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Abstract.  This paper is concered with the development of techniques for massively parailel computation
at the molecular scale, which we refer to as molecular parallelism. While this may at first appear to be purely
science fiction, Adleman [Ad1] has already employed molecular parallelism in the solution of the Hamiltonian
path problem, and successfully tested his techniques in a lab experiment on DNA for a small graph. Lipton
[L] showed that finding the satisfying inputs to a Boolean expression of size » can be done in O(n} lab
steps using DNA of length O(n logr) base pairs. This recent work by Adleman and Lipton in molecular
parallelism considered enly the solution of NP search problems, and provided no way of quickly executing
lengthy computations by purely molecular means; the number of lab steps depended linearly on the size of
the simulated expression. See [Re3] for further recent work on melecular parallelism and see [Re4] for an
extensive survey of molecular parallelism.

Our goal is to execute lengthy computations quickly by the use of molecular parallelism. We wish to
execute these biomolecular computations using short DNA strands by more or less conventional biotechnology
engineering technigues within a smail nomber of 1ab steps. This paper describes techniques for achieving this
goal, in the context of well defined abstract models of biomolecular computation. Although our results are of
theoretical consequence only, due to the large amount of molecular parallelism (i.e., large test tube volume)
required, we believe that our theoretical models and results may be a basis for more practical later work, just
as was done in the area of parallel computing.

We propose two abstract models of biomolecular computation. The first, the Parallel Associative Memory
(PAM)model, is a very high-level model which includes a Parallel Associative Matching (PA-Match) operation,
that appears to improve the power of molecular parallelism beyond the operations previously considered by
Lipton [L]. We give some simulations of conventional sequential and parallel computational models by our
PAM moedel. Each of the simulations use strings of length O{s) over an alphabet of size O(s) (which correspond
to DNA of length O(slogs) base pairs). Using O(slogs) PAM operations that are not PA-Match (or @ (s)
operations assuming a ligation operation) and ¢ PA-Match operations, we can:

1. simulate a nondeterministic Turing Machine computation with space bound s and time bound 29, with
t = 0s),

2. simulate a CREW PRAM with time bound D, with M memory cells, and processor bound P, where here
s=0og(PM))andt = O(D +3),

3. find the satisfying inputs to a Boolean circuit constructible in s space with n inputs, unbounded fan-out,
and depth D, where here t = O(D + s).
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1-0448, ARPA /SISTO Contracts N00()14-91-J-1985, and NO0014-92-C-0182 under Subcontract KI-92-01-
0182. This paper, in postscript, can be found at hitp:/fwww.cs.duke.edu/~reif/paper/Molecular.ps and figures
can be found at http:/fwww.cs.duke.edu/~reif/paper/mole.fig.ps.
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We also propose a Recombinant DNA (RDNA) model which is a low-level model that allows operations
that are abstractions of very well understood recombinant DNA operations and provides a representation,
which we call thecomplexfor the relevant structural properties of DNA. The PA-Match operation for lengthy
strings of lengths cannot be feasibly implemented by recombinant DNA techniques directly by a single step
of complementary pairing in DNA; nevertheless we show this Matching operation can be simulated in the
RDNA model with O(s) slowdown by multiple steps of complementary pairing of substrings of length 2
(corresponding to logarithmic length DNA subsequences). Each of the other operations of the PAM model can
be executed in our RDNA model, without slowdown.

We further show that, with a furthé@(s)/ log(1/¢) slowdown, the simulations can be done correctly with
probability 1/2 even if certain recombinant DNA operations (e.g., Separation) can error with a probability
e. We also observe efficient simulations can be done by PRAMs and thus Turing Machines of our molecular
models.

Key Words. Parallel computation, Parallel RAM, Nondeterministic computation, NP, Biomolecular com-
putation, Biotechnology, DNA, Recombinant DNA.

1. Introduction

1.1. Solving NP Search Problems by Molecular Parallelisnireynman [F] first pro-
posed doing computation via molecular means, but his idea was not brought to test for a
number of decades. The Hamiltonian path problem is to find a path in a graph that visits
each node exactly once; it is a special case of the Traveling Salesman where the problem
is to find the shortest such path in a network with positively weighted edges. Adleman’s
technique [Ad1] (also see comments in [G]) to solve a Hamiltonian path problem of
nodes andn edges required(n + m) lab steps employing short DNA strands with
O(nlogn) base pairs (see Section 6.1 for definition of DNA base pairs). Adleman was
the first to do an experiment demonstrating biomolecular computation, solving by his
method the Hamiltonian path problem for a graph of seven nodes. This was a major
milestone in biomolecular computation.

Lipton [L] showed that finding the satisfying inputs to a Boolean expression of size
n can be done in a linear number of lab steps. His method used DNA strands with
O(nlogn) base pairs, and requires a number of lab steps which defiraddy on the
size(rather than the depfiof the simulated expressioflso, Beaver [Bel] made similar
use of molecular parallelism in the solution of the integer factorization problem. These
contributions and the work of Adleman in molecular parallelism have considered only
the solution of NP search problems and provided no waguitkly executing lengthy
computations by purely molecular means. They all used an exponential number of DNA
strands.

Applegate and others have solved the Traveling Salesman and Hamiltonian path
problems for problems of size well over 1000 cities, by the use of conventional high per-
formance workstations; these methods avoid brute-force search and use instead sophis-
ticated heuristics. This indicates that even for exact solutions of NP complete problems
we require a more general type of biomolecular computation than simply brute-force
search. For example, we would like the biomolecular computation to be general enough
to implement such sophisticated heuristics in parallel. (See also Section 1.3 for a further
discussion of independent work and also subsequent work since this paper was presented
[Re2] at the SPAA95 conference.)
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1.2. New Results of This PaperBiomolecular computations have the potential to make
use of molecular parallelism, on a wide class of computational problems well beyond
NP search problems. We show that techniques used by computer scientists in the design
of parallel algorithms may be quite useful in the new area of biomolecular computation.
Since the number of elements within a test tube is limited to a large finite number of
approximately 1&, our results stated in the abstract are of theoretical consequence
only, due to the large amount of molecular parallelism required. However, we believe
that our theoretical models and results may be a basis for more practical later work,
just as was done in the area of parallel computing. (Recently Gehani and Reif [GR]
developed techniques that significantly decrease the volume required for our simulations;
in particular, toimplement the PAM operation they use microflow MEMS devices to route
together DNA strands with complementary segments.)

It may also be of interest to biochemists that our low level molecular simulations
use certain technical recombinant DNA techniques similar to those used for plasmids,
which are small circular DNA found in bacteria (see pp. 46—69 of [OP], pp. 27-28 of
[WGWZ], and pp. 129 and 168 of [Si]). Indeed, our construction was inspired by nature’s
and subsequent recombinant DNA engineers’ ingenious use of plasmids for various basic
DNA manipulations.

Potential applications of biomolecular computations considered in this paper include:
(1) simulation of sequential space bounded nondeterministic computation, (2) PRAM
emulation, and (3) parallel circuit satisfaction.

The molecular models of Adleman and Lipton, as well as our Recombinant DNA
(RDNA) model, restrict matching by Separation operations to complementing strings of
constant length that correspond to DNA of logarithmic base pair length. This is because
in the laboratory, short matches of complementing strings can be done by the usual
recombinant DNA techniques, but lengthy matches of complementing strings may be
not done with surety.

In particular, our implementations in the RDNA model require only Separation op-
erations using complementary matching of strings of length 2 which are represented in
DNA as short (of lengthO(logs), where the size of the alphabet@(s) ands is a
parameter of the simulations defined in the abstract) DNA strings. Our simulations in the
RDNA model use encoding techniques to distinguish the position of matched characters
or substrings in strings, so we can effectively match long strings by performing multiple
short matches.

1.3. Further Recent Related Wark Recently Baum [Bau] has described how to build
a large associative memory using molecular techniques.

A number of researchers, including Csuhaj-Varju et al. [CFKP ], Rothemund [Rot],
and Smith and Schweitzer [SS] recently also independently proved that a universal Turing
Machine (TM) can be simulated by recombinant DNA operations, but gave no proof
of a general speed up by biomolecular computation. Beaver [Be2], Papadimitriou [P],
and Reif [Re2] independently proved that any lengthy linear space bounded sequential
computation can be exponentially speeded up by PMC; in particular, they also showed
that sequential TM computations with spacand time up to 2© can be simulated
by PMC in polynomial time using constructions similar to our PAM simulation. In
particular, Beaver [Be2], Papadimitriou [P], and Reif [Re2] all made independent use of



Parallel Biomolecular Computation: Models and Simulations 145

thepointer jumpingechnique, which itself dates to the 1978 work of Fortune and Wyllie
[FW], who gave a parallel simulation of a space bounded TM by a PRAM. This same
technique of pointer jumping is essential also for our molecular simulations of PRAMSs.

Baum [Bau] and Papadimitriou [P] implicitly assume a molecular model (similar to
our Parallel Associative Memory (PAM) model) for recombinant DNA which can do
reliable complementary matching of lengthy (lengghDNA strings in one step; but
provide no detailed implementation into DNA to justify this assumption. To abide by the
molecular models of either Adleman, Lipton, or our RDNA model, implementations in
DNA which do complementary matching of lengtBNA strings in a single step (without
the encoding techniques developed for our simulation in the RDNA model) would appear
to be restricted to only very short string segments, in particular of logarithmic length;
thus allowing the simulation of only logarithmic space sequential computations.

In contrast, our paper considers simulations in the very high level PAM model, and we
have described in detail its implementation by recombinant DNA operations. The molec-
ular simulation proof of Beaver [Be2] may also be feasible. To implement his simulation
in DNA, he executes a DNA string-editing operation on len@tts logs) DNA strings
using O(s) recombinant DNA operations, each of which does site-directed (local) mu-
tagenesis (see pp. 192—-193 of [WGWZ], pp. 191-206 of [OP], and Chapter 5 of [SFM]).

1.4. Organization of the Paper In the Introduction we have reviewed previous results

in the solution of NP problems and circuit satisfaction by molecular parallelism, and

described our proposed applications of biomolecular computation. In Section 2 we de-
scribe abstract models for biomolecular computation including the previous models of
Lipton and Adleman, as well as our PAM model. In Section 4 we describe fast parallel

molecular simulation in our PAM model of lengthy space bounded nondeterministic

sequential computations, of parallel RAMs and satisfaction of circuits.

Further, we describe simulations of the PAM model by conventional computation
models. In Section 5 we define our RDNA model, and we describe implementation of
our PAM algorithms in the RDNA model. In Section 6 we describe implementation
of our RDNA model algorithms in recombinant DNA. In Section 7 we discuss some
open problems. In Appendix A we discuss recombinant DNA and RNA manipulation
technology, and in Appendix B we consider the resource bounds limiting biomolecular
computation.

2. Abstract Molecular Models. Here we discuss a number of abstract models for
biomolecular computation. We first describe our PAM model. Then we briefly discuss
and compare Lipton and Adleman’s biomolecular computation models and operations.
The main difference between these models is the introduction of the Parallel Associative
Matching (PA-Match) operatiosa in our model, which is essentially identical to the join
operation (also denoted) for relational databases, except that our PA-Match operation

is done with respect to encoded strings. Later in Sections 5 and 6 we describe the efficient
implementation of this PA-Match operation by recombinant DNA.

2.1. The PAM Model for Biomolecular ComputationHere we propose an apparently
more powerful abstract model of biomolecular computation, which we caPanallel
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Associative Memor§PAM) model. Our PAM model is an extension of the model of Lip-
ton [L] and the Memory model of Adleman [Ad2] to allow for more dynamic changes
in the memory. In particular, we give (a) an extension of the Separation operation to
allow for pattern strings of constant length = O(1), and (b) a PA-Match opera-
tion. This operation maps naturally to lower-level recombinant DNA operations and
distills the computational essence of lower-level operations involving complementary
matching.

A multisetis a collection of elements that may be repeated. (Set operations such as
union can be generalized to multisets in the natural waytgsk tube Tis defined to
be a multiset with elementdrom a finite set€. For the PAM model, it suffices that an
element of a test tube be just a string used to model the information content of a DNA
strand, so we let the sét of all possible elements a test tube, be the set of strings over
a finite alphabek.

We fix the alphabek = {09, 01, ..., on_1, 60, 01, . . ., Gn_1} Of 2n distinct symbols
where for each, the symbolss;, &; are calleccomplementéhese will be use to model
Watson—Crick complementary pairingdere n is a parameter used throughout the paper
to denote the number of distinct complementing symbol pails.ifor each symbol
o € X, we also letc = ¢ if 0 = 4;. Note that theX has 2 elements, whereas
the number of DNA base pairs is 4. Hence a string &ef lengthk may be used to
represent the information content of a DNA or RNA chaik tig,(2n) = (k/2) log(2n)
base pairs.

Our PAM model allows any of the operations below to be executed in one step.

=

. Merge Given tubedT;, T, produce the unioii; U T».

. Copy Given a tubeT;, produce a tubd, with the same contents.

3. Detect Given a tubeT, say “yes” if T contains at least one element and say “no” if
it contains none.

4. Separation Given a tubel and a stringr of length at mosty = O(1) symbols of
¥, produce a tube consisting of all strings Bfwhich containe, and also a tube
consisting of all strings oT which do not contaire. To decrease the likelihood of
separation errors by mismatches, we restrict the Separation operation to match with a
pattern stringx of only constant length; in fact all our simulation results require only
that the pattern length b = 2. For example, if the string is not too long, we can
separate all single-stranded DNA of the fosa® 8.

5. PA-Match Given tubesT, T’, apply the operationq, defined in Section 2.2, to yield

the tubeT > T'.

N

3 This definition of the the s&t, to be a set of strings over a finite alphabet, is all we require for our complexity
and simulation results for the PAM model. In general, it may be useful in other models to allow an element
of a test tube to be any fixed, finite representation of a molecule; the representation may be used to model
both the information content as well as certain structural properties of a molecule. For example, in our RDNA
model, which we define in Section 5, an element of a test tube is a structure, which wearalbkex used to

model the information content and certain key properties (such as hybridization and secondary structure) of
the three-dimensional structure of single- or double-stranded DNA, or RNA that may not be well represented
simply by linear strings. Other representations for elements of a test tube might be used to model key properties
of the three-dimensional structure of protein or even inorganic material.
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2.2. Parallel Associative Matching Let £ be the set of all possible elements of a
test tube, which we view as strings over alphabedf size . Fix a finite associa-

tive match alphabet A&f sizea = |A| (not to be confused with the alphabgtused

by elements of test tubes). L& be the set of strings of lengthover A. For each

a € A5 let E(o) € £ denote an element of a test tube which provides an encod-
ing (i.e., a unique finite representation) of the stringAlso, for eacha, 8 € A3, let

E(x, B) € € denote an element of a test tube which provides an encoding of the ordered
pair of strings(«, ). Thus E is a mapping from strings and pairs of strings over

to €.

For eachu, 8, ',y € AS, we define thePA-Matchoperations to be E(a, 8) <
E(8,y) = E(a, y) whenpg = g’, and the operation« yields no value if8 # g’.
Special cases of the PA-Match operationB(@) < E(8’, y) = E(y) andE(y, B') <
E(B) = E(y) whereg = B’, and the operatios« again yields no value i # 8'. For
two tubesT, T’ consisting of strings encoding pairs B(—, —), letT 0« T' = {X >«

X' | x € T,x" € T'}. Thus the PA-Match operation is essentially identical to the join
operation for relational databases, except that the operation is done with respect to sets
of encoded strings rather than relations.

2.3. Comparison with the Models of Lipton and Adlemaiipton [L] defined the first
abstract model of biomolecular computation. The elements of his test tubes are strings as
in the PAM model of Section 2.1. His model, which we call Trest Tube Modehbllows

the unit step execution of any of the operations Merge, Copy, Detect, and Separation, as
well as aligation operation that allows formation of the contents of the initial test tubes
by combining matching strings (for details, see [L]). The subseghtmhorymodel

of Adleman [Ad2] allowed all of the operations of Lipton’s model, except with only an
implicit Copy (or Amplify) operation, and allowed test tubes to have a more general class
of elements beyond just strings. It should be emphasized that the PA-Match operationis a
significant generalization of the Detect and Separation operations of the [ Aattaman
models.

2.4. Resource Bounds of Abstract Molecular Model3 he key resource bounds of our
(and the previous) abstract models for biomolecular computations are:

1. number okteps Lrequired by a molecular algorithm,

2. size|T| of the test tube Twhich is the total number of elements ®f including
replications, and

3. maximum size of an elemenftthe test tubd'.

3. PAM Computations. Here we give some technical definitions and constructions
that will be used in the proofs of our simulation results.

3.1. A Standard String Encoding of String PairsTo encode strings of lengthover
the pattern matching alphabgtfor our PA-Match operation, let each charactere
A be represented as a number{y...,a — 1}. We define the encoding alphabet
¥ = {09, 01,...,0n-1, 00, 01, ..., 0n_1} Wheren = 2sa+ 8 + ¢;, wherec; = O(1).
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(The last 8+ ¢, distinct characters oE are not actually needed for our PAM sim-
ulations, but will be used in the recombinant DNA implementation of the PA-Match
operation.)

We encode each string € AS, wherea = a7 -+ - as, asE(a) = Ej(aq) - - - Es(as)
whereE; (o)) = 04+i-1)a, and we also define a distinct alternative encodﬁ(g) =
Ei(cy) - - - Es(ars) WhereE; (o) = 04, 4(_14s5a fOreachi =1, ..., s.

We reserve eight distingtadding symbols# = o2sayj and #f = O2sayj+a fOr
j =0,...,3. The padding symbols #ﬁj wherej =0, ..., 3 are termedlistinguished
padding symbols. Then to encode any string pa € AS for the PA-Match operation,
we generally use standard encodingvhich may be a length2+ 4 string of the form
E(a, B) = # E(a)#o# o E (B)#,. Note that this standard encoding consists of a string of
distinct symbols, and, moreover, from each symbol we can determine its position in the
original stringsx, 8.

We also extend the definition of standard encodingalltov standard encodings to
use the above form with any fixed permutation of the symba@lsibte: this extension of
the standard encoding is of technical use in the proof of Lemma 5.1, where we implement
the PA-Match operation, and we require only those additional standard encodings derived
by permuting the distinguished padding symbols or permuting together all symbols
with the symbolsi,sa, forallk =0, ..., sa— 1. This standard encoding is used in the
computational simulations we construct in this paper.

3.2. Initial Contents of the Test Tubes in the PAM Computationde assume a PAM
computation may begin with a finite set of initial test tubes which are restricted to contain
sets of formAS for some finite alphabed; that is all strings of a given lengthover A.

Some of these initial test tubes are distinguishethpst test tubes, whose strings are
standard encodings that provide the input to the PAM computation. The remaining initial
test tubes do not necessarily need be sets of standard encodings. We have thus chosen
essentially the weakest initial assumption possible that can be made. (An alternative
assumption, used by Lipton [L] and Adleman [Ad2], and sometime called the ligation
model, would be to allow test tubes to be constructed by ligations of a finite set of
oligos.)

3.3. Constructions of Encodings

LEMMA 3.1. Given a tube T consisting of a subset of &) (not necessarily a set
of standard encodingsa test tube can be constructed in(€) Separation and Merge
operations consisting of all elements of T such that

1. there is one and only one symbol at each position i in an encoeimg)
2. the symbols in an encoding are listed consecutively

Note that this lemma is immediate if we assume the ligation model mentioned in
Section 3.2, however, our weaker assumptions for the PAM model require that we provide
a proof.
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PrROOE We initialize with test tubély = T. We recursively construct a sequence of
test tubesTy, Ty, ..., Ts, where we construct each by restricting the contents from
Ti-1.

Fori=1,...,s do

1. For each charactere A, construct tubd;[u] by copyingT;_; and applying the
Separation operation with the charaaigy i_1)a. Then construct a test tuble ;
that is the merge of all these test tubgg. , Ti[u]. (This ensures that each encoded
configuration has an encoding of a configuration symbol at podifjon

2. If i =sthenletT; = T, ; andelse do
For each pair of charactess v € A, construct tubdl;[u, v] by copyingT; 1 and
applying the Separation operation with the length 2 sttingi_1)a0y+ia. Then
construct a test tubg that is the merge of all the test tublek, . Ti[u, v]. (This
ensures that each encoding of a configuration has its symbols listed consecutively.
Note that this is the only place in our PAM simulations where we need to apply
the Separation operation with the length 2 string rather than to a single character.
This step is not actually needed in our PAM simulations if we extend the standard
encoding to allow for all possible permutations of the encoded symbols.)

OUTPUT Ts. O

3.4. Shift-Invariant Predicate Testing in the PAM ModelFix c = O(2) distinctinteger
shift constants, ..., ¢ > 0. Let an index beapplicableif for j = 1,...,call the
indices +¢; are inthe range from 1 & note thatthis occursif & i +max<j<c§; < s.
A set of stringsS C A® is defined by ashift-invariant predicatef there exists a

predicatep(Xo, X1, ..., Xc) and shift constantsy, ..., §c such thatS = {a € AS |
p(ai, cits,s - - -, @ivs,) holds for each applicable = 1,...,s — 1}. In other words,
for eacha = a1---as, Whereay,...,as € A, we havea e Siff the predicate
p(ai, dits,s - - -, @its,) holds for each applicabie=1,...,s— 1.

LEMMA 3.2. Given a tube T consisting of a subset of &), for any set S defined
by a shift-invariant predicatea test tube ES) N T can be constructed in QA|c*s)
Separation and Merge operations

ProOF By Lemma 3.1, given a tubE consisting of a subset & (A%), a test tubel’

can be constructed i@(s) Separation and Merge operations, consisting of all elements
of T such that there is one and only one symbol at each posiiioan encoding, and
the symbols in an encoding are listed consecutively. We initialize with tesiifjiseT’.

We recursively define a sequence of test tugd7, . .., T, where we construct each

T/ by restricting the contents frofy_; .

Fori=1,...,s,do
If i is not applicableéhenlet T/ = T/ , else ifi is applicablehen do
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1. Foreachuy, ..., uc € Asuch thatp(uo, ..., uc) holds, construct tub&'[uo, .. .,
uc] by copyingT,;”_, and applying the Separation operation first with the character
Oup+i—Da, then charactersy, i ys)afor j =1,...,c.

2. Then construct a test tub&’ that is the merge of all these test tubes
Utg.....ucea T Uos - - -, Uc]. (This ensures that the shift-invariant predicate is ap-
plied at each applicable position.)

OUTPUT T{. O

Let arelationR € AS x AS bedefined by a shift-invariant predicatithe set{ag |
(o, B) € R} is defined by a shift-invariant predicate. (For example, theSset {af |
a = B, for o, B € {0, 1}5} and thus relatioR = {(«, B) | « = B, fora, B € {0, 1}5}
are defined by a shift-invariant predicate that just tests, far=alll, . .., s, that theith
characters oft andg are the same.) By a simple extension of the proof of Lemma 3.2,
it follows that:

LEMMA 3.3. Given a tube T consisting of a subset of & x AS), for any relation
R defined by a shift-invariant predicata test tube consisting of ®) N T can be
constructed in @ A|°ts) Separation and Merge operations

Note that| A, ¢ are constants in all applications of this lemma within this paper.
4. Computations Using the PAM Model. Here we give simulations of sequential and

parallel computations by using the PAM models. (See Figure 1.) These simulations are
surprisingly succinct. We need some further description to show that we can implement

High Level PAP";[rgﬁgfel Test Tube and
Models Associative Matching Memory Models
Low Level
Model RDNA Model

Recombinant DNA

Fig. 1. Molecular model simulation results.
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the PA-Match operation by recombinant DNA techniques. This turns out to be a nontrivial
task, and is the main technical contribution of the remaining portion of our paper. In
Section 5 we show that Theorem 4.1 also holds for our RDNA model, and in Section 6
we show the simulation, at least up to a certain size, can be done in recombinant DNA
by conventional biotechnology operations.

4.1. Simulation of Lengthy Sequential Computations

THEOREM4.1. Anondeterministic Turing Machir{@& M) computation with space bound
s > the length of the input stringand time2°® can be executed in our PAM model
using O(s) PA-Match steps and @logs) other PAM stepemploying strings of length
O(s).

PrROOF Fix a sequential nondeterministic TM (see [HU] for the formal definition of a
nondeterministic TM and relevant computational complexity theory) which we wish to
simulate. LetS be the set of instantaneous descriptions (also known as configurations)
of the TM. LetQ, I" be the constant size state set and tape alphabet of the simulated
machine. In the following we assume without loss of generality that the TM uses only
one reagwrite tape. (See Figure 2.) We represent each configurétior; - - - I as the
concatenation of characters ..., Is over an alphabeA of sizea = (|Q| + D)|T"| =
O(1)whereforeach =1, ..., sthe charactek encodes (1) the contents of the memory
cell in locationi, and (2) the state of the finite control if the head is scanningttheell,
and otherwise a distinguished symbol noQrindicating the head is not scanning that
cell. Each configuratioh will thus have lengtts. (See Figure 3.)

Let NEXT C I x J be the next move relation dfl. We assume that once in the
final configurationl¢, the TM stays in the final configuration: $&, ;) € NEXTand if
(I, 1) € NEXT, thenl = I;. For eacht > 1, let NEXTY C & x J be thet’th move
relation of the TM; that is(l, 1') € NEXTV iff I’ is reachable from byt execution
steps of the TM, wherg, | € 3. By well known complexity theory results (see [HU])
the time bound of the TM can be assumed to be upper bounde® fr Bome constant
c>1

read/write
head

length s storage tape

Fig. 2. A TM with space bound.
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contents of cells {
and state if scanned

~

a |a |...|a |... a,

i

Fig. 3. Encoding of the configuration of a TM.

To encode any configuration pairl” € J, we assume here, without loss of generality,
a standard encoding for the PA-Match operatigil, 1) = #,E(l )#o#’oé(l .

(Note: recall that the definition of the standard encoding in Section 3.1 allowed also
for any fixed permutations of the symbols Bf Repeated application of the operation
>a Will actually require us to use distinct standard encodiBgg’, E”, as defined in the
proof of Lemma 5.1, which simply differ by fixed permutations of the padding symbols of
3. However, by Proposition 5.1, we can convert between the®& I basic operations
of the RDNA model. So for sake of clarity of notation in the PAM algorithm below, we
ignore in this subsection these slight variants of standard encoding and just use the same
symbol E for each.)

We assume that the initial and final configuratiohs,l, have distinct symbols, so
that inO(s) Separation operations and a Detection operation, we can determine whether
E(lo, Iy) is in a given test tube. LEE® = {E(I,1") | (I,1") € NEXT?Y} for each
k > 0. Note thatT® = T*=D o T&=D_The simulation has three phases:

1. Initialization: construction of ©@.

2. Foreactk =1, ..., cs, do PA-Match:T® = T&-D pq T&k-D

3. Final detection: test if there is sor |, ;) € T wherelg, It are the initial and
final configurations of the TM. 0

4.2. Initialization of the Space Bounded SimulatiorHere we provide the details of
Step 1 in the TM simulation algorithm given in the proof of Theorem 4.1. It will be
instructive to consider first a simpler construction:

ProPOSITION4.1. The tube{E(l) | | € I} can be constructed in @logs) steps in
the PAM modelwithout use of the PA-Match operation

PrROOFE We begin with test tub&(AS) = {E(l) | | € AS} defined by the trivial shift-
invariant predicate that is true everywhere. Recall that we encode a symwitbin E(1)

asoyi-1a- Given a tubel and integef, where 1<i < s, let § (S, respectively) be
the set of charactets, i_1)a € £, whereu € Ais a character in thigh position of the
configuration that encodes that the head is (is not, respectively) scannind\zé that
both setsS, § are of constant size a = |A|. Let S(T) (S(T), respectively) be the
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procedure that outputs the merge of all tubes derived ffdoy applying the Separation
operation on anyyti—_1a in § (5, respectively).

Without loss of generality, we can again assusrie a power of 2. For eack =
1,...,logs, subdivide{1, ..., s} into a setDy of 2 disjoint consecutive intervals, each
of sizes/2X. There are a total a§logs such intervals. For each such interdak Dy,
defineS§;(T) to be derived fronT by applying§ consecutively foreach1 <i <'s,
notind.

Note thatD; consists of two intervals{l, ...,s/2} and{s/2+ 1,...,s}, and it

Separation operation in sequence for evegfyi_1a in § fori = s/2+1,...,s.
Similarly, we can construcﬁs/2+1 “““ (T) in s/2 Separation operations by simply ap-
plying the Separation operation in sequence for ewgty;_1), in § fori =1,...,s/2.

.....

We can generalize the above construction Kkoe= 1 as follows: For eachk =
2,...,logs, and for eachd € Dy, letd’ be the unique interval iy distinct from
d which is the same interval @,_; asd, and letd” be the interval oD,_; that does not
containd. (For example, fok = 2, the setDy consists of four intervaldl, ..., s/4},
{s/4+1,...,8/2}, {s/2+1,...,83/4}, {s3/4 + 1,...,s}. Eachd € Dy is of the
foormd = {js/4+1,...,(] + 1)s/4} for somej € {0,...,3}. Thend = {(j +
Ds/4+1,...,(j +2)s/4}if j is even and otherwisd = {(j — 1)s/4+1,..., js/4}.
Also, d” = {s/2+ 1,..., s} if the intervald is contained in{1, ..., s/2}, and else
d’' ={1,...,s/2}.)

Then we construct eaj (T) by applying the Separation operation on eagh; _1)a
in sequence for all the/2¢ elementsi e d’, starting fromS§,.(T). Hence, by this
divide and conquer method, we can construct all§€l) in a total ofs Separation
operations for eack, for an overall total ofO(slogs) Separation operations for for all
k=1,...,logs.

Note that the test tub&;,(T) is equivalent to applyingy consecutively for each
j,1<j <s,wherej #i. ThusHEAD = S(%}(T)) encodes configurations where
the head is scanning positionThe tube{E(l) | | € 3J} is the merge of the tubes
HEADy(T), ..., HEADs(T). O

A construction nearly identical to the proof of Proposition 4.1 gives:

ProPOSITION4.2. The tube{E(l,1") | I, 1’ € I} can be constructed in Blogs)
steps in the PAM modekithout use of the PA-Match operation

PROOFE  We begin with test tub@ = E(AS x AS) = {E(l, 1) | I, 1" € A} defined

by the trivial shift-invariant predicate that is true everywhere. Recall that we encode a
symbolv within E(I ") asoyti-1ata.- We apply the procedure of Proposition 4.1 and
then apply a modification of the procedure of Proposition 4.1 where each separation on
any character of forma,i_1a, where 1< i < s, is replaced with separation on the
character,i_1a+a- O
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Finally, to implement the state-transition function of the TM, we observe:

ProPOSITION4.3. There is relation RC AS x AS defined by a shift-invariant predicate
such that

(E(L1Y) | (1,17 e NEXTY = {E(I, 1) | I, 1" € 3} N E(R).

PrROOF For each state transitionfrom a given state € Q, where the readvrite

head is at positiom, the transition depends only on the value of the cell at position
and on the next move, the readite head can only move one cell to the right or left.
Thus given standard encodirig(1, | ") wherel, |’ € J, to choose thos&(l, |) such
that(l, I’) € NEXT, we need only test a predicate depending on the values at a given
location withinE(l, 1), and predetermined locations witHi(l, 1 ") of shifted distance
sa—1,sa sa+ 1. O

By Lemma 3.3, we can construct@(s) steps of the PAM model a tube consisting of
{EC(L, 1) | (1,1 e NEXT} ={E, 1) | I,1" e I} N E(R).
Hence we have shown:

LEMMA 4.1. The initialization where we construct test tube®l, can be done in
O(slogs) steps in the PAM modekithout use of the PA-Match operation

Note that each of the main simulation steps of our algorithm are simply the execution
of the PA-Match operation, which is a primitive of our PAM model, taking by definition
step 1. It is interesting to note that the molecular simulation algorithm we have given is
similar to the parallel simulation due to Fortune and Wyllie [FW] of a space bounded
TM by a PRAM; where we have replaced the pointer jumping operation by our PA-
Match operation. This seems to indicate that the techniques used by computer scientists
in the design of parallel algorithms may be quite useful in the new area of biomolecular
computation. It should be noted however that pointer jumping of the rel&BXT
entails test tubes of very large size. In particular, the TM simulation of Theorem 4.1
requires test tubes of siz#®, wherea = (|Q| + 1)|I'|. This implies our result is of
theoretical interest only.

Note that the ligation operation of the Adleman and Lipton models can be easily used
to form in O(s) steps the input test tube of step 1. Thus with the ligation operation, the
time bounds of Theorem 4.1 decreas€X(s) steps.

4.3. Simulation of Parallel RAMs A parallel RAM(PRAM) is a generalization of the

usual sequential Random Access Machine (RAM) to akosequential RAM processors

to execute in parallel in lock step; for further details see [FW], [J], and [Rel]. (See
Figure 4.) A CREW PRAM allows concurrent reading of any location by multiple
processors, but only allows processors to do concurrent writing of distinct locations at
the same time. We assume thereldireshared memory locations, indexed by the integers

{1, ..., M}where allthe processors can read and write, and each processor has a constant
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Processors
1 2 P

Memory Cells

Fig. 4. A parallel RAM.

number ofregisters Each memory location and register can holol & O(log M) bit

integer. We assume the processors can execute unit cost arithmetic operatiobis on
binary numbers. For simplicity, each PRAM processor is assumed to have a finite state
control with a constant number of states, where the state of a processor does not include
the value of its registers. Depending on its state, each PRAM processor can in one step
make a state transition (the state transition can depend on the value of the registers) and
apply the following operations:

1. apply an arithmetic operation on a pair of its registers and put the result in another of
its registers,

2. load the value stored at a specified shared memory location into a register, and

3. write a value stored at a register into a specified memory location.

Fortune and Wyllie [FW] have given a simulation of a PRAM with time bouhdy

a O(D?) space bounded TM. Hence by combining this result with our simulation of
space bounded TMs by the PAM model stated in Theorem 4.1, we have that a PRAM
with time boundD can be simulated i©(D?) steps in the PAM model. However, a
direct simulation gives much better bounds. A PRAM, where each location of memory
is written on each time step by a unique processor, is caltighamic memory PRAM
(such a PRAM suffices for many applications, including the proof of Corollary 4.1).

THEOREM4.2. A dynamic memory CREW PRAM with time boundvDmemory cells
and processor bound B M can be simulated using @ + s) PA-Match steps and
O(slogs) other PAM steps using strings of length(s), where s= O(log(P M)).

PrOOFE  Without loss of generality, with a constant factor increase in time bounds of
the PRAM, we simplify the sequence of the PRAM operations by assuming that each
processor has a single distinguishetheregister and on each state transition, each
processor executes the following round of operations in lock-sté€pw(ites from the
cache into a memory location,’J2hen reads another distinct memory location into
the cache, (3 and applies an arithmetic operation on the register}tiién changes
state as specified by the state transition function (dependent on the value of one of
the registers). Since we are simulating an exclusive-write PRAM, on each round, each
location of memory can be assumed to be written by a unique processor. e let
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be the set of all possible instantaneous descriptions (i.e., configurations) of any pro-
cessor; each configuration € ¥ will be ans = O(log(P M)) length binary string
encoding

1. the processor (identification) numberl ..., P},
2. the current state of the processor, and
3. the contents of its registers.

We can assume the state transition function is the same for all the PRAMSs, and that they
all start at the same state, but the initial value of their cache register is their processor
number. Thanput andoutputof the PRAM will be given by the memory locations at
times 0 andD, respectively. Lel/ be the set of all2 < MO® possible values of any
register or memory cell and |&OC be the set of alM possible memory locations; we
assume each valuee V and each addresse LOC are also represented agength

binary strings. Let’ < csfor a constant integer > 1. To encode ang’ length binary
stringsa, B € {0, 1}, we use here standard encodings defined in SectionE3d)

and

¥ = E(a, B) = #HE()#otE(B)#

over the alphabeE. We now require a slightly larger encoding alphatiet:= ¥ U

{#o, #o, #1, #,}, Wherety, #, #,, #, are distinct symbols not i. Let E(y) = # E(«)
#ith E(B)#. Given also anyr’ € AS, we define a secondary encoding (to be applied
just once recursively on the second argument),

E1(o, ) = #1E (o) #thE (Y.

Note that this encoding simply differs from the form of the standard encoding by fixed
permutations of the distinguished padding symbal##i =0, ..., 3, of £, and it uses

the distinct padding symbolg ##, #3, #3 instead of the padding symbolg,#0, #1, #,

used by the standard encoding. Recall that for strings 8/, y € AS the PA-Match
operation give€E (a, 8) < E(8,¥) = E(a, y) andE(B) < E(B',y) = E(y, 8') >

E(B) = E(y) wheng = B/, and the operation« yields no value in the casg #= 8.

We also naturally generalize the PA-Match operation, so that, for stingsg’ € AS
andy = E(«, B), the generalized PA-Match operation gives:

e E(B) ~ E1(8', E(¥)) = E(y) wheng = g, and the operation« yields no value
in the caseB # B'.

e Also, Ei(a, E(¥)) < E(¥") = E(a) wheny = ¢/, and the operatios« yields no
value in the case # ¢'.

From the state transition function of the PRAMs we can define the following:

e Let LOAD = {E;(l’, E(l, v)) | configurationl’ € S is derived from configuration
| € 3 by having the processor specified bjoad valuev € V from memory into the
cache registér

e LetWRITE= {E (I, E(a, v)) | at configuration € J, the processor specified by
writes valuev € V into memory locatiora € LOC}.

e Let READ= {E1(l, E(l, @)) | at configuration € 3, the processor specified by
reads the value at memory locatiare LOC}.



Parallel Biomolecular Computation: Models and Simulations 157

e Foreachtimestepn0<t < D,
— let the memory cells be encoded®$ = {E(a, v) | at timet locationa € LOC
contains value € V}, and
— letthe processor configurations be encode'q,(ﬁs: {E(l) | attimet the processor
specified byl is in configurationl € J}.

Note that the arithmetic operations, executed by any processor of the PRAM, are as-
sumed to be obb = O(log M) bit numbers, and so can be certainly computed in space
O(log®°? by < O(s) = O(log(P M)) by a deterministic TM. These arithmetic opera-
tions are encoded into the tubéRITE. Thus tubed OAD, WRITE READ, T, T

can each easily be constructed in spaus) = O(log(P M)) by a deterministic TM.

By our simulation of space bounded TMs by the PAM model stated in Theorem 4.1, it
follows that:

LEMMA 4.2. The tubes LOADWRITE READ, T, T can all be constructed in our
PAM model using @) PA-Match steps and @logs) other PAM steps using strings
of length Q(s).

Since we have assumed that each location of memory is written on each time step by
a unique processor, observe that at time $tepl < D, the memory cell encoding
T+ is given by the tube containing afi(a, v) such that the processor specified by
configurationl € J writes valuev € V into memory locatiora € LOC at timet. By

our definition of WRITE it immediately follows that the memory cell encoding can be
recursively defined as

Ta =T = WRITE.

Also observe that by our definition &EAD, it also immediately follows than(” B
READ:Is a tube containing thogg(l, a) such that the processor specified by configura-
tion | € J reads the value at memory locatiare LOC at timet. Thus

(TyY =< READ &< T

is a tube containing thosE(l, v) such that the processor specified by configuration

| € J reads the value from a memory location at time Hence by our definition of

LOAD (and since we have assumed the order described above for the READ, LOAD,
and state transition operations executed by each processor on each step), we conclude
that the processor configurations can be recursively defined as

T = LOAD s< ((Ty" 2 READ) < T,).
Since these recursive definitions use only the PA-Match operation, we have:

LEMMA 4.3. Foreachtime step0 <t < D, given the tubes LOADNVRITE READ
T, T4V, then the tubes P, T{*P, can all be constructed in our PAM model by
O(1) PA-Match steps

Theorem 4.2 follows immediately from Lemmas 4.2 and 4.3. O
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Thefan-outof a Boolean circuit is the number of gates that directly use the output
value of a given gate. Theorem 4.2 combined with the nondeterministic TM simulation
of Theorem 4.1 together imply:

COROLLARY 4.1. Determining the satisfiability of a Boolean circuit constructible in s
space with n inputsunbounded fan-oyaind depth D can be done in our PAM Model
using Q(D + s) PA-Match steps and ®logs) other PAM steps using strings of length
O(s).

Note that the initial Step O of the proof of Theorem 4.2 can easily be do@sh
steps assuming the ligation operation of the Adleman and Lipton models is used to form
the input test tubes. Thus with the ligation operation, the time bounds of Theorem 4.2
and Corollary 4.1 reduce t0(D + s) PA-Match steps an®(s) other PAM steps.

Using similar techniques, the tree contraction technique developed by Miller and Reif
[MR] can also be efficiently executed in the PAM model.

5. A Model for Recombinant DNA. Our previously defined PAM model is quite
expressive and powerful for describing biomolecular computations at a very high level.
Here we define a low level, but still abstract, model of biomolecular computation that we
calltheRecombinant DNARDNA model The RDNA model allows for operations which
are abstractions of very well understood recombinant DNA operations (these include
operations in which covalent bonds are broken and made, e.g., cleavage and ligation) as
well as basic operations of molecular biology (separation, detect, denature, etc.).

The RDNA model provides a representation, which we calttmaplexfor the rele-
vant structural properties of DNA or RNA. We use complexes to give rigorous definitions
of the recombinant DNA operations. Our RDNA model is related to the PAM model,
where we allow the PAM operations Merge, Copy, Detect, and Separation, but we disal-
low the PA-Match operation, and allow the following additional operations (which are
defined in detail in Section 5.2):

1. Cleavageor cutting of strands based on short patterns,

2. Annealingof single-stranded linear structures into complex structures,
3. Ligationto form covalent bonds, and

4. Denatureof complex structures into single-stranded linear structures.

The RDNA model is thus a bridge between the PAM model and the actual recombinant
DNA operations done in alaboratory. Although the RDNA modelis abstract (for example,
the strings of the model are over an alphabet that grows &sI2DNA has an alphabet
of size 4, and we do not directly refer to the underlying organic chemistry), nevertheless
our model is sufficiently low level to ensure that only very well understood recombinant
DNA operations are allowed as basic operations. The actual recombinant DNA operations
done in laboratories have been changing over time and have certain limitations (volume
of test tube, etc.) that can not be well described by an abstract model such as RDNA that
has a precise mathematical definition, as required for our simulation proofs.

We will prove that the PAM model can be simulated by the restricted RDNA model
with only anO(s) factor slowdown, which implies our low-level restricted RDNA model
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gets within a linear factor of the same bounds for simulations of conventional sequential
and parallel computations as our high-level PAM model. In the following section we
discuss in some detail how each operation of the RDNA model can be implemented by
recombinant DNA operations in a laboratory, at least up to certain size parameters.

5.1. Complexes Asinthe previous abstract model PAM of biomolecular computation,
we define an alphabet of distinct symbals= {og, 01, ..., 0n_1, 0,01, ..., 0n_1}. A
graph with directed edges is callediigraph A stringa over X has a naturally defined
labeled digraplG(«) consisting of a simple (nonrepeating) directed path of lefgth
whose consecutive directed edges are labeled with the consecutive charagtérsrof

first to last. (Note that in the special case of DNA, the direction of a path models the
3-5 or 5-3 orientation of the DNA chain; see Section 6.1.)

Fix a finite setS of k finite strings overz, which may include linear strings and
also string loops. The digrapB(S) is defined to be the union of tHedisjoint labeled
digraphsG(«) for eacha € S; henceG(S) consists ok disjoint directed paths labeled
with the strings ofS.

We define here #&beled pairingof the edges ofG(S) to be a sefw of unordered
pairs of distinct directed edges Gf(S) such that (1) no directed edge appears more than
once inu, and (2) each of the pairs of edgesurhave complementary character labels
in reversed order. To model the Annealing process of DNA, we defaoergplex over S
to be the pai(S, u), whereu is a labeled pairing o6(S).

Note that each pair of directed eddeéis j), (j’, i)} € u point in the opposite direc-
tion, as occurs in DNA, when segments of two DNA chains with oppo$sig 8nd 3-3
orientations are matched by Watson—Crick complementation. The corfle® has
a naturally defineédnnealed digraph GS, 1) derived from digraphG(S) by merging
together the vertices i’ and merging together the verticgsj’ for all labeled pairs
{@, ). (j’,i"} in u, so the resulting digraph has edges in both directions between the
two merged nodes. (Note that three nodes may be merged into one, for exaraptk,

j” would be merged withj” if the pair{(j, k), (kK’, j")} is in u, in addition to the pair

{G, 1), (d’, j)H}) The annealed digraph is useful in characterizing unlikely complexes,
as mentioned below. However, for technical reasons, we later define the Denature and
Ligation operations using the gra@(S) andu, rather than using directly the annealed
digraphG(S, w).

The complex(S, 1) is alinear complexf u = {} so the digraphG(9S) is a set of
simple directed paths. The compl€x ) is aloop complexf u = {} and the digraph
G(9) is a loop (for example, ifS consists of two strings s&(S) has only two paths
p1, P2 (where one is of length at least 2) andpairs both the first edges qf, p, as
well as the last edges @, p.). (See Figure 5.)

Let COMPLEX(S) be the set of all possible complexes o¥rDefine the set of
stringsSto besimpleif COMPLEX(S) has only the linear complex. Also define a single
stringa to besimpleif the singleton sefa} is simple; hence it has no self-pairing in any
possible complex containing only itself, and so it contains no pair of complementing
symbols.

Note that COMPLEX®) may contain structures that actual DNA may not allow, at
least in low potential energy states. For example, DNA in a low potential energy state
does not usually bend more than a few degrees per base pair (see [Si]), so DNA in a low
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Fig. 5. Example of a set of stringS = {cao’, 6’85}, and the digraph&(S), G(S, ).

potential energy state usually has no loops of length less than a few dozen base pairs. We
would like to define a notion of feasible complexes that (a) reflects physical constraints
and (b) is also computationally efficient to verify. (For example, we might require that
the annealed digrapB(S, 1) has an embedding to a one-dimensional manifolgiin

(in 3-space) with a fixed upper bound on the curvature. Alternatively, we might bound
the potential energy (due to curvature) of the allowed embedding. This latter constraint
is the correct physical constraint that should be satisfied. However, testing either of these
restrictions appears to be very time consuming.)

Therefore, we define the setfefasible complexes FCOMPLEX(S) to be the set of
complexeq S, u) of COMPLEX(S) whose graplG(S, u) has no cycles of length less
than the constart (this is the same constaot as defined in Section 3.1).

A feasible complex may be used to model both the information content and also
the three-dimensional structure of single- or double-stranded DNA, or RNA, including
hybridization and secondary structuk&e employ feasible complexes to allow us to
model the effect of various recombinant DNA operatj@ml thus to provide rigorous
definitions of the recombinant DNA operations

5.2. Operations of the RDNA Model In the RDNA model we define aubeto be a
multiset of feasible complexes over sets of strings &vefhe RDNA model allows the
following previously defined PAM operations:

1. Merge

2. Copy which duplicates the contents of a given tube consisting of only linear com-
plexes,

3. Detect and

4. Separationwhere (a) to decrease the likelihood of Separation errors by mismatches,
we again restrict the Separation operation to match with strings of length atgnest
O(1); all our recombinant DNA simulations again require oody= 2, and (b) we
assume for simplicity that the Separation operation is only applied to tubes of linear or
loop complexes (note that we might have defined the Separation to be a more general
operation that allows us to identify a complex that has a strand sigma which happens
to be annealed to its complement, but this may not always be feasible in practice);

and also allows the following further operations (note that we use complexes to give
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Fig. 6. Cleavage of the DNA strando 8 just after the sequenee = AT CT, resulting in two disconnected
strandsxo andp.

rigorous definitions of these RDNA operations):

5.

6.

SelectionSelect complexes of a specified size (the size is the number of nodes of the
complex).

Cleavage Given a tubel, a symbolo € X, andnick € {before, afte}, produce a

new tubeT’ such that, for each comples, 1) in T, we substitute a new complex

(S, ') derived from(S, ) as follows: at each directed edgef G(S, 1) labeleds

we cleave the vertex wheess located, either just before or just afteras specified

by nick. (See Figure 6.) This Cleavage operation may be specified to be either double
stranded or single stranded; in the former case itis required that there also be areverse
edge between the same verticegas the opposite direction, in the latter case it is
required that there be no such reverse edge (if unspecified, we allow either case).
We assume that the Cleavage operation be applied to a (small) constant subset of the
symbols of the alphabé&l, which are calledleavage symbald his require a distinct
restriction enzyme for each of the small number of cleavage symbols.

. Annealing Given a tubél', whereSis the set of all strings appearing in complexes in

T, let FCOMPLEX(S) be the set of all possible feasible complexes d&éie con-
struct a new tub@’ by taking from FCOMPLEXS) all complexes that use matching
between complementary pairs of strings of lengthy, and also indeterministically
choosing any further elements of FCOMPLESX{that is, we allow for the possibility,
but not the surety, of any further subset of elements of FCOMPISEX(be chosen.
Thus the Annealing operation allows for the surety matching of Watson—Crick com-
plementary subsequences of lengtlty, which is the only case that our algorithms
will use (we can extend this definition to allow also the possibility of longer matches,
and then it would be up to the algorithm designer to show that an RDNA algorithm
is correct no matter what possible longer matches are made).

Note. Depending on the number of strings appearing in complexes that can anneal,
it may take a long time (or be unlikely over a short time duration) for one DNA string
to meet another before annealing. This can be remedied by increasing the volume,
so with the resulting large redundancy at least every instance of pairs of strings
appearing in complexes can attempt to anneal. This increase in volume makes our
implementation of the PA-MATCH operation of theoretical consequence only, due to
the large test tube volume required to ensure annealing of many pairs of strings).
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8. Ligation. We modify the seS as follows: For each linear stringss’ € S, let ends)
be the last edge of of the pathdefined by the subgrap@({s}) of G(S), and let
begins’) be the first edge of the patti defined by the subgragh({s’}) of G(S). To
implement ligation, we replacg s’ with their concatenation - s’ in the case where
there is a stringg” € S with consecutive edges € where{e, ends)} € u and
{€, begins)} € u. (Note that both pairge, ends)} and also{e’, begin(s’)} point
in the opposite direction, as occurs in DNA, when segments of two DNA chains with
opposite 3-5 and 3-3 orientations are matched by Watson—Crick complementation,
and the edges efg), begins’) abut. Thus the edges efsi, begins’) are ligated.
Also note we can easily extend this definition to allow for blunt end ligation, but that
operation is not required for our results.)

9. Denature Given a tubeT, for each complexS, 1) in T, we substitute the set of
complexes{({a}, {}) | « € S}. Thus the Denature operation transforms a tube of
complexes into a tube of linear and loop strings.

5.3. RDNA Simulation of the PAM Model

THEOREMb5.1. The PA-Match operation of the PAM model on strings of length s can
be simulated in our RDNA modelith a O(s) factor slowdown over the total step bound
of the PAM modelEach of the other operations of the PAM model can be executed in
our RDNA model without slowdown

PrOOF All but one of the operations of our RDNA model are those of the PAM
model. However, the PA-Match operation requires detailed justification, to allow for
its implementation by recombinant DNA. (In particular, note that a construction that
attempts to match in one step lengthy Watson—Crick complementing pairs of lengthy
subsequences is not feasible, due to the difficulty of ensuring such lengthy matches in
DNA))

We show that the execution of our PA-Match algorithm in the RDNA model only
uses separation operations and annealing operations on strings oftfength 2, and
there are no possible matches of length longer tharhs the correctness of our PA-
Match algorithm only depends on the surety of matches of leagth = 2, which is an
assumption of our RDNA model. The correctness of our PA-Match algorithm does not
depend on the surety of matches longer ttgmnd, moreover, also does not depend on
an assumption that there are no matches longerh@m incorrect PA-Match algorithm
in the RDNA model might, perhaps due to the redundant use of matched symbols, depend
on an assumption (which we do not make) that there are no matches longeg.than

LEMMA 5.1. We can implement the PA-Match operation usingsXdab steps in the
RDNA model

PrROOF  In this section, for the characters within the complexes of a tube in the RDNA
model, we use an alphabet of distinct symi®ls- {09, 01, ..., on_1, 60, 01, - - -, On_1},
wheren = 2sa+ 8+ ¢;. Let A be a constant size = | A| alphabet for the strings used
for PA-Match. For two tubed, T’ containing linear complexes (i.e., strings) encoding
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pairs byE(—, —), we wish to construct, byD(s) operations in the RDNA model, the
tubeT" =T o< T ={E(a,y) | E(a,8) € T,E(B,y) € T'}.

To encode inT any string pair(e, 8) we assume, without loss of generality, the
standard encoding (e, 8) = # E () #otto E (B)#, Where we have reserved the eight
distinct padding symbols #= o2sayj and # = ozsatj+afor j =0, ..., 3. Recall thatin
the definition of a standard encoding in Section 3.1, we allowed a standard encoding to use
any fixed permutation of these padding symbols. To encodé any string pain«, 8)
we use a (slightly modified) standard encodiBge, 8) = #1E(a)#0#’0|§(/3)#’2. Also,
to encode inT” any string pair«, ) we use a (slightly modified) standard encoding
E"(a, B) = #1E(a)#o#’oé(ﬂ)#’2. These (slightly modified) standard encodings will not
make any significant change in the encodings, but for technical reasons they will be
useful in our cutting and splicing operations to implement PA-Match in the RDNA
model.

The distinguished padding symbols can be easily permuted. For example, suppose we
are given as input a set tube with contents in standard enc&d{mgth single strands).

Then to convert the last symbol of each encoded string freno#,, we apply the
following six recombinant DNA operations:

1. Cleavage just before #followed by

2. Merging the result with a fixed test tube containing length 2 strings of the form
{Gusas-natty | U € A} U {#2},

Annealing and Ligation (thus forming segments of double strands),

Separation with match symbdb#

Selection of size®2+ 4, followed by

Denature (into single-stranded sequences).

o0k w

It is easy to verify that in the resulting test tube the distinguished paddihggtbeen
edited to be #, as required in this example. The other operations required to convert
between standard encodingsE’, E” are similar, so we have:

PrROPOSITIONS.1.  We can convert between standard encodingE EE” in O(1) basic
operations of the RDNA model

Taking into account these (slightly modified) standard encodings, foveaktg’, y €
AS, we require the PA-Match operatiea to give E(«, 8) < E'(8/, y) = E"(a, y) if
B = B/, and otherwise, if8 # g/, the operation< yields no value. Hence, using these
standard encodings, we have

(thE()#HE(B)th) a (AE (B ) Hotho E(y)#) = #E()H#o#hE (v )

if B = B/, and otherwise no value. Let= 02sa1802sat9 * - - O2sat7-+¢, b€ the string listing

the lastc; distinct symbols ofz. For any linear stringy, let LOOP¢) denote a string
loop derived fromx by connecting the end to the start. Recall that we have assumed
feasible complexes to have no cycles of length less than a corcgtéfor example,
40-100 base pairs will suffice to allow for the easy (i.e., with small force) bending of a
DNA chain into a loop; see [Si]).
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INPUT: TubesT andT'.
INITIALIZATION We assume we have prepared fixed test tubg8] = {##, To[1] =

(##), To[2] = {#>M#1}, where the notatiofa} indicates a multiset containing multiples
of the given stringa. (Note: To ensure the complementation required for our Annealing
and Ligation steps, complexes derived from prepared tuigi€3, To[1], To[2] will be
assumed to have opposite orientation to the complexes of the input Tudése.g.,

in the case of DNA, the tube&[0], To[1], To[2] have DNA strands defined in53
orientation from the strings given above, whereas tihés have DNA strands defined

in 3-5 orientation from their given strings.)
STEP1 (see Figure 7(b)). Let

T ={E(@BE B, y) | E@p) eT,E'B,y)eT]}
be the test tube constructed by

1.1. MergingT, T’, andTg[1], and then

1.2. applying the Annealing and Ligation operations (thus forming segments of double
strands), followed by

1.3. the Denature operation (resulting in single-stranded sequences),

1.4. applying the Separation operation and yielding a tube with complexes containing
neither the characték nor#, and, finally,

1.5. Selection of size(2s + 4) = 4s + 8.

COMMENT. Theresultingtesttube will contain simple complexes with single-stranded
sequences of the form

E(a, B)E' (B, ) = HE(a)#Ho E (B)HA E (B Hoto E (v #o
foreach E(a,8) T, E'@B,y)eT.

This is because after Annealing and Ligation, we get complexes from elements of
T, T’, To[1], and joined to form double-stranded segments at the complementing pairs
#, #, and #,, #,. After Denature, the resulting tube contains single-stranded sequences
E(a, B)E'(B', y) foreachE(a, B) € T, andE'(f’, y) € T’ and the same resulting tube
also containgb#,. The Separation operation eliminates# from the tube.

STEP2 (see Figure 7(c)). Here we constructQx(s) steps, by applying the proof of
Lemma 3.3, the tube

T ={E(@,HEB . y) |E@p) eT.EB.y)eT p=4p}
COMMENT. We wish to Separate out all
E(, HE(B,y) e

with 8 = g’. Note that we have restricted the Separation operation in our models to match
with a pattern string oveE of only constant length, and so at leastuch Separation
operations are required to do the required associative matching with the strings of length
s. To do this, we observe:
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T r 1,1}
oTTmISS ST mS SIS T T I T RN il
Lt E(o# L E()#, L HE(B )4 # E()H, WOEE

(a) Example contents of the initial test tubBsT’, andTo[1].

T, #,E(o)#,#,E(B)#, #, EB ¥, # E(n#,

(b) Example contents of test tubg.
T, # E(o)h#,E(B)#, # E(BM, #, E( ),
(c) Example contents of test tubie.

T,

3

[— #LE (gt # E(p)#, # E(BY#, #, E(y ¥, -]

A
(d) Example contents of the test tubg

T, #, E(o)#, A E(7)#,

(e) Example contents of the test tubg

. C_ # (ot #,E (y)#) -)

A
(f) Example contents of test tulie.

T,  # E(o)#,#,E(7)#,
(g) Example contents of the final test tubge= T o T'.

Fig. 7. Example contents of the test tubes used to implement the PA-Match operation; all are single stranded
strings or single stranded simple loops.

PROPOSITIONS.2. There is arelation RC A® x AS defined by a shift-invariant predi-
cate such that J= T; N E(R).

(In particular, the shift-invariant predicate just tests, for each 1, ..., s, if theith
characters o andp’ are the same in the encoding.) By Lemma 3.3, we can construct
in O(s) Separation and Merge operations the tibe E(R').

STEPS3 (see Figure 7(d)). Let

Tz = {LOOP(E (e, HE'(B, y)2) | E(er, B) € T, E'(B, ¥) € T}
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be the test tube constructed by

3.1. MergingT, andTp[2], and then

3.2. applying the Annealing and Ligation operations (thus forming segments of double
strands), followed by

3.3. the Denature operation (resulting in single-stranded sequences),

3.4. applying the Separation operation yielding a tube with complexes containing neither
the characte#;, nor#.

(we may optionally apply also Selection of siz@2+ 4) + ¢; = 4s + 8 + ¢, but this
has no effect if there are no errors.)

COMMENT. Theresultingtesttube will contain simple complexes with single-stranded
loops of the form

LOOP(E(a, BYE'(B', y)r) = LOOP(# E (o) #oto E (B)#att E (B)Hoto E (v )#o).)
foreach E(@,B8) T, E'@B,y)eT.

This is because after Annealing and Ligation, we get cyclic complexes from elements
of Ty, To[2], joined to form double-stranded segments at the complementing paits #

and #, #. After Denature, the elements &, 8) € T, E'(8,y) € T/, andx are
composed of single-stranded cyclic complexes of the form L&E)2(B)E’ (B, y)A) as

well as#>#,. The Separation operation eliminates the linear compléxés

Note: the Separation step in Step 3 decimates the population of the test tube, thus
requiring in practice the use of Amplification.

STEPA4 (see Figure 7(e)). Léfy be the test tube constructed by

4.1. Cleavage in th&; tube just after &
4.2. applying the Separation operation to the resulting tube, to obtain a tube not con-
taining the character,#

COMMENT. The Cleavage will result in linear complexes with single-stranded se-
quences of the formiE (y )#r# E (a)#, and also of the form #E (8)#:#1E (B)#, for
eachE(a, B)e T, E'(8, y)e T'. The Separation operation eliminates the linear com-
plexes of form #E(ﬂ)#z#“l E(B)#y. The resulting test tub&, contains linear complexes

of the form #E (y )#Ath E (a)#, for eachE(a, B) € T, E'(B, y) € T'.

STEPS (see Figure 7(f)). LeTs be the test tube constructed by

5.1. MergingT, andTp[0], and then

5.2. applying the Annealing and Ligation operations (thus forming segments of double
strands), followed by

5.3. the Denature operation (resulting in single strands),

5.4. applying the Separation operation yielding a tube with complexes containing neither
the characte#, nor#, and, finally,

5.5. Selection of size2+ 4 + ¢;.
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COMMENT. The resulting test tube will contain simple complexes with single-strand
loops of the form

LOOPHHE () #orMh E(a)#)  foreach E(w,B) e T, E'@B,y)eT.

This is because after Annealing and Ligation, we get cyclic complexes from elements
of T4, To[0], joined to form double-stranded segments at the complementing pais #

and #, #y. After Denature, the elements &, 8) € T, E'(8,y) € T/, andx are
composed as single-stranded cyclic complexes of the form claimed. The Separation
operation eliminates the linear complexg# .

STEP®G (see Figure 7(g)). Lélg be the test tube constructed by

6.1. Cleavage in test tublg just after # and just before # and
6.2. applying the Separation operation yielding a tube with complexes not containing
the first charactes,sa 6 Of A.

COMMENT. The Cleavage will result in linear complexes of the form
E'(a, y) = hE(a)#o#E(y)#,  foreach E(a,B) €T, E'B.y)eT,

and also of the form. The Separation operation eliminates the linear complexes of form
A. The resulting test tub& will contain only linear complexes of the form

E'(a,y) = #E(@)##E()#  foreach E(w,B)eT, E@B,y)eT.
OUTPUT: T« T/ = Te.

Observe that, due to our use of distinct padding symbols, we have defined our PA-
Match algorithm so it only uses matches of lengtlty = 2, and there are no possible
matches of length longer than Bhus the correctness of our PA-Match algorithm only
depends on the surety of matches of lengthcy = 2, which is an assumption of
our RDNA model. (Also, note that this implies that the correctness of our PA-Match
algorithm does not depend on the surety of matches longercthamd also does not
depend on an assumption that there are no matches longespthan

A similar, but slightly simpler, construction can be used to implement the special
cases of the PA-Match operatidns< T’ where the elements of one of the input tubes
T or T’ are of the formE(B) for 8 € AS, and the elements of other tube are of the form
E@B,y)forg,y € AS. O

6. Implementation by Recombinant DNA. We briefly review the usual recombinant
DNA technology, and its application to our operations. We observe that the basic op-
erations of the RDNA model can be done, at least up to a certain size, by recombinant
DNA using conventional biotechnology engineering techniques. A number of the op-
erations of our RDNA model are those of the Memory model of Adleman, and their
lab implementation by recombinant DNA techniques are detailed in his papers [Ad1],
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[Ad2]. In particular, he has shown that each of the operations Merge, Detect, Separation,
and Amplify can be done i (1) lab steps by recombinant DNA operations which can
be considered to be basic operations in our RDNA model.

6.1. DNA Base Pair Sequencekheir Orientation and Complement We require some
elementary definitions. DNA is a linear polymer composed of two complementary linear
sequences of bases: adening, cytosine C), guanine G), and thymine T). Watson—

Crick complementaryairing is denoted by bardA = T,T = A,G = C,C = G.

The Watson—Crick complementation describes the hydrogen bonding between distinct
subsequences of base pairs of DNA moleculeDMA (base pai) string is a string

over the alphabet dDNA baseqd A, T, G, C}. The DNA base sequence provides the
information content of the DNA strand in base 4. The unit measure of length of a DNA
strand is given in terms of number of base pairs. A DNA strand has two distinguished
ends which give the DNA strand polarity:

1. the 3 end, with normally a hydroxyl group (®H), and
2. the 5 end, with normally a phosphate group B).

This polarity is represented in the RDNA model by directed edges and directed paths. The
two DNA stringsa, & are defined to b&/atson—Crick complementawherea denotes

the Watson—Crick complementation of the characters of the strifigvo subsegments

of DNA strands can be joined by hydrogen bonds if the DNA strands are put in opposite
3-5 and 3-3 orientation, the corresponding base sequence strings being Watson—Crick
complementary. Due to Watson—Crick complementation, the DNA molecule may form
complex structures which may be singly or doubly stranded, or may contain segments
that are doubly stranded. The COMPLEX of our RDNA model is used to represent
these possible DNA structures. In the RDNA model the direction of a path models
the 3-5 or 5-3 orientation of the DNA chain. For example, if we associate a DNA
string with the 3-5 orientation of the corresponding DNA strand, then therd is
associated with the start of the string and therd is associated with the end of the
string.

Certain recombinant DNA technigues, such as Amplification, require the DNA strings
to be nondegenerate in a well understood sense. (On the other hand, certain other recom-
binant DNA operations use the degeneracy of a DNA string.) A string of even length is
apalindromeif it is of the form aaR whereaR is the reverse of string. A string has a
replicationof a stringx if it has two occurrences of. A DNA strand is generally consid-
erednondegeneraté it is free of palindromes, replications, and pairs of Watson—Crick
complementary subsequences (or their reverses) above some proscribed smatl length
and elsalegenerate(See Figure 8.)

To implement our RDNA model in actual DNA, we represent each character of
> by a DNA strand (also known as aigonucleotid¢ of lengthczlogn, for some
constantc; > 1. If we use degenerate DNA strings to encode pairs of configurations,
these may form complex structures, including self-loops, that are not allowed for certain
recombinant DNA operations. Adleman [Ad1] and Lipton [L] have noted that we can
use a random string ovéA, T, G, C} of length 2 logn to represent each character of
¥, and the resulting DNA strings are nondegenerate with high likelihoech1®, for
a constant > 1. Also, it is easy to show that, with high likelihood, each pair of such
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3 end a g 5'end

ATGGACATTCT
T AGATCGAT

5"end 3" end

g B

Fig. 8. Two single DNA strand&o (oriented 3-5) anda 8 (oriented 5-3) joined at Watson—Crick comple-
mentary sequences= ATCT, & = T AG Ato form a partial double strand of DNA whese= AT GG AG
B =TCGAT.

random strings differs i®2 (logn) of their bits. Hence a string ové& of lengthk may
be used to represent the information content of a DNA or RNA stratkdaaf(2n) base
pairs and thénase pair lengttof a stringa over T is a multiplicative factor of lo¢g2n)
times the length o&. In the following, we leto denote a short DNA string for length
coczlogn < O(logn) (such a string can be encoded as a string of lergity in the
alphabet of the PAM or RDNA models.)

6.2. Primitive Operations Used in Recombinant DNAThere are a vast number of
known recombinant DNA techniques; however, the techniques we employ are few, and
are now routine. We have provided references to texts and a lab manual [SFM]; this and
other lab manuals detail the elementary lab steps required for most recombinant DNA
operations, and also have voluminous references to articles on these well understood
techniques.

1. Merge can be done by simply combining the contents of the given test tubes and
mixing. This can be facilitated by ultrasonic mixing devices.

2. Copy, which duplicates the contents of a given tube consisting of only linear com-
plexes, can be done by Amplification via the polymerase chain reaction (PCR) (see
p.79 of [WGWZ], Chapter 1 of [SFM], and also [Rob] and [Bar] for high yield PCR)
resulting in the replication of given DNA strands. Amplification can also be of use in
the practical implementation of our simulation results as an aid to decrease errors.

3. Detectis a standard operation molecular biology (e.g., [SFM]) which generally is
preceded by Amplification.

4. Separationby use of synthetic oligonucleotide probes (these probes may be attached

to magnetic beads or attached to a structure; see Chapter 11 of [SFM]) containing a
predetermined short subsequence. (If the matched subsequence is too long, we can
get separation errors by mismatches.) The Separation operation can also be used in
parallel, to allow for Separation of DNA strands containing as a subsequence any of
a set of strings.

. Selectiorof DNA strands of a given length of base pairs. This can be done by various
methods (e.g., by use of gel electrophoresis; see Chapter 4 of [SFM]) which select
by molecular weight. To ensure accuracy, the Selection must not be more than a few
hundred base pairs.
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6. Cleavage(see p. 64 of [WGWZ], Chapter 3 of [OP], Chapter 5.10 of [SFM], and
[Rao]) and other operations using restriction endonucleases that nick (i.e., splice) a
double strand of DNA at predetermined locations. These locations are determined
by Watson—-Crick complementary matching with a short pattern depending on the
Cleavage. For example, if the striads not too long or degenerate, a DNA restriction
endonuclease can be found that matches to the sirjrand cleaves each strand
of the DNA just after or just before any instance of that stringThe cleavage
may be the same for both strands, and if so the cleavage is tdlletlendedand
otherwise the cleavage is calledcahesive overhandgrhe cleavage can be done
also on single strands either by (i) certain restriction endonucleases (however, the
number of known restriction endonucleases for single strands is very limited, and
they do so at a very low rate), or, more commonly, (ii) by creating a short double-
strand segment within the single strand by annealing a strand complementing the
restriction pattern, and then applying the required restriction endonucleases that nicks
this double-strand segment as required. For example, if an appropriate restriction
endonuclease is added to the contents of a test tube containing multiple DNA strings
ao B, the result will be a test tube containing multiple DN& and 8. (See again
Figure 6.)

7. Annealingof single-stranded DNA into complex structures including double-stranded
DNA via cooling (see Chapter 11.8 of [SFM] and see [MH] and [OP]). For ex-
ample, if the DNA stringo is not too long and does not appeardnand if the
contents of a test tube containing multiple single-stranded DNA with the string (in
3-5 orientation)ao is combined with the contents of another test tube contain-
ing multiple single-stranded DNA with the string (if-8 orientation)s 8, and
cooled appropriately. (The Annealing allows for matching of Watson—Crick com-
plementary subsequences. The schedule of cooling must be carefully controlled to
avoid excessive mismatches.) Then the two DNA strands will be joined (in oppo-
site 3-5 and 3-3 orientation) ato, 5. (See Figure 8.) If the strands are suffi-
ciently long, such Annealing may also result in various types of DNA structures
including loops; for example, if the strings o’ are not too long, and do not ap-
pear ina, 8, and if one of the strings, g are sufficiently long (approximately
40-100 base pairs; see [Si]), and if the contents of a test tube containing multi-
ple single-stranded DNA with the string (in-% orientationoao’ is combined with
the contents of another test tube containing multiple single-stranded DNA with the
string (in 3—3 orientation)ocad’, and cooled appropriately, then the two strands
will be joined ato, 6’ and also at’, 6’ thus forming a DNA loop. (See Figures 9
and 10.)

Q g

ATGGACATC CT
TA G A B

Fig. 9. A segment of DNA with a loop resulting from a degenerate single siangd R with complementary
substrings, o.
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Fig. 10. Two single DNA strandsao’ (oriented 3-5) ando’B5 (oriented 5-3) joined at two pairs of
Watson—Crick complementary sequenees: ATCT,c = TAGA andalsw’ = GTAAG =CATT, to
form a cyclic strand of DNA.

8. Ligationuses aligation enzyme to covalent bond annealed double-stranded DNA (see
Chapter 11.8 of [SFM]).
9. Denatureof double-stranded DNA into single-stranded DNA via heating.

Separation, Cleavage, Annealing, and Ligation operations based on complementary
matching can be used to implement DNA string-editing, also knowsiteslirected or
localized mutagenesisee pp. 191-206 of [OP], pp. 192-193 of WGWZ], and Chapter 5
of [SFM]), however, DNA string-editing using these recombinant DNA operations is only
applicable to very short pattern strings.

7. Open Problems. Our simulation of the PA-Match operation in the RDNA model
uses techniques similar (at least in certain technical details) to those used for small
circular DNA found in bacteria known as plasmids.

1. Are there other recombinant DNA techniques used by bacteria or related living forms
that can be of use in biomolecular computation? Our simple loop construction is not
the only way of proving Lemma 5.1; other alternative constructions can be made
using a simple loop plus dangling end segments (and can use a variant of our standard
encoding with the pair of pattern strings reversed); however, all such constructions
also appear to require at some stage some variant of our use of a loop or cyclic
substructure and some variant of our standard encoding.

2. ltis an interesting open question to determine if such techniques are inherent in any
simulation of the PA-Match operation in the RDNA model. Other open problems
include:

3. improvement (or matching lower bounds) of our simulation step bounds, especially
in our RDNA model (Do we need a facteislowdown?), and

4. development of further methods for ensuring the reliability of biomolecular compu-
tations. For example, can Separation errors (or other recombinant DNA operation
errors) be reduced without a slowdown?
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Appendix A. Recombinant DNA Technology. In the last decade there have been
revolutionary advances in the field of biomedical engineering, particularly in recombinant
DNA and RNA manipulation. Basic principles of recombinant DNA technology are
described in [WGW?Z] (along with a detailed account of the history of discovery), as well
as in [WHR] and [OP]. Detailed theoretical discussions of dynamics, thermodynamics,
and structure of DNA, RNA and certain proteins are given by Brooks et al. [BKP] and
Sinden [Si].

Due to the industrialization of the biotechnology field, laboratory techniques for re-
combinant DNA and RNA manipulation are becoming highly standardized, with well
written lab manuals (e.g., [SFM]) detailing the elementary lab steps required for recom-
binant DNA operations. Thus these recombinant DNA operations which where once
considered highly sophisticated are now routine. As a further byproduct of the indus-
trialization of the biotechnology field, many of the constraints (such as timing, pH, and
solution concentration, contamination, etc.) critical to the successful execution of these
recombinant DNA techniques are now very well understood, both theoretically and in
practice.

Biological researchers have recently made very creative use of recombinant DNA
techniques for various biological applications (these are unrelated to computation, but
using what may perhaps be viewed in hindsight as biomolecular computation tech-
niques); for example, the work by Alper [Al] in drug discovery. Also, Bartel and
Szostak [BS] isolated new ribozymes from a large pool of random sequences and
Eigen and Rigler [EiR] developed techniques for sorting molecules by closeness
metrics.

Appendix B. Limitations of Biomolecular Computation. Molecular computation
seems to have certain advantages of scale over conventional methods of computation;
nevertheless, if biomolecular computations simply utilize the current and well established
lab methods of recombinant DNA manipulation, they have some severe limitations. In
fairness we must also take into account many factors, such as the bit width of the
conventional computations, as well as volume limitations and errors of biomolecular
computation. So the full potential of biomolecular computation is by no means well
understood or realized.

The main bounding parameters of biomolecular computations are:

1. Total number of distinct elements of a test tuhelThis may be the most important
limitation since the volume of the test tubes to be processed can be at most some small
number of liters, unless industrial size operations are to be done. Thus the number
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of distinct elements of a test tube is limited to some number not much more than
107, This limits the size of NP search problems that may be solved by biomolecular
computation using brute-force search techniques: this number of distinct elements
would allow for the encoding of all 66 bit strings and hence brute-force search on SAT
problems with up to 66 boolean variables. This upper bound on the number of distinct
elements of a test tube limits the tape lengthf the TMs that may be simulated by

our techniques to at most 33.

2. Time durationt of each lab stepThe time durationr of each lab step is limited by
the time required for basic recombinant DNA operations required to ensure that the
number of inclusion and exclusion errors are not excessive. While some operations,
such as the Merge of test tubes by mixing, can be done in at most a few seconds, the
times of operations (such as Separation, Cleavage, Annealing, Ligation, Denature)
depending on complementary matching of DNA substrings are strongly dependent
on (a) the length of required match, and (b) the allowed number of errors of matching
(and may also depend on temperature, pH, solution concentration, and possibly other
parameters). In general, annealing times increase with the number of unique DNA
sequences in a population. If the required length of matching is small and the allowed
error rate is moderate, then annealing times can range from a minute up to a few hours.
Thus the time duration is considerably more than the step rate of a conventional
machine, e.g., a 100 megahertz high-performance workstation runs at a fattor 10
faster step rate. However, the potential advantages of molecular parallelism over
sequential computation may outweigh this step rate disadvantage.

3. Number of lab steps tequired by a molecular algorithm. Due to the extremely slow
step rate of the lab operations, the number of steps should be very small.

4. Length of complementary matching in DNA stringgy., by associative matching
operations.

In conventional recombinant DNA operations, complementary matching in DNA
strings is generally done on sequences of small length. In fact, all the basic lab steps
which are discussed here can be done in moderate time duration, in part since we
only match DNA strings of very short length.

5. Energy There is a very large potential advantage with respect to energy consumption.
Certain of the molecular computing operations we consider, such as Separation,
may operate at approximately 19 Joules per operation. Other operations, such as
Denaturing and Annealing, which use heating or cooling, may require significantly
more energy. In contrast, conventional electronic computers may operate in the range
of 10-° Joules per operation.

6. Errorinduced by the operation# is well understood how to cope with certain errors
that may arise in biomolecular computations.

For example, for certain operations such as Amplification the DNA strands must
be nondegeneratestrands must be free of lengthy palindromes, replications, and
Watson—Crick complementary subsequences. (Still, degenerate strands can be of spe-
cific use in certain procedures.) However, there remain other possible errors, due to
inadvertent contamination and other factors, including the unsuccessful execution of
each operation. Adleman [Ad2] has considered the accuracy of the operations, and
argued in detail that conventional techniques would suffice to limit the errors in a
restricted set of applications.
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