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Abstract

This paper presents a parallel algorithm for the solution of a linear system
Ax = b with a sparse n x n symmetric positive definite matrix A, associated
with the graph G(A) that has n vertices and has an edge for each nonzero
entry of A. If G(A) has an s(n)-separator family and a known s(n)-separator
tree, then the algorithm requires only O(log®n) time and (|E| + M(s(n)))/logn
processors for the evaluation of the solution vector x = A~!b, where |E| is the
number of edges in G(A) and M(n) is the number of processors sufficient for
multiplying two n x n rational matrices in time O(logn). Furthermore, for this
computational cost the algorithm computes a recursive factorization of A such
that the solution of any other linear system Ax = b’ with the same matrix A
requires only O(log®n) time and (| E|/logn) + s(n)? processors.

keywords: parallel algorithms, sparse linear systems, nested dissection, parallel com-
plexity, graph separators
AMSMOSS: 68025, 68Q22, 65Y05, 65Y20, 65F05, 65F50

*Received by the editors March 16, 1987; accepted for publication (in revised form) June 9,
1992. The results of the preliminary version of this paper were presented at the 17th Annual
ACM Symposium on Theory of Computing, 1985.

TDepartment of Mathematics, Lehman College, City University of New York, New York,
New York 10468, and Department of Computer Science, State University of New York at
Albany, Albany, New York 12222. (vpan@lcvax.bitnet). The work of this author was sup-
ported by National Science Foundation grants MCS-8203232, DCR-8507573, CCR-8805782,
and CCR-9020690 and by Professional Staff Congress-City University of New York awards
661340, 668541, and 669290.

tDepartment of Computer Science, Duke University, Durham, North Carolina 27706. The
work of this author was supported by National Science Foundation grant CCR-83-09911,
Office of Naval Research contracts N00014-87-K-0310 and N00014-88-K-0458, U.S. Air Force
Office of Scientific Research contract AFOSR-87-0386, Defense Advanced Research Projects
Agency contracts DAAL03-88-K-1095 and N0014-88-K-0458, and National Aeronautics and
Space Administration CESDIS subcontract 550-63 5-30428 URSA.

1227

Preprint of paper appearing in SIAM Journal on Computing, Vol
22, No. 6, pp. 1227-1250, December 1993.



PARALLEL SOLUTION OF SPARSE LINEAR SYSTEMS 1228

1 Introduction

Recently, it has become feasible to construct computer architectures with a large
number of processors. We assume the parallel RAM machine model of [BGH]
(see also [EG] and [KR]), where in each step each processor can perform a single
addition, subtraction, multiplication, or division over the rationals. It is natural
to study the efficient use of this parallelism for solving fundamental numerical
problems such as the following.

(1) MULT: Given a pair of n x n rational matrices A and B, output AB.

(2) INVERT: Given an n x n rational matrix 4 = (a;;), output A~" within
a prescribed error bound € if A is well conditioned (see Definition 2.1 below);
else output: ILL-CONDITIONED.

(3) LINEAR-SOLVE: Given a well-conditioned n X n matrix A and a column
vector b of dimension n, find x = A~'b within a prescribed error bound e.

Here and hereafter we assume that A~! and x approximate A~' and x
within e if JA~' — A~ < ¢||A7Y]] and ||% — x|| < ]]A~Y|| ||b]] for a fixed pair
of consistent matrix and vector norms.

Our main result in this paper is a numerically stable parallel algorithm for
LINEAR-SOLVE for a sparse symmetric positive definite linear system that can
be solved by a sequential algorithm based on the generalized nested dissection of
the associated graph. In the remainder of this introduction and, more formally,
in §3 we compare our algorithm with the previous results, specify the complexity
estimates, show our improvement, and list some applications. In particular, in
83 we comment on the classes of the LINEAR-SOLVE instances for which our
algorithm is effective.

The nested dissection techniques were first proposed in [Ge] for grid graphs
and were then extended to graphs with small separators in [LRT] (see also [R]
and the excellent text [GeL] and an alternative version of the nested dissection
algorithm in [GT]). Many applications to the sciences and engineering require
the solution of such large linear systems; such systems are frequently so large
that parallel implementation of the (generalized) nested dissection algorithms
is necessary in order to make the solution feasible. (We recall some examples of
such problems in §3.)

Work on parallel sparse matrix algorithms can be traced back, at least,
to [Ca]. The extension of the idea of nested dissection from the sequential
to the parallel case was not immediate since many sets of separators must be
eliminated in each parallel step. Linear-time parallel algorithms based on the
nested dissection of grids were first described in [Lil] and [Ga]. The survey
paper [OV] gives references to early attempts at parallelizing the LINEAR-
SOLVE algorithms by nested dissection. Here and hereafter, by “parallel nested
dissection” we mean a parallel algorithm for solving sparse linear systems and
not a parallel algorithm for computing a dissection ordering. The subsequent
literature on the parallel implementation of the nested dissection algorithms
includes the papers [GHLN] and [ZG], which give a parallel time bound of
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O(y/n) for grid graphs.

In the proceedings version of our paper [PR1], nested dissection was applied
for the first time to yield a numerically stable and processor efficient parallel
algorithm for sparse LINEAR-SOLVE with poly-log time bounds, thus reaching
(within poly-log factors) the optimum bounds for both time and the number
of processors. Furthermore, our nested dissection parallel algorithm has been
applied to a much larger class of graphs than grid graphs, including planar
graphs and s(n)-separatable graphs (see Definition 3.1 below) with s(n) = o(n),
whereas in the previous literature the parallel nested dissection was restricted
to grid graphs. Such an enhanced generality required us to exploit the intricate
construction of [LRT] (rather than the simpler constructions of the earlier nested
dissection papers, more familiar to the numerical analysis audience); to devise
the desired processor efficient version of this approach, we had to elaborate
the construction of [LRT] by including the recursive factorization of the input
matrix and by proving several properties of the associated graphs. This paper
assumes the reader has some exposure to graph techniques. These generaliza-
tions of the nested dissection algorithms, including the recursive factorization
techniques, are required in several important applications, particularly path-
algebra computation in graphs (see [T1], [T2], [PR1], [PR4], and §3 below).

Remark 1.1. Some readers may agree to sacrifice the generality of the results
in order to simplify the graph techniques involved. Such readers may replace
our Definition 3.1 of separators in graphs by the definition from [GT]. The
difference between these approaches is that our definition requires the inclusion
of the separator subgraph S into both subgraphs G; and G2, otherwise separated
from each other by S in the original graph G, whereas the definition of [GT)
requires the elimination of all of the vertices of S and all of the edges adjacent
to them from both subgraphs Gy and G». The resulting construction of [GT)
is a little simpler than ours, and its application decreases by a constant factor
the complexity of the performance of the algorithm in the case of planar graphs
G, but the results are applied to a class of graphs that is strictly more narrow
than the class we address. As in our proceedings paper, [PR1], we extend to
parallel computation the more general algorithm of [LRT], rather than one of
[GT], but we demonstrate the vertex elimination construction of [GT] for a 7x 7
grid graph in our Figs. 1-5 below (in this case, using the version of [GT], rather
than ours, made our display simpler and more compact).

[Li2] and [OR] describe two recent implementations of the parallel nested
dissection algorithm on massively parallel SIMD machines. The first implemen-
tation is very general and applies to any s(n)-separatable graph; it runs on the
CONNECTION MACHINE, which is a hypercube-connected parallel machine
with 65,536 processors; the second implementation is restricted to grid graphs
and runs on the MPP, which is a grid-connected parallel machine with 16,384
processors. Both implementations represent a version of the parallel nested
dissection algorithm using O(s(n)) time and s(n)? processors (see the end of
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§3).
In the papers [PR2]-[PR4], [PR6], [PR7] we extend our parallel nested dis-
section algorithm to the linear least-squares problem, to the linear programming
problem, and to path-algebra computation in graphs; in all these papers the re-
sulting algorithms are ultimately reduced to application of the algorithm of the
present paper.

The rest of the paper is organized as follows: In §2 we briefly recall the
known parallel algorithms for MULT and INVERT, and we review their com-
plexity estimates. In §3 we recall some definitions and then state our estimates
for the complexity of LINEAR-SOLVE. In §4 we present the parallel nested
dissection algorithm for LINEAR-SOLVE for the case of sparse symmetric pos-
itive definite systems. In §5, we state our main theorem, which provides bounds
on the complexity of the nested dissection algorithm. In §§6-8 we prove these
bounds. In Remark 6.1 in §6 we comment on the extension of our results to the
nonsymmetric sparse linear systems associated with directed graphs.

2 Auxiliary results on matrix multiplication and
inversion

Our algorithm for
LINEAR-SOLVE recursively reduces the original problem of large size to a se-
quence of problems of MULT and INVERT of smaller sizes. Let us recall the
complexity of the solution of the two latter problems.

Let M (n) denote an upper bound on the number of processors that suffice
to multiply a pair of n X n matrices in O(logn) time. Here and hereafter the
numbers of processors are defined within a constant factor (we assume Brent’s
(slowdown) scheduling principle of parallel computations, according to which
we may decrease the number of processors from P to [P/s] by using s times
as many parallel steps for any natural s < P). By the upper bound of [Ch],
obtained by the straightforward parallelization of the algorithm of [Stral], we
may chose M (n) < n?>®¥. In [PR1] and [Pan10] we show that if k x k matrices
can be multiplied in O(k?®) arithmetic operations and 3 < 7 for some v, then we
may choose M (n) < n* for some w < y and for all n. The current best upper
bound on S and w is 2.375 [CW1]; for surveys of the exciting history of the
asymptotic acceleration of matrix multiplications, see also [Pan6], [Pan7], or the
original works [Stral] (the first and justly celebrated breakthrough in this area),
[Panl]-[Pan5], [BCLR], [Bi], [Scho ], [CW2], [Stra2]. In practice, however, even
for matrices of reasonably large sizes, we should only count on M (n) = n3/logn
or, at best, on M(n) = O(n?"®) because of the considerable overhead of the
known asymptotically faster algorithms for matrix multiplication (see [PanT]).

Let us next estimate the complexity of INVERT.
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DEFINITION 2.1. We call an n x n matrix W well conditioned if log cond
W = O(logn), where cond W = |[|[W]| ||W~!|| for a fixed matrix norm (this
definition is invariant in [ for all I-norms of matrices).

Now we may recall the following estimate from [PR5] based on the algorithm
of [Be] (compare [PaS]):

Fact 2.1. The problem INVERT for an n x n well-conditioned matrix A and
for a positive € < 1 such that loglog(1/¢) = O(logn) can be solved within error
bound & by using O(log® n) parallel time and M (n) processors.

Furthermore, matrix multiplication can be reduced to matrix inversion (see
[BM, p. 51] or [Pan7]), so that the processor bound, as well as the parallel
and sequential time bounds attained this way, are optimal or nearly optimal
(to within a factor of O(logn)). In [Pan8] the above results for dense matrices
are extended to the exact evaluation of the inverse of A, of the determinant of
A, and of all the coefficients of the characteristic polynomial of 4 in O(log® n)
steps by using M (n) processors in the case for which A is an arbitrary matrix
filled with integers and such that log || A|| = n®™) (see proceedings papers [GP1,
Part 1] and [Pan9], which cite and (partly) reproduce [Pan8], and see also its
extensions in [Panl0], [Panl1], and [KS]).

In §3 we state our estimates for the complexity of sparse LINEAR-SOLVE
by using the above estimates for the complexity of MULT and INVERT.

Let us point out two alternatives. In the current applications of our algo-
rithm (see the end of §3) we apply Gaussian elimination for matrix inversion,
which for an n x n matrix means O(n) steps and n? processors. On the other
hand, theoretically, we may rely on the exact evaluation of the inverse of an nxn
matrix over rationals. This problem has interesting combinatorial applications
(see [Lo], [GP1], [GP2], [MVV]). The known parallel algorithms for its solution
use O(log” n) steps and n®M(n) processors, where « varies from 1 in [Cs] to
1 in [PrS] and to slightly less than 1 in [GP3]; furthermore, a = 0 even for
INVERT over the real matrices if we allow randomized Las Vegas algorithms,
because of combining [KS] and [Pan11] (see also [KP], [BP]), although the prob-
lem of numerical stability arises with all of these matrix inversion algorithms.
The parallel cost of solving sparse linear systems varies, respectively, with the
change of matrix inversion algorithms.

3 Some definitions and the complexity of sparse
LINEAR-SOLVE

To characterize the linear systems Ax = b that our algorithm solves, we will
need some definitions.

DEFINITION 3.1. A graph G = (V,E) is said to have an s(n)-separator
family (with respect to two constants, a« < 1 and ng) if either |V| < ng or,
by deleting some separator set S of vertices such that |S| < s(|V]), we may
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partition G into two disconnected subgraphs with the vertex sets V; and V5
such that |V;| < a|V], i = 1,2, and if, furthermore, each of the two subgraphs
of G defined by the vertex sets S UV;, i = 1,2, also has an s(n)-separator
family (with respect to the same constants a and ng). The resulting recursive
decomposition of G is known as the s(n)-separator tree, so that each partition
of the subgraph G defines its children in the tree. The vertices of the tree can
thus be interpreted as subgraphs of G' or as their vertex sets (we will assume
the latter interpretation), and the edges of the tree can be interpreted as the
separator sets. Then the vertex set V' equals the union of all the vertex subsets
in V associated with the edges of the s(n)-separator tree and with its leaves.
We call a graph s(n)-separatable if it has an s(n)-separator family and if its
s(n)-separator tree is available.

The above definition of a separator tree follows [LT] and includes a separator
in each induced subgraph, unlike the definition of [GT] (see Remark 1.1).

Binary trees obviously have a 1-separator family. A d-dimensional grid (of a
uniform size in each dimension) has an n'~(!/?_geparator family. [LRT] shows
that the planar graphs have a v/8n-separator family and that every n-vertex
finite element graph with at most k& boundary vertices in every element has a
4|k /2]+/n-separator family. An improved construction due to [D] gives a v/6n-
separator family for planar graphs. (Similar small separator bounds have also
been derived by Djidjev for bounded genus graphs and for several other classes
of graphs.)

DEFINITION 3.2. Given an n xn symmetric matrix A = (a;;), define G(A4) =
(V,E) to be the undirected graph with the vertex set V' = {1,...,n} and the
edge set E = {{i,j}|a;; #0}. (We may say that A is sparse if |E| = o(n?).)

The very large linear systems Ax = b that arise in practice are often sparse
and, furthermore, have graphs G(A) with small separators. Important examples
of such systems can be found in circuit analysis (e.g., in the analysis of the elec-
trical properties of a VLSI circuit), in structural mechanics (e.g., in the stress
analysis of large structures), and in fluid mechanics (e.g., in the design of air-
plane wings and in weather prediction). These problems require the solution of
(nonlinear) partial differential equations, which are then closely approximated
by very large linear differential equations whose graphs are planar graphs or
three-dimensional grids. Certain weather prediction models, for example, con-
sist of a three-dimensional grid of size H; x Hy x Hs with a very large number
n = H;HyH3 of grid points, but this grid has only a constant height Hs, and
hence it has an s(n)-separator family for which s(n) < +/Hsn.

Our algorithm for LINEAR-SOLVE is effective for the systems whose asso-
ciated graphs have s(n)-separator families for which s(n) = o(n) and for which
s(n)-separator trees are readily available. Thus our result can be viewed as a
reduction of sparse LINEAR-SOLVE to the problems of (1) computing an s(n)-
separator tree in parallel and (2) solving dense linear systems of s(n) equations
with s(n) unknowns.
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Efficient parallel computation of s(n)-separator trees is not simple in general,
but it is rather straightforward in the practically important cases of grid graphs
(see Figs. 1-5); similarly, such computation is simple for many finite element
graphs (see [Ge]). The recent O(log® n)-time, n'*= processor (for any £ > 0)
randomized parallel algorithm of [GM1] gives O(y/n)-separator trees for all the
planar graphs.

Many very large sparse linear systems of algebraic equations found in prac-
tice, such as linear systems arising in the solution of two-dimensional linear
partial differential equations with variable coefficients, have associated graphs
that are not grid graphs but that have s(n)-separators for s(n) = o(n). The
correctness of the generalized parallel nested dissection algorithm applied in the
case of graphs with s(n)-separators (and thus already in the important case of
planar graphs) requires a considerably more complex substantiation and a more
advanced proof technique than does the case of grid graphs; in particular, a so-
phisticated inductive argument is required (see §§7 and 8). This occurs because
grid graphs are more regular than are general graphs with s(n)-separators.

Let us state the complexity estimates for our solution of sparse LINEAR-
SOLVE. Our main result is the decrease of the previous processor bound (sup-
porting the poly-log parallel time) from M (n) to (|E| + M(s))/logn, whereas
the time bound increases from O(log®n) to O(log®n). (Since in all the known
applications of interest s(n) exceeds en? for some positive constants ¢ and §, we
will write O(logn) rather than O(logs(n)) to simplify the notation. Also note
that 2|E| is roughly the number of nonzero input entries, so that we cannot
generally count on decreasing the sequential time (and therefore also the total
work, that is, parallel time times the processor bound) below |E|.) It follows,
for example, that our improvement of the previous processor bound is by a
factor of n if s(n) = n'/2, |E| = O(n?/?). Because practical implementations
of the algorithms would be slowed down to satisfy processor limitations of the
actual computers (see discussion at the end of this section), we will decrease
the processor bound of M (n)log® n/T(n) to (|E|+ M(s(n)))log®n/T(n) in our
algorithm, provided that it runs in 7'(n) time, where T'(n) > clog®n, ¢ = O(1).

Let us comment further on how we arrive at our estimates. In general, the
inverse A~! of a sparse matrix A (even of one with small separators) is dense,
and, in fact, if G(A) is connected, A~! may have no zero entries. Therefore,
it is common to avoid computing the inverse matrix and instead to factorize
it. Our algorithm for LINEAR-SOLVE follows this custom: It computes a
special recursive factorization of A. For sparse matrices with small separators,
our poly-log-time algorithm yields processor bounds that are of an order of
magnitude lower than the bounds attained by means of other poly-log-time
parallel algorithms, which compute the inverse matrix. Specifically, let an n x
n positive definite symmetric well-conditioned matrix A be given, such that
G(A) has an s(n)-separator family, its s(n)-separator tree is known, and s(n)
is of the form an” for two constants 0 < 1 and a. Then we first compute a
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special recursive factorization of A (within the error bound 2" for a positive
constant ¢) in O(log® n) time by using M (s(n))/ logn processors (see Theorem
5.1 below), and finally we compute the desired solution vector x = A~'b. The
complexity of this final stage is lower than the complexity of computing the
recursive factorization.

For comparison the inversion of an s(n) x s(n) dense matrix is one of the
steps of computing the recursive factorization of A, and the current parallel cost
of this step alone is at best O(log®n) time and M (s(n)) processors (by using
the parallel algorithm of [Be], [PR1].) When our special recursive factorization
has been computed, the solution of Ax = b (for any given b) requires only
O(log®n) time and (|E|/logn) + s(n)? processors. It is interesting that by
multiplying our parallel time and processor bounds we arrive at the sequential
complexity estimate of O(M(s(n))log®n) = o(s(n)*>*) arithmetic operations,
which matches the theoretical upper bound of [LRT].

Let us demonstrate some consequences of the complexity bounds of our
algorithm. We will first assume the weak bound M (n) = n?®/logn for matrix
multiplication. It is significant that already under this assumption our parallel
nested dissection algorithm, for poly-log time bounds, has processor bounds that
substantially improve the previously known bounds. Let G be a fixed planar
graph with n vertices given with its O(y/n)-separator tree. (For example, G
might be a graph with a \/n X \/n grid.) Then, for any n x n matrix A such
that G = G(A), our parallel nested dissection algorithm takes O(log®n) time
and nl"r’/log2 n processors to compute the special recursive factorization of A
and then O(log®n) time and n processors to solve any linear system Ax = b
with A fixed. We have the time bounds O(log®(kn)) and O(log®(kn)) and the
processor bounds k*n'?/log®(kn) and kn, respectively, if G(A) is an n-vertex
finite element graph with at most k vertices on the boundary of each face. In
yet another example, G(A) is a three-dimensional grid, so that it has an n2/3.
separator family. In this case we have the same asymptotic time bounds as for
planar graphs and our processor bounds are n?/log®n and n'33, respectively.
Furthermore, if we use the theoretical bounds for matrix multiplication, say
M(n) = n**, then our processor bounds for computing the special recursive
factorization are further decreased to n'-? in the planar case, to k*“n'-? in the
case of the n-vertex finite elements graphs with at most k vertices per face, and
to n'-% for the three-dimensional grid.

In the current practical implementations of our algorithm ([LMNOR] and
[OR]) we have not reached the poly-log-time bounds because we have simply
used the Gaussian elimination rather than Ben-Israel’s algorithm at the stages
of matrix inversions, and so we achieve time s(n) with s(n)? processors. The
reason for this choice is the limitation on the number of processors that we
could efficiently use on the available computers. It is certain, however, that
the future parallel computers will have significantly more processors, and then
the application of Ben-Israel’s algorithm may be preferred; we cannot exactly
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estimate the threshold number of processors that would in practice give the
edge to Ben-Israel’s algorithm over Gaussian elimination, but according to our
theoretical estimates the former algorithm improves the parallel time bounds of
the latter one if more than s(n)? processors are available.

4 OQOutline of the parallel generalized nested dis-
section algorithm

In this section we fix an undirected graph G having an s(n)-separator family
(with respect to constants ng and «) (see Definition 3.1). Let A be an n xn
real symmetric positive definite matrix with graph G = G(A) (see Definition
3.2). We will describe an efficient parallel algorithm that computes a special
recursive factorization of A. With such a factorization available it will become
very simple to solve the system of linear equations Ax = b for any given vector
b (see the last part of Theorem 5.1 below).

DEFINITION 4.1. A recursive s(n)-factorization of a symmetric matrix A
(associated with a graph G = G(a) having an s(n)-separator family with respect
to two constants «, a < 1, and nyg) is a sequence of matrices, Ag, A1, ..., A4,
such that Ag = PAPT, where P is an n x n permutation matrix, A, has size
Nd—h X Nd—h,

Ay = X Y Zn = Apt1 + VR XY h=0,1 d—1, (1)
Yh Zh ) —+ h h s Ly )
and X}, is a symmetric block diagonal matrix corresponding to the separators
or, for h = d, to the vertex sets in V associated with the leaves of the s(n)-
separator tree and consisting of square blocks of sizes at most s(ng—p) X s(nq—p),
where
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ng =n, np—1 < anp, + s(ng), h=1,...,d. (2)

Here and hereafter, W7 denotes the transpose of a matrix or vector W. (Note
that the constant ng used in Definition 3.1 for the separator family is also the
order of the diagonal blocks of the matrix X,4.) This recursive factorization
is said to be numerically computed if the computerized approximants of the
induced matrices A1, ..., Ay satisfy (4.1) within the error norm 27" (relative
to ||A]]) for a positive constant c.

Our definition of a recursive s(n)-factorization relies on the matrix identities

B h I X'y
An = [ VX } { Ah+1 ] [ o I ®
and _— )
T —X Y, X, 1 )
A= [ 0 } { 0 Al:+1 [ _YhX_l I @

Here the matrix Ap4q defined by (4.1) is known in linear algebra as Schur’s
complement of X}, h ranges from 0 to d — 1, I denotes the identity matrices,
and O denotes the null matrices of appropriate sizes. We show in §7 that Ap41
also has certain sparsity properties.

The recursive decomposition (4.1)—(4.4) is intimately related to the recursive
decomposition of the associated graph G = G(A) defined by (and defining) the
s(n)-separator tree. Specifically, we will see that the matrices X} are block
diagonal matrices whose blocks for h = 0,1,...,d — 1 are associated with the
separator sets of level h from the root of the tree, whereas the blocks of X, are
associated with the leaves of the tree.

Given a symmetric n x n matrix A associated with an s(n)-separable graph
G(A), we may compute the recursive s(n)-factorization (4.1)—(4.4) by perform-
ing the following stages:

Stage 0. Compute an appropriate permutation matrix P, matrix 4y =
PAPT | and the decreasing sequence of positive integers n = ng, ng—1,-..,no
satisfying (4.2) and defined by the sizes of the separators in the s(n)-separator
family of G = G(A) (as specified below in §7). The permutation matrix P and
the integers ng, n4—1, - - - ,ng completely define the order of the elimination of the
variables (vertices), so that first we eliminate the vertices of G corresponding
to the leaves of the s(n)-separator tree, then we eliminate the vertices of G
corresponding to the edges adjacent to the leaves of the tree (that is, the vertices
of the separators used at the final partition step), then we eliminate the vertices
of G corresponding to the next edge level of the tree (separators of the previous
partition step), and so on; we formally analyze this in §§7 and 8.

Stage h+1 (h=0,...,d—1). Compute the matrices Xh_l, —YhXh_1 (which
also gives us the matrix —Xh_thT = (—YhXh_l)T) and Apy1 = Zp — YhXh_thT
satisfying (4.1), (4.3), (4.4) and such that Aj4, hassize ng_p—1 Xng—p—1. (Each
of these stages amounts to inversion, two multiplications, and subtraction of
some matrices.)
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When the recursive factorization (4.4) has been computed, it will remain
to compute the vector x = A~'b = PTAJ"(Pb) for a column vector b. This
can be done by means of recursive premultiplications of some subvectors of the
vector Pb by the matrices

I 0 X' o I -x,'vr
- X' T O Ayl Lo I

for h = 0,1,...,d. At the stage of the premultiplication by the second matrix
above, the premultiplication by X, !is done explicitly and the premultiplication
by A,:_il_l is performed by means of recursive application of (4.4), so that (4.4)
defines a simple recursive algorithm for computing A~!b for any column vector
b of length n, provided that a recursive s(n)-factorization (4.1) is given.

It is instructive to compare the recursive s(n)-factorization (4.1)—(4.4) with
the Cholesky factorization of A, used in [LRT]. The notations in [LRT] are dis-
tinct from ours, but for the sake of making the comparison we assume that the
notation is adjusted to the same format. Then we may say that both factoriza-
tions rely on the matrix identities (4.3), (4.4) which, in fact, just represent the
block Jordan elimination algorithm for a 2 x 2 block matrix Ay of (4.1). The
Cholesky factorization PAPT = LDL™ is obtained in [LRT] by the application
of the Jordan elimination to the matrix PAPT, which is equivalent to the recur-
sive application of (4.3) to both submatrices Xp and Ap4q. (This defines L and
LT in factorized form, but the entries of the factors do not interfere with each
other, so that all the entries of Y3, X, ' coincide with the respective entries of L.)
Efficient parallelization of this recursive algorithm (yielding O(log® n) parallel
time) is straightforward, except for the stage of the factorization of the matrices
X}, (which, by Lemma 7.2 below, are block diagonal with dense diagonal blocks
of sizes of the order of s(np) x s(ny)). However, for the purpose of solving the
systems Ax = b, we do not have to factorize the matrices X,. It suffices to
invert them, and this can be efficiently done by using the techniques of [Be],
provided that A is a well-conditioned matrix. Thus we arrive at the recursive
s(n)-factorization (4.1)—(4.4), where we recursively factorize only the matrices
Aptq in (4.3) and A,:j_l in (4.4) but not the matrices X and X, '. This modi-
fication of the factorization scheme is crucial in some important combinatorial
computations (see [PR4], [PR6]).

5 Parallel generalized nested dissection: The main
theorem

Hereafter, we will assume that ¢ and ¢ are constants such that

o

s(n) = en?, <o< L (1)

=
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Equation (5.1) holds in all the interesting applications (such as planar graphs,
grid graphs, and finite element graphs) for which s(n)-separator families are
defined.

For simplicity, we will also assume hereafter that

*

M(n) =n* for some constant w* >2> 1 (2)

and consequently that
M (ab) = M (a)M (b). (3)

Theorem 5.1 Let G = (V, E) be an s(n)-separatable graph for s(n) satisfying
(5.1). Then, given an n X n symmetric positive definite matriz A such that
cond A = n°W and G = G(A), we can numerically compute a recursive s(n)-
factorization of A in time O(log®n) with M(s(n))/logn processors (provided
that M (s(n)) processors suffice to multiply a pair of s(n) x s(n) matrices in
time O(logn) and that M (n) satisfies (5.2)). Whenever such a recursive s(n)-
factorization of A is available, O(log® n) time and (|E|/logn)+s(n)? processors
suffice to solve a system of linear equations Ax = b for any given vector b of
dimension n.

Remark 5.1. Tt is possible to extend Theorem 5.1 to the case for which (5.1)
does not hold by using [LRT, Thms. 7-9]. On the other hand, the restriction to
the class of symmetric positive definite input matrices A in the statements of
Theorem 5.1 is needed only to support numerical stability of the factorization
(4.3), (4.4).

Remark 5.2. The product of our parallel time and processor bounds is the
same, TP = (PARALLEL TIME) * PROCESSOR = O(M (s(n))log® n), both
for computing the whole recursive factorization (4.3), (4.4) and for its proper
stage of inverting X4 1.

Remark 5.3. As was noted by Gazit and Miller [GM2], the recursive s(n)-
factorization can be computed by using O(log®nloglogn) time and M(s(n))
processors. Moreover, their approach can be extended to reach the bounds
of O(log” nlog(1/€)) time and simultaneously O(M (s(n))'*¢) processors for a
positive parameter € [AR]. One may try to improve the processor efficiency of
the latter estimates by applying a relatively minor super effective slowdown of
the computations [PP].

6 Outline of the proof of the main theorem

We will show that the parallel algorithm uses only d = O(logn) stages. Let
d = 6(n) denote cn® ! = s(n)/n, and let ng be large enough, so that

ak + s(k) = (a + §)k = Bk, B=a+d<1 if k> ng. (1)
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Equations (4.2) and (6.1) together imply that
np < (a4 6)4 " = pi"n, h=0,1,...,d. (2)
Lemma 6.1 d = O(logn) for fived no and o < 1.

Proof: Relation (6.2) for h = 0 implies that d < log(n/ng)/log(1/(a +9d)) =
O(logn). O

The next lemma shows that for all A the auxiliary matrices A, and X}, are
positive definite (and therefore nonsingular) and have condition numbers not
exceeding the condition number of A. This implies that our parallel algorithm
is numerically stable. The lemma follows from the observation that A,:}rl is a

principal submatrix of A,:l and from the interlacing property of the eigenvalues
of a symmetric matrix (see [GoL] or [Par]).

Lemma 6.2 The matrices Apy1 and X, are symmetric positive definite if the
matriz Ay, is symmetric positive definite, and, furthermore, max{(cond Ap)2,
(cond Xp)2} < (cond A)y for all h.

In the remainder of this paper we further specify our parallel nested dissec-
tion algorithm and estimate its complexity. We observe that all its arithmetic
operations (except those needed in order to invert X for all h) are also in-
volved in the sequential algorithm of [LRT]. (As in the latter paper, we ignore
the arithmetic operations for which at least one operand is zero; we assume
that no random cancellations of nonzero entries takes place, for if there are such
cancellations, we would only arrive at more optimistic bounds; we will treat
both X and X, ! as block diagonal matrices having nonzero blocks in the same
places.)

For each h we group all the arithmetic operations involved to reduce these
operations to a pair of matrix multiplications U = Y, X, ! (which also gives
X,:thT = Ug) and Wy, = UthT and to a (low-cost) matrix subtraction A1 =
Zp—Wy, (it is assumed here that the matrix X,:l has been precomputed). Below,
Theorem 7.1 provides a bound on the complexity of numerically computing the
inverse of the auxiliary matrices Xy, ..., X4, and Theorem 8.1 provides a bound
on the cost of parallel multiplication of the auxiliary matrices and implies the
time bound of O(log® n) for the entire computation, excluding the stage of the
inversion of the matrices X;. The number of processors is bounded above by
the number of arithmetic operations used in the algorithm of [LRT], that is, by
O(s(n)?) (see [LRT, Thm. 3] and Remark 5.2).

The estimates of Theorem 5.1 for the cost of computing the recursive fac-
torization (4.1)—(4.4) immediately follow from Theorems 7.1 and 8.1 below.

Next we discuss the parallel complexity of back solving the linear system
Ax = b, given the recursive factorization. As we have already pointed out,
when the recursive factorization (4.1)—(4.4) has been computed, we evaluate
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x = A~ 'b by means of successive premultiplications of some subvectors of b
by the matrices Y, X, ', X, ', and X, 'V;I for h ranging between 0 and d.
The parallel time bounds are O(logn) for each h and O(log® n) for all h. The
obvious processor bound is (| E|+|F|)/ logn, where |E|+|F| denotes the number
of entries of an n x n array corresponding to the nonzeros of at least one of the
submatrices X, 'Y,T, v, X, !, and X, ' of (4.4) for h=0,1,...,d— 1 (for each
h, X, 'Y,T, VX, !, and X, occupy the upper-right, lower-left, and upper-left
corners of the array, respectively). The nonzeros of Ay form the set E of the
edges of G(A); other nonzeros form the set F' called fill-in (associated with the
nonzeros introduced in the process of computing the s(n)-factorization (4.1)—
(4.4)).

Finally, we must discuss the space bounds of the algorithm. By [LRT, Thm.
2], |[F| = O(n + s(n)?logn), and this bound can be applied to our algorithm as
well. The proofs in [LRT] are under the assumption that s(n) = O(y/n), but the
extension to any s(n) satisfying (5.1) is immediate. Likewise, Lipton, Rose, and
Tarjan estimated only the number of multiplications involved, but including the
additions and subtractions would increase the upper estimates yielded in their
and our algorithms by only a constant factor.

Remark 6.1. The algorithms and the complexity estimates of this paper
will be immediately extended to the case of nonsymmetric linear systems with
directed graphs if for all A we replace the matrices YhT by matrices W}, (which
are not generally the transposes of Y;,) and remove the assumption that the
matrices X, are symmetric. Of all the results and proofs, only Lemma 6.2 and
the numerical stability of our s(n)-recursive factorization (4.1)—(4.4) are not
extended. This lack of extension of Lemma 6.2 surely devalues the resulting nu-
merical algorithm, but the algorithm remains powerful for the computations over
the semirings (dioids), with interesting combinatorial applications (see [PRA4],
[PR6], [PRT]).

7 Cost of parallel inversion of the auxiliary ma-
trices Xy,

In this section we specify Stage 0 of computing the recursive factorization (4.1)—
(4.4) (see §4) and prove the following result:

Theorem 7.1 Let A be an n x n well-conditioned symmetric positive definite
matriz having o recursive s(n)-factorization. Then O(log®n) parallel time and
M (s(n))/logn processors suffice to numerically invert the auziliary matrices
Xo, ..., X4 that appear in the recursive s(n)-factorization (4.1)—(4.4).

Proof. We first reexamine the well-known correlations between the elimi-
nation of the variables and of the associated vertices of G = G(A), which we
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will derive from the previous analysis of nested dissection in [R] and [GeL]. We
observe that the elimination of a vertex (variable) v is associated with the re-
placement of the edges in the graph G as follows: (1) First, for every pair of
edges {u1,v} and {v,us}, the fill-in edge {u;,u2} is to be added to the set of
edges (unless {uy,us} is already in the graph); (2) then every edge with an end
point v is deleted.

Adding an edge such as {uj,us} to the edge set corresponds to four arith-
metic operations of the form z — y;2~'y», where =, y1, y2, 2 represent the
edges {v,v}, {u1,v}, {v,us}, {u1,us}, respectively (see Figs. 1-5 and the end
of Remark 1.1). If a block of variables is eliminated, then a set S, representing
this block, should replace a vertex in the above description, so that, at first,
for every pair of edges {u1,s1}, {us,s2} with the end points s; and s, in S,
the edge {u1,us} is added to the set of edges, and then, when all such pairs
of edges have been scanned, all the edges with one or two end points in S are
deleted. This corresponds to the matrix operations of the form Z —Y; X ~'Y,l,
where X, Y1, Y;I', Z represent the blocks of edges of the form {s;,s2}, {u1,s1},
{s2,us}, {u1,u2}, respectively, where s;,so € S and where uy,us denote two
vertices connected by edges with S. For symmetric matrices we may assume
that Y1 = Yo = Y. Of course, the objective is to arrange the elimination so
as to decrease the fill-in and the (sequential and parallel) arithmetic cost. This
objective is achieved in the nested dissection algorithm, in which the elimina-
tion is ordered so that every eliminated block of vertices is connected by edges
with only relatively few vertices (confined to an s(ny)-separator, separating the
vertices of the eliminated block from all other vertices).

To ensure the latter property we exploit the existence of an s(n)-separator
family for the graph G = G(A) and order the elimination by using a separator
tree Ty defined for a graph G as follows:

DEFINITION 7.1. See Fig. 6. Suppose that the graph G = (V, E) has n
vertices. If n < ng (see Definition 3.1), let Tz be the trivial tree with no edges
and with the single leaf (V,S), where S = V. If n > ng, we know an s(n)-
separator S of G, so that we can find a partition V' (1), V(2), S of V' such that
there exists no edge in E between the sets V(1) and V(2) and, furthermore,
[V(1)|] < an, |V(2)] < an, and |S| < s(n). Then T¢ is defined to be the binary
tree with the root (V,S) having exactly two children that are the roots of the
subtrees Tq,, Tg, of Tg, where G; is the subgraph of G induced by the vertex
set SUV(j) for 7 = 1,2. (Note that T is not equivalent to the elimination
trees of [Schr], [Li2], and [GHLN] or to the separator trees of [GT], since the
latter trees do not include the separator in the induced subgraphs.)

The following definitions are equivalent to the usual ones, as, for example,
given in [LRT].

DEFINITION 7.2. Let the height of a node v in Ty equal d minus the
length of the path from the root to v, where d, the height of the root, is
the maximum length of a path from the root to a leaf. Let Nj be the num-
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ber of nodes of height h in Tg. Since T is a binary tree, N, < 297", Let
(Vh,1,81r1)s -+, (Va,N,, Sk, ) be a list of all the nodes of height h in T, and
let Sy, = Ufcvzhl Sh,k-

Let n be the number of vertices of G. Since G has an s(n)-separator family,
[Vik| < npand |Sh k| < s(np) foreach h > 1Land for k =1,..., Ny (see (4.2) for
the definition of ny); furthermore, [Vp x| < ng and So = Vo for k=1,..., Ny
by the definition of the tree T¢.

DEFINITION 7.3. For each k = 1,..., Ny let Ry 1 denote the set of all the
elements of S, ; that are not in Sp« for h* > h, so that Ry = Sp r — USh* i,
where the union is over all the ancestors (Vi« g«, Spx =) of (Va,k, Sh) in Ta.
Let Ry, = UR", Ri k-

Observe that, by the definition of the sets Rpj and Rj and of an s(n)-
separator family, Ry x, N Rpk, = 0 if k1 # ko, Ry N Ry~ = 0 if b # h*, and
V = UZ:o Ry,. Also observe that for distinct & the subsets Ry, , of Ry are not
connected by edges with each other; moreover, the vertices of each set R
can be connected by edges only with the vertices of the set Ry itself and of
the separator sets Spig4,, in the ancestor nodes of (Vi i, Sh,k) of the tree Tq.
Now we are ready to describe the order of elimination of vertices and of the
associated variables. We will eliminate the vertices in the following order: first
the vertices of Ry, then the vertices of Ry, then the vertices of Rs, and so on.
(For each h we will eliminate the vertices of Ry, in parallel for all the disjoint
subsets Rp1,Rp2,...,RunN,.) This way all the vertices of V' = J, Rj, will
be processed. In particular, the rows and columns of A;, associated with the
vertices of Ry, ;, form an |Rp, 1| X | Ry x| diagonal block of X}, for £ =1,2,..., Np;
X}, is the block diagonal submatrix of A with these Ny diagonal blocks, and
Nht1 = Ny — | Ryl

Let us now formally define the desired permutation matrix P and set of inte-
gers Nd,Nd—1,
...,ng, which we need in Stage 0 (see §4). Let 7w : {1,...,n} = {1,...,n}
be any enumeration of the n vertices of G such that w(v) < w(v*) if v € Ry,
v* € Rp+, h* > h, and, furthermore, 7 consecutively orders the vertices of Ry,
for each h and k. Thus the elements of 7(R},) are in the range o5, + 1,...,0p41,
where d§, = Y 9<h |Rg4|. Such an enumeration can be easily computed directly

from the separator tree in parallel time O(log®n) with n/logn processors by
first numbering the vertices of Ry = Sg asn,n—1,... and then numbering (also
in the decreasing order) all the previously unnumbered vertices of Rj, of height
h for each h, where h =d—1,d —2,...,0.

We define the permutation matrix P = [p;;] such that p;; = 1if j = 7 (7) and
pij = 0 otherwise. This gives us the initial matrix 49 = PAPT. Recursively,
for h=0,1,...,d —1,let np =n — dp, and this completes Stage 0.

Now we define .

A, = { X, Y ] ’
Yio Zn
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the (n —dp) x (n —d5) symmetric matrix, where X}, is the |Rp| % |Rp| upper-left
submatrix of Ay, Y} is the (n — 0, — |Rp| X |Rp|) lower-left submatrix of Ay,
and Zj is the (n — 6, — |Rp|) x (n — 6p — |Rp]|) lower-right submatrix of Ap.
We then define Ap1y = Zp — YhXh_thT. Thus in Stage h 4+ 1 of computing
the recursive factorization (see §4) we have eliminated the variables (vertices)
associated with Rj.

We now claim that for a fixed h we can compute Api1 from X, Zp, and
Y}, in time O(log? s(n)) with at most M (s(n)) processors. To prove this we will
investigate the sparsity of A and the connectivity of Gy,.

Let A) = (ag.l)). We define the associated graph Gj, = (Vi, Ej) with the
vertex set Vi, = {0p + 1,0n + 2,...,n} and the edge set E, = {{i + dp,j +
6h}|a§?) # 0}; that is, G}, is derived from G(Ap) by adding dy, to each vertex
number (see Figs. 1-5). Note that i,j € V}, if the edge {i,j} belongs to Ej.
(The fill-in in stage h is the set of edges that are in E}, but not in Ej,_1.)

Now we are ready to establish a lemma that provides some useful information
about the fill-in, about the connectivity of G}, and, consequently, about the
sparsity of Xp,. By usual arguments (see [GeL], [Li2], [GT]) we arrive at the
following lemma:

Lemma 7.1 Let h > 0. Then the following hold:

(a) If p is a path in Gy, between two vertices i ¢ Vi« and j € Ry« for
some h* > h and some k, then p visits some vertex v such that w(v) > Op+y1,
that is, v ¢ R, for ¢ < h*.

(b)

Epi1 = E; U Fy,

Eh_ = {{lv.]} € Eh|iﬂj ¢ Rh}:
Fy = U{{i, j}13k3{i, 51}, g, 52}, - Adi—, 011 {1, 5} € En}

provided that j1,...,51 € Rux and that w(i) > Opt1, 7(§) > dpt1 in the defini-
tion of Fy,.

Lemma 7.1 defines the desired restriction on the edge connections in G(Ap).
In particular, part (a) of Lemma 7.1 implies that Ej, contains no edge between
Rh,k and Rh,k* for k ;é k*.

Since 7 groups the vertices of Ry, 1, together and since maxy, |Rp, x| < maxy s(|Vak]) <
s(np), we immediately arrive at the following lemma:

Lemma 7.2 X}, is a block diagonal matriz consisting of N < 24" square
blocks of sizes |Rp, | X |Rn,k|, so that each block is of size at most s(ny) x s(np).

Lemma 7.2 implies that for A > 0 the numerical inversion of X}; can be
reduced to Nj, < 29" parallel numerical inversions of generally dense matrices,
each of size at most s(np) x s(ny) (that is, one dense matrix is associated with
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each Ry, so that its size is at most |Rp x| X |Rpx|). By Fact 2.1 such inver-
sions can be performed in O(log® n) time with N, M (s(ng)) < 29="M (s(ny))
Processors.
The next lemma is from [LT]. Its proof is simplified in [PR1] for the case
1

in which a® > 35, and we need only this case. Both proofs also show simple

transformations of the respective s(n)-separator tree into s*(n)-separator trees.
Lemma 7.3 For any triple of constants a, «*, and ng such that % <a*<a<
1 and ng > 0, if a graph has an s(n)-separator family with respect to a and ng
(see Definition 3.1), then this graph has an s*(n)-separator family with respect
to a* and ng, where s*(n) < Eizo s(np); in particular, s*(n) < cen’/(1 - B7)
if s(n) < en? for some positive constants c, 3, and o, where < 1 (see (5.1),
(6.1), (6.2)).

Lemma 7.4 247" M (s(ny,)) < M(s(n))n?=" for somen < 1.

Proof. Equation (5.1) and relation (6.2) imply that s(nj,) < c¢(a+8)7(¢Mn7,
so that M(s(ng)) < ¢ (a + 6)7% (E=Ppoe” (see (5.2)). We may choose ng
sufficiently large so as to make ¢ sufficiently small and then apply Lemma 7.3
to make sure that o + ¢ lies as close to 3 as we like. Since ow* > 1 (see (5.2)),
we may assume that (a 4+ 6)7“" < 3, so that n = 2(a +6)”" < 1. Then

2R M (s(n)) < ' T = i M (s(n). O

iJFrom Fact 2.1 and Brent’s slowdown principle of parallel computation, we
may invert X}, by using O(k log® n) steps and [2¢"M (s(ny))/k] < [M (s(n))n® " /k]
processors for some n < 1 and for any k such that 1 < k = k(h). Choosing the
minimum k = k(h) > 1 such that M (s(n))n?="/k(h) < M(s(n))/logn (so that
k(h) = n?"logn if h > d +loglogn/logn and k(h) = 1 otherwise), we simul-
taneously obtain the time bound O(log®n) (see Lemma 6.1) and the processor
bound M (s(n))/logn, required in Theorem 7.1. i

8 Estimating the cost of parallel multiplication
of auxiliary matrices

Theorem 8.1 All the 2d matriz multiplications
Un =YX, ', Wy, = UYL, h=0,1,...,d—1 (1)

involved in the recursive s(n)-factorization (4.1)—(4.4) can be performed by using
O(log® n) parallel time and M(s(n)) processors or (if we slow down the compu-
tations by a factor of logn) by using O(log® n) parallel time and M(s(n))/logn
Processors.
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Proof. We will prove Theorem 8.1 by estimating the cost of parallel evalua-
tion of the matrix products of (8.1) (given Y} and Xh_l) forh=0,1,...,d—1.
First we will arrange the matrix multiplications of (8.1) by reducing them to
several matrix multiplications of the form

Unk =VarXpo  Wak=UnpYyy  k=1,2,...,Ny, h=0,1,...,d-1.
(2)

To arrive at such a rearrangement, partition Y}, into Nj, submatrices Y}, 4
having columns associated with the row sets Ry, and having the sizes mp ; %
|Rn k|, where mp p < n —dp for k = 1,...,Np. The dense diagonal blocks of
X, L are denoted X h, k, respectively. By the definition of G and T and by
virtue of Lemma 7.1, the matrix Y}, ; may have nonzero entries only in rows ¢
such that i lies in one of the sets Rypy4, (for 1 < g < d—h, ¢ = q(g,h,k))
corresponding to an ancestor (Vi4g,q, Sh+tg,q) Of the node (Vi i, Shi) in Te.

To deduce the desired complexity estimates, examine the cost of all the latter
matrix multiplications (8.2), grouping them not in the above horizontal order
(where k ranges from 1 to Ny, for a fixed h) but in the vertical order of Definition
3.1, that is, going from the root of the tree T to its leaves.

By slightly abusing the notation, denote n = |Rp |, m = mp, for a fixed
pair h and k, and consider the matrix multiplications of (8.2) associated with
the node (Vi k,Shk) and with its descendents in the tree T. These matrix
multiplications can be performed in O(log® n) time (this is required in Theorem
8.1); let P(n,m) denote the associated processor bound. For the two children of
the node (Vi i, Sh,k) the two associated numbers of processors will be denoted
by P(ni,m;) and P(ng, ms), where, by virtue of Lemma 7.2 and Definition 3.1
(see also [LRTY),

my +me <m+ 2s(n),
n<n;+ns <n+sn), (3)
l-an<n;<an+s(n) fori=1,2.

Let M(p,q,r) hereafter denote the number of processors required in or-
der to multiply p x ¢ by ¢ x r matrices in O(log(pgr)) parallel steps, so that
M(p,q,7) < M(q)[p/q][r/q] (all the processor bounds have been defined up to
within constant factors). For fixed h and k (and, therefore, for a fixed separator
Sh,k) the matrix multiplications (8.2) can be performed by using O(log n) paral-
lel steps and M (s(n)+m, s(n), s(n)+m) < [(1+m/s(n))]?>M (s(n)) processors.
Therefore, recursively,

P(n,m) < <1+ <1+ %) ) M(s(n)) + P(n1,m1) + P(n2,m2)  (4)

for some n1, na, mq, mo satisfying (8.3).
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Using (8.4), we will prove the following claim, which in its special case for
m = 0 amounts to Theorem 8.1 (recall that we already have the parallel time
bound O(log® n) of this theorem):

CLAIM. P(n,m) < (co + c1(m/s(n)) + ca(m/s(n))?)M(s(n)) for all m and
n and for some constants cy, ¢y, Ca.
Proof: If n < ng, then P(n,m) < M(n) < ¢y provided that cg > M (ng). Thus
let » > ng and prove the claim by induction on n. We may assume that ng
is large enough, so that (8.3) implies that n; < n for i = 1,2. Then by the
induction hypothesis the claim holds if n is replaced by n; for i = 1,2, so that

P(ni,m1) + P(n2,ms) < Z (co + c1w + ¢ <m> ) M(s(ny)).

i=1

Therefore,

s(n
ZP Ny M) <CUZM s(n;) +clzm, (sF( +szm . ()
Next we deduce from (8.3) that for g =1 and g =2
2 mf% < (32 m) max; (1\/{9(&(3;)))

M(s(an+s(n
< (m+ 2s(n))978((05n+3(7l()))g))

< (m+2s(n))? M5 for B < 1

(apply (6.1) to deduce the last inequality). Applying here (5.1) and (5.2), we

obtain that M(s(ns)) M (s(n))
g M(s(n; s M(s(n

; mi = S+ 2sm) =T, (6)

where v = (@ =97 is a constant, v < 1, g = 1,2, g < w*.

Furthermore, (5.1) and (8.3) imply that the sum M (s(n1))+ M (s(n2)) takes
on its maximum value where one of ny,no is as large as possible (that is, equal
to an + s(n)), which makes the other as small as possible (that is, equal to
(1 — a)n). Therefore,

M(s(n1)) + M(s(n2)) < M(s(an + s(n))) + M(s((1 — a)n))
< M(s((o +0)n)) + M(s((1 - a)n))
= M(cn?(a+0)7) + M(cn®(1 — a)?)
(see (5.1) and (6.1)). Applying here (5.3) and then (5.1) and (5.2), we deduce
that

M (s(n1)) + M(s(n2)) < (M((a +6)7) + M((1 - )7))M(en?)

((a+0)"7 + (1 — ) ") M(s(n)),

ININ
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where w*o > 1. The positive § can be assumed to be arbitrarily close to 0, and
so we deduce that

M(s(n1)) + M(s(n2)) < vM(s(n)) (7)

for a constant v < 1.
Combining (8.4)—(8.7), we obtain that

P(n,m) < (2 +vep + 2y¢1 + 4yez) M (s(n))

(2 + e + e M(s(n)) 72

(8)
+(1 4 ye2) M (s(n)) (%)2

for two constants v < 1, v < 1. We choose ¢, large enough, so that 1+vycs < ¢z,
we then choose ¢; large enough so that 2 + ye; + 4yce < ¢, and, finally, we
chose ¢q large enough, so that 2 4+ veg + 2y¢; + 4yc2 < ¢p. Then (8.8) implies
the claim and, consequently, Theorem 8.1. O
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