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Abstract

We presenta divide andconquerbasedalgorithmfor optimalquantumcompression/ de-
compression,usingO(n(log4 n) log logn) elementaryquantumoperations. Ourresultpro-
videsthe �rst quasi-lineartime algorithmfor asymptoticallyoptimal (in sizeand�delity)
quantumcompressionanddecompression.We alsooutline thequantumgatearraymodel
to bringaboutthis compressionin aquantumcomputer. Ourmethodusesvariousclassical
algorithmictoolsto signi�cantly improvetheboundfrom thepreviousbestknown boundof
O(n3)(R. Cleve,D. P. DiVincenzo,Schumacher'squantumdatacompressionasaquantum
computation,Phys.Rev. A, 54,1996,2636-2650)for thisoperation.
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1 Intr oduction

1.1 QuantumComputation

Quantum Computation (QC) is a computingmodel that appliesquantumme-
chanicsto docomputation.(Computationsandmethodsnotmakinguseof quantum
mechanicswill betermedclassical). A singlemolecule(or collectionof .particles
and/oratoms)may have n degreesof freedomknown asqubits. Associatedwith
each�x ed settingX of the n qubits to booleanvaluesis a basisstatedenoted
jai . Quantummechanicsallows for a linear superpositionof thesebasisstatesto
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exist simultaneously. Eachbasisstatejai of thesuperpositionis assigneda given
complex amplitude� ; this is denoted� jai . Unitary transformationsarereversible
operationson the superpositionswhich canbe representedby unitarymatricesA
(e.g.,permutationmatrices,rotation matrices,and the matricesof Fourier trans-
forms) whereAA � = A � A = I (we useA � to denotethe conjugatetranspose
(hermitian) of matrix A). Thesumof thesquaresof themagnitudesof theampli-
tudesof all basisstatesis 1. This sumremainsinvariantdueto theapplicationof
unitarytransformations.TheHilbert spaceHn is thesetof all possiblesuchlinear
superpositions.

Operationsexecutedon thesesuperpositionsallowedby QC canbeclassi�ed into
two maincategories:(i) unitaryoperations, and(ii) observationoperations, which
allow for the (strong)measurementof eachqubit, providing a mappingfrom the
currentsuperpositionto a superpositionwherethe measuredqubit is assigneda
booleanvaluewith probabilitygivenby thesquareof theamplitudeof thequbit in
its original superposition.Elementaryunitaryoperationsthatsuf�ce for any quan-
tum computationover qubits[2,12] includea conditionalform of the conditional
XOR operation� , the booleanoperationNOT, anda constantbooleanoperation
yielding0. Thetimeboundfor aquantumcomputationsis de�ned to bethenumber
of suchelementaryunitaryoperations.

Deutsch[11]de�ned a quantumcomputingmodelknown asa quantumgatearray
whichallowsexecutionof asequenceof quantumgates,whereeachinputis aqubit,
andeachgatecomputesaunitarytransformation.We will assumethismodel,with
theaboveelementaryunitaryoperationsfor thegates.

1.2 ClassicalLosslessCompression

Supposen charactersfrom a �nite alphabet� are eachsampledindependently
over someprobabilitydistribution p. In classicalinformationtheory, theShannon
entropy of eachcharacteris H � (p) = �

P
a2 � p(a) logp(a). Thecompressionrate

is the ratio betweenthe length of an uncompressedstring and the length of the
compressed(binary)string.

Therearemany algorithmsfor universaldatacompressionin classicaldomain.One
suchef�cient andwidely useddatacompressionalgorithmis duetoZiv andLempel
[9].

They presentasimplelineartimelosslesscompressionalgorithmhaving anasymp-
totic compressionrateapproachingthesource's entropy; that is allows a stringof
lengthn to belosslesslycompressedto a bit stringof lengthasymptoticapproach-
ing H � (p)n for largen. In the �rst pass,they usea parsingschemeto encodethe
sourcestring into uniquepre�xes.In thesecondpass,they usethis encodedinfor-
mationto recover theoriginal stringwithouterror.
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Unfortunately, developinga quantumanalogof Ziv andLempel's universaldata
compressionin the classicaldomainis not trivial sincekeepingtrack of pre�xes
requiremultiple measurementsof the samequbitswhich makesthe operationir-
reversible.Thesamedif�culties appearto hold for all otherknown classicalcom-
pressionalgorithms[9].

1.3 QuantumLosslessCompression

It maybeveryadvantageousto decrease,wherepossibleby compressionmethods,
thenumberof qubitsusedfor quantumcommunicationandstorage.Holevo [14],
FuchsandCaves[13] andReif [21] have resultsthat imply thatquantummethods
cannot increasethebandwidthfor transmissionof classicalinformation.However,
entangledquantumstatescanbecompressedmuchmorethanpossiblevia classical
losslesscompression.FollowingSchumacher[22], weassumethereis a�nite quan-
tum stateensemble(� 0; p) which is a mixedstateconsistingof a �nite numberof
qubitstates� 0= fj a0i ; : : : ; jaj � 0j� 1ig , whereeachjai i 2 � 0hasprobabilitypi . The
compressoris assumedto actonblocksof n qubits(sois ablockcompressor),and
is assumedto know thisunderlyingensemble(� 0; p): Thedensitymatrixof (� 0; p)
is an j� 0j � j� 0j matrix � =

P j � 0j� 1
i =0 pi jai ihai j, wherejai ihai j is theprojectionop-

eratoron thesignalstatejai i : ThevonNeumannentropy ([20,22]) corresponding
to (� 0; p) is HV N (� ) = � Tr (� log� ) whereTr is the traceoperator. In general,
theShannonentropy H � 0(p) is greaterthanor equalto thevon Neumannentropy.
Theseentropiesareequalonly whenthestatesin � 0 aremutuallyorthogonal.

Theunitarycompressionanddecompressionmappingsneedto preserve thenum-
berof bits(someof whichareignored).An n-to-n0quantumcompressoris aunitary
transformationthatmapsn-qubit stringsto n-qubit strings;the �rst n0 qubitsthat
areoutputby thecompressoraretakenasthecompressedversionof its input,and
the remainingn � n0 qubitsarediscarded.An n0-to-n decompressoris a unitary
transformationthatmapsn-qubit stringsto n-qubit strings;the�rst n0 qubitsinput
to thedecompressorarethecompressedversionof theuncompressedn qubits,and
the remainingn � n0 qubitsare all 0. The source to the compressionschemeis
assumedto beasequenceof n qubitssampledindependentlyfrom (� 0; p). Theob-
servedoutputis theresultof �rst compressingtheinputqubits,thendecompressing
them,and�nally measurementof theresult(overabasiscontainingthen inputs).3

The�delity of thecompressionschemeis theprobability that theobservedoutput
is equalto theoriginal input (thatis theprobabilitythattheoriginal qubitsarecor-
rectly recovered,from thecompressedqubits).Ourgoalis aquantumcompression

3 Oneof themostinterestingpartsof quantumcompression,is that � couldrepresentthe
reducedstateof somelarger system,andthecompressionwill preserve theentanglement
within this larger system.If onejust measuresafter compression,theremayaswell have
beenameasurementbeforecompression,whichallows acompletelyclassicalscheme.
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with bothhigh �delity andahighcompressionrate.

Schumacher[22] gave a quantumcodingtheoremwhich providedasymptotically
optimal (in sizeand�delity) compressionof a sequenceof qubits independently
sampledfrom a �nite quantumstateensemble(� 0; p).

Theorem 1.1 Thequantumcodingtheorem[22], statesthat for any �; � > 0 and
suf�ciently largen, (i) thereis aquantumcompressionschemethatachievesasymp-
totic compressionrate� (HV N (� ) + � ) with �delity at least1� � and,(ii) anyquan-
tumcompressionschemethat givesasymptoticcompressionrate� (H V N (� ) � � )
has�delity < �:

In otherwords, in the limit of large code-blocksize,the source's von Neumann
entropy HV N (� ) is asymptoticallythe numberof qubitsper sourcestatewhich is
necessaryandsuf�cient to encodethe outputof the sourcewith arbitrarily high
�delity . Givena known �nite quantumstateensemble(� 0; p), Schumacher's com-
pressionschemeassumesaknown basisfor whichthedensitymatrix � is diagonal,
with non-increasingvaluesalongthediagonal.Theproofof theSchumacherquan-
tumcodingtheoremandits re�nementsby JozsaandSchumacher[15], Barnumet
al [1], andH. Szeto[25] make useof theexistenceof a typical subspace� within
a Hilbert spaceof n qubitsovera sourceof von Neumannentropy H V N (� ). These
proofsarenotconstructive.

Bennett[6] gave a constructive methodfor doing Schumachercompression.He
observedthattheSchumachercompressioncanbedoneby a unitarymappingto a
basisfor which thedensitymatrix � is diagonal(in certainsimplecasesthedensity
matrix � is alreadydiagonal,e.g.,when the input is a set of n identical qubits)
followedby certaincombinatorialcomputationwhichwewill call theSchumacher
compressionfunction.TheSchumachercompressionfunctionS simply ordersthe
basisstates�rst by the numberof ones(from smallestto largest)that are in the
binary expansionof the bits and then re�nes this order by a lexical sort of the
binary expansionof the bits. That is, all stringswith i onesare mappedbefore
all stringswith i + 1 ones,and thosestringswith the samenumberof onesare
lexically ordered.Notethatfor any givenvalueX of thequbits,this transformation
S(X ) is simplyadeterministicmappingfrom ann bit sequenceto an0bit sequence
de�ned by a combinatorialcomputation.In particular, givenann bit binarystring
X , theSchumachercompressionfunctionS(X ) is the numberof n bit stringsso
orderedbeforeX . It is easyto show that theSchumachercompressionfunctionis
apermutation.Sinceit is apermutation,it is abijective functionwhich is uniquely
reversible,andalsois aunitarytransformation.

To ensurethat the overall transformation(for all the states)is a quantumcom-
putation,it is essentialthat the Schumachercompressionfunction be doneusing
only reversible,quantum-coherentelementaryoperations.Bennettet al [7] gave a
polynomialtime quantumalgorithmfor the relatedproblemof extractionof only
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classicalinformation from a quantumnoiselesscoding.Cleve, DiVincenzo[10]
thendevelopedthe �rst polynomial time algorithmfor Schumachercompression
of n qubits.In particular, they explicitly computedthe bijective function de�ned
by the Schumachercompressionfunction andits reverseusingO(n3) reversible,
elementaryunitaryoperations.

TheSchumacherquantumcodingtheoremassumesthecompressorknowsthesource.
Jozsaet al [16] recentlygave a generalizationof the Schumachercompression
to the casewherethe compressordoesnot know the source,thus providing the
�rst asymptoticallyoptimal universalalgorithmfor quantumcompression.Also,
Brausteinet al [8] have recentlygiven a fastalgorithmfor a quantumanalogof
Huffmancoding,but do not provide a proof that this codinggivesasymptotically
optimalquantumcompression(that is, reachesthevon Neumannentropy), aspro-
videdby Schumachercompression.

1.4 OrganizationandResults

In Section2, we give an ef�cient deterministicalgorithm for a modi�ed Schu-
machercompressionencodingfunction S0(X ) (alsowith asymptoticallyoptimal
size and �delity) using O(n(log4 n) loglogn) booleanoperations.Next, in Sec-
tion 3 we show that,exploiting the inherentbinary treestructureof our modi�ed
quantumcompressionalgorithmandusingknown ef�cient quantumalgorithmsfor
conditionalbooleanoperationsandintegerarithmetic,wecanexecuteourquantum
compressionalgorithmonaquantumgatearrayin asymptoticallythesamenumber
(O(n(log4 n) loglogn)) of operationsasrequiredby our reversiblealgorithmfor
our modi�ed Schumacherencodingfunction.Thenin Section4 we show how the
varioussubroutinesrequiredby ouralgorithmcanbemadereversible,andthemod-
i�ed Schumacherencodinganddecodingcanbeef�ciently computedby aquantum
computerwithin the O(n(log4 n) loglogn) elementaryunitary steps.In the same
Sectionwe give recursive, reversiblealgorithmsfor somerequiredcombinatorial
anddoublecombinatorialsums.This result is a considerablereductionfrom the
previousbesttimeboundsof O(n3) for Schumachercompressiondueto Cleve,Di-
Vincenzo[10]. Dueto theuseof Schumacher-typeencoding,ourcompressionand
�delity boundsareasymptoticallyoptimal.For simplicity, our algorithmassumes
thecompressorknows thesource,but canbeextendedto a asymptoticallyoptimal
universalalgorithmfor quantumcompressionwherethecompressordoesnotknow
thesource,usingthetechniquesof Jozsaetal [16].

5



2 Deterministic Computation of a Modi�ed SchumacherCompression

The numberof n bit (henceforth,we usequbit andbit interchangeablywhenthe
context is clear)numberswith exactlym ones,for 1 � m � n, is ( n

m ) = n!
(n� m)!m! :

For m < 0 or m > n, we de�ne ( n
m ) = 0: For any 1 � m � n, the numberof

n bit numberswith < m onesis 1 + � n;m where� n;m =
P m� 1

i=1 ( n
i ) : In Section

4 we give an ef�cient reversiblealgorithmfor the combinatorialsum� n;m ; using
O(M (m logn) logm) booleanoperations,whereM (N ) = O(N logN loglogN ).

Let X andY ben bit strings,andsupposeX hasexactly m ones.Let X = X 0X 00;
andY = Y 0Y 00whereX 0; Y 0 eachhave n0 = bn=2c bits andX 00; Y 00eachhave
n00= n � n0 = dn=2ebits.Let Y < X (wesayY is lexically lessthanX ) if either
(a) Y haslessthanm ones,or (b) Y hasm onesandeither(i) Y 0 < X 0, or (ii)
Y 0 = X 0but Y 00< X 00:

For n bit X with m ones,we will rede�ne our compressionfunction S0(X ) =
S0(X ; n; m) to be the numberof n bit binary numbersY such that Y < X :
Sinceour modi�ed SchumacherencodingS0(X ) simply is a permutationof Schu-
macher'soriginalencodingS(X ), thismodi�ed SchumacherencodingS0(X ) clearly
hasthesame�delity astheoriginalSchumachercompression.

Let L(X ) = L(X ; n; m) bethenumberof distinctn bit binarynumbers,with ex-
actlym ones,thatarelexically lessthanX . (Notethat,S0(X ; n; m) andL(X ; n; m)
eachneedonly to beafunctionof X , andtheadditionalargumentsn andm will be
usedfor notationalconveniencein theproofs.)For n = 1, S0(0) = 0 andS0(1) = 1
andsoin thiscaseS0(X ) = X is theidentitymap.Also, clearlyif X hasany num-
bern of bits but m = 0 ones,thenS0(X ) = X againis the identity map.For the
generalcasen > 1 andm � 1; sinceevery n bit binarynumberwith lessthanm
onesarelexically lessthanX , andthereare1 + � n;m suchnumbers,it followsthat
S0(X ; n; m) = 1 + � n;m + L(X ; n; m):

ThefollowingLemmagivesthedivideandconquerapproachtocomputeL(X ; n; m):

Lemma 2.1 Let X be anyn bit binary numberwith m ones.If m = 0 or n = 1
thenL(X ; n; m) = 0: Otherwise, if m � 1 andn > 1 thenX = X 0X 0;0 where X 0

hasn0 = bn=2c bits andm0 onesandX 00hasn00= dn=2e bits andm00= m � m0

ones,thenL(X ; n; m) = ( n00

m ) + � 0
n;m;m 0 + L(X 0; n0; m0)

�
n00

m00

�
+ L(X 00; n00; m00);

where � 0
n;m;m 0 =

P m0� 1
i =1 ( n0

i )
�

n00

m� i

�
:

Proof by induction: Casem = 0: In the casem = 0 whereX hasno ones,
so is all zeros,no other numberof the samelength is lexically lessthan X , so
L(X ; n; m) = 0:

Casen = 1: The casen = 1 is also trivial, sincethe numberof 1 bit numbers
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lexically lessthanthenumberitself, having thesamenumberof onesis always0
irrespectiveof whetherthenumberis 1 or 0.

Casem � 1 and n > 1: Let X bean n bit numberwith m ones.We candivide
X asX = X 0X 00whereX 0 is a n0 = dn=2e numberwith the �rst n0 bits of X
andX 00hasthe last n00= bn=2c bits of X . Let the numberof onesin X 0 be m0

andthat in X 00bem00= m � m0. By the inductionassumption(a) thenumberof
n0 bit numbershaving exactly m0 onesthat arelexically lessthanX 0 is givenby
L(X 0; n0; m0); and(b) thenumberof n00bit numbershaving exactly m00onesthat
arelexically lessthanX 00is givenby L(X 00; n00; m00).

Ourgoalnow is to determinethenumberof n bit numbersY thatarelexically less
thanX but have thesamenumberm of onesasX : We cansimilarly divide Y as
Y = Y 0Y 00whereY 0 is a n0 numberwith the �rst n0 bits of Y andY 00hasthelast
n00bitsof Y . In this caseY < X if either:
(i) Y 0 < X 0; or
(ii) Y 0 = X 0but Y 00< X 00.
Thenumberof n bit numberssatisfyingcase(i) canbedividedinto following three
categories.

� The numberof n bit numbershaving no onesin the �rst n0 bits , soY 0 hasno
ones.This quantityis equalto ( n00

m ) which is thenumberof arrangementsof m
onesin thelastn00bits .

� The numberof n bit numbersthat are lessthan m0 ones(but at leastone) in
their �rst n0bits.Thisquantityis givenby � 0

n;m;m 0; where� 0
n;m;m 0 =

P m0� 1
i =1 ( n0

i )
�

n00

m� i

�
is thenumberof distinctn bit binarynumberswith i onesin the �rst n0

bits,where1 � i � m0 � 1; andm � i onesin thelastn00bits.
� The numberof n0 bit numbersthat have m0 onesin their �rst n0 bits but are

lexically lessthan X 0. This quantity is given by the inductionassumption(=
L(X 0; n0; m0)) . But for eachsucharrangementwe canhave

�
n00

m00

�
arrangements

of the last n00bits of X and all thosenumberswill be lexically lessthan X 0.
So the numberof n bit numbershaving exactly m0 onesin the �rst n0 bits but
lexically lessthanX 0 is: L(X 0; n0; m0)

�
n00

m00

�
.

Hencewe concludethat the total numberof n bit numberswhereY 0 < X 0 (as
consideredin case(i) ) is givenby ( n00

m ) + � 0
n;m;m 0 + L(X 0; n0; m0)

�
n00

m00

�
:

Thecase(ii) is whenY 0 = X 0 but Y 00< X 00. In otherwords,we have to countthe
numberof n bit numberswhose�rst n0bitsaresame(= X 0) suchthatit hasexactly
m00onesin thelastn00bitsbut arelexically lessthanX 00. This is againgivenby the
inductionassumption(= L(X 00; n00; m00)) .

Thus we have consideredall possiblecasesand thereforethe total numberof n
bit numbershaving exactly m oneswhich are lexically lessthanX is given by:
L(X ; n; m) = ( n00

m ) + � 0
n;m;m 0 + L(X 0; n0; m0)

�
n00

m00

�
+ L(X 00; n00; m00): Hencethe
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Lemmais truefor all n andm � n. �

Sincethesum� 0
n;m;m 0 is aproductof O(m) numberseachwith O(logn) bits,it fol-

lowsthat� 0
n;m;m 0 is anO(m logn) bit number. In Section4, wegiveanef�cient re-

versiblealgorithmfor thedoublecombinatorialsum� 0
n;m;m 0; usingO(M (m logn) logm)

booleanoperations(usinga recursive methodsimilar to our algorithmfor evalua-
tion of � n;m alsogivenin Section4).

Theabove recurrencesfor L(X ; n; m) andS0(X ; n; m) = 1 + � n;m + L(X ; n; m)
can thus be boundedas T(n; m) � O(M (m logn) logm) + 2T(n=2; m). Here
M (N ), is thetime takento multiply two N bit numbers.Hencewehave:

Corollary 2.1 TheforwardcomputationofS0(X ; n; m) usesO(M (n logn) logm logn)
� O(n(log4 n) loglogn) booleanoperations,whereM (N ) � O(N (logN ) loglogN ).

Next, weobserve thatwe canreversiblycomputetheinversefunctionof S0(X ) by
thefollowing Lemma.

Lemma 2.2 The backward computationof S0(X ; n; m) costsasymptoticallythe
samenumberof booleanoperationsastheforward computation
(= O(n(log4 n) loglogn)).

Proof: Given S0 = S0(X ), we can count the numberof bits n of the input. We
canalsodeterminethenumberm of onesof X andL(X ; n; m) from S0simultane-
ously, by applyingatrick shown in Section3.Therecursiveformulaandtheinverse
computationof � 0

n;m;m 0 usesO(M (m logn) logm) reversiblebooleanoperations,
asdescribedin section4.Thenwerecursivelydeterminethepositionof oneswithin
X by recursively determiningthepositionof oneswithin X 0andX 00, whereX 0has
n0 = bn=2c bits andm0 onesandX 00hasn00= dn=2e bits. We do this for m � 1
andn > 1 by applyingthe recursive formula: L(X ; n; m) = ( n00

m ) + � 0
n;m;m 0 +

L(X 0; n0; m0)
�

n00

m00

�
+ L(X 00; n00; m00): SincethereareagainO(logn) stages,each

of whichcostsO(M (m logn) logm)� O(n(log3 n) loglogn), thetimecostof this
inversecomputationis � O(n(log4 n) loglogn), which is asymptoticallythesame
astheforwardcomputationof theS0(X ; n; m) function.�

Hence,from the Corollary 2.1 andLemma2.2, we have the following important
result.

Corollary 2.2 Wecanreversiblycomputein timeO(n(log4 n) loglogn) thebijec-
tion SchumachercompressionfunctionS0(X ).

Next in Section3 we show that,we canexecuteour quantumcompressionalgo-
rithmonaquantumgatearrayin asymptoticallythesamenumberO(n(log4 n) loglogn)
of elementaryunitaryoperationsasrequiredby Corollary2.2.
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3 Quantum Computation of the Modi�ed Schumachercompressionusing
quantum gates

3.1 Forward Computationof S0(X )

Giventhatwe canreversiblycomputein time O(n(log4 n) loglogn) thebijection
S0(X ), wenow show thatwecancomputeS0(X ) in O(n(log4 n) loglogn) elemen-
tary unitaryoperationslike theconditionalform of theconditionalXOR operation
� , the booleanoperationNOT, anda constantbooleanoperationyielding 0 on a
quantumgatearray. Recallthatfor n = 1 or m = 0, thenS0(X ) = X : For simplic-
ity, we alsoassumen is a power of 2. (If this later restrictionis removedthenwe
canstill constructa binarytreegeneralization(asdiscussedlater)exceptthatnow
wewouldgetacompletebinarytreeinsteadof a full binarytree.)

Thepseudocodefor therecursive algorithmto computeS0(X ) outlinedin Section
2 is shown below. For our implementationwe assumethatwe have threequantum
registersto startwith:

X : ann-bit registerusedastheinput
L : ann-bit register(initialized to 0) usedastheoutput
W : an d(logn)e-bit register (initialized to 0) usedas the work register to store
intermediateresults

Our �rst goal is to computethe following operationon the registers(X ; L; W):
(X ; 0; 0) ! (X ; S0(X ); 0). We do this by recursively computingL(X ; n; m) and
assigningthis valueto registerL, andfrom this we determineS0(X ) andupdate
theregisterL to thisvalue.In Section4 wewill seethatwecanachievethedesired
�nal outputstate(S0(X ); 0; 0) with noadditionalstoragefor theinput.

We assumea simplesubroutineNUMONESthatcountsthenumberof onesin it' s
argument.Hence,if thesizeof theargumentpassedto NUMONESis of sizen then
thesizeof theoutputreturnedby it is O(logn).

In the recursive algorithm to computeL(X ; n; m), m; m0 andm00are work reg-
istersusedfor temporarystorageandadditionoperationsat eachiterationof the
while loop in algorithm1. Theaddition(+ ) andthemultiplicationoperations(�) are
thestandardarithmeticadditionandmultiplicationof qubitsasshown in Vedralet
al[27]. Thenotation hasbeenusedspeci�cally to differentiatequantumassign-
mentsfrom normalassignmentsdenotedby = . Also thenotationX [i;j ] (respectively
L [i;j ]) representsthesubstringof the registerX (respectively L) startingfrom the
i th bit to the j th bit. Note that sincethe registerL is initialized to 0, so is L [i;j ]:
Also, note that in the casem = 0 or n = 1, no bits of L areassignedto, so it
remains0:
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Algorithm 1 Recursivealgorithmto computeL(X ; n; m)
for i = 1 to dlognedo

k = 1
while k + 2i � 1 � n do

m0  NUMONES(X [k;k+2 i � 1� 1])
m00 NUMONES(X [k+2 i � 1;k+2 i � 1])
m  m0+ m00

if m > 0 andn > 1 then
Apply thisrecursivealgorithmtocomputeL(X [k;k+2 i � 1 � 1]; 2i � 1; m0) with

thesideeffectof assigningtheresultto L [k;k+2 i � 1].
Apply this recursive algorithmto computeL(X [k+2 i � 1 ;k+2 i � 1]; 2i � 1; m00)

with thesideeffectof assigningtheresultto L [k+2 i � 1 ;k+2 i � 1].
L [k;k+2 i � 1]  

�
2i � 1

m

�
+ � 0

2i ;m;m 0 + L [k;k+2 i � 1 � 1] �
�

2i � 1

m00

�
+ L [k+2 i � 1 ;k+2 i � 1]

k  k + 2i

endwhile
end for

Theassignment:

L [k;k+2 i � 1]  
�

2i � 1

m

�
+ � 0

2i ;m;m 0 + L [k;k+2 i � 1 � 1] �
�

2i � 1

m00

�
+ L [k+2 i � 1 ;k+2 i � 1]

is justi�ed by Lemma2.1,andallows usan inductive proof of therecursive algo-
rithm for computingL(X ; n; m). At eachstepwe have L [i;j ](= L(X [i;j ]; n1; m1)) ;
wheren1 andm1 arethenumberof bits andnumberof onesin the[i; j ] substring
of theregisterX . As we go higherin therecursionwe usethevaluecalculatedin
theearlierrecursionstepwith no additionalstorage.

The next goal is to translatealgorithm1 into a sequenceof elementaryquantum
mechanicaloperations(againweassumethatn is apowerof 2).

The main constraintof theseoperationsis that they must obey the reversibility
criteria.Its easyto seethat thealgorithmbeingrecursive hasa built in binarytree
structure.Thecalculationof thefunctionL(X ; n; m) ateachrecursivesteprequires
thevaluescalculatedat thepreviousstepinvolving half thenumberof bits.

Theoverall organizationof thelogic gatesfor performingthetreebasedoperation
is shown in �gure 1. Therecursionin theequationof Lemma2.1is only dueto the
computationof thenumberof n bit numberswhichhaveequalnumberof onesbut
arelexically lessthanX (i.e.L(X ; n; m)). So,thetreeperformsthiscomputationof
L(X ; n; m) in a bottomup manner. At eachlevel i of thetree,theregisterL stores
theL(X ; 2i ; mi ) valuesin n=2i tuplesof thebits of L. Here,mi is thenumberof
onesin then=2i tuplesof X . At the(i + 1)th level of therecursivealgorithmtakes
the L valuesof its two childrenas input andperformsthe neededmultiplication
and evaluationof combinatorialand doublecombinatorialforms involving 2i +1

bits each(Lemma2.1) to getL(X ; 2i +1 ; mi +1 ). An importantthing to notehereis
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1 n-tuplen/2 2-tuplesn 1-tuple n/4 4-tuples

n n/2 n/4

X

L(X,2,m)

L(X,2,m)

L(X,2,m)

L(X,2,m)

L(X,4,m)

L(X,4,m)

Fig. 1. Thequantumgatearrayto computeL(X ; n; m).

thatwegetawaywith theeffort of calculatingthemi (thenumberof ones)valuesat
eachi th stepby justaddingthemi � 1 valuesof thetwo childrenandstoringit in the
work registersM . At theendof recursion,registerL hasL(X ; n; m). If m = 0 then
L(x; n; m) = X andS0(X ) = X , sotheregisterL alreadyhasthecorrectvalueof
S0X ): Otherwise,if m � 1 we performthefollowing �nal additionaloperationto
computeS0(X ):

L  L + � n;m + 1:

This will give us the state(X ; S0(X ); 0). By the help of the well known Lemma
4.1statedin Section4, wecangetthedesiredstate(S0(X ); 0; 0) with noadditional
timeor storagepenalty.

3.2 Analysis

Here,we obtainthe time andspaceboundsof our binary treeimplementationof
thecompressionalgorithm.As shown below, thetime requirementsof theunitary
operationsneededto performthecomputationis sameasstatedin Section2.
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Time Complexity. In thebinarytreeimplementationdescribedearlier, aswegoup
therecursiontree,at eachlevel i we performn=2i combinatorialsumsanddouble
combinatorialsums(asin equation2.1) involving 2i bitseach.As wewill seelater
in Section4, thereversiblecomputationof combinatorialsumsanddoublecombi-
natorialsumsinvolving n bits is O(M (n logn) logn) booleanoperationswhereM
is thecomplexity of multiplying two numbershaving n bits(=O(n logn loglogn)).
So,the total time complexity of computationof L(X ; m; n) in this binary treeor-
ganizationis:

P dlog ne
i=1

n
2i O(M (mi log2i ) logmi ) (mi is themaximumnumberof onesin a2i tuple

at thei th stage)

=
P dlog ne

i=1
n
2i O(M (im i ) logmi )

�
P dlog ne

i=1
n
2i O(im i log(mi i ) loglog(mi i ) logmi )

�
P dlog ne

i=1 nO(i3 logi ) (sincemi � 2i )

� O(n(log4 n) loglogn)

The�nal operationL  L + � n;m + 1 usedto computeS0(X ) whenm � 1 also
needsO(n logO(1) n) operations(which is essentiallythe time taken to compute
� n;m ). Sooverall timecomplexity is givenby O(n(log4 n) loglogn):

SpaceComplexity. It is shown in Cleveetal[10] thatthespacerequiredto perform
multiplicationof two numbersof n qubitseach,requires3n (= O(n)) qubit auxil-
iary registers.So,theoverallauxiliarystoragerequirementfor theabovegatearray
implementationhasthefollowing form:

P dlog ne
i=1

n
2i O(mi log2i ) (mi is themaximumnumberof onesin a 2i tupleat thei th

stage)

=
P dlog ne

i=1
n
2i O(im i )

�
P dlog ne

i=1 nO(i ) (sincemi � 2i ) � O(n(log2 n))

3.3 QuantumDecompressionvia Reversecomputationof S0(X )

For reversecomputation,westartwith ann-bit numberS0, theoutputof S0(X ) and
thenusingunitaryoperationsrecover theoriginal inputX .

Recallthat for thespecialcasewheren = 1, S0(X ) = X is theidentity map,and
soin thiscasethereversecomputationis alsojust theidentitymap.Also, recallthat
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if X is ann-bit numberwith all zeroswith m = 0, thensois S0(X ), andhencethe
reversecomputationis alsotheidentitymapif S0an-bit numberwith all zeros.

In thefollowing, we assumewithout lossof generalitythatn > 1 andm � 1: We
will determinethenumberof onesm in X usingthesubroutineFINDM(S0). Recall
thatthenumberof n bit numberswith < m onesis 1 + � n;m where� n;m =

P m� 1
i =1

( n
i ) : Hencem is thelargestnumbersuchthatS0 > � n;m :

Algorithm 2 SubroutineFINDM(S0)
m  0
�  1
while S0 > � do
m  m + 1
�  � + ( n

m )
enddo

After determiningm, we compute� n;m andthendetermineL by the assignment
L  S0� � n;m � 1: WestoreL asasignedinteger. Recallthatour recursiveAlgo-
rithm 1 for L(X ; n; m) terminatesleaving theregisterL with thevalueL(X ; m; n).
By Lemma2.1wecanrecursively getthepositionsof onesin theoriginal inputX .
Thereversecomputationis just thesameasin theforwarddirectionto computethe
desiredcompressionfunctionS0(X ) with thedifferencethatnow wefollow thetop
down approachin a binary treeto computefrom S0 thedesiredvalueX :. That is,
wehavetheinitial inputasL(X ; m; n), thenwerecursively determineL(X ; m0; n0)
andL(X ; m00; n00) for eachof then=2i tuple in stagei afterdividing theinput into
2i setsof n=2i bits at the i th stage.At thebottomof therecursiontree(at theend
of O(logn) stages),wehavedeterminedthen singlebitsgiving theactualvalueof
X .

Thetime andspacecomplexity analysisremainsexactly thesameasit wasin the
earliercasefor determiningS0(X ) giventhatwehavethereversiblecomputational
complexity of all thesubroutinesoutlinedin Section4. Also, asfarasthearchitec-
tureis considered,it is obviousthatwe canstill follow thebinarytreestructureas
usedin thecomputationof L(X ; n; m).

Eachoperationin ourO(n(log4 n) loglogn) timereversiblecomputationof S0(X )
consistsof certainconditionalbooleanandarithmeticoperations.Theconditional
booleanoperationssuf�ce to beToffoli gates[26] which take in 3 booleaninputs
andnegatesthe �rst input if f the next two bits are1. The conditionalarithmetic
operationssuf�ce to ben-bit (signed)integernegation,additionandmultiplication
(conditionalon abooleanregister).

In thenext Section,we describethereversiblecomputationsof thearithmeticand
combinatorialsubroutinesrequiredfor evaluatingL(X ; n; m) in thebinarytreegate
array.
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4 ReversibleComputation of FunctionsRequired in the Quantum Compres-
sion and Decompression

Reversible Computationsare computationswhereeachstatetransformationis a
reversiblefunction,sothatany computationcanbereversedwithout lossof infor-
mation.Landauer[18] showedthat irreversiblecomputationsmustbeexothermic
in thecomputingprocess,andthat reversiblecomputationshave thepropertythat
if executedslowly enough,they (in the limit) canconsumeno energy in an adi-
abaticcomputation.Bennett[3] (also seeBennett,Landauer[4], Landauer[19],
Toffoli [26]) showedthatany computingmachine(e.g.,anabstractmachinesuch
asa Turing Machine)canbetransformedto do reversiblecomputations.Bennett's
reversibility constructionrequiredextra spaceto store information to insurere-
versibility.

Below, we outline someof the basic reversiblecomputationsnecessaryfor our
compressionalgorithm.Theseoperationscanbeperformedwithoutpreservingany
input registersasapartof theoutput[27].

4.1 ReversibleComputationof ArithmeticFunctions

� Reversible Addition. (Vedralet al[27]) Given N bit numbersx; y, we canre-
versibly computethe function: (x; y) ! (x; x + y). This canbe computedin
O(N ) reversiblestepsby useof the usual sequentialcarry-addedalgorithm.
Cleve, DiVincenzo[10] describesin detail how to executeconditionalboolean
operationsin O(1) elementaryunitaryoperations,aswell ascertainconditional
arithmeticoperationsin O(n) elementaryunitaryoperations,including(signed)
integernegationaswell asconditionaladditionof a signedintegern bit register
with a constantn bit integer. Vedral,Barenco,andEkert [27] give (asa subrou-
tinefor theiref�cient implementationof thequantumfactoringalgorithmof Shor
[23,24])aquantumalgorithmfor additionof two signedintegern bit registersin
O(n) elementaryunitaryoperations.

� Reversible Multiplication. Vedral,BarencoandEkert ([27]) give a methodfor
the reversiblemoduloN multiplicationof two N bit numbers.In otherwords,
they show how to bring aboutthe transformation(x; y) ! (x; xy modN ) re-
versibly.

We usetheSchonhagen-Strassenmultiplicationalgorithm(Knuth [17]) to do
n bit integermultiplicationin O(n logn loglogn) reversiblesteps.In thequan-
tum gatemodel,we cando n bit integermultiplication in the sameasymptotic
steps,againemploying theSchonhagen-Strassenmultiplicationalgorithm.(Za-
lka [28] alsogives,againasasubroutinefor anef�cient implementationof Shor's
quantumfactoringalgorithm,aFFT-basedquantumalgorithmfor multiplication
of two n bit integers).For n bit multiplication usingthe Schonhagen-Strassen
multiplication algorithm, the n bits are subdivided into n0 = n=s groupsof
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sizes = O(n1=2). The Schonhagen-Strassenmultiplication algorithmrequires
ann0-pointdiscreteFouriertransformwhich canbequantumcomputedin O(n)
additionsof s bit integers,thuscostinga total of O(n logn0) = O(n logn) ele-
mentaryunitaryoperationsby theabovementionedquantumadditionalgorithm.
Then the convolution theoremis appliedwhich reducesthe problemto the n0

recursivemultiplications(asgivenin Vedralet al[27]) on O(s) bit integers.This
requiresO(log logn) recursive stages.Hence,in the quantumgatemodel,we
candon bit integermultiplicationin O(n logn loglogn) elementaryunitaryop-
erations.

4.2 Bijectionof reversiblefunctions

To computea bijective function f (x) reversibly (like the Schumachercompres-
sion),we requirethatwe do not retainany recordof the initial statein theoutput,
northestateof thework bits(sincethesearecompletelydeduciblefrom theoutput).
Theserestrictionswouldseemto makeabijectivereversiblefunctionf (x) dif�cult
to compute.However, thisdif�culty canberesolvedby aninnovativetechniquedue
to Bennett[3,5], asfollows: It is convenientto �rst derivea preliminaryalgorithm
PA that retainsa recordof the initial stateandmay alsomake useof temporary
work storage.Let us assumethat X ; L; W areregistersandtheir valuesareindi-
catedby a tuple(X ; L; W). Supposethe input stateis givenas(x; 0; 0). Thenthe
preliminaryalgorithmPA providesthemapping(x; 0; 0) ! (x; f (x); w); wherew
arethecontentsof thework registers.Wecaneasilyerasethesework registers,thus
providing a mapping(x; 0; 0) ! (x; f (x); 0): Thenwe canapplya known trick to
eliminatetheinitial state;in particular, Bennett[3,5] shows if wehaveanauxiliary
algorithmRA thatcomputestheinversef � 1 of thefunctionf , thenwecanprovide
themapping:(x; y; 0) ! (x � f � 1(y); y; 0): Sincex � f � 1(f (x)) = x � x = 0,
it follows that RA providesthe mapping:(x; f (x); 0) ! (0; f (x); 0): Finally, an
exchangeof registersgivesthemapping:(0; f (x); 0) ! (f (x); 0; 0): (Note that it
is essentialthatwe alsocanef�ciently computetheinversef � 1 of thefunctionf .)
Hencewehave from Bennett[3,5]:

Lemma 4.1 Givena bijective function f , supposewe can reversibly computein
timeT(x) a bijectivefunctionf andits inversef � 1 withoutpreservinginput regis-
ters asa part of theoutput.Thenin timeO(T(n)) wecanalsoreversibly compute
the bijectivemapping:(x; 0; 0) ! (f (x); 0; 0) without storing x as a part of the
output.

4.3 ReversibleComputationof CombinatorialFunctions

ReversibleComputation of Factorial.

15



Lemma 4.2 Givena numberx, wereversiblycomputethefunction:x ! x!: LetN
bethenumberofbitsof x!: Factorial canbereversiblycomputedin O(M (N ) logN ) =
O(N log2 N loglogN ) computations

Proof: We takeasinput y = x! andlet N = dlogyebethenumberof bitsof y. We
apply the Sterlingformula to approximate:y = x! = xxe� x

p
2� x(1 + O(1=x));

andtakinglogarithmsweobtain:

logy = log(xxe� x
p

2� x(1 + o(1))) ;

= x log(x=e) �
1
2

log(2� x) + O(1):

Let f (x) = x log(x=e) � 1
2 log(2� x) and let its inversefunction be f � 1(y): The

inverse~x = f � 1(y) canbeapproximatelycomputedup to therequiredlogx bits in
time O(N log2 N loglogN ) by the Newton iterationmethodsof Brent andKung
(seeKnuth [17]), andthis computationcaneasilybe madereversible.Hencewe
computethefactorialof ~x + i for eachi whereji j � O(1). Weoutputthatx = ~x +
i suchthat(~x + i )! = y: This hascostO(1) timesthecostO(N log2 N loglogN )
of theforwardcomputationof factorial,andhencehascostO(N log2 N loglogN ).
�

Henceby Lemma4.1,wecanreversiblycomputefactorialin timeO(M (N ) logN )
= O(N log2 N loglogN ) without preservinginput registersto form a part of the
output.

Reversible Computation of Combinatorial Forms. We provide theLemmason
the reversiblecomputationof combinatorialanddoublecombinatorialformsnec-
essaryfor thecomputationof S0(X ).

Lemma 4.3 Givenn bit numberwith x ones,wecanreversibly computethefunc-
tion: x ! ( n

x ) = n!
(n� x)! : in O(M (N ) logN ) = O(N log2 N loglogN ) stepswhere

N is thenumberof bitsof ( n
x ).

Proof: The forward computationcanbe easilyachieved usinga reductionto re-
versiblefactorialcomputationasdescribedabove. To reversethe computationof
( n

x ), we take asinput y = ( n
x ) andlet N = dlogye be the numberof bits of y.

Settingp = x
n , we canapplytheSterlingformulato approximate,for x ! 1 and

n � x ! 1 :

y = ( n
x ) = (pp(1 � p)1� p)� n (2� p(1 � p)n) � 1=2(1 + O(1=x)):

Takinglogarithmsweobtain:
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logy = � n log(pp(1 � p)1� p) �
1
2

log(2� p(1 � p)n) + O(1=x);

= � n(p log(p) + 1 � plog(1 � p)) �
1
2

log(2� p(1 � p)n) + O(1):

Let g(p) = � n(p log(p) + 1 � plog(1� p)) � 1
2 log(2� p(1� p)n) andlet its inverse

functionbeg� 1(y): Theinverse~x = ng� 1(y) canagainbeapproximatelycomputed
up to the requirednumberof bits in time O(N log2 N loglogN ) by the methods
of Brent [17], and this computationcanbe madereversible.Hencewe compute�

n
~x + i

�
for eachi whereji j � O(1). We outputthatx = ~x + i suchthat

�
n

~x + i
�

= y: ThishascostO(1) timesthecostO(N log2 N loglogN ) of theforwardcom-
putationof ( n

x ), andhencehascostO(N log2 N loglogN ). Henceby Lemma4.1,
wecanreversiblycompute( n

x ) in timeO(M (N ) logN ) = O(N log2 N loglogN )
withoutpreservinginput registersasa partof theoutput.�

Lemma 4.4 Thecombinatorialsum� n;m =
P m� 1

i=1 ( n
i ) and the doublecombina-

torial sum� 0
n;m;m 0 =

P m0� 1
i =1 ( n0

i )
�

n00

m� i

�
can be solvedin O(M (m logn) logm)

reversible booleanoperations,where M (x) is the time complexity of multiplying
twonumberswith x bits.

Proof: Here,wegivetheproofsseparatelyfor differentcases.

(1) Computation of sumsof combinatorial forms(� n;m =
P m� 1

i=1 ( n
i )): Since

( n
m ) is a productof O(m) numberseachwith O(logn) bits, it follows that

( n
m ) is an O(m logn) bit number. So � n;m is a sum of n numberseachof

O(m logn) bits,andsois alsoanO(m logn) bit number. Notethatsince( n
i )

= ( n
i � 1 ) (n � (i � 1)); it follows that� n;m hasa recursiveexpansion:

� n;m = n(1 + (n � 1)(1 + : : : (n � (m � 3))(1 + (n � (m � 2))) : : : ):

To compute� n;m , we will apply a divide andconquerof this recursive ex-
pansion.For 1 � a � b � n, let � n;a;b = (

P b
i= a ( n

i ))= ( n
a� 1 ). Note that by

de�nition, � n;m = � n;1;m� 1: Observe that� n;a;b hastherecursiveexpansion:

� n;a;b =
bX

i = a

(n � (a � 1))!
(n � i )!

;

=
bX

i = a

(n � (a � 1))(n � a) : : : (n � (i � 2))(n � (i � 1));

= (n � (a � 1))(1 + (n � a)(1 + : : : (n � (b� 2))
(1 + (n � (b� 1))) : : : ):

To compute� n;a;b, weapplydivideandconquerof theexpansionata0= bb� a
2 c,

usingtheidentity � n;a;b = � n;a;a 0 + cn;a;a 0� n;a0;b; where
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cn;a;a 0 =
a0� 1Y

i = a

(n � (i � 1));

= (n � (a0 � 2))(n � (a0 � 3)) : : : (n � a)(n � (a � 1)):

Sincecn;a;a 0 is a productof O(b � a) numberseachwith O(logn) bits, it
follows that cn;a;a 0 is an O((b � a) logn) bit number. Let M (N ) be the bit
complexity of multiplying two N bit numbers.Hencethe time cost for the
recursivecomputationof � n;a;b, for m = b� a, is T(n; m) � O(M (m logn))
+ T(n; bm

2 c) + T(n; dm
2 e) � O(M (m logn)) + 2T(n; dm

2 e): This recur-
renceis boundedasT(n; m) � O(M (m logn) logm): Hence� n;m alsocosts
O(M (m logn) logm) booleanoperations.

(2) Inverseand Reversible Computation of Sumsof Combinatorial Forms:
Let F (m) = � n;m for �x edn. Sincethesumof combinatorialformsis domi-
natedby its highestterm,the inverseF � 1(y) = m of thefunctionF (m) can
alsobe ef�ciently be reversibly computedin time O(M (m logn) logm) by
techniquessimilar to thosedescribedabove for the inverseof ( n

x ). Hence,
we canreversiblycompute� n;m in O(M (m logn) logm) booleanoperations
withoutpreservinginput registersasapartof theoutput.

(3) Computation of Sums� 0 of Double Combinatorial Forms: Herewe com-
pute� 0

n;m;m 0 =
P m0� 1

i =1 ( n0

i )
�

n00

m� i

�
which is thenumberof n bit binarynum-

berswith at least1 onesandat mostm0 � 1 onesin the �rst n0 = bn=2c bits
andn00= n � n0: Notethat

( n0

i ) =
�

n0

i � 1

�
(n0 � (i � 1))

and �
n00

m� i

�
=

�
n00

m� (i � 1)

�
(n00� (m � (i � 1)));

so,

( n0

i )
�

n00

m� i

�
=

�
n0

i � 1

� �
n00

m� (i � 1)

�
(n0 � (i � 1))(n00� (m � (i � 1))):

It follows that� 0
n;m;m 0 hasa recursiveexpansion:

� 0
n;m;m 0 =

�
n00

m� 2

�
(n0(n00� m))(1 + ((n0 � 1)(n00� (m � 1)))

(1 + : : : ((n0 � (m0 � 3))(n00� (m � (m0 � 3))))(1 + ((n0 � (m0 � 2))
(n00� (m � (m0 � 2))))) : : : ):

To compute� 0
n;m;m 0, we will apply a divide andconquerof this recursive

expansion.For 1 � a � b� n, let:

� 0
n;m;a;b = (

bX

i = a

( n0

i )
�

n00

m� i

�
)=(

�
n0

a� 1

� �
n00

m� (a� 1)

�
):

Notethatby de�nition, � 0
n;m;m 0 = � 0

n;m; 1;m 0� 1: Observe that � 0
n;m;a;b hasthe

recursiveexpansion:
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� 0
n;m;a;b = ((n0 � (a � 1))(n00� (m � (a � 1))))

(1 + ((n0 � a)(n00� (m � a)))
(1 + : : : ((n0 � (b� 2))(n00� (m � (b� 2))))
(1 + ((n0 � (b� 1))(n00� (m � (b� 1))))) : : : ):

To compute� 0
n;a;b, weapplydivideandconquerof theexpansionata0= bb� a

2 c,
usingtheidentity � 0

n;m;a;b = � 0
n;m;a;a 0 + c0

n;m;a;a 0� 0
n;m;a 0;b; where:

c0
n;m;a;a 0 =

a0� 1Y

i = a

(n0 � (i � 1))(n00� (m � (i � 1)));

= (n0 � (a0 � 2))(n00� (m � (a0 � 2)))
(n � (a0 � 3))(n00� (m � (a0 � 3))) : : :
(n0 � a)(n00� (m � a))( n0 � (a � 1))(n00� (m � (a � 1))):

Sincec0
n;a;a 0 is a productof O((b � a)) numberseachwith O(logn) bits, it

follows thatc0
n;a;a 0 is anO((b� a) logn) bit number. Recallthat � 0

n;m;m 0 is a
productof O(m) numberseachwith O(logn) bits, so it follows that � 0

n;m;m 0

is an O(m logn) bit number. Hencethe time cost for the recursive compu-
tation of � n;a;b is T0(n; m) � O(M (m logn)) + T(n; bm

2 c) + T0(n; dm
2 e) �

O(M (m logn)) + 2T0(n; dm
2 e): This recurrenceis boundedasT 0(n; m) �

O(M (m logn) logm): Hence� 0
n;m;m 0 canberecursively evaluatedin

O(M (m logn) logm) booleanoperations.
(4) Inverseand Reversible Computation of Sumsof Double Combinatorial

Forms: Let y = G(m; m0) = � 0
n;m;m 0 for a �x edn. Sincethesumof double

combinatorialforms is dominatedby its highestterm,the inverseG� 1(y) =
(m; m0) of the function y = G(m; m0) canalso be ef�ciently be reversibly
computedin O(M (m logn) logm) booleanoperationsby techniquessimilar
to thosedescribedabove for theinverseof ( n

x ). �

So, all the above operationsusedin the computationof S0(X ) canbe reversibly
computedwithout preservingtheinputasa partof theoutput.Thesecomputations
canbedoneby theuseof ef�cient quantumalgorithms[10] usingbasicquantum
gatesandreversiblearithmeticandconditionaloperations.

Henceby Lemma4.1, we can reversibly computethe arithmetic,combinatorial
anddoublecombinatorialoperationsusedin thegatearraycomputationof S0(X )
withoutpreservingtheinput registersasapartof theinput.

In Sections2and3,wedescribedhow todothereversiblecomputationof S0(X ; n; m)
in � O(n(log4 n) loglogn) deterministicbooleanstepsusingthebinary treegate
arraymodel.In thisSection,wehaveshown how to reversiblycomputeeachof the
subroutinesrequiredin the S0(X ; n; m) computation.Hence,we obtainthe main
result:

Theorem 4.1 The overall transformation(for all the states)S0(X ) be doneas
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a quantumcomputationusingonly elementaryunitary quantumoperations,with
asymptoticnumberof O(n(log4 n) loglogn) steps.

5 Conclusion

We give anef�cient deterministicalgorithmfor a modi�ed Schumachercompres-
sionencodingfunction(with asymptoticallyoptimalsizeand�delity) using
O(n(log4 n) loglogn) booleanoperations.To achieveourgoalwehavealsoshown
how thevarioussubroutinesrequiredby ouralgorithmcanbemadereversible,and
themodi�ed Schumacherencodinganddecodingcanbeef�ciently computedby a
quantumcomputerin O(n(log4 n) loglogn) elementaryunitarysteps.We exploit
theinherenttreestructureof thedivideandconqueralgorithmto obtainthegatear-
raytoevaluatetheS0(X ) in asymptoticallythesamenumberO(n(log4 n) loglogn)
of operationsasrequiredby our reversiblealgorithmfor ourmodi�ed Schumacher
encodingfunction.
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