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Abstract

We presenta divide andconquerbasedalgorithmfor optimal quantumcompressior de-
compressionysingO(n(log” n) loglogn) elementaryuantunoperations Ourresultpro-
videsthe rst quasi-lineattime algorithmfor asymptoticallyoptimal (in sizeand delity)
guantumcompressioranddecompressioniVe alsooutline the quantumgatearraymodel
to bring aboutthis compressioiin a quantumcomputer Our methodusesvariousclassical
algorithmictoolsto signi cantly improve theboundfrom thepreviousbestknovn boundof
O(n®)(R. Cleve,D. P. DiVincenzo Schumaches quanturmdatacompressiomsa quantum
computationPhys.Rev. A, 54,1996,2636-2650Yor this operation.
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1 Intr oduction

1.1 QuantumComputation

Quantum Computation (QC) is a computingmodel that appliesquantumme-
chanicgo docomputation(Computationgndmethodsiotmakinguseof quantum
mechanicsvill betermedclassica). A singlemolecule(or collectionof .particles
and/oratoms)may have n degreesof freedomknown as qubits Associatedwith
each x ed settingX of the n qubitsto booleanvaluesis a basisstate denoted
jai . Quantummechanicsllows for a linear superpositiorof thesebasisstatesto
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exist simultaneouslyEachbasisstatejai of the superpositioris assigned given
complex amplitude ; thisis denoted jai. Unitary transformationsrereversible
operationson the superpositionsvhich canbe representedby unitary matricesA
(e.g., permutationmatrices,rotation matrices,and the matricesof Fourier trans-
forms) whereAA = A A = | (we useA to denotethe conjugatetranspose
(hermitian) of matrix A). The sumof the squareof the magnitudesf the ampli-
tudesof all basisstatess 1. This sumremainsinvariantdueto the applicationof
unitary transformationsThe Hilbert spaceH , is the setof all possiblesuchlinear
superpositions.

Operationexecutedon thesesuperpositionsllowed by QC canbe classi edinto

two maincateyories:(i) unitary opemtions and(ii) observatioroperations which

allow for the (strong)measuremenf eachqubit, providing a mappingfrom the
currentsuperpositiorto a superpositiorwherethe measuredjubit is assigneda
booleanvaluewith probability givenby the squareof the amplitudeof the qubitin

its original superpositionElementaryunitary operationsthatsufce for ary quan-
tum computationover qubits[2,12] include a conditionalform of the conditional
XOR operation , the booleanoperationNOT, anda constantbooleanoperation
yielding 0. Thetimeboundfor aquantumcomputationss de ned to bethenumber
of suchelementaryunitary operations.

Deutsch[11]de ned a quantumcomputingmodelknown asa quantumgatearray
whichallows executionof asequencef quantungateswhereeachinputis aqubit,
andeachgatecomputesa unitarytransformationWe will assumehis model,with
theabove elementarynitary operationgor thegates.

1.2 ClassicalLossles€Compession

Supposen characterdrom a nite alphabet are eachsampledindependently
over someprobability distribution p. In Blassicalinformationtheory the Shannon
entropy of eachcharacteisH (p) = 2 P(a)logp(a). Thecompessionrate

is the ratio betweenthe length of an uncompressedtring and the length of the

compressegbinary)string.

Therearemary algorithmsfor universaldatacompressiotn classicadomain.One
suchef cient andwidely useddatacompressiomlgorithmis dueto Ziv andLempel

[9].

They presentisimplelineartimelosslessompressiomlgorithmhaving anasymp-
totic compressiomate approachinghe sources entrofy; thatis allows a string of
lengthn to belosslesslycompressetb a bit string of lengthasymptoticapproach-
ingH (p)n for largen. In the rst passthey usea parsingschemeo encodethe
sourcestringinto uniquepre xes.In the secondoassthey usethis encodednfor-
mationto recover the original stringwithout error.



Unfortunately developing a quantumanalogof Ziv and Lempel's universaldata
compressionn the classicaldomainis not trivial sincekeepingtrack of pre xes
requiremultiple measurementsf the samequbits which makesthe operationir-

reversible.The samedif culties appearto hold for all otherknown classicalcom-
pressioralgorithms[9].

1.3 QuantumLosslesCompession

It maybeveryadvantageou$o decreasewherepossibleby compressiomethods,
the numberof qubitsusedfor qguantumcommunicatiorand storage Holevo [14],
FuchsandCaves[13] andReif [21] have resultsthatimply thatquantummethods
cannotincreasehebandwidthfor transmissiorof classicainformation.However,
entangledjuantunstatecanbe compressechuchmorethanpossiblevia classical
losslessompressionf-ollowing Schumach€i22], weassumeéhereis a nite quan-
tum stateensembldg 2 p) which is a mixedstateconsistingof a nite numberof
qubitstates °= fjapi;:::;ja g 1ig, whereeachjaii 2 ®hasprobabilityp;. The
compressois assumedo acton blocksof n qubits(sois ablock compressorjand
is assumedo know this underlyingensembld © p): Thedensitymatrixof ( % p)
isanj § j Y matrix = PLS’ lpijaiihaij,Whereja{-iha,-j is the projectionop-
eratoron the signalstateja;i : The von Neumanrentropy ([20,22]) corresponding
to( %p)isHyn( )= Tr( log ) whereTr is thetraceoperatorIn general,
the Shannorentrofy H o(p) is greaterthanor equalto the von Neumanrentropy.
Theseentropiesareequalonly whenthestatesn °aremutuallyorthogonal.

The unitary compressioranddecompressiomappingseedto presere the num-
berof bits (someof whichareignored) An n-to-n°quantuncompessolis aunitary
transformatiorthat mapsn-qubit stringsto n-qubit strings;the rst n° qubitsthat
areoutputby the compressoaretaken asthe compressegersionof its input, and
theremainingn  n° qubitsarediscarded An n%to-n decompessoris a unitary
transformatiorthat mapsn-qubit stringsto n-qubit strings;the rst n°qubitsinput
to thedecompressarethe compressesersionof theuncompressed qubits,and
the remainingn  n° qubitsare all 0. The source to the compressiorschemeis
assumedo beasequencef n qubitssampledndependentifrom ( © p). Theob-
servedoutputis theresultof rst compressingheinputqubits,thendecompressing
them,and nally measuremerdf theresult(overabasiscontainingthen inputs).2
The delity of the compressiorschemas the probability thatthe obsened output
is equalto theoriginal input (thatis the probability thatthe original qubitsarecor-
rectly recovered,from the compressedubits).Our goalis a quantumcompression

3 Oneof the mostinterestingpartsof quantumcompressionis that  couldrepresenthe
reducedstateof somelarger systemandthe compressiowill presere the entanglement
within this larger system.If onejust measuresfter compressiontheremay aswell have
beena measuremerieforecompressionyvhich allows a completelyclassicakscheme.



with bothhigh delity andahigh compressiomate.

Schumachef22] gave a quantumcodingtheoemwhich provided asymptotically
optimal (in sizeand delity) compressiorof a sequencef qubitsindependently
sampledrom a nite quantumstateensemblé © p).

Theorem 1.1 Thequantumcodingtheolem[22], statesthatfor any ; > 0and
sufciently largen, (i) thereis aquantuncompessiorscthemehatachievesasymp-
toticcompessiorrate (Hyn( ) + ) with delity atleastl  and,(ii) anyquan-
tumcompessionsthemethat givesasymptoticcompessiorrate  (Hyn( ) )
has delity < :

In otherwords,in the limit of large code-blocksize, the sources von Neumann
entropy Hyn () is asymptoticallythe numberof qubitsper sourcestatewhich is

necessanand sufcient to encodethe outputof the sourcewith arbitrarily high

delity . Givenaknown nite quantumstateensembldg © p), Schumaches com-
pressiorschemessumes known basisfor whichthedensitymatrix is diagonal,
with non-increasingaluesalongthediagonal. The proof of the Schumachequan-
tum codingtheoremandits re nementsby JozsaandSchumachefl5], Barnumet
al [1], andH. Szeto[25] make useof the existenceof atypical subspace within

a Hilbert spaceof n qubitsover a sourceof von Neumanrentroy Hyn (). These
proofsarenotconstructve.

Bennett[6] gave a constructve methodfor doing SchumachecompressionHe
obsenedthatthe Schumachecompressiorranbe doneby a unitary mappingto a
basisfor whichthedensitymatrix is diagonal(in certainsimplecaseghe density
matrix is alreadydiagonal,e.g.,whenthe input is a setof n identical qubits)
followedby certaincombinatoriacomputatiorwhichwe will call the Shumader
compessionfunction.The Schumachecompressioriunction S simply ordersthe
basisstatesrst by the numberof ones(from smallestto largest)thatarein the
binary expansionof the bits and thenre nes this order by a lexical sort of the
binary expansionof the bits. That s, all stringswith i onesare mappedbefore
all stringswith i + 1 ones,andthosestringswith the samenumberof onesare
lexically orderedNotethatfor any givenvalueX of thequbits,thistransformation
S(X) is simply adeterministianappingfrom ann bit sequencéo an®bit sequence
de ned by a combinatorialcomputationIn particular givenann bit binary string
X, the Schumachecompressioriunction S(X ) is the numberof n bit stringsso
orderedbeforeX . It is easyto shav thatthe Schumachecompressioriunctionis
apermutationSinceit is a permutationjt is a bijective functionwhichis uniquely
reversible,andalsois a unitarytransformation.

To ensurethat the overall transformation(for all the states)is a quantumcom-
putation,it is essentiathat the Schumachecompressiorfunction be doneusing
only reversible,quantum-cohererglementaryoperationsBennettet al [7] gave a
polynomialtime quantumalgorithmfor the relatedproblemof extractionof only



classicalinformation from a quantumnoiselesscoding. Cleve, DiVincenzo[10]
thendevelopedthe rst polynomialtime algorithmfor Schumachecompression
of n qubits.In particular they explicitly computedthe bijective function de ned
by the Schumachecompressiorfunction andits reverseusing O(n®) reversible,
elementaryunitary operations.

TheSchumachegquantuncodingtheoremassumeghecompressoknowsthesource.
Jozsaet al [16] recently gave a generalizationof the Schumachercompression
to the casewherethe compressodoesnot know the source,thus providing the
rst asymptoticallyoptimal universalalgorithmfor quantumcompressionAlso,
Brausteinet al [8] have recentlygiven a fastalgorithmfor a quantumanalogof
Huffman coding, but do not provide a proof that this coding givesasymptotically
optimalquantumcompressiorfthatis, reacheshe von Neumanrentrogy), aspro-
videdby Schumachecompression.

1.4 OrganizationandResults

In Section2, we give an efcient deterministicalgorithmfor a modi ed Schu-
machercompressiorencodingfunction S{X ) (alsowith asymptoticallyoptimal
sizeand delity) using O(n(log* n) loglogn) booleanoperationsNext, in Sec-
tion 3 we shaw that, exploiting the inherentbinary tree structureof our modi ed
guantumcompressiomlgorithmandusingknown ef cient quantumalgorithmsfor
conditionalboolearnoperationsandintegerarithmetic,we canexecuteour quantum
compressiomlgorithmon a quantungatearrayin asymptoticallythe samenumber
(O(n(log* n) loglogn)) of operationsasrequiredby our reversiblealgorithm for
our modi ed Schumacheencodingfunction. Thenin Section4 we shav how the
varioussubroutinesequiredby ouralgorithmcanbemadereversible andthemod-
i ed Schumacheencodinganddecodingcanbeef ciently computedy aquantum
computerwithin the O(n(log* n) loglogn) elementaryunitary steps.n the same
Sectionwe give recursve, reversiblealgorithmsfor somerequiredcombinatorial
and doublecombinatorialsums.This resultis a considerableeductionfrom the
previousbesttime boundsof O(n?®) for Schumachecompressiomnlueto Cleve, Di-
Vincenzo[10]. Dueto the useof Schumachetypeencodingour compressiorand
delity boundsareasymptoticallyoptimal. For simplicity, our algorithmassumes
the compressoknows the source but canbe extendedto a asymptoticallyoptimal
universalalgorithmfor quantumcompressionvherethecompressodoesnot know
thesourceusingthetechnique®f Jozseetal [16].



2 Deterministic Computation of a Modi ed SchumacherCompression

The numberof n bit (henceforthwe usequbit andbit interchangeablyhenthe

contet is clear)numberswith exactlym onesforl m  n,is () = (n”T'),m,
Form< Oorm > n,wedene ()= 0:Forary 1 n, the numberof
n bit numberswith < m onesis 1 + ., where ,n = M, (7): In Section

4 we give an ef cient reversiblealgorithmfor the combinatorialsum .., ; using
O(M (mlogn) logm) boolearnoperationsywhereM (N) = O(N logN loglogN).

Let X andY ben bit strings,andsupposeX hasexactlym ones.Let X = X 9% %
andY = Y% %whereX?Y9eachhave n® = bn=2c bits and X %Y ®eachhave
n%=n n%= dn=2ebits.LetY < X (wesayY is lexically lessthanX) if either
(a) Y haslessthanm ones,or (b) Y hasm onesandeither(i) Y% < X2 or (ii)
YO= XO%putY®< X%

For n bit X with m ones,we will rede ne our compressiorfunction S{X) =
SYX;n;m) to be the numberof n bit binary numbersY suchthatyY < X:
Sinceour modi ed SchumacheencodingSYX ) simplyis a permutatiorof Schu-
machersoriginalencodingS(X ), thismodi ed SchumacheencodingSYX ) clearly
hasthesamedelity astheoriginal Schumachecompression.

LetL(X) = L(X;n;m) bethenumberof distinctn bit binary numberswith ex-
actlym onesthatarelexically lessthanX . (Notethat,SY{X ; n; m) andL (X ; n; m)
eachneedonly to beafunctionof X , andtheadditionalagumenta andm will be
usedfor notationalcorveniencen theproofs.)Forn = 1, SY0) = 0 andSq1) = 1
andsoin thiscaseS{X ) = X istheidentity map.Also, clearlyif X hasary num-
bern of bitsbut m = 0 onesthenSY{X) = X againis theidentity map.For the
generalcasen > 1andm 1; sinceevery n bit binary numberwith lessthanm
onesarelexically lessthanX , andtherearel + ., suchnumbersijt followsthat
SAX;nym) =1+ o + L(X;n;m):

Thefollowing Lemmagivesthedivideandconquempproacho computel (X ; n; m):
Lemma2.1 Let X beanyn bit binary numberwith m ones.f m = Oorn =1

thenL(X;n; m) = 0: Otherwisgif m 1andn > 1thenX = XX %°whee X °
hasn®= bn=2c bits andm®onesand X ®°hasn®= dn=2e bitsandm®=m m?°

ONESIENLOGI M) = (1) + e +LOCEAEMY 15+ LOC® Y
0 00
whee r?;m;m0= 21 1(nio) m i

Proof by induction: Casem = 0: In the casem = 0 whereX hasno ones,
sois all zeros,no other numberof the samelengthis lexically lessthan X, so
L(X;n;m) = 0:

Casen = 1: Thecasen = 1 is alsotrivial, sincethe numberof 1 bit numbers



lexically lessthanthe numberitself, having the samenumberof onesis alwaysO0
irrespectve of whetherthenumberis 1 or 0.

Casem landn > 1. Let X beann bit numberwith m ones.We candivide
X asX = XX %whereX%is an®= dn=2e numberwith the rst n°bits of X
and X ®hasthe lastn®= bn=2c bits of X . Let the numberof onesin X ° be m°
andthatin X %bem®= m m° By theinductionassumptior(a) the numberof
n° bit numbershaving exactly m° onesthat arelexically lessthanX %is given by
L(X % n%m9; and(b) the numberof n%bit numbershaving exactly m®onesthat
arelexically lessthanX s givenby L (X %n%m?9.

Ourgoalnow is to determinghe numberof n bit numbersy thatarelexically less
thanX but have the samenumberm of onesasX: We cansimilarly divideY as
Y = Y% %whereYis an®numberwith the rst n®bits of Y andY “°hasthelast
n%pitsof Y. In thiscaseY < X if either:

(i) YO< X% or

(i) YO= X Obut Y9< X

Thenumberof n bit numberssatisfyingcase(i) canbedividedinto following three
cateyories.

The numberof n bit numbershaving no onesin the rst n°bits, soY ®hasno
ones.This quantityis equalto (") which is the numberof arrangementsf m
onesin thelastn®bits .

The numberof n bit numbersthat are lessthan m® ones(but at Igbastone) in
their rst n°bits. This quantityis givenby 2,...o; where 8 . o= ™ 1(n°)
% is the numberof distinctn bit binary numberswith i onesin the rst n°

bits,wherel i m°® 1;andm i onesin thelastn®bits.

The numberof n° bit numbersthat have m® onesin their rst n° bits but are
lexically lessthan X © This quantityis given by the induction assumption(=

L (X % n%m9). But for eachsucharrangementve canhave " arrangements
of the last n®bits of X andall thosenumberswill be lexically lessthan X °
Sothe numberof n bit numbershaving exactly m° onesin the rst n° bits but

no0o

lexically lessthanX %is: L(X%n%m9 g .

Hencewe concludethat the total numberof n bit numberswhereY® < X9 (as
consideredn case(i) ) is givenby (7)) + .o+ L(X%NnSm9 NG
Thecase(ii) iswhenY = X %but Y %< X % In otherwords,we have to countthe
numberof n bit numbersvhoserst n°bitsaresame¢ X 9 suchthatit hasexactly
m®onesin thelastn®bits but arelexically lessthanX % Thisis againgivenby the
inductionassumptiorf= L (X %n%m0).

Thuswe have consideredall possiblecasesand thereforethe total numberof n
bit numbershaving exactly m oneswhich arelexically lessthan X is given by:
L(X;mm) = (0 + 0 +L(X%n%m9 N5 + L(X%n%m%: Hencethe

n;m;m ©



Lemmais truefor alln andm n.

Sincethesum {...., o« isaproductof O(m) numbersachwith O(log n) bits, it fol-
lowsthat 2. .isanO(mlogn) bit numberin Section4, we giveanefcient re-
versiblealgorithmfor thedoublecombinatoriabum Q... o; usingO(M (m logn) logm)
booleanoperationqgusinga recursve methodsimilar to our algorithmfor evalua-
tionof ., alsogivenin Section4).

Theabove recurrence$or L(X;n;m) andSqX;n;m) = 1+ ., + L(X;n;m)
canthus be boundedas T(n;m) O(M (mlogn)logm) + 2T(n=2;m). Here
M (N), is thetime takento multiply two N bit numbersHencewe have:

Corollary 2.1 Theforward computatiorof S{X ; n; m) useO(M (n logn) logm logn)
O(n(log* n) loglogn) boolearoperationswheeM (N)  O(N (logN) loglogN).

Next, we obsene thatwe canreversibly computetheinversefunctionof S{X) by
thefollowing Lemma.

Lemma 2.2 The backward computationof S{X; n; m) costsasymptoticallythe
samenumberof booleanoperationsasthe forward computation

(= O(n(log*n) loglogn)).

Proof: Given S®= SY{X), we can countthe numberof bits n of the input. We
canalsodetermineghenumbem of onesof X andL (X; n; m) from S°simultane-
ously, by applyingatrick shavnin Section3. Therecursveformulaandtheinverse
computationof ,?;m;m o usesO(M (mlogn) logm) reversiblebooleanoperations,
asdescribedn sectiord. Thenwerecursvely determinghepositionof oneswithin
X by recursvely determininghepositionof oneswithin X °andX % whereX °has
n°= bn=2c bits andm®onesandX °hasn®= dn=2e bits. We dothisform 1
andn > 1 by applyingthe recursie formula:L(X;n;m) = (%) + 2 . o+
L(X%n%m9 1% + L(X%n%mO: SincethereareagainO(logn) stagesgach
of whichcostsO(M (mlogn) logm)  O(n(log® n) loglogn), thetime costof this
inversecomputatioris  O(n(log” n) loglogn), which is asymptoticallythe same
astheforward computatiorof the S{X ; n; m) function.

Hence,from the Corollary 2.1 andLemmaZ2.2, we have the following important
result.

Corollary 2.2 We canreversibly computdn time O(n(log* n) loglogn) thebijec-
tion Shumader compessiorfunctionS{X ).

Next in Section3 we show that, we canexecuteour quantumcompressioralgo-
rithm onaquantungatearrayin asymptoticallthesamenumberO(n(log* n) loglogn)
of elementarynitary operationsasrequiredby Corollary2.2.



3 Quantum Computation of the Modied Schumachercompressionusing
quantum gates

3.1 Forward Computatiorof SYX)

Giventhatwe canreversibly computein time O(n(log* n) loglogn) the bijection
SYX), we now shaw thatwe cancomputeSYX ) in O(n(log* n) loglogn) elemen-
tary unitary operationdik e the conditionalform of the conditionalXOR operation
, the booleanoperationNOT, anda constantbooleanoperationyielding 0 on a

quantumgatearray Recallthatforn = 1orm = 0, thenS{X ) = X: For simplic-

ity, we alsoassumen is a power of 2. (If this laterrestrictionis removedthenwe

canstill constructa binarytreegeneralizatior{asdiscussedater) exceptthatnow

we would getacompletebinarytreeinsteadof a full binarytree.)

The pseudocodéor the recursve algorithmto computeS{X ) outlinedin Section
2 is shawvn below. For ourimplementatiorwe assumehatwe have threequantum
registersto startwith:

X :ann-bit registerusedastheinput

L : ann-bit register(initialized to 0) usedasthe output

W : an d(logn)e-bit register (initialized to 0) usedas the work registerto store
intermediateesults

Our rst goalis to computethe following operationon the registers(X; L; W):

(X;0;0) I (X;SYX);0). We do this by recursiely computingL (X ;n; m) and
assigningthis valueto registerL, andfrom this we determineSY{X ) andupdate
theregisterL to thisvalue.In Sectiord we will seethatwe canachieve thedesired
nal outputstate(SYX ); 0; 0) with no additionalstoragefor theinput.

We assume simplesubroutineNUMONES thatcountsthe numberof onesin it's
argumentHencejf thesizeof theagumentpassedo NUMONESis of sizen then
thesizeof the outputreturnedoy it is O(logn).

In the recursve algorithmto computeL (X ; n; m), m; m® and m®are work reg-

istersusedfor temporarystorageand addition operationsat eachiteration of the
while loop in algorithm1. The addition¢ ) andthe multiplicationoperations( are
the standardarithmeticadditionandmultiplication of qubitsasshown in Vedralet
al[27]. Thenotation hasbeenusedspeci cally to differentiatequantumassign-
mentsfrom normalassignmentdenotedy = . Also thenotationX ;; ; (respectiely
Lij 1) representshe substringof the registerX (respectrely L) startingfrom the
ith bit to thej th bit. Note that sincethe registerL is initialized to 0, sois L i:

Also, notethatin thecasem = 0 orn = 1, no bits of L areassignedo, so it

remainso:



Algorithm 1 Recursve algorithmto computel (X ; n; m)

fori = 1todognedo
k=1
whilek+ 2 1 ndo
m°®  NUMONES(X jxs2i 1 13)
m®  NUMONES(X js21 1421 1))
m m0+ mOO
if m> Oandn > 1lthen
Apply thisrecursie algorithmto computel (X gk+2i 1 132 1 m9 with
the sideeffect of assigningheresultto L .x+2i 13-
Apply this recursie algorithmto computel (X ys2i 1421 13;2 1 m%
with the sideeffect of assigningheresultto L1 1421 15
Likszi 1 Zn° * Sommot Lpakszi + 1 Ze0 * Lzt 1wzt 1
k k+2
endwhile
endfor

Theassignment:

Likik+2i 1 2.5+ Smmot Lpgszi 1 17 2w+ Lpeai et g
is justi ed by Lemmaz2.1, andallows us aninductive proof of the recursve algo-
rithm for computingL (X; n; m). At eachstepwe have L;; j(= L(Xij 13 N1 mMa));
wheren; andm; arethe numberof bits andnumberof onesin the[i; j ] substring
of theregisterX . As we go higherin the recursionwe usethe valuecalculatedn
theearlierrecursionstepwith no additionalstorage.

The next goal is to translatealgorithm 1 into a sequencef elementaryquantum
mechanicabperationgagainwe assumehatn is a power of 2).

The main constraintof theseoperationsis that they must obey the reversibility
criteria. Its easyto seethatthe algorithmbeingrecursve hasa built in binarytree
structure Thecalculationof thefunctionL (X ; n; m) ateachrecursve steprequires
thevaluescalculatedat the previous stepinvolving half the numberof bits.

Theoverall organizationof the logic gatesfor performingthe treebasedoperation
isshavnin gure 1. Therecursionin theequationof Lemma2.1is only dueto the
computatiorof the numberof n bit numbersvhich have equalnumberof onesbut
arelexically lessthanX (i.e.L(X; n; m)). So,thetreeperformsthis computatiorof
L(X;n; m) in abottomup mannerAt eachleveli of thetree,theregisterL stores
theL(X;2';m;) valuesin n=2' tuplesof the bits of L. Here,m; is the numberof
onesin then=2' tuplesof X . At the(i + 1)th level of therecursve algorithmtakes
the L valuesof its two childrenasinput and performsthe neededmultiplication
and evaluationof combinatorialand double combinatorialforms involving 2'**
bits each(Lemma.1) to getL (X; 2*'; m;+1 ). An importantthing to notehereis

10



n 1-tuple n/2 2-tuples n/4 4-tuples 1 n-tuple

L(X,2,m) -

> L(X,2,m) -

L m g i

L(X,4,m) >

L(X,2,m) -

L(X,4,m) -

> L(X,2,m) -

Fig. 1. Thequantumgatearrayto computel (X ; n; m).

thatwe getaway with the effort of calculatingthe m; (the numberof ones)valuesat
eachith stepby justaddingthem; ; valuesof thetwo childrenandstoringit in the
work registersM . At theendof recursionyegisterL hasL (X ; n; m). If m = Othen
L(x;n;m) = X andSq{X) = X, sotheregisterL alreadyhasthecorrectvalueof
S%): Otherwisejf m 1 we performthefollowing nal additionaloperationto
computeSq{X ):

L L+ m+1l
This will give usthe state(X; S{X); 0). By the help of the well knovn Lemma

4.1statedn Sectiord, we cangetthedesiredstate(SYX ); 0; 0) with no additional
time or storagepenalty

3.2 Analysis

Here,we obtainthe time and spaceboundsof our binary tree implementatiorof
the compressioralgorithm.As shavn belaw, the time requirement®f the unitary
operationsieededo performthe computationis sameasstatedn Section2.

11



Time Complexity. In thebinarytreeimplementatiordescribecdkarlief aswe goup
therecursiontree,at eachlevel i we performn=2'" combinatorialsumsanddouble
combinatorialums(asin equation2.1)involving 2' bits each.As we will seelater
in Section4, thereversiblecomputationof combinatoriasumsanddoublecombi-
natorialsumsinvolving n bitsis O(M (n logn) logn) boolearoperationsvhereM
is thecomplexity of multiplying two numbershaving n bits(=O(n logn loglogn)).
So, thetotal time compleity of computationof L (X ; m; n) in this binarytreeor-
ganizations:

P
dogne 1. o(M (m; log 2') logm;) (m; is themaximumnumberof onesin a2' tuple

attheith stage)

= P dogne n oM (im;) logm)
" dogne n o(im log(mii) loglog(mii) log m;)
P doaneno(ilogi) (sincem;  2')
O(n(log* n) loglogn)

The nal operationL L+ .m + 1usedtocomputeSqYX)whenm 1 also
needsO(n log°® n) operations(which is essentiallythe time taken to compute
~m ). Sooveralltime compleity is givenby O(n(log* n) loglogn):

SpaceComplexity. It is shovnin Cleve etal[10] thatthe spaceaequiredto perform
multiplication of two numbersof n qubitseach requires3n (= O(n)) qubitauxil-
iary registers.So,theoverallauxiliary storagerequirementor theabove gatearray
implementatiorhasthe following form:

P
fo9ne 1. o(m; log2') (m; is themaximumnumberof onesin a2 tupleattheith

stage)

— P dlogne n O(|m )

P 409" h0(i) (sincem;  2) O(n(log? n))

3.3 QuantumDecompessionvia Reversecomputatiorof S{X )

For reversecomputationyve startwith ann-bit numberS° the outputof S{X ) and
thenusingunitary operationgecover theoriginalinput X .

Recallthatfor the specialcasewheren = 1, S{X) = X is theidentity map,and
soin this casethereversecomputations alsojusttheidentity map.Also, recallthat
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if X is ann-bit numbemwith all zeroswith m = 0, thensois S{X ), andhencethe
reversecomputatioris alsotheidentity mapif S°an-bit numbemwith all zeros.

In thefollowing, we assumewithout lossof generalitythatn > 1andm 1. We
will determinghenumberof onesm in X usingthesubroutindFINDM(S?9). Becall
thatthe numberof n bit numberswith < m onesis1+ ., where ,,, = %;
(1) : Hencem is thelargestnumbersuchthatS°> ., :

Algorithm 2 SubroutineFINDM(S9
m O
1
while S°>  do
m m+1
+(m)

enddo

After determiningm, we compute ., andthendetermineL by the assignment
L S° .m 1 WestorelL asasignedinteger Recallthatourrecursive Algo-
rithm 1 for L (X; n; m) terminatedeaving theregisterL with thevalueL (X ; m;n).
By Lemma2.1we canrecursvely getthe positionsof onesin theoriginalinput X .
Thereversecomputatioris justthesameasin theforwarddirectionto computethe
desiredcompressioffunctionS{X ) with thedifferencethatnow we follow thetop
down approachin a binarytreeto computefrom S°the desiredvalueX :. Thatis,
we havetheinitial inputasL (X ; m; n), thenwe recursvely determine. (X ; m% n9
andL (X; m%n% for eachof then=2' tuplein stagei afterdividing theinputinto
2 setsof n=2' bits at theith stage At the bottomof the recursiontree (at the end
of O(log n) stages)we have determinedhen singlebits giving theactualvalueof
X.

Thetime andspacecompleity analysisremainsexactly the sameasit wasin the

earliercasefor determiningS{X ) giventhatwe have thereversiblecomputational
compleity of all the subroutinesutlinedin Section4. Also, asfar asthearchitec-
tureis consideredit is obviousthatwe canstill follow the binarytreestructureas

usedin thecomputatiorof L (X ; n; m).

Eachoperationin our O(n(log” n) loglogn) time reversiblecomputatiorof S{X )
consistsof certainconditionalbooleanandarithmeticoperationsThe conditional
booleanoperationssufce to be Toffoli gateg[26] which take in 3 booleaninputs
andnegatesthe rst input iff the next two bits are 1. The conditionalarithmetic
operationsufce to ben-bit (signed)integernegation,additionandmultiplication
(conditionalon aboolearregister).

In the next Section,we describethe reversiblecomputation®of the arithmeticand

combinatoriakubroutinesequiredfor evaluatingL (X ; n; m) in thebinarytreegate
array
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4 Reversible Computation of Functions Requiredin the Quantum Compres-
sionand Decompression

Reversible Computationsare computationsvhere eachstatetransformationis a
reversiblefunction, sothatarny computatiorcanbe reversedwithout lossof infor-
mation.Landauef18] shavedthatirreversiblecomputationsnustbe exothermic
in the computingprocessandthatreversiblecomputationsave the propertythat
if executedslowly enough,they (in the limit) canconsumeno enegy in an adi-
abaticcomputation Bennett[3] (also seeBennett,Landauerf4], Landauer19],
Toffoli [26]) shovedthatarny computingmachine(e.g.,an abstracimachinesuch
asa Turing Machine)canbetransformedo do reversiblecomputationsBennetts
reversibility constructionrequiredextra spaceto storeinformationto insurere-
versibility.

Below, we outline someof the basicreversible computationsnecessaryor our
compressiomlgorithm.Theseoperationsanbe performedwithout preservingary
inputregistersasa partof the output[27].

4.1 Reversible Computatiorof ArithmeticFunctions

Reversible Addition. (Vedraletal[27]) GivenN bit numbersx; y, we canre-
versibly computethe function: (x;y) ! (X; X + y). This canbe computedin
O(N) reversible stepsby use of the usual sequentialcarry-addedalgorithm.
Cleve, DiVincenzo[10] describesn detail how to executeconditionalboolean
operationsn O(1) elementaryunitary operationsaswell ascertainconditional
arithmeticoperationsn O(n) elementaryunitary operationsincluding (signed)
integernegationaswell asconditionaladditionof a signedintegern bit register
with a constann bit integer. Vedral,BarencoandEkert[27] give (asa subrou-
tinefor theiref cient implementatiorof thequantunfactoringalgorithmof Shor
[23,24])aquantumalgorithmfor additionof two signedintegern bit registersin
O(n) elementarynitaryoperations.
Reversible Multiplication. Vedral,BarencoandEkert ([27]) give a methodfor
thereversiblemoduloN multiplication of two N bit numbersin otherwords,
they shav how to bring aboutthe transformation(x;y) ! (x; xy mod\) re-
versibly.

We usethe Schonhagen-Strassemnultiplicationalgorithm(Knuth [17]) to do
n bit integer multiplicationin O(nlogn loglogn) reversiblesteps.n the quan-
tum gatemodel,we cando n bit integer multiplicationin the sameasymptotic
stepsagainemplgying the Schonhagen-Strassemultiplication algorithm. (Za-
Ika[28] alsogives,againasasubroutindor anef cient implementatiorof Shor's
guantumfactoringalgorithm,a FFT-basedquantumalgorithmfor multiplication
of two n bit integers).For n bit multiplication usingthe Schonhagen-Strassen
multiplication algorithm, the n bits are subdvided into n® = n=s groupsof
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sizes = O(n*™2). The Schonhagen-Strassenultiplication algorithmrequires
ann%pointdiscreteFouriertransformwhich canbe quantumcomputedn O(n)
additionsof s bit integers,thuscostinga total of O(nlogn®% = O(nlogn) ele-
mentaryunitaryoperation$y theabose mentionedquantumadditionalgorithm.
Thenthe corvolution theoremis appliedwhich reduceshe problemto the n°
recursve multiplications(asgivenin Vedraletal[27]) on O(s) bit integers.This
requiresO(loglogn) recursve stagesHence,in the quantumgate model, we
candon bit integermultiplicationin O(n logn loglogn) elementarynitaryop-
erations.

4.2 Bijectionof reversiblefunctions

To computea bijective function f (x) reversibly (like the Schumachecompres-
sion),we requirethatwe do not retainary recordof theinitial statein the output,
northestateof thework bits (sincethesearecompletelydeduciblerom theoutput).
Theserestrictionsvould seemto make abijectivereversiblefunctionf (x) dif cult
to computeHowever, thisdif culty canberesolhedby aninnovativetechniquedue
to Bennett[3,5], asfollows: It is corvenientto rst derive a preliminaryalgorithm
PA thatretainsa recordof the initial stateand may also make use of temporary
work storagelLet usassumehat X ; L; W areregistersandtheir valuesareindi-
catedby atuple (X; L; W). Supposédheinput stateis givenas(x; 0; 0). Thenthe
preliminaryalgorithmPA providesthe mapping(x; 0;0) ! (x; f (x); w); wherew
arethecontentsf thework registers We caneasilyerasahesework registers thus
providing amapping(x; 0;0) ! (x; f (x); 0): Thenwe canapplyaknown trick to
eliminatetheinitial statejin particular Bennet{3,5] shawvsif we have anauxiliary
algorithmRA thatcomputegheinversef ! of thefunctionf , thenwe canprovide
themapping:(x;y;0) ! (x f 1(y);y;0): Sincex f (f(x))=x x=0,
it follows that RA providesthe mapping:(x; f (x);0) ! (0;f (x); 0): Finally, an
exchangeof registersgivesthe mapping:(0;f (x);0) ! (f (x); 0; 0): (Notethatit
is essentiathatwe alsocanef ciently computetheinversef 1! of thefunctionf .)
Hencewe have from Bennett[3,5]

Lemma4.1 Givena bijective functionf , supposene can reversibly computein

timeT (x) a bijectivefunctionf anditsinversef ! withoutpreservingnputregis-

tersasa part of the output. Thenin time O(T (n)) we canalsoreversibly compute
the bijectivemapping:(x; 0;0) ! (f (x); 0; 0) without storing x as a part of the
output.

4.3 Reversible Computatiorof CombinatorialFunctions

Reversible Computation of Factorial.
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Lemma4.2 Givenanumberx, wereversiblycomputdahefunction:x ! x!: LetN
bethenumberof bitsof x!: Factorial canbereversiblycomputedn O(M (N) logN) =
O(N log? N loglogN) computations

Proof: We take asinputy = x! andletN = dlogye bethenuH1berof bits of y. We

apply the Sterlingformulato approximatey = x! = x*e * 2 x(1 + O(1=x));
andtakinglogarithmswe obtain:

log(x*e *' 2 X(1+ o(L)));
x log(x=€) %Iog(z x) + O(1):

logy

Let f (x) = xlog(x=€) %Iog(z x) andlet its inversefunctionbef 1(y): The
inversex= f (y) canbeapproximatelycomputedip to therequirediogx bitsin
time O(N log® N loglogN) by the Newton iteration methodsof Brentand Kung
(seeKnuth [17]), and this computationcan easily be madereversible.Hencewe
computethefactorialof x + i for eachi wherejij  O(1). We outputthatx = x +
i suchthat(> + i)! = y: This hascostO(1) timesthe costO(N log? N loglogN)
of theforward computatiorof factorial,andhencehascostO(N log? N loglogN).

Henceby Lemmad.1,we canreversiblycomputefactorialin time O(M (N) logN)
= O(N log? N loglogN) without preservinginput registersto form a part of the
output.

Reversible Computation of Combinatorial Forms. We provide the Lemmason
the reversiblecomputationof combinatorialanddoublecombinatorialforms nec-
essaryfor the computatiorof SqX ).

Lemma 4.3 Givenn bit numberwith x ones,we canreversibly computehe func-
tion:x ! (%)= 7 iN O(M(N)logN) = O(N log? N loglogN) stepswhese
N is thenumberof bitsof (3 ).

Proof: The forward computationcan be easily achieved using a reductionto re-
versiblefactorial computationas describedabove. To reversethe computationof
(%), wetake asinputy = () andlet N = dlogye be the numberof bits of y.
Settingp = %, we canapply the Sterlingformulato approximatefor x ! 1 and
n x! 1:

y=()=@EQ p'P "2 pl pn) 1+ O(1=x):

Takinglogarithmswe obtain:
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ogy=  nlogi’(1 ' ?) log2 piL  pIn) + O(1=x)

= n(plog(p) + 1 plog(l p)) %'09(2 p(1 pn)+ O(1):

Letg(p)= n(plog(p)+ 1 plog(l p)) % log(2 p(1 p)n) andletitsinverse
functionbeg (y): Theinversex= ng *(y) canagainbeapproximately}computed
up to the requirednumberof bits in time O(N log® N loglogN) by the methods
of Brent[17], and this computationcan be madereversible.Hencewe compute
.+ foreachi wherejij O(1). We outputthatx = x + i suchthat  } j

= y: This hascostO(1) timesthe costO(N log? N loglogN) of theforward com-
putationof (), andhencehascostO(N log? N loglogN ). Henceby Lemma4.1,
we canreversiblycompute( ) in time O(M (N) logN) = O(N log® N loglogN)

without preservingnputregistersasa partof the output.

. . P :
Lemma4.4 Thecomltj)lnatorlalsum am = Y (T) andthe doublecombina-
torial sum O..n0= M 1(7°) 1% canbesolvedin O(M (mlogn) logm)
reversible booleanopermtions,whee M (x) is the time compleity of multiplying

two numbes with x bits.

Proof: Here,we give the proofsseparatelyor differentcases.

: . . P .
(1) Computation of sumsof combinatorial forms( nm = ™1 (1)): Since

(m) is aproductof O(m) numberseachwith O(logn) bits, it follows that
(m) isanO(mlogn) bit number So ., is a sumof n numberseachof
O(mlogn) bits,andsois alsoanO(m logn) bit numberNotethatsince( )
= (i")(n (i 1));itfollowsthat .. hasarecursve expansion:

am = N+ (n DA+:::(n (m 3)@A+(n (m 2)):::):

To compute .., we will apply a divide algd conquerof this recursve ex-
pansionForl a b n,let nap = ( 2.(M)=(4"1). Notethat by
de nition, nm = n1m 1 Obserethat ..., hastherecursve expansion:

X (n (@ )
n;a;b_i=aW’
xP . .
= (n (@ 1))n a::(n (G 2)(n ( 1))

:I(:na a 1)1+ a@+:::(n (b 2)
@+ (n (b 1)) :::):

To compute ...b, weapplydivideandconqueof theexpansiorata®= bb—zac,
usingtheidentity nab = naa®* Cnaa® naoh; Where
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1
Chiaa0= (n (i 1))

i=a

=(n @ 2)(n @ 3):::(n a(n (a 1)

%

Sincec,.a.40 IS @ productof O(b  a) numberseachwith O(logn) bits, it

follows that c,.5.50 is@an O((b @) logn) bit number Let M (N) be the bit
complity of multiplying two N bit numbers.Hencethe time costfor the
recursve computatiorof ,..,,form=>b a,isT(n;m) O(M (mlogn))

+ T(n;b%3c) + T(n;d3e) O(M(mlogn)) + 2T(n;d%e€): This recur

renceis boundedasT (n;m) O(M (mlogn)logm): Hence .., alsocosts
O(M (mlogn) logm) booleanoperations.

(2) Inverseand Reversible Computation of Sumsof Combinatorial Forms:
LetF(m) = ,m for x edn. Sincethesumof combinatoriaformsis domi-
natedby its highestterm,theinverseF (y) = m of thefunction F (m) can
alsobe ef ciently be reversibly computedin time O(M (mlogn) logm) by
techniquessimilar to thosedescribedabove for the inverseof (). Hence,
we canreversiblycompute .., in O(M (mlogn) logm) booleanoperations
without preservingnputregistersasa partof the output.

(3) Computation (H Sums °of Double Combinatorial Forms: Herewe com-
pute %mo= M 1("°) 1% whichis thenumberof n bit binarynum-
berswith atleastl onesandat mostm® 1 onesin the rst n°= bn=2c bits
andn®= n n®% Notethat

(7)= " (1)

and
00

(m (1)),

SO,
(") M= " a oy (M )N® (m (i D)):

It followsthat ©

n;

m:m o Nasarecursve expansion:

fmmo= 2 (NN m)@+ ((n° 1)(n® (m 1))
1+ ::((n® (m°® 3))(n® (m (M® @+ ((n° (M® 2)
(n® (m (m® 2))):::):

To compute ,?;m;m o, We will apply a divide and conquerof this recursve

expansionForl a b n,let:

><0 00
r?;m;a;b = ( (r}o) n?ooi )=( anol m r(]a 1) ):
1=a
Notethatby de nition, $.,mo= 2m 1mo 1: Obserethat o . hasthe

recursve expansion:
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amap = (% (@ 1)(n* (m (a 1))
1+ ((n° a((n® (m a))

1+ :::((n° (b 2)(n* (m (b 2))

@+ ((n° (b Y™ (m (b 1)) ::):

To_compl_Jte r?;a_;b, we applydivideandconqueiof theexpansiorata®= bb—;‘c,
usingtheidentity 2 ., = naact Qmaao mmach Where:

ay 1
Cmeao=  (° (- D)O® (M (i D))
= @ 2)n® (m @ 2))
(n (@ 3PN® (m (@ 3)
M a(n® m a)n® (@ H)Y® (m (@ 1)

Sincec?.,..0 is a productof O((b  a)) numberseachwith O(logn) bits, it

follows thatc?., .o isanO((b  a) logn) bit number Recallthat 2....cisa

productof O(m) numberseachwith O(logn) bits, soit followsthat ..o
is an O(mlogn) bit number Hencethe time costfor the recursve compu-
tationof n.ap is T{n;m) O(M(mlogn)) + T(n;bZc) + TYn;dTe)
O(M (mlogn)) + 2T°(n;d%e): This recurrences boundedas Tqn; m)
O(M (mlogn) logm): Hence J...., o canberecursiely evaluatedn
O(M (mlogn) logm) booleanoperations.

(4) Inverseand Reversible Computation of Sumsof Double Combinatorial
Forms: Lety = G(m;m% = 3 ..o fora x edn. Sincethe sumof double
combinatorialforms is dominatedby its highestterm, the inverseG 1(y) =
(m; m9 of the functiony = G(m; m9 canalsobe efciently be reversibly
computedn O(M (mlogn) logm) booleanoperationdy techniquesimilar

to thosedescribedabove for theinverseof (}).

So, all the above operationsusedin the computationof S{X ) canbe reversibly

computedvithout preservingheinput asa partof the output. Thesecomputations
canbe doneby the useof ef cient quantumalgorithms[10] usingbasicquantum
gatesandreversiblearithmeticandconditionaloperations.

Henceby Lemma4.1, we can reversibly computethe arithmetic,combinatorial
anddoublecombinatorialoperationsusedin the gatearraycomputationof SX )
without preservingheinputregistersasa partof theinput.

In Section and3, we describedow to dothereversiblecomputatiorof S{X ; n; m)
in  O(n(log* n) loglogn) deterministichooleanstepsusingthe binary treegate
arraymodel.In this Sectionwe have shavn how to reversiblycomputeeachof the
subroutinegequiredin the S{X ; n; m) computationHence,we obtainthe main
result:

Theorem 4.1 The overall transformation(for all the states)SYX) be doneas
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a quantumcomputationusing only elementaryunitary quantumoperations, with
asymptotimumberof O(n(log* n) loglogn) steps.

5 Conclusion

We give anef cient deterministicalgorithmfor a modi ed Schumachecompres
sionencodingfunction (with asymptoticallyoptimalsizeand delity) using
O(n(log* n) loglogn) boolearoperationsTo achieve our goalwe have alsoshovn
how thevarioussubroutinesequiredby our algorithmcanbe madereversible,and
themodi ed Schumacheencodinganddecodingcanbeef ciently computedoy a
quantumcomputerin O(n(log* n) loglogn) elementaryunitary steps.We exploit
theinherentreestructureof thedivide andconqueralgorithmto obtainthegatear
rayto evaluatethe S X ) in asymptoticalljthesamenumberO(n(log* n) loglogn)
of operationsasrequiredby our reversiblealgorithmfor our modi ed Schumacher
encodingfunction.
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