Fβ,0. For each ` = 0, . . . ,

(log n)− 1, β ∈ {0, 1}` and j = 0, . . . , n` − 1,
1. Fβ,j = Fβ0,j + z`,jFβ1,j, Fβ,j+n` = Fβ0,j − z`,jFβ1,j, and so
2. Fβ0,j = (Fβ,j + Fβ,j+n`)/2, Fβ1,j = (Fβ,j − Fβ,j+n`)/(2z`,j), and similarly
3. φβ,j = φβ0,j + x`,jφβ1,j, φβ,j+n` = φβ0,j − x`,jφβ1,j, and so
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4. φβ0,j = (φβ,j + φβ,j+n`)/2, φβ1,j = (φβ,j − φβ,j+n`)/(2x`,j).
Proof. For ` = |β| = log n, since Pβ is a degree 0 polynomial, we have φβ,0 =

Pβ = Fβ,0.
1. By definition, for ` ≥ 0, Fβ,j = Pβ(z`,j) = Pβ0(z`+1,j) + z`,jPβ1(z`+1,j) =
Fβ0,j +z`,jFβ1,j . Also by definition, z`,j+n` = −z`,j , so Fβ,j+n` = Pβ(z`,j+n`)
= Pβ(−z`,j) = Pβ0(2(−z`,j)2 − 1) − z`,jPβ1(2(−z`,j)2 − 1) = Pβ0(z`+1,j) −
z`,jPβ1(z`+1,j) = Fβ0,j − z`,jFβ1,j .

2. The reverse formulas for Fβ0,j , Fβ1,j follow from linear solution of the previous
two equations.

3. By definition, for ` ≥ 0, φβ,j = Pβ(x`,j) = Pβ0(x`+1,j) + x`,jPβ1(x`+1,j)
= φβ0,j + x`,jφβ1,j . By Proposition B.1, x`,j+n` = −x`,j , so φβ,j+n` =
Pβ(x`,j+n`) = Pβ(−x`,j) = Pβ0(2(−x`,j)2 − 1) − x`,jPβ1(2(−x`,j)2 − 1) =
Pβ0(x`+1,j)− x`,jPβ1(x`+1,j) = φβ0,j − x`,jφβ1,j .

4. The reverse formulas for φβ0,j , φβ1,j follow from linear solution of the previous
two equations.

Our algorithms for exact Chebyshev point evaluation and interpolation.
We now show how to do (n′, n)-Chebyshev point evaluation by a recursive algorithm
and reduction to the DFT.

For each ` = 0, . . . , (log n) − 1, we precompute x`,j = cos(j2π/n′), and z`,j for
j = 0, . . . , n` − 1 as defined above. We then compute the (2n, n)-Chebyshev point
evaluation of a given P (x) as follows:

(2n, n)-Chebyshev point evaluation algorithm.
Input: The n coefficients p0, . . . , pn−1 ∈ C polynomial P (x) of degree ≤ n− 1.

1. In work O(n log n), compute the values Fλ,j = P (ωj), j = 0, . . . , n− 1, where
λ is the empty string (this can be done as stated in Proposition 1.3 within
work O(n log n) by the chirp transform, which generalizes the DFT to this
case).

2. Traverse the Chebyshev evaluation tree from root to leaves:
For each ` = 0, . . . , (log n)− 1 do apply Proposition B.2, part 2:
For each j = 0, . . . , n` − 1 and β ∈ {0, 1}` do
let Fβ0,j = (Fβ,j + Fβ,j+n`)/2, Fβ1,j = (Fβ,j − Fβ,j+n`)/(2z`,j).

3. For each j = 0, . . . , n` − 1 and β ∈ {0, 1}` do
let φβ,0 = Fβ,0, as given by Proposition B.2.

4. Traverse the Chebyshev evaluation tree from leaves to root:
For each ` = (logn)− 1, . . . , 0 do apply Proposition B.2, part 3:
For each j = 0, . . . , n` − 1 and β ∈ {0, 1}` do
let φβ,j = φβ0,j + x`,jφβ1,j , φβ,j+n` = φβ0,j − x`,jφβ1,j .

Output: φλ,j= P (xλ,j), j = 0, . . . , n − 1, which is the (2n, n)-Chebyshev evaluation
of P (x).

For each ` = 0, . . . , log n, the work is O(n`) = O(n/2`) for each of the 2` nodes
β ∈ {0, 1}` of depth `, so the total work is O(n`2

` log n) = O(n log n), plus O(n log n)
work for computing the chirp transform by Proposition 1.3.

We can apply this (2n, n)-Chebyshev point evaluation algorithm to compute an
(n′, n)-Chebyshev point evaluation of degree n−1 polynomial P (x), for any n′ = O(n)
such that n divides n′. In the case n′ ≥ 2n, we can view the polynomial P (x) to be of
degree (n′/2)− 1, and apply the (n′, n′/2)-Chebyshev point evaluation algorithm. In

the case n′ < 2n, since n divides n′, we can decompose P (x) =
∑c−1
j=0 Pj(x)xjn, where

c = n′/(2n) = O(1) and each polynomial Pj(x) is of degree ≤ (n/c) − 1, and then
apply the (2n/c, n/c)-Chebyshev point evaluation algorithm a constant c number of
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times.
Thus we have proved that the (n′, n)-Chebyshev point evaluation problem for a

polynomial of degree n − 1 can be solved within work O(n log n) for any n′ = O(n)
such that n divides n′. Since the Chebyshev evaluation tree has depth logn, and there
are 2 log n stages, each taking O(1) time with n work, and the DFT takes O(log n)
with O(n log n) work, it follows that the total circuit depth is O(log n) with O(n log n)
work. This completes the first part of the proof of Lemma 3.1. We next show how to
do (n′, n)-Chebyshev point interpolation by reduction to the DFT. We compute the
interpolation of a polynomial from a set of n values at (2n, n)-Chebyshev points, as
follows:

(2n, n)-Chebyshev point interpolation algorithm.
Input: The values v0, . . . , vn−1 ∈ C at the (2n, n)-Chebyshev points: x0,0, . . . , x0,n−1.

1. Let φλ,j= vj), j = 0, . . . , n− 1.
2. Traverse the Chebyshev evaluation tree from root to leaves:

For each ` = 0, . . . , (log n)− 1 do apply Proposition B.2, part 4:
For each j = 0, . . . , n` − 1 and β ∈ {0, 1}` do
let

φβ0,j = (φβ,j + φβ,j+n`)/2,

φβ1,j = (φβ,j − φβ,j+n`)/(2x`,j).

3. For each j = 0, . . . , n` − 1 and β ∈ {0, 1}` do
let Fβ,0 = φβ,0, as given by Proposition B.2.

4. Traverse the Chebyshev evaluation tree from leaves to root:
For each ` = (logn)− 1, . . . , 0 do apply Proposition B.2, part 1:
For each j = 0, . . . , n` − 1 and β ∈ {0, 1}` do
let

Fβ,j = Fβ0,j + z`,jFβ1,j ,

Fβ,j+n` = Fβ0,j − z`,jFβ1,j .

5. In work O(n log n), compute the inverse DFT of the values Fλ,j = P (ωj), j =
0, . . . , n−1 (this can be done within work O(n log n) as stated in Proposition
1.3), giving:

Output: The n coefficients of the unique interpolated polynomial P (x).
For each ` = 0, . . . , log n, the work is again O(n`) = O(n/2`) for each of the 2`

nodes β ∈ {0, 1}` of depth `, so the total work is again O(n`2
` log n) = O(n log n),

plus O(n log n) work for computing the DFT as in Proposition 1.3.
We can also apply this (2n, n)-Chebyshev point interpolation algorithm to com-

pute an (n′, n)-Chebyshev point interpolation of degree n−1 polynomial P (x) for any
n′, n ≤ n′ < 2n, such that n divides n′. We apply the (2n̄, n̄)-Chebyshev point inter-
polation algorithm, for n̄ = n′/c, to interpolate c polynomials of degree n̄−1 from the
given (n′, n)-Chebyshev points, and then construct P (x) in further work O(n log n) by
the well-known divide-and-conquer interpolation methods of [16, 26, 5, 1]. Thus we
have proved that the (n′, n)-Chebyshev point interpolation problem for a polynomial
of degree n − 1 can be solved within work O(n log n) for any n′ ≤ 2n such that n
divides n′. The shifted version of these evaluation and interpolation problems can
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be solved within the same work bounds using the same techniques by initializing the
recurrences at the leaves to the appropriate values corresponding to the shifts. Again,
since the Chebyshev evaluation tree has depth logn, and there are 2 logn stages, each
taking O(1) time with n work, and the inverse DFT takes O(log n) with O(n log n)
work, it follows that the total circuit depth is O(log n) with O(n log n) work. To
complete the proof of Lemma 3.1, we apply the technique of Proposition 1.1 to solve
the (n′,m)-Chebyshev point evaluation problem, for n′ = O(n), in work O(n+m
log min(n,m)).

Acknowledgments. The author sincerely thanks Chris Lambert, Victor Pauca,
Kathy Redding, Ken Robinson, Steven Tate, and especially Deganit Armon, Octavian
Procopiuc, and D. Sivakumar for comments improving the presentation of the results
in this paper. Don Coppersmith suggested the reduction to the approximation of a
matrix by small rank used in the proof of Theorem 5.1. Donald Rose described to us
a simple proof of Proposition 5.7.

REFERENCES

[1] A. V. Aho, J. E. Hopcroft, and J. D. Ullman, The Design and Analysis of Computer
Algorithms, Addison-Wesley, Reading, MA, London, 1974.

[2] A. V. Aho, K. Steiglitz, and J. D. Ullman, Evaluating Polynomials at Fixed Sets of Points,
SIAM J. Comput., 4 (1975), pp. 533–539.

[3] D. Bini and V. Pan, Polynomial and Matrix Computations, 1, Birkhauser, Boston, MA, 1994.
[4] A. B. Borodin and I. Munro, Evaluating polynominals at many points, Inform. Process. Lett.,

1 (1971), pp. 660–68.
[5] A. B. Borodin and I. Munro, The Computational Complexity of Algebraic and Numerical

Problems, American Elsevier, New York, 1975.
[6] P. B. Callahan and S. R. Kosaraju, A decomposition of multi-dimensional point sets with

applications to k-nearest-neighbors and n-body potential fields, J. ACM, 42 (1995), pp.
67–90.

[7] J. Carrier, L. Greengard, and V. Rokhlin, A fast adaptive multipole algorithm for particle
simulations, SIAM J. Sci. Comput., 9 (1998), pp. 669–686.

[8] J. M. Cooley, P. A. Lewis, and P. D. Welch, History of the fast Fourier transform, Proc.
IEEE, 55 (1967), pp. 1675–1677.

[9] J. M. Cooley and J. W. Tukey, An algorithm for the machine calculation of complex Fourier
series, Math. Comp., 19 (1965), pp. 297–301.

[10] G. Dahlquist and A. Björck, Numerical Methods, Prentice-Hall, Englewood Cliffs, NJ, 1974.
[11] G. C. Danielson and C. Lanczos, Some improvements in practical Fourier analysis and their

application to X-ray scattering from liquids, J. Franklin Inst., 233 (1942), pp. 365–380 and
pp. 435–452.

[12] A. Dutt, M. Gu, and V. Rokhlin, Fast algorithms for polynomial interpolation, integration,
and differentiation, SIAM J. Numer. Anal., 33 (1996), pp. 1689–1711.

[13] A. Dutt, Fast Fourier Transforms for Nonequispaced Data, Technical Report 980, Department
of Computer Science, Yale University, New Haven, CT, 1993.

[14] A. Dutt and V. Rokhlin, Fast Fourier Transforms for Nonequispaced Data II, in Applied
and Computational Harmonic Analysis, Academic Press, 2 (1995), pp. 85–100.

[15] W. D. Elliott and J. A. Board, Fast fourier transform accelerated fast multipole algorithm,
SIAM J. Sci. Comput., 17 (1996), pp. 398–415.

[16] C. M. Fiduccia, Polynomial evaluation via the division algorithm—the fast Fourier transform
revisited, in Proceedings of the 4th Annual ACM Symposium on Theory of Computing,
1972, pp. 88–93.

[17] W. M. Gentleman and G. Sande, Fast Fourier transforms for fun and profit, in Proceedings
of the AFIPS 1966 Fall Joint Computer Conference, 29, 1966, pp. 563–578.

[18] A. Gerasoulis, A fast algorithm for the multiplication of generalized Hilbert matrices with
vectors, Math. Comp., 50 (1988), pp. 179–188.

[19] A. Gerasoulis, M. D. Grigoriadis, and Liping Sun, A fast algorithm for Trummer’s problem,
SIAM J. Sci. Statist. Comput., 8 (1987), pp. s135–s138.

[20] I. J. Good, The interaction algorithm and practical Fourier series, J. Roy. Statist. Soc. Ser.



APPROXIMATE COMPLEX POLYNOMIAL EVALUATION 2089

A, 20 (1958), pp. 361–372. Addendum, 22 (1960), pp. 372–375.
[21] L. Greengard and V. Rokhlin, A fast algorithm for particle simulations, J. Comput. Phys.,

73 (1987), pp. 325–348.
[22] L. Greengard and V. Rokhlin, On the efficient implementation of the fast multipole algo-

rithm, Technical Report RR-602, Dept. of Computer Science, Yale University, New Haven,
CT, 1988.

[23] P. Henrici, Applied and Computational Complex Analysis, III, John Wiley, New York, 1986.
[24] M. S. Henry, Approximation by polynomials: Interpolation and optimal nodes, Amer. Math.

Monthly, 91 (1984), pp. 497–499.
[25] E. Horowitz, A fast method for interpolation using preconditioning, Inform. Process. Lett., 1

(1972), pp. 157–163.
[26] H. T. Kung, Fast evaluation and interpolation, Department of Computer Science, Carnegie-

Mellon University., Pittsburgh, PA, 1973, unpublished manuscript.
[27] R. Moenck and A. B. Borodin, Fast modular transforms via division, in Conf. Record, IEEE

13th Ann. Symposium on Switching and Automata Theory, 1972, pp. 90–96.
[28] A. C. R. Newbery, Error analysis for polynomial evaluation, Math. Comp., 28 (1979), pp.

789–793.
[29] V. Pan, Fast Evaluation and interpolation at the Chebyshev sets of points, Appl. Math. Lett.,

2 (1989), pp. 255–258.
[30] V. Y. Pan, J. H. Reif, and S. R. Tate, The power of combining the techniques of alge-

braic and numerical computing: Improved approximate multipoint polynomial evaluation
and improved multipole algorithms, in Proceedings of the 32nd Annual IEEE Symposium
Foundations of Computer Science, Pittsburgh, PA, 1992, pp. 703–713.

[31] V. Pan, A. Sadikou, E. Landowne, and O. Tiga, A new approach to fast polynomial inter-
polation and multipoint evaluation, Comput. Math. Appl., 25 (1993), pp. 25–30.

[32] L. R. Rabiner and C. M. Rader, eds., Digital Signal Processing, IEEE Press, New York,
1972.

[33] J. H. Reif and S. R. Tate, Fast Spatial Decomposition and Closest Pair Computa-
tion for Limited Precision Input, Technical Report N-96-001, Department of Com-
puter Science, University of North Texas, Denton, TX, 1996; also available online from
http://www.cs.duke.edu/∼reif/paper/Sep.ps.

[34] J. H. Reif and S. R. Tate, N-Body Simulation I: Fast Algorithms for Potential Field
Evaluation and Trummer’s Problem, Technical Report N-96-002, Department of Com-
puter Science, University of North Texas, Denton, TX, 1996; also available online from
http://www.cs.duke.edu/∼reif/paper/Multipole.ps.

[35] V. Rokhlin, A fast algorithm for the discrete Laplace transformation, J. Complexity, 4 (1988),
pp. 12–32.

[36] C. Runge and H. König, Die Grundlehren der mathematischen Wissenschaften, 11, Springer,
Berlin, 1924.


