Efficient Approximate Solution of Sparse Linear Systems

John H. Reif ¥

Abstract. We consider the problem of approximate solution Z of a linear system
Az = b over the reals, such that ||[Az — b|| < €||b||, for a given €,0 < e < 1. This is one
of the most fundamental of all computational problems. Let x(A4) = ||A||[|[A"!|| be the
condition number of the n x n input matrix A. Sparse, diagonally dominant (DD) linear
systems appear very frequently in the solution of linear systems associated with PDEs
and stochastic systems, and generally have polynomial condition number. While there is
a vast literature on methods for approximate solution of sparse DD linear systems, most
of the results are empirical, and to date there are no known proven linear bounds on the
complexity of this problem. Using iterative algorithms, and building on the work of Vaidya
[V 91] and Gremban et al [GMZ 94, GMZ 95, G 96|, we provide the best known sequential
work bounds for the solution of a number of major classes of DD sparse linear systems.
Let m = log(k(A)/€). The sparsity graph of A is a graph whose nodes are the indices and
whose edges represent pairs of indices of A with non-zero entries. The following results
hold for a DD matrix A with non-zero off-diagonal entries of bounded magnitude: (1) if A
has a sparsity graph which is a regular d—dimensional grid for constant d, then our work
is O(n7?), (2) if A is a stochastic matrix with fixed s(n)—separable graph as its sparsity
graph, then our work is O((n + s(n)?)m). The following results hold for a DD matrix A
with entries of unbounded magnitude: (3) if A is sparse (i.e. O(n) nonzeros), our work
is less than O((n(r + logn))*?), (4) if A has a sparsity graph in a family of graphs with
constant size forbidden graph minors (e.g., planar graphs), then our work is bounded by
O(n(r + logn)'T°MW) in the case logn = o(logm) and O(n(m + logn))'*°(M) in the case
logm = o(logn). We use approximate preconditioned iterations to compute a sequence of
iterative improvements to the preconditioned linear system. For class (1) of matrices (and
class (2) with s(n) = O(y/n)) we construct in O(n) work preconditioners, which reduce the
condition number of the resulting preconditioned linear system to O(1); and our resulting
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total work bounds to approximately solve the linear systems are O(n), if # = O(1). For
class (4) we are within a small increasing factor of these bounds.
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1 Introduction

This paper is concerned with the approximate solution of a linear system Az = b over
the reals, where A = {a;;} is assumed throughout this paper to be an n x n symmetric
nonsingular matrix and b is a column vector of size n. All of our algorithms will assume unit
cost arithmetic scalar operations. The arithmetic bounds for the solution of dense linear
systems are known to be within a constant factor of the bounds for n x n dense matrix
product: O(n®). The currently best known bound is w < 2.376... [CW 90], however a
practical bound for w is at best 2.84.

1.1 Sparse Linear Systems

Recall from the abstract that the sparsity graph of a symmetric A is a graph with node
set V.= {1,...,n} and edge set £ = {(i,j)|a;; # 0}. Let m be the number of non-zero
elements in A. We will assume throughout that m > n. A is sparse if m = O(n). A matrix
is symmetric if A = A" where A" is the transpose of A. Our algorithms will provide com-
petitive performance only in the case of sparse, symmetric matrices. Fortunately, the large
linear systems found in practice are generally sparse and symmetric and have additional
properties which allow for more efficient solution.

1.2 Diagonally Dominant Linear Systems

A is diagonally dominant (DD) if for each i,1 < i < n, we have

Jail > Y lail;
JJFi
that is, at each row, the diagonal element has magnitude greater than the sum of the
magnitudes of the off-diagonal elements of that row.

In practice, DD linear systems frequently arise from discretization of elliptic partial
differential equations (PDEs), with bounded coefficients, (e.g., Laplace’s equation) and the
approximate numerical solution of these PDEs is given by the approximate solution of
corresponding DD linear systems. Stochastic linear systems used in statistical computation
and probabilistic analysis generally have the property that the sum of the magnitudes of
the off-diagonal elements of each row is equal to the diagonal element (usually of value 1),
due to the requirement that probabilities of exhaustive events sum to 1, and thus these
stochastic linear systems are DD.

1.3 Vector Norms and Condition

Let 27 and AT denote the transpose of vector z and matrix A. Let ||z| = /37, 22 denote

the Ly (euclidean) norm of n-vector z. The matriz norm is ||Al| = sup,, %. Recall from

the abstract that x(A) = ||A||||A~!| is the condition number of A. We will also define the
generalized norm ||z||ps = V2T Mz for vector z with given matrix M.



1.4 Positive Definite Matrices

Matrix A is positive definite (PD) if 27 Az > x for all z # 0. A is SPD if A is symmetric
and PD.

Proposition 1.1 If A is symmetric, nonsingular and DD and all the diagonal elements
are positive, then A is SPD.

Proof: (due to Alex Pothen; also see Golub and Van Loan [GV 89], page 140). The
eigenvalues of a symmetric A are within the gershgorin disks (see Ortega [O 72]), which for
each 7,1 < i <n, are centered at a;; and have radius

> laiy

JI#

Since A is symmetric, all the eigenvalues are real, and since A is DD, this implies that all
the eigenvalues are positive, which implies that A is SPD. |

Throughout the paper we assume that the input matrix A is symmetric, nonsingular,
and DD. We can also assume w.l.o.g. A has all positive diagonal elements (by multiplication
of A by a diagonal matrix whose ith diagonal element is 1 if a;; > 0, and else —1 if a;; < 0,
and noting that multiplication by a diagonal matrix always preserves the symmetric matrix
property), so A is SPD.

1.5 The Normal Reduction to SPD Matrices

Given a nonsingular matrix A’ that is not necessarily PD, then the normal form A" A’
is SPD. We can approximately solve a linear system A’z = b’ by approximately solving
the SPD linear system (4’7 A"z = A"W. If A’ is symmetric, the condition number is
(AT A') < Kk(A')2. This increase in condition number does not much affect the complexity
of our algorithms, which grow as log (A4’) or log!® x(A').

1.6 Forbidden Graph Minors and Graph Separators

A family F of graphs has s(n)—separators if for sufficiently large n, for each n node graph
G in the family, there is a separator set V' of s(n) nodes which, when deleted, disconnects
the graph into subgraphs G, G2 each of < ¢n nodes, for some constant ¢,0 < ¢ < 1, and
such that the graph G/G; derived by removing subgraph G; from G is in F, for j = 1,2.
We say a graph is s(n)—separable if it is in a family F of graphs with s(n)—separators.
A graph H is a minor of graph G if there is a subgraph of G that can be contracted to
H by edge contractions. Forbidden graph minors can be used to characterize large classes
of sparsity graphs associated with sparse linear systems. For example, the planar graphs
are exactly the family of graphs whose forbidden minors are the clique of 5 nodes K5 and
the bipartite graph K3 3. Similarly, constant size sets of forbidden minors can be used to
characterize sparsity graphs arising from various discretizations of 2D PDEs. Fix a (minor
closed) family F of graphs defined by a constant size set S of forbidden graph minors. F
is closed under edge contractions [B 78]; that is, if we apply a sequence of edge contraction
to a graph of F, the result is a graph in F. Then by [B 78, AST 90], there is some fixed
graph that is not the minor of any graph in F and hence the graphs in F are sparse, with
m = O(n) edges and they have O(y/n) separators.
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1.7 Direct Methods

The arithmetic bounds for the solution of dense linear systems are known to be within a
constant factor of the bounds for n x n dense matrix product: O(n“). The currently best
known bound is w < 2.376... [CW 90], however a practical bound for w is at best 2.84.

There are many diverse techniques for the solution of sparse linear systems. Direct
methods generally use a carefully chosen ordering to apply Gaussian elimination of vari-
ables, yielding a decomposition A = LL" (where L is lower triangular) known as a LL”-
factorization, which always exists assuming A is SPD, or symmetric DD. (If A is SPD,
the LL"-factorization is called a Cholesky LL" -factorization and L is lower triangular with
positive diagonal entries.) For general sparse linear systems, the bounds of Gaussian elim-
ination are at least Q(n?). However, for sparse linear systems that have sparsity graphs
with separators of size s(n), the work bound to construct a sparse LLT-factorization using
nested dissection orderings [LRT 79, GT 87] is O(n + s(n)*).

For example, for matrices with planar sparsity graphs, where s(n) = O(y/n), the work
bounds for sparse LLT-factorization are O(n®/?); and for d—dimension grids (that is an n
node grid graph in d dimensions), where s(n) = n%, the work bounds for sparse LL”-
factorization are O(n®(@=1/4) Known lower bounds for fill-in [LRT 79] imply that these
are the best bounds possible by use of such direct Gaussian elimination techniques (up to
improvement in w). However, once a sparse LL”-factorization is constructed for a fixed
A, then the system Az = b can be solved (by back-solving) in work O(n + s(n)?) for any
column n-vector b.

1.8 Our Results and Previous Preconditioned Iterations

Our Methods.

We use preconditioned iterative (PI) methods (see Section 2) to compute the approx-
imate solution a number of major classes of DD sparse linear systems. We provide with
considerably better provable bounds than known previous bounds. A summary of our im-
proved work bounds for various sparse linear systems is given in the Abstract and a detailed
description of the results are given in Section 4.

Building on the work of Vaidya [V 91] and Gremban et al [GMZ 94, GMZ 95, G 96|, we
apply an interesting combination of combinatorial and algebraic methods to construct our
preconditioners and to bound the condition number of the resulting preconditioned matrices.
The key to our performance improvement is to obtain preconditioned matrices with small
condition number, using a variety of techniques including Multigrid Preconditioners and
Mazimum Spanning Tree Preconditioners, as well as Recursion in certain cases.

Comparison with Previous Preconditioned Iterations. There is a vast amount
of literature on Preconditioned Iteration (PI) methods, however much of the literature is
empirical; there is only a very small number of proven complexity results (which we will
significantly improve on). This area represents a prime area where theoretical computer sci-
entists might have impact, particularly since good preconditioners require one to juggle two
contrasting requirements (i) fast construction and (ii) low condition number, and moreover,
the methodologies for construction and analysis of preconditioners involve an interesting
hybrid of combinatorial and algebraic techniques.

[GV 89] provides a short introduction to preconditioning, [A 87, A 92, AL 86] provide



analysis of Preconditioned Conjugate Gradient, multilevel preconditioners are presented in
[AV 89, BPX 90], and [E 81, DM 89, V 89, HVY 91] provide efficient implementations of
preconditioned iterative methods. Preconditioners have been constructed using a wide vari-
ety of methods, including diagonal scaling, partial Gaussian elimination resulting in sparse
partial LLT-factorizations, and algebraic transforms. For example, consider preconditioners
for a class of matrices we will denote BGRID,,, consisting of symmetric DD matrices of
size n X n which are O(1)—bounded, and where the sparsity graph is an n node regular
d—dimensional grid of constant dimension d. Such matrices frequently arise in the discrete
solution (via uniform grids) of PDEs with bounded coefficients. Multilevel preconditioners
based on symmetric successive over-relaxation [AV 89] and modified incomplete Cholesky
[G 92] have been constructed for this class BGRID),, of matrices, with upper bounds of
O(n'/?) on the condition number of the preconditioned matrix, but they may require the
tuning of certain parameters to achieve this performance. A Laplacian matriz is a real
symmetric DD matrix where each off-diagonal element is non-positive. For the subclass
of Laplacian matrices in BGRID,,, Gremban et al. [GMZ 94, GMZ 95] defined another
effective class of preconditioners they call support trees, resulting in a preconditioned ma-
trix with condition number O(n'/41og®") n) (his work was also generalized [G 96] to all
real symmetric DD matrices in BGRID,). These methods compute an e—solution of lin-
ear systems with this matrix class BGRID,, and subclass in work O(n't'/?log?(k(A)/€))
or O(n*t14(10g®%W 1) log?(k(A)/€)), respectively. In contrast, for the class of matrices
BGRID,, by Theorem 4.1, our resulting preconditioned matrices have a constant condi-
tion number, and by Corollary 4.1, our total work to compute an e—solution is linear in
n.

Vaidya [V 91] proposed the use of preconditioners based on Mazimum Spanning Trees,
which do not require an input matrix to be O(1)—bounded. For certain results, we will
apply Vaidya’s techniques for those of our preconditioners based on minimum spanning
trees, and improve both the condition number and the resulting work bounds (a detailed
comparison of his work bounds with ours are given just after the statement of our results:
Corollaries 4.3 and 4.4). However, we note that his results do not extend (as ours do) to
d dimensional grids with d > 2. More significantly, for our main results (Corollary 4.1) for
grid graphs we use instead Multigrid Preconditioners, which were not considered by Vaidya.

One further significant aspect of the work of both Vaidja [V 91] and Gremban [G 96]
is the use of a powerful combination of algebraic methods (initiated by Axelsson [A 92])
and combinatorial methods for the analysis of preconditioners. Their approach is to define
certain mappings (known as support mappings) to and from the sparsity graph of the input
matrix A and the sparsity graph of the preconditioner matrix B, and to bound the condition
number of the preconditioned matrix B~'A by use of certain key parameters (namely, the
congestion and dilation) of these mappings.

1.9 Organization

We give in this Section 1 definitions for sparse linear systems in Subsection 1.1, diagonally
dominant (DD) linear systems in 1.2, vector norms and condition number in 1.3, positive
definite (PD) and symmetric positive definite (SPD) matrices in 1.4, the normal reduction to
SPD matrices in 1.5, forbidden graph minors and graph separators in 1.6, and direct methods
for solution of linear systems in 1.7, a comparison with previous Preconditioned Iterations



in 7, and the organization of our paper in 1.9. Next in Section 2 we describe iterative
methods for the solution of linear systems, including base iterative methods (e.g., Conjugate
Gradient and Chebyshev Semi-iterative) in Subsection 2.1, Preconditioned Iterations in 2.2,
and approximate Preconditioned Iterations in 2.3. In Section 3 we describe combinatorial
methods, known as support mappings, for bounding the condition number of preconditioned
matrices. In Section 4 we state our main results (also summarized in the abstract), which
give improved work bounds for approximate solution of sparse linear systems. We prove in
Section 4 some results for sparse matrices with bounds on the magnitude of the coefficients of
the input matrix. In Section 5 we prove our results for the case of where these coefficients
have no magnitude bounds. Section 6 concludes the paper with a brief summary, open
problems, and acknowledgments. The Appendix 7 provides more details of the recursive
Preconditioned Iterations used in Section 5.

2 Iterative Methods

For a given relative error bound €,0 < € < 1, let an e—solution of linear system Az —b be a
n—vector Z such that [|AZ — b|| < €[|b||. A wide variety of iterative methods can be used to
provide e—solution of sparse linear systems. Newton methods for inverse of A within relative
error € (provided with a good initial approximation) can quickly converge with second order
convergence in O(loglog(k(A)/e)) iterations, but require matrix product on each iteration,
with high cost O(n*). Multigrid methods [B 77, S 83, BH 83, E 87, B 87, PT 91] cost O(n)
per iteration but can be proved to converge quickly only for certain restricted classes of
matrices, e.g. those derived from discretization of elliptic PDEs with bounded coefficients.
multigrid. (Note: When multigrid methods do converge fast, they work well in practice,
but they may not very robust. A small perturbation of a linear system may result in non-
convergence or very slow convergence. Other iteration methods such as conjugate gradient
often have the greater robustness and direct methods can generally be much more robust.)

2.1 Base Iterative Methods

For these reasons, many practitioners use highly optimized versions of classical iterative
methods such as Jacobi, Gauss-Seidel, SOR, Conjugate Gradient and Chebyshev Semi-
iterative methods to approximately solve general sparse linear systems. A succinct introduc-
tion to these iterative methods is given in [GV 89]; also see [V 62, Y 71, A 84, HY 81, H 94]
for further details, see [PFTV 88] for sequential implementations, see [GO 93, HNP 90] for
parallel implementations, and see [HS 52, R 71, GO 89] for detailed analysis of the Con-
jugate Gradient method. These methods have the advantage that the most costly work
per iteration consists of an inner product of the input matrix with a vector, but have the
disadvantage of requiring potentially more iterations than Newton’s method. In our algo-
rithms, we will choose and fix one of these iterative methods IM PROV E and call it the
base iterative method. (Later we will restrict the base iterative method to be one of the
last two listed, and consider enhancements of the base method so as to decrease the num-
ber of iterations.) Each iterative stage of a base iterative method consists of an iterative
improvement procedure of the form:

($i+17yi+1) = IMPROVE(A7 b7 xzayz)



where z; is the approximation to the solution on the ith iteration (where, with no other
information, we may initially set 2o = 0), and y; is a list of O(1) auxiliary n—vectors
computed on the sth iteration within the same relative error.

Some Base Iterative Methods. In certain very simplistic iterative methods, including
Jacobi, Gauss-Seidel and SOR we require no auxiliary vectors in y;. Let D = diag(A) be
the n X n matrix containing the diagonals of A, and let L, U be the proper lower and upper
triangular submatrix of A. For the Jacobi iteration we define

ziy1 = D7'((A - D)z +b),
for the Gauss-Seidel iteration we define
zi1 = U ((D+ L)z; +b),
and for the SOR iteration we define
Tiy1 = (D + wL) (1 — w)D — wU)x; + wb),

for some 0 < w < 1.

In the Conjugate Gradient and Chebyshev Semi-iterative iterations, y; consists of two
auxiliary vectors g;, p;. For the Conjugate Gradient iteration we initialize o = 0,q1 = pg = b,
and we define

Tit1 = Zi + Ciqi,

where p;+1 = p; — ¢;Agi, ¢i = (pl'pi/(q] Ag;)), and for i > 2,

Giv1 = pi + 0L pi/ PE1pi1)) -

The Chebyshev Semi-iterative iteration is also a three term recurrence with similar conver-
gence bounds; see Golub and Van Loan [GV 89], p 513.

Errors in Base Iterative Methods. The (absolute) error on the ith iteration is defined
to be €|bl|lar = ||Az; — bl|ar, where M is a fixed matrix depending on the base iterative
method (see [GV 89]), and the relative error is ;. Each such base iterative improvement
procedure IM PROV E(A,b, z;,y;) requires an inner product of the input matrix A times
an n—vector. Assuming A has m nonzeros, this costs O(m) steps per iteration (again, see
[GV 89]). The improved relative error ratio per iteration is €;/€;_1. Assuming that the input
matrix A is SPD, €;/e;_1 < 1—1/k(A)?, where 8 depends on the base iterative method (for
example, § =1 for Jacobi, Gauss-Seidel and SOR, and § = % for Conjugate Gradient and
Chebyshev Semi-iterative methods; see [GV 89]). The relative error of these base iterative
methods is reduced geometrically: ¢; < 2(1 — 1/k(A)%)%. Thus

Proposition 2.1 Assuming A is SPD, these base iterative methods converge to an e—solution
in O(k(A)P log(1/€)) iterations.

Note that these base iterative methods provide no bits of accuracy until Q(x(A)?) iterations;
and thus their performance is strongly dependent on the condition number x(A) of the input
matrix. Hence a key approach to speeding up such an iterative method is to decrease the
condition number x(A).



Preconditioned Iterative Methods. The number of iterations of a base iterative method
can be reduced by the computation of a preconditioner matriz B such that k(B! A) is small.

The preconditioned linear system A'x = b’ derived from the original linear system Az = b

with preconditioned matriz A' = B™'A and &/ = B~'b, requires O(xk(B~'A)" log(1/¢))

iterations to converge to an € —solution.

Proposition 2.2 If we compute an € —solution T of the preconditioned linear system such
that ||A'Z — V|| < €|V]], where € =¢€/(k(A")k(A)) then ||AZ —b|| < €]|b]).

Proof: Note that k(BA ') = k(A 'B) = k(A'), so k(B) = k(BA 'A) < k(BA Y)k(A) =
k(A")k(A), hence € < €/k(B). Then by definition of A" and b’ we have

A% — bl < [|B(A'Z — V)| < IBII|A'Z = ¥'[| < [ BI(EV']]) < ellbll

since

IBIEN) < 1Bl 1B 1Bl = w(B)e'l[b]] < ellbl]-

2.2 Preconditioned Iterations
The Preconditioned Iterative (PI) procedure is
(Zi+1,Yit1) = IMPROVE(A" Y, zi,y;)

where z; is the approximation to the solution on the ith iteration (where again generally
initially zp = 0), and IM PROV E is a base iterative method.
For example, for the Preconditioned Conjugate Gradient iteration with preconditioned
matrix A’ = B~'A, we define
Tit1 = Zi + Ciqi,

where pip1 = p; — ¢;A'qi, ¢; = (p pi/ (af A'q;)), and for i > 2,
giv1 = pi + (0} pi/ (P1-1Pi 1)) G-
The relative error of the PI procedure is
e; = [ Az = V'llae /'] m1

(where again M is a fixed matrix depending on the iterative method) and so the relative
error is reduced geometrically:

e <2(1—1/r(4)7),

where k(A’) is the condition number of A" and (3 again depends on the base iterative
method. Again y; is a list of O(1) auxiliary vectors computed on the ith iteration within
the same relative error. It is important to note that the preconditioned matrix A’ =
B7'A need not be explicitly computed. Nevertheless the base iterative improvement pro-
cedure IMPROV E(A",V,x;,y;) requires an inner product of the preconditioned matrix
A" = B7'A times an n—vector vector in y;. These inner products can be done first by a
multiplication by A, resulting in an n—vector, say r;, and then a multiplication by B~!.
Assuming the input matrix A has m nonzero entries, this inner product cost O(m) steps
per iteration.



2.3 Approximate Preconditioned Iterations

The computation z; = B~!r; at first appears to imply the need for an exact solution z; to
the induced linear system Bz; = r;. However, that it is not necessary. The induced linear
system Bz; = r; need not be computed exactly. Instead let an approximate PI algorithm to
be a PI method exactly as detailed above:

($i+17yi+1) = IMPROVE(A,7b17$l7yz)

(utilizing one of the previously listed base iterative methods), modified so that we use an
approzimation b' to b’ with relative error O(e/k(B)) and we compute an approzimate solution
zZ; to the induced linear system Bz; = r; with relative error €; ; = O(€;/k(B)). (Note that
an approximate PI is often used by multigrid solvers, except that we restart the iteration
of the z; from 0, rather than from z; i, due to the possible near-orthogonality of z; and
Zi—1.) €1,; = O(€;/k(B)). It is well known (e.g. see Golub and Van Loan [GV 89]) that the
resulting iterations still reduce the relative error geometrically, as: ¢, < O(1 — 1/x(A’)%)%.

Work Bounds. Let Wp be the work to do this computation of an approximate solu-
tion Z; with relative error €,. Let Pp be the work to construct the preconditioner ma-
trix B. The error bounds given by Proposition 2.1 on the number of iterations require
that the preconditioned matrix A’ be SPD. (If this is not so, we may detect a viola-
tion of the error bounds or exceed the required number of iterations. If A’ = B~'A is
not SPD, we instead redefine the preconditioned matrix to be the normal form precon-
ditioned matriz A" = (B~1A)T(B~1A). We have noted above that any such normal form
is SPD. We will bound the condition number of the normal form preconditioned matrix
by k(A") = k((B~1A)T(B7'A)) < k((B~'A)T)k(B'A). Each iteration may now require
two approximate solutions of linear systems with matrix B, but the work per iteration is
asymptotically the same.) In general, the work of an approximate PI algorithm depends on
Wg, Pp, and on the condition x(A’) of the preconditioned matrix A’. The total precompu-
tation and initialization work for an approximate PI algorithm in either case is Pg.
By Proposition 2.1,

Proposition 2.3 If A’ is SPD, an ' —solution to the preconditioned linear system A'x = V'
can be computed in O(rk(A")? log(1/€")) iterations.

By Proposition 2.2,

Proposition 2.4 If A' is SPD, an €' —solution to the preconditioned linear system A'z =V
provides an e—solution to the given linear system Ax = b, with O(k(A")% log(k(A")k(A)/€))
iterations.

The work of each iteration is O(m+ Wpg) arithmetic steps, assuming the input matrix A has
m nonzeros. Hereafter, we assume that we use a base iterative method such as Conjugate
Gradient or the Chebyshev Semi-iterative method.

Lemma 2.1 Assuming that the preconditioned matriz A" is SPD, by use of a base iterative
method such as Conjugate Gradient or the Chebyshev Semi-iterative method, with § = %,
the total work for an approzimate PI algorithm is Pp+O(m+Wpg)\/k(A") log(k(A")k(A)/€)
to compute an e—solution to the given linear system Az = b.
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3 Bounding Preconditioner Condition by Support Mappings

In the following, we define a network to be a graph with each edge e labeled by a non-
negative real number weight w(e). Given two networks G, G’ with the same node set, a
support mapping from G to G’ provides a mapping f from each edge e = (7, 7) of G to a path
f(e) from i to j in G'. The edges of the path f(e) in G’ supports edge e in G. The supported
weight of edge e’ of G is 3 .c () ere p(e) w(e), that is, the supported weight of e’ is the sum
of the weights mapped to paths on G’ containing edge €’. The dilation of edge e of G is the
number of edges of the longest path f(e) appearing in the support mapping. The congestion
of an edge €' of G’ is the ratio of the supported weight of €’ to the weight of ¢’ in G'. We
define the support number of the support mapping to be maximum, for any edge e of G and
any edge e’ of G’ supported by e, of the product of the dilation of e times the congestion of
e'. A weight partitioning of a network G consists of a set of networks G, ..., G} such that
the weight of each edge e of G is the sum of the weights of e in the networks G, ..., G and
there is no edge appearing in networks Gy, .. ., G, that does not appear in G. (Note that the
nodes and edges of G may be repeated in the networks G, ..., Gy.) We define the support
o(G,G") of network G by G' to be the minimum number ¢ > 0 which upper bounds the
support number of each fi, ..., fr for some weight partitioning G4, ..., Gy of network G and
some weight partitioning G, ..., G}, of network G’, for some support mappings f; from G;
to Gi, for i = 1,..., k. Recall that the sparsity graph G(A) of a real n x n symmetric matrix
A = {a;;} isagraph (V, E) with node set V' = {1,...,n} and edge set £ = {(7,j)|a;,; # 0}.
We will augment the sparsity graph with a labeling of each edge (i,7) € E with the non-
negative real value |a; j|. For compactness of notation, we will intentionally confuse notation
and also denote the resulting network G(A). Given two matrices, A, B of the same size, we
define the support o(A, B) of A by B to be o(G(A),G(B)). Recall that a Laplacian matrix
is a real symmetric DD matrix where each off-diagonal element is non-positive. Laplacian
matrices are known to be equivalent to resistive matrices associated with resistive networks
of electrical circuits [DS 84, CRRST 89], and have been investigated in the determination
of the expected length of a random walk in resistive network [CRRST 89]. Let B < A if
A, B have the same size, say n x n, and for each i, j we have |b; ;| < |a; ;|. In this case, note
that o(B, A) = 1. The following Lemma 3.1 is a known result, which seems to be first due
to Vaidya [V 91].

Lemma 3.1 For any Laplacian n x n matrices A, B, s(B~'A) < O(c(A, B)o(B, A)), and
if B < A then k(B~1A) < O(0(A, B)).

A full proof of Lemma 3.1, and further enlightening discussions of support mappings
and resistive networks, appears in the recent Ph.D. thesis of Gremban [G 96] (his state-
ment of Lemma 3.1 appears without reference to the prior work of Vaidya [V 91], but may
be considered to be an improvement, since it does not require constant factor, due to a
redefinition of the mapping o). The previous results of Vaidya [V 91] bounding condition
numbers were generally restricted to Laplacian matrices.

Fix an n X n real symmetric matrix A. Let AT be the n x n matrix derived from A by
setting to 0 all diagonal elements and also all negative off-diagonal elements. Let A~ be
the n x n matrix derived from A by setting to 0 all diagonal elements and also all positive
off-diagonal elements. Let D(A) be the n x n matrix consisting of the diagonal elements
of A, where D(A) has 0 value at the off-diagonal elements. Define the 2n x 2n matrix
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d- D(A)+ A~ —AT
N —A* D(A)+ A~
z, since A= —D(A)+ AT + A"
Gremban has shown ([G 96], Lemma 7.2):

—Az

. Then A l _‘Z ] = [ Aw ] , for any n-element vector

Proposition 3.1 A has eigenvalue A if A has eigenvalue .

The following provides an extension of Lemma 3.1 to symmetric DD matrices.

Lemma 3.2 For any symmetric DD matrices A, B, where B < A, k(B~1A) < O(0(A, B))
and k((B~1A)T(B~1A)) < O(c(A4, B)?).

Proof: By proposition 3.1, A has all the eigenvalues of A. Note that each off-diagonal
element of A is non-positive. If A is symmetric and DD, then Aisa Laplacian matrix.

Our proof of this Lemma 3.2 uses an interesting argument, where we show by a graph
embedding argument using support mappings, that O'(A,.é) can be upper bounded by
O(c (A, B)), for two Laplacian matrices A, B derived from A, B, with k(B 1A) < k(B 1A),
and then we apply Lemma 3.1, thus bounding x(B~'4) < O(c(A, B)). This implies

K(B™'A) < K(BT'A) < O(0(4, B)) < O(0(4, B)),

as claimed.
Let A, B, be nonsingular symmetric DD matrices where B < A. Let A, B be the Lapla-
cian matrices derived from A, B as defined above. Then B~'Az = Az if

u[2]]

Hence A has eigenvalue \ if A has eigenvalue A. Thus we conclude B~14 has all the eigen-
values of B~'A, so k(B~'A) < k(B~'A).
Fix a path p = ei1,...,e; in G(A) where e¢; = (uj—1,u;) for i = 1,..., 5. Then we can

93

construct a path p = €,...,€; in G(A) starting at node ug with the same edge weight
magnitudes: the weight of e; in G(A) has the same magnitude as the weight of & in G(A),
for i =1,...,5. Let P; be the number of positive entries Ae, > 0 that are indexed by the
edges e;, 1 <14’ < i, preceding edge e; on the path p. To construct p we let fori =1,...,7 its
edges be &; = (1;—1,%;) where 1i; = u; if P; is even, and otherwise #; = u; +n. We can also
similarly construct a path p’ = ¢€},...,¢; in G(A) with the same edge weight magnitudes
that starts instead at node ug + n where for s = 1,..., 7 its edges are &; = (u,_,, @;) where
t; = u; +n if P; is even, and otherwise 4, = u;.

Consider a support mapping f from G(A) to G(B), with dilation(f)congestion(f) = o.
For each edge e = (u, v) of G(A), consider the path p = f(e). If p has an even number of neg-
ative edges, then let f((u,v)) be the path  in G(B) defined above and let f((u+n,v-+n)) be
the path ' also defined above. If p has an odd number of negative edges, then let f((u, v+n))
be the path § in G(B) defined above and let f((u+n,v)) be the path §#' also defined above.
Thus dilation(f) < O(dilation(f)) and congestion(f) < O(congestion(f)). Thus we can con-
struct a support mapping f from G(A) to G(B) with the product dilation(f)congestion(f) =
O(o). The support o(G(A),G(B)) of network G(A) by G(B) is the maximum of the sup-

port number of each fi,..., fr for some weight partitioning G4, ..., G} of network G(A)
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and some weight partitioning G',..., G} of network G(B), for some support mappings
fi from G; to G}, for i = 1,...,k. We have just shown that for each i = 1,...,k we
can construct a support mapping f; from G(A) to G(B) with dilation( fz)congestlon( 5
<dilation(f;)congestion(f;)< O(c(G(A),G(B))). Thus the support o(G(A), G(B)) of net-

v

work G(A) by G(B) is O(c(A, B)). By Lemma 3.1, k(B 14) < O(c(4, B)). Hence
k(B'A) = k(B A) < O(c(4, B)) < O(c(4, B)).
Since A, B are symmetric,
(B Al =ATB Y =AB !,

" k((B~1A)T) = k(AB™Y).

The proof techniques of Lemma 3.1 also imply
K(AB™!) < O(0(4, B)),

and hence we have
R(BLAY(B71A)) < O(o(A, B)2).

4 Improved Algorithms for Approximate Solution of Sparse
Linear Systems

Good Preconditioners. Given a symmetric DD matrix A, our main goal is to find a
preconditioner B where (i) the resulting preconditioned matrix A’ is SPD and has O(1)
condition number, (ii) where B is constructed in Pg = O(n) work, (iii) the work Wp to
compute an approximate solution of a linear system over B is O(n). If we can find a such
a preconditioner, the resulting approximate PI algorithms have linear total work to find an
e—solution to the given linear system. (Note: in the following, we first let the preconditioned
matrix be A’ = B7'A, but if the iterations do not converge as stated, then we conclude
B~!'A is not SPD, so we instead redefine A’ = (B~ A)T (B~ A) which is always SPD).

Our Results. We show that we can construct good preconditioners for a number of cases,
including the important case of grid graphs with non-zero entries of bounded magnitude
(here we use use Multigrid Preconditioners). While we certainly build on the work of Vaidya
[V 91] and Gremban et al [GMZ 94, GMZ 95, G 96], we also improve on these previous
techniques: (i) our condition number bounds on the preconditioned matrices are smaller
than those of [V 91], which grow as n?, for v > 0, and those of [GMZ 94, GMZ 95, G 96]
which are O(n'/9), (ii) our arithmetic bounds are smaller than those of [V 91] which grow
as n'17, for v > 0, and those of [GMZ 94, GMZ 95, G 96] which grow as n'-> in many cases
(for example 2D grid graphs). See further comments on the relation with previous work of
[V 91] just after the statement of Corollaries 4.3 and 4.4.
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4.1 Our Results for y-bounded Matrices.

We have a number of results for matrices where the off-diagonals elements have bounded
magnitude. The results given by Corollaries 4.1 and 4.2 are the best known to date for
solution of certain systems of linear equations derived by higher dimensional PDEs with
bounded coefficients. Corollary 4.1 has wide application to the solution of such PDEs,
which are often discretized as regular d-dimensional grids with bounded coefficients (see
also the description in Section 1.8 of previous work). The further result of Corollary 4.2 has
application to the solution of stochastic PDEs discretized as irregular d-dimensional grids
with small separators. Let a matrix A be y—bounded if the non-zero off-diagonal entries of A
have magnitude at most a factor y more than the smallest magnitude off-diagonal non-zero
entry. A is thus O(1)—bounded if it is p—bounded for p = O(1). Note that we can assume
without loss of generality (by use of a diagonal preconditioner matrix diag(a;;,...,a;}))
that each diagonal element of a y—bounded A is 1. Let B be the matrix derived from A
by substituting for each non-zero off-diagonal element the smallest magnitude non-zero off-
diagonal of A, and with the same diagonal elements as A, so B is DD assuming A is DD.
The preconditioner matrix B is thus computed in Pg(n) < O(n) work.

Proposition 4.1 x(B7'A) < O(u) and x((B~*A)T(B71A)) < O(u?).

Proof: Recall matrix A is p—bounded if the non-zero off-diagonal entries of A have mag-
nitude at most a factor g more than the smallest magnitude non-zero off-diagonal entry,
and we can assume (by pre-multiplication of a diagonal matrix) that all the diagonal el-
ements have the same value. Each edge of G(A) can be supported by the same edge of
G(B) with dilation 1 and congestion at most p. Thus the support number o(A, B) is the
product of these bounds on dilation and congestion, namely p. By Lemma 3.2, it follows
that x(B'A) < O(u). Furthermore, by Lemma 3.2,

R((B~TA)T(BT1A)) < O(0(4, B)?) < O(i?).

In the following, fix m = log(k(A)/e). By the use of a multigrid preconditioner, we
obtain:

Theorem 4.1 Given a symmetric DD and p—bounded matriz A of size nxXn with a sparsity
graph which is an n node reqular d—dimensional grid, for constant d, we can compute a
preconditioner matriz B in Pg = O(n) work, resulting in the preconditioned matriz A’ of
condition number k(A") < O(1), and such that Wg = O(nm).

Proof: Fix a symmetric DD O(1)—bounded n x n matrix A, with a sparsity graph which
is » node regular d—dimensional grid, for any constant d. We use Proposition 4.1 to obtain
the preconditioner B. If B~'A4 is PD, we let A’ = B~'A be the preconditioned matrix of
condition number x(A’) < O(u), and otherwise let A’ = (B~ A)T (B~ A) be the precondi-
tioned matrix of condition number x(A4’) < O(u?). Assuming p = O(1), then in either case
k(A") < O(1). We use multigrid to compute (via approximate PI), in work Wg(n), an ap-
proximate solution to a linear system with matrix B from a given approximate solution with
relative error O(e;/k(B)). By construction, B is symmetric DD with a sparsity graph which
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is a regular d—dimensional grid, for any constant d, and where every off-diagonal element
has the same fixed value. We have defined €' = €¢/(k(A")k(A)), so 1/ < (k(A")k(A))/e,
and hence 1/¢/ < (uk(A))/e if B"'A is PD, and otherwise 1/¢’ < (u?k(A))/e. Tt is
known [E 87, B 87, PT 91] that multigrid methods obtain this relative error in a num-
ber of multigrid iterations bounded by O(y/k(A") log(x(A")/€;)), which is < O(,/mlog(p/€’)
< O(y/plog(uk(A)/e)) if B™'A is PD, and otherwise we have < O(y/k(A4") log(k(4')/€}))
< O(plog(p/e') < O(plog(puk(A)/e)) multigrid iterations. Since each multigrid iteration
takes O(n) time, Wp(n) < O(ny/ulog(ux(A)/e)) if B~'A is PD, and otherwise Wg(n)
< O(nplog(ur(A)/e)). In either case, Wp(n) < O(nlog(k(A)/e)) = O(nm), for p = O(1).
This completes the proof of Theorem 4.1. |

Corollary 4.1 The arithmetic work is O(nn?) to compute an e—solution to a linear system
with an O(1)—bounded symmetric DD matriz A of size n X n with a sparsity graph which
is an n node reqular d—dimensional grid, for any constant d.

Proof: By the upper bound on Wg(n) given by the above proof of Theorem 4.1, Lemma
2.1 implies that the approximate PI algorithm costs work in this case

Pp+0(0(m)+Wp)y/r(A') log(r(A')k(4) /€) < (O(n)+0(ny/ilog(ur(A)/€))O(/plog(ur(A)/€))

< O(nplog®(ur(A)/e)))
if B~'A is PD, and else

Pp+0(0(m)+Wp)y/k(A") log(k(A")r(A) /€) < (O(n)+O(nulog(ur(A)/€))O(nlog(nr(A)/e))

< O(nyi? log2(ur(A)/€)).

In either case the total work is < O(nlog?(k(A)/€)) = O(nn?), for p = O(1). Thus Theorem
4.1 immediately implies Corollary 4.1. |

Also, we have some further results for stochastic matrices.

A matrix is stochastic if all diagonal entries are 1 and all off-diagonal entries are negative
and their magnitudes sum to 1. A matrix is weakly stochastic if all diagonal entries are 1
and for each row, the magnitudes of the off-diagonal entries of the row sum to 1.

Theorem 4.2 Fiz an n node sparse s(n)—separable graph G. Also fix a certain precondi-
tioner matriz B with sparsity graph G and with a precomputed sparse LLT -factorization.
Then given any SPD DD, weakly stochastic, O(1)—bounded matriz A of size n xn with spar-
sity graph G(A) = G we can compute a preconditioned matriz A" with condition number

k(A") < O(1), where Pg = O(n) and W = O(n + s(n)?).

Proof: As in the proof of Theorem 4.1, we use Proposition 4.1 to obtain the preconditioner
B. Since we have assumed A is SPD, the preconditioned matrix A’ = B~'4 is SPD and
has condition number x(A") < O(u) < O(1), for p = O(1). Use of the precomputed sparse
LLT-factorization of B [LRT 79] allows us to solve a linear system Bz = r, for any n-vector
r, in work Wg = O(n+ s(n)?). Since the LLT-factorization of B is fixed and precomputated
(without cost), the initialization cost is Pg = O(n). |
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Corollary 4.2 Fiz a sparse s(n)—separable graph G. The arithmetic work is O((n+s(n)?)r)
to compute an e—solution to a linear system with an O(1)—bounded SPD DD weakly stochas-
tic matriz A of size n X n. Thus the arithmetic work is O(nm), if s(n) < O(y/n).

Proof: Lemma 2.1 implies that the Preconditioned Iteration algorithm has work in this
case

P+ 0(0(m) + Wg)\/(A") log(k(A")r(A) /e) < O((n + s(n)?) log(r(A) /e))

= O((n + s(n)*)m).

4.2 Our Results for Sparse Matrices with Unbounded Magnitude
In the following Section 5 we will prove:

Theorem 4.3 Given a sparse symmetric nonsingular DD matriz A, we can compute a pre-
conditioner matriz B and its Cholesky LL" -factorization in Pg = O(n+(n')*) work, result-
ing in the SPD preconditioned matriz A" = B~ A, of condition number k(A") < O((n/n')?),
and Wi < O(n + (n')?).

Let m = log(nk(A)/e) = m+ logn. Theorem 4.3 implies that use of a Preconditioned
Iteration (in this case, without need of approximate PI) applied to such a sparse matrix A,
requires at most \/k(A’) log(k(A)k(A)/e) < O((n/n')m) iterations, each with work O(n).
Setting n’ = n'*> and applying Lemma, 2.1,

Corollary 4.3 We can compute an e—solution to a linear system with a sparse symmetric
DD matriz A of size n x n in arithmetic work O(n'® (7 +logn)).

Note In contrast, Vaidya [V 91] gave a bound of O(nm)*™ for this case.
Let p=1— % (note that p = % for w =3 and p = 0.15825 for w = 2.376 [CW 90]). By
the recursive use of preconditioners, we will prove in Section 5:

Theorem 4.4 Given a symmetric DD matriz A of size n X n, with a sparsity graph in a
family of graphs with constant size forbidden graph minors (for example, planar graphs), let

@d(n) be any increasing function. We can compute a preconditioner matriz B in Pgp = O(n)
2¢>(”))
?

work, resulting in the preconditioned matriz A', of condition number k(A') = O(n]
; _ I+ 5520 - 0(1)
with Wp = O(n” " ét—e@ 21,
Lemma 2.1 and Theorem 4.4 imply the recursive PI algorithm requires work

Pg + 0(0(m) + Wg)\/6(A) 1) < O(n' 700 o 1,20) 0 (r$ M)

log n
— O(nr TegD @t —arm) T¢(M)+1+0(1)
— { ,

To minimize our work bounds, we set

_ [plogn
() = | o2 oD,
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and obtain the work bound:
142 %%"Jrou)
O(nm,

).

Since m; = w + log n, in the case that logm = #(logn) (that is when both log 7 < O(logn)

142, /2108 1 4(1)
and logn < O(log 7)) then our work bound is O(nm, e ) = O(n(m + logn)°M),
In the case logn = o(log 7) our work bound is

142, [ £108™ 1 o(1)
O( ) < O(n(r + logn) o),

Furthermore, for the case logm = o(logn) our work bound is

log 7

1+2, /2180 4 o(1)
of ) = o PV W) < Ofn(r + log n)) o0

nm,

Summarizing our results, we have:

Corollary 4.4 If A is a symmetric nonsingular DD matriz of size n X n with a sparsity
graph in a family of graphs with constant size forbidden graph minors, the arithmetic work
to compute an e—solution of a linear system with matriz A is

142, /108" 1 o(1)
O Y,

which s

o O(n(m+1logn)°W) in the special case that logm = 0(logn), and more
generally is
o O(n(r +1logn)t°M) if logn = o(log ), and
o O(n(m +1logn)) oM iflogw = o(logn).
Note: In comparison, previously Vaidya [V 91] gave for this case a bound of O((n(m +
logn))t*7), for v > 0. Also note that these iterative methods are much faster than direct
methods (for example nested dissection) that compute a sparse LL”-factorization; in con-

trast the work bound of nested dissection [LRT 79, GT 87] is lower bounded as Q(n*/?) for
SPD matrices with planar sparsity graphs.

5 Proof of our Results For Sparse Matrices with No Magni-
tude Bounds
5.1 Reduction from Sparse to Bounded Degree Matrices

Let A be a symmetric nonsingular DD (and thus SPD) n X n matrix with m = O(n)
nonzeros. The degree of a node of G(A) is the number of adjacent nodes. Let the degree of
A be the maximum degree of any node of G(A).

17



Proposition 5.1 We can ezpand an n x n matriz A with m nonzeros into a matriz A of
size . X i where i < 2n such that the degree of A is < max(3,m/n), and such that after
Gaussian elimination of the added subtrees, the resulting linear system is equivalent to A.

Proof: Fix a sparse linear system Az = b with matrix A = {a;;} of size n x n with m
nonzero coefficients. We now describe a reduction to an equivalent linear system of size
2n x 2n with a sparsity graph that has degree < 6§ = max(3,m/n). This reduction will
done by expanding each vertex of degree &' > § in the sparsity graph into a tree of at
most 1+ ¢'/(6 — 1) nodes of degree < § such that the resulting expanded linear system
is equivalent to the original linear system after Gaussian elimination of all but the root of
that tree. This expansion can be done in at most §'/(6 — 1) stages, where on each stage
we decrease the degree by § — 1 and add a new variable and linear constraint to the linear
system. A vertex of degree ¢’ > ¢ will correspond to a variable, say zj, with the linear
constraint: ay Ty + Z?;l a,j;Tj; = by where ag j,,... ) Uk js Are the nonzero off-diagonal
elements of the kth row of A.

Choose some c such that if |ay, ;| > > lagj;| then 1 < ¢ < |apk /30 lak j;| and else
c = 1. Let us define ay, 5,1 = Y0, |lak,j,_,_,| and let ag s = 0 for s # n + 1. We will intro-
duce the new variable 2,11 (2,41 corresponds to a new interior node of the tree with chil-
dren corresponding to variables x5 _sy1,...,2s) and replace the linear constraint ay ,zs +

Z?;l a,j;j; = by with two linear constraints: aj g + g pni1Tn1 + Ef,:_l‘s_l ag,j;xj; = by
and Ty41 = (3j21 ks, Tjs_._,)/kms1- Note that the resulting linear system is of size
(n+1) x (n+1), has the same solution for the variables 1, ..., x, as the original system, and
on this stage we have decreased the degree of the sparsity graph to &' —d+1=¢ — (6 —1).
If A is DD, then by definition

6/
lakl > lak,l,
=1

so for k < n,
& —6—1 &

kgl > arprr+ Y langl < e largl <1,
i=1 i=1
and hence the resulting linear system is also DD. Also it is easy to verify that if A is sym-
metric and nonsingular, then the resulting linear system is also symmetric and nonsingular.
After repeated stages at all applicable vertices, the resulting equivalent linear system has
degree < § and is of size at most n x n, where n < n +2m/é < 2n. |

5.2 Maximum Spanning Tree Preconditioners

By Proposition 5.1, we will assume, without loss of generality, that the input matrix A has
maximum degree not more than max(3, m/n). We will execute (and later improve upon) the
following Mazimum Spanning Tree (MST) Preconditioner Procedure due to Vaidya [V 91]:

Input n X n symmetric nonsingular DD matrix A, and number n' < n.

[1] Compute a maximum spanning tree T' of G(A).

[2] Compute a partitioning of T' into n' node-disjoint trees T1,...,T, each of at most
2n/n' nodes. Let E' initially be the empty set.

[3] For each i,j where 1 <17 < j <k, if there is an edge (u,v) in G(A) such that v is in
T; and v is in T}, then add the maximum weight such edge (u,v) to E'.
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[4] Output the preconditioner matrix B represented by the network G(B) consisting
of the union of E’ and the edges of the trees T1,...,T,, and also all loop edges of G(A)
(corresponding to the diagonal elements of A).

Using the linear work minimum spanning tree algorithm of [KT 94], the work bound
to construct the preconditioner matrix B is O(|E’| + m). By use of support mappings, we
prove:

Proposition 5.2 x(B~'A) < O(nm/(n)?).

Proof: We shall show that there is a support mapping f from A to B with support number
< O(nm/(n')?). Consider any edge e = (u,v) of G(A). If u,v are in the same tree T}, then
e can be supported by f(e) = the tree path p of T; from u to v of length at most 2n/n'.
Note that the weight of e is upper bounded by the weight of each edge of this tree path
p, or else the tree T is not a maximum spanning tree (otherwise, we could have created
a more weighty spanning tree by inserting instead the edge e). Otherwise, if u,v are on
distinct trees Tj,T; then let (u',v") be the edge of E' such that v’ is in T} and o' is in T},
and let e be supported by a path f(e) constructed as follows: (i) the tree path p; of T;
from u to u’ of length at most 2n/n’, (ii) the edge (u',v"), (iii) the tree path py of T; from
v' to v of length at most 2n/n'. Note that the weight of e is upper bounded by the weight
of each edge of the first p; and last ps portions of this path or else the tree T' is not a
maximum spanning tree, and also by construction of E’ the weight of e is upper bounded
by the weight of edge (u',v'). Hence the dilation of the support mapping is the length of
path f(e) = p1(uv/,v")pe which is at most 4n/n’ + 1. Since the degree of G(A) is assumed to
be at most max(3,m/n), and each tree T; is of size at most 2n/n/, and the weight of e is
upper bounded by the weights of all the edges of the support path f(e), the congestion is
at most max(3,m/n)(2n/n’) < O(m/n'). Thus the support number is the product of these
bounds on dilation and congestion, namely (4n/n'+1) max(3,m/n)(2n/n') < O(nm/(n')?).
By Lemma 3.2, it follows x(B~1A) < O(c(A, B)) < O(nm/(n")?). |

The resulting B is nonsingular symmetric DD, since A is nonsingular symmetric DD.
Hence B is SPD. For each T; let T be the forest derived from 7; by deleting the nodes
that appear at the ends of edges in E’. To solve a linear system with preconditioner matrix
B, we first compute a sparse partial LL”-factorization of B, (which exists since B is SPD)
resulting in a reduced matrix B*, where the sparsity graph G(B*) is derived from the
sparsity graph G(B) by collapsing each connected component (which will be a tree) of T}
into a single node, for i = 1,...,k. Note that this can be done in O(n) work since the
eliminated nodes are all within the trees T71,..., T, (it is well known [LRT 79] that since
a tree is O(1)-separable, computing a sparse LL”-factorization costs linear work). The
resulting matrix B* is of size (¢'n’) x (¢'n’), where ¢ is a constant multiple of the average

degree of G(A), and the number of edges of G(B*) is O(|E']).

5.3 The Sparse Preconditioned Linear Solver Without Recursion

We will assume a sparse SPD and DD matrix A, with m = O(n) nonzeros. We apply
Proposition 5.1 and so assume, w.l.o.g., that the input matrix A has constant maximum
degree not more than max(3,m/n) = O(1). We execute the above MST Preconditioner
Procedure. By Proposition 5.2, k(B 1A4) < O(nm/(n")?) < O((n/n')?). The work bound
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to construct the preconditioner matrix B is O(|E'| +m) < O((n')%2 +n). Using a technique
similar to domain decomposition, we compute a sparse Cholesky LLT-factorization of B
(where L is lower triangular) in two stages: (a) first in O(n) time, we compute an incomplete
Cholesky LL"-factorization of B, resulting in a reduced matrix B*, as previously described,
then (b) we compute a Cholesky LLT-factorization of the O(n') x O(n') matrix B*. The
work to compute a Cholesky LLT-factorization of B* is at most O((n')*) work. Thus
Pg(n) < O(n + (n')¥). Once this Cholesky LL”-factorization of B* has been computed, a
linear system with matrix B* can be solved in Wg(n) < O(n + (n')?) work, using the well
known back-solving procedure. |

5.4 The Sparse Preconditioned Linear Solver With Recursion

We will prove Theorem 4.4 by the use of recursive PI, as described in detail in Appendix 7.
To construct the preconditioners, we make recursive application of the MST construction.
(Vaidya [V 91] previously proposed a similar use of recursion for a more restrictive class of
matrices, but he was unable to reduce the condition number below O(n?), for v > 0.) We
assume that we are given a symmetric nonsingular DD (and hence also SPD) n xn matrix A,
with a sparsity graph G(A) contained in a family F of graphs with constant size forbidden
graph minors. It is known [B 78, AST 90| that G(A) is sparse, with m = O(n) edges.
Observe [B 78] that F is closed under edge contractions (that is, if we apply a sequence of
edge contractions to a graph of F, the result is a graph in F). Recall the separator bound
for planar graphs [LT 79] is O(y/n) and [AST 90] provides O(y/n) bounds on separators for
any graph family with constant size forbidden graph minors.

We will construct a sequence of preconditioners By = B,...,Br for matrices Ay =
A, Aq,..., Ar such that By is a preconditioner matrix for Ay, and for £ = 0,...,L Ay is
an mny X ny matrix (which will be derived from By,_; by a partial Gaussian elimination of
certain subtrees followed by the constant degree reduction) and ny < O(ny_1/H(n)) for a
positive function H(n) > 2. The sparsity graphs of the matrices Aq,..., A, of the recursive
subproblems will be derived by edge contraction, and so will be also in F. The symmetric,
nonsingular DD properties (and hence also SPD) are inherited in matrices Aq,..., Ay of
the recursive subproblems.

We can can compute a sparse LLT-factorization of A; by direct methods within work

s(np)” < n}, since s(n) = O(y/n) is the separator bound for the family F and we have
defined n“ to be the cost for n x n matrix multiplication. Hence we can terminate the

recursion when the work nL% to compute a sparse LL”-factorization of Ay is < n < the
total work bounds for all ghe iterations. Thus we terminate the recursion when we on that
level ¢ = L where ny, < nw.

Now we give the details of the recursive preconditioner procedure. Let ¢’ be the constant
defined in the MST Preconditioner Procedure. Following the definitions of Subsection 4.2,
recall is ¢(n) > 1 any positive, monotonically increasing function, and m; = log(nk(A)/e)
= 7+ logn. Let H(n) = (47 )%™,

We will execute the above MST Preconditioner Procedure, where we fix here n’ =
n/H(n). We assume w.l.o.g. the diagonal elements of A are positive. We will apply Propo-
sition 5.1 and so assume, without loss of generality, that the input matrix A is sparse with
constant maximum degree no larger than max(3,m/n) = O(1). (This reduction to constant
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degree will need to be done on each recursion.)

The MST Preconditioner Procedure given A yields a preconditioner matrix B. Let
A" = B7'A be the preconditioned matrix. Since we have assumed that A is symmetric
nonsingular DD (and so SPD), it follows that B is also. By Proposition 5.2, x(A4") <
O(0(A,B)) < O(nm/(n")?) < O(H?(n)). We first compute, as described above, a sparse
partial LLT-factorization of B of the subtrees T7,...,T, in O(n) time, resulting in the
reduced matrix B* of size (c'n’) x (dn’), where ¢’ is the constant defined in the MST
Preconditioner Procedure. We apply the constant degree reduction of Proposition 5.1 to
B*, resulting in the n; x n; matrix Ay, where n; < 4c'n’. The number of nodes in the
recursive problem is ny < 4¢'n’ = 4¢'(n/H(n)). We will assume n is above a sufficiently
large constant so that H(n) > 8¢ to insure n; < n/2. Since the resulting sparsity graph
G(A;) is obtained by edge contraction from G(B), A; is also symmetric nonsingular DD
and so SPD, and G(A;) is also in the same family F as G(A). Thus |E'| < O(n') and the
number of edges of G(A1) is O(|E'|) < O(n'). We recursively compute an € —solution to a
linear system with matrix A; by the recursive PI algorithm, making recursive application of
this MST Preconditioner Procedure. The work bound to construct preconditioner matrix B
is O(|E'| +m) < O(n' +n) < O(n). Since precomputation of the preconditioner B requires
work O(n), the recurrence equation for precomputation of all the recursive preconditioners
costs work Pg(n) < Pp, (n1) + O(n) < Pg(n/2) + O(n) so Pg(n) < O(n).

On recursion level ¢, Aj is a ny x ny matrix where ny < 4¢'(ny_1/H (ng)). We have defined

H(n) = 4 #)

, SO

log H(n) = ¢(n) log 4c'm1.

Also, recall that we terminate the recursion when we on that level £ = L where ny < ne.
From this is follows that: L < plogg(n)_o(1) 1, where p =1 — % as defined in Theorem 4.4.
Since

H(n) = 4 #)

, SO
log H(n) = ¢(n)log 4c' w1,

we have
plogn

(¢(n) log m1) — o(1)’

plog P
Thus m 1 < 7 @mlesc’m) -4 < patm—-o0 and LL < m°(). Hence:

L < plogy(ny o) n <

Proposition 5.3 The number of levels of recursions is L < plogg(n)_o1)n < 435—((1)(“) lpolgo7r1njfo(1)'

____plogn
Also, H(n)F <nPM) gl < pGmlesr=om  gnd LV < 7o),

Proposition 5.4 The recursive matrices A, and preconditioner matrices By have condi-
tion number r(Ayg),x(By) < O(nPWk(A)) and the recursive preconditioned matrices Al =
B; ' Ay have condition number < O(H?(n)).

21



Proof: First observe that if Ay, By are nonsingular, then x(By) = ||Be|||B; || = #(B; ")
< k(B YA A7) < k(BT ADK(ALY) < (B, M Ap)K(Ag), so k(By) < k(B, ' Ap)k(Ay). Since
k(B Ap) < O(H%(n)), k(Be) < k(B A)k(Ar) < O(H?(n)k(Ar)). By definition of Ay,
Kk(Ar) = K(Be—1) < O(H*(n)k(Ae—1)) < O(H?*(n)k(A)). By Proposition 5.3, H(n)l <
n°M) . so we can bound k(4;) < O((H(n))?*tk(A)) < O(nPWk(A)). Similarly, k(By) <
0(n°Mk(A)). By Proposition 5.2, the condition number bound for the recursive precondi-
tioned matrices A, = B, Ay is k(B; ' Ag) < O((ne/ne—1)?) < O(H?(n)). 1

To complete the proof of Theorem 4.4, we now provide an upper bound on Wg(n),
the work of the recursive computation of an approximate solution to a linear system with
matrix B with relative error €’/k(B) using the recursively computed preconditioners.

By Propositions 2.4 and 7.1, we do at most 7, = O(y/k(A})m1£) < O(H (n)m£) iterations
of the chosen base iterative method IM PROV FE to achieve the required relative error.

Let 7, = max; 77;. The total number of level ¢ preconditioned iterations we do is <
HleTj. If the level ¢ preconditioned matrix A is sparse and of size ny x ny, the cost to do
each iteration is O(ny), so

Proposition 5.5 The total cost to do all the level £ preconditioned iterations to the required
relative error € ; is O(ngﬂglej).

By Proposition 5.5, for each ¢,1 < ¢ < L, the cost to do all of the level £ preconditioned
iterations is

O(neIT_y7j) < O(n(4c /H(n))")O(H (n)mo)" < O(n(4c'm£)") < O(n(m L)")

< O(mrlLJ“O(l)) < O(n1+¢(n)p——o(1)7r10(1))

)

since by Proposition 5.3,
plogn
7l < nemlogm)—o

and LY < 7o) |

6 Conclusion

We have presented preconditioned iterative methods for the solution of sparse linear sys-
tems. For a number of cases we achieve near linear work bounds. Our methods, building
on previous work, combine the use of algebraic and combinatorial methods for bounding
condition number of preconditioners. It remains an open problem to reduce these work
bound strictly linear in important cases, for example for the case of linear systems with
planar sparsity graphs.
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7 Appendix: Recursive Preconditioned Iterations

Here we give a detailed definition of the recursive PI algorithm of level ¢ > 0. On level
¢ > 0, we apply an iteration and recurse. Level 0 is the final level of recursion where we
apply a direct method.

ALGORITHM PI,.

INPUT: sparse n x n matrix A, n-vector b, and relative error bound ¢, 0 < € < 1.

[0] If £ = 0 then apply a direct method to compute and output A~'b and exit.

[1] Construct preconditioner matrix B for matrix A. Compute an approximation v to
b = B~'b by a recursive call to the algorithm PI,_;, This is to be done with relative error

e'/;(B).
2] INITIALIZE:
2.1] i =1

[2.2] Zp := 0 and initialize the auxiliary vectors gy as prescribed by the base iteration
method IMPROV E.

[2.3] Also similarly initialize, for the induced linear system over B, its approximate
solution zp := 0 and auxiliary vectors.
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[2.4] Let € =¢/(k(A")k(A)).

[3] WHILE || A'Z —b'|| < €[]t/ DO

Apply one stage of the chosen base iterative method

(Zi,5;) :== IMPROVE(A",V,%_1,Ji_1), which requires an inner product of the pre-
conditioned matrix A’ = B~'A times an n—vector, say u;. We do not explicitly compute
A’. Instead, we compute this inner product as follows:

[3.1] Compute the inner product r; := Au,.

[3.2] Apply a recursive call to the algorithm PI,_; to compute an approximate solution
Z; of the induced linear system Bz; = r; starting from the zero vector. The computation of

Z; is to be done with relative error €, ; = O(€}/k(B)), where €; = || A’z — b'||/||t']].
[3.3] i == i+1
oD
[4] & == B;

[5] OUTPUT: e—solution Z of the linear system Az = b such that ||AZ — b|| < €]|b]|.

The relative error at the sth stage of the level 0 preconditioned iteration procedure Pl
is at most €||b'||ps < ||A'Z; — b'||amr (where M is a fixed matrix depending on the iterative
method). Thus €] is the relative error given by Z, that is €, = || A’z — V'||/||V/|.

The relative error at the ith stage of the level £ preconditioned iteration procedure PI,
is at most € = O(1 — 1/k(A")P)?, where k(A’) is the condition number of A’ and 3 again
depends on the base iterative method (we assume g = 1/2).

A Detailed Definition of the PI; algorithm. As an example, we describe in detail
the PI; algorithm. To INITIALIZE, we construct preconditioner matrix By for matrix
A; = B. The recursive preconditioned matrix is A} = By 'A;. Also initialize 2 := 0 and
initialize an auxiliary vector g, as prescribed by the base iteration method IM PROVE.

We wish to €1 ;—solve the linear system Bz; = A;z; = r;, where €1; = k(A1)e;. To do
this, we €} ;—solve the preconditioned linear system Af{2'; = r';, where r'; = By Ly; and by
the proof of Proposition 2.4, it suffices that €] ; = €1;/(rk(A1)k(A})) = €/(K*(A1)K(A])).

We use the zero vector as the starting iterate. (Note that we set 2], to 0, rather than to
Zi—1, due to the possible near-orthogonality of Z; and Z;_1.) We then apply to A}, the level 1
preconditioned matrix, 71 ; = \/k(A}) log(k?(A1)k(A})€'1,0/€}) iterations of the chosen base
iterative method IM PROV E.

[0] Let z; o= 0, and initialize the auxiliary vectors y; ; as prescribed by the base iteration
method IMPROVE.

1] FOR j=1,...,7,; DO

(%14, Ui,j) := IMPROV E(AY, 75, 251, Ui j—1)-

2] Let 2, = 7 -, ., and §; = §; ., .

This requires O(7y ;) inner products of the preconditioned matrix A} = B; ' A4; times an
n—vector. If this is the final level 0 of recursion, we compute these inner products exactly.
Otherwise, we apply the preconditioned procedure recursively to the matrix B;.

We now bound the relative error for the level 1 preconditioned iterations over matrix

A!. The relative error is €1 ; = ||A1Z] — ril|ar/||7i|las, so if we use Z] to approximate the
solution of the preconditioned linear system A} z] = r';, the error at the ith stage of the level
1 preconditioned iteration is €1 ;||r||m = ||A1Z; — ril|m (where again M is a fixed matrix

depending on the iterative method). We have to show that this relative error is at most
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€|, = €/(k*(A1)K(A})). Note that if we apply the Conjugate Gradient or Chebyshev Semi-
iterative method, the sequence of iterates Zj,Zz],..., 2, defined above do not necessarily
satisfy the usual properties of multi-step iterates generated by these methods (since the 7’';
vary depending on 7). However, for a fixed 7, the sequence of iterates g,z ,. .. ,ng,i
do satisfy the usual properties of multi-step iterates generated by these methods (since the
r'; are the same on each of these iterations) and this is all we need to establish our error
bounds. In particular, the known error bounds (see Golub and Van Loan [GV 89], page 525)
state that the computation of zi = 5i,n,i from z; o = 0 via 7 ; iterations of the Conjugate

Gradient or Chebyshev Semi-iterative methods with the same r’; is done with relative error

€1, < €10(1 —1/4/(A}))™i. Note that log,(1 — 1/4/k(A})) ~ —1/4/k(A}), Thus by

definition of 71 ; = /k(A]) log(k?(A1)K(A])€e'1,0/€;) we have that the relative error for the

level 1 preconditioned iterations over matrix A is at most €'1; = €/19(1 — 1/y/K(A}))™
~ €. /(k?(A1)k(A})), satisfying the required relative error bounds for stage i.

Case of Multiple Levels of Recursion of ALGORITHM PI,. In the case of
multiple levels of recursion, the error analysis is similar. For each level ¢ on the ith stage
we have the recursively defined matrix A, and we construct preconditioner matrix B,. We
use the zero vector as the starting iterate, and then apply 7 ; iterations of the chosen base
iterative method IM PROV E to the level £ preconditioned matrix A) = B[lAg. Let €, ; be
an upper bound on the relative error of the ith stage of the iterations over preconditioned
matrix Aj. Then the corresponding approximate solution over matrix A, at the ith stage
has relative error upper bounded by €,; < €),k(A¢), so by the proof of Proposition 2.4,
to preserve the convergence of the iterations at level ¢ — 1 (that is, the iterations over
the preconditioned matrix Aj_,), it suffices to show that this relative error over matrix
Ay is upper bounded by e; = € ,;/(k(Ap)r(A})). Hence it suffices to show that the
ith stage of the iterations over A} have relative error < €,, = €, ;./(k*(A¢)k(A})). The
error bounds of [GV 89], page 525 imply that 7,; iterations of the Conjugate Gradient or
Chebyshev Semi-iterative methods over the preconditioned matrix A give relative error

€oi < €p0(l —1/4/k(A)))™i. Since log, (1 — 1/1/K(A})) = —1/4/k(A}), if we define 7p;
= /K(A)) log(rk*(Ar)r(A))€'r0/€r—1,), then the iterations over matrix A} have relative

error at most €'1; = €p0(1 — 1/1/k(A))% ~ € /(k*(Ae)r(A))), satisfying the required
relative error bounds for stage i on level /.

Suppose
k(Ar), 5(Br) < O(n’w(4)),
then
€ri = €13/ (57 (A R(A7)) > Qej_y;/(n*K°(A)))
> Qe (ns(A)* > Qe/ (nr(A)))*
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< O(y/r(Ay)Llog(nk(A)/€)),
and by Proposition 2.4:

Proposition 7.1 If each
K(Ae), K(Be) < O(n’w(A)),

then to satisfy the required relative error bound Ele,i for stage i on level £. it suffices to set

T, < O(y/k(A))llog(nk(A)/e)).
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