


that resource. These priorities can change 
dynamically. The processes of R use the priori- 
ties, that the processes of U communicate to them, 
to grant their controlled resource with preference 
to users of higher priority. This must be done in 
a way avoiding user starvation. 

1.2 Complexity of an RGS 

A process step consists of either an assign- 
ment of a variable, a test, a logical or arithmetic 
operator or a no-op. A step is considered to be a 
finite time interval A in which a single instruc- 
tion is executed instantaneously at the last moment 
of £. Note that, by these semantics, there can 
never be read-write conflicts in the use of flag 
variables. 

Let a process be tame during a time interval 
4, if for any interval £' E [0,~), which intersects 
A and is a single step of the process, then 

I~'I E [rmin,rma x] where rmin, rma x are fixed 
real constants and 0 < rmi n(rma x. Without loss of 
generality we assume that rmax/rmin is an integer. 
We do not assume processes always tame, however, 
they are supposed to be tame in the complexity ana- 
lysis of response time. We require that, at no 
time, any granting process i ER simultaneously 
grant the resource R(i) to more than one requesting 
process. We also require that, as soon as a process 
j 6U has got all its required resources, then it 
can keep them only for a time interval upper bounded 
by a fixed parameter [resulting in a bounded number 
of its steps p, if the process is tame). Let 
resources(i) be the set of all possible resources 
that a process i 6U is going to ever request, and 
let resourcest(i) be the set of resources i is 
requesting at time instant t. Let ki, t be 
Iresourcest(i) I. For each time t, the willingness 
digraph G t is defined such that if i E U and 
j 6R and if i requests or has be6n granted re- 
source p(j) at t, then the edge i [ j belongs 
to G-. Let also j + i if the granting process j 

t 
is willing to allocate (or has granted) its resource 
to user i. Let v t be the maximum valence of the 
nodes j 6 R of G t. 

In the following we will assume at all times 

t ~ 0 that v t and kit are above bounded by 
constants v,k respectively and that v~k. This 
does not imply anything about the cardinality of the 
sets resources(i) ViEU, which could be unbounded. 
We also assume, as in [Lynch, 1980], that each 
resource allocator j 6 R has a set Sj available 
to it of size (v, containing the names of those 
processes willing to get the resource. We assume 
this to be a primitive of our system [which could 
be implemented by a queued message system or by 
other means). Finally, we restrict any oracle 
so that as soon as it produces a request for a 
resource (i.e., it orders the appearance of the 

edge io~n j in G t for i6U, j 6 R) it has to 
insist that request until i gets all its re- 
quested resources at that time. (Note that the 
relation ~ can be viewed as a time varying hyper- 
graph with node set ~=U U R and hyperedge set 

E= {{i} U resourcet(i) liEu}. An RGS implementation 
dynamically achieves matchings in this hypergraph. 
We allow probab~listio RGS implementations where 
processes can use independent random number generators. 

Fix an RGS implementation which may be probabi- 
listic. For each k (0~k~v) and oracle o~ let 
the k-~rant response be the random variable 7k,o~ 
giving the length of the minimum interval £ 
required for any process i 6 U to have k resource 
requests simultaneously granted, given that i 
requested these resources during the entire inter- 
val 4, with priority i, and assuming that i and 
all the allocators of the resources requested by i 
within £ are tame on £. Let the mean k-grant 
response be ~k=max{mean{Yk'o~} over all oracles 
~}. For each 6 in [0,i] let the c-error k- 
grant response be the minimum yk(6) such that 
for every oracle 

Prob{Yk,~ ~ 7k(C)] ) 1 - E 

The RGS implementation is real time if for every 
kE{l ..... v} and for every 6E (0,i], yk(C) >0 
and independent of any global measure of the net- 
work [except v). The network here has as nodes 
the elements of [ and each edge {u,r} denotes 
that p(r) 6 resources[u). Note that if the RGS 
implementation is real time, then Yk is constant, 
independent of any global measure of the graph H 
of the network [except perhaps v). 

1.3 Previous Work 

[Lynch, 1980] considered the problem of allo- 
cation of resources in a distributed system. Her 

RGS implementation was a deterministic, nonsymmetric 
one (processes were allowed to know the color of 
each resource in a coloration of the resource 
Graph, i.e. the graph whose nodes are the resources 
and two resources i, j have an edge between them 
iff resource-l(i) n resource-l(j) ~ ~), and the 
communication system adopted was a message system 
requiring buffered communication. [Lynch, 1980] 
achieved k-grant response of the order x(H)'vX(H)-T 
where X(H) is the chromatic number of the resource 
graph and 7 is the time required for process 
communication. Note that since resources[i) for 
i E U may be unbounded, in the worst case X(H) 
can be as large as the number of processes IHI. 

1.4 Results of this Paper 

We shall present in Section 3 a probabilistic 
implementation of an RGS which has mean k-grant 
response ~k =O(kvk'~'l°g v) and E-error k-grant 
response 

w h e r e  ~ and  T(~)  a r e  t h e  mean t i m e  and E - e r r o r  
response required for handshake communication 
between processes (see Appendix for definitions). 
In [Reif, Spirakis 1981], [Reif, Spirakis 1982] 
handshake communication implementations were given 
with ~=O(v 2) and ~(g) =O(v21og(i/s)). Note 

that these implementations achieve real time, thus 
%he resulting RGS implementation is also real time 
with mean 

~k = O ( k v k + 2 1 ° g  v) 

and  
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However, any other handshake communication imple- 

mentation would also do. 

In Section 4 we present a basic way to imple- 
ment a real time RGS in both cases of equi-speed 
and asynchronous tame processes. The implementation 
is probabilistic. No underlying handshake communi- 
cation system is assumed. Instead, the means of 
synchronization between processes in U and R 
are flag variables (which are written by just one 
process and allowed to be read by at most one other 
process]. The response time has mean ~k =O(kvk+l) 
and 7k(S) =O(kv k+l log(l/s)). 

1.5 Organization of Paper 

This paper is organized as follows: Section 2 
contains applications of RGS to dining philosophers, 

scheduling, two-phase locking in databases, and 
real-time handshake communications. Section 3 dis- 
cusses a real time RGS assuming an underlying real 
time handshake communication system. Section 4 
discusses a real time RGS implementation by use of 
flags. First an implementation is discussed in 

which processes have the same speeds but their 
actions may be relatively shifted in time. At the 
end of Section 4 we generalize our algorithms to 
the case where processes are asynchronous but tame. 
Section 5 presents a probabilistic analysis of our 
algorithms. The Appendix defines handshake communi- 
cation systems and their performance measures. 

2. APPLICATIONS 

2.1 Hasty Dining Philosophers 

As a simple example, we consider an interesting 
RGS system which we call "hasty dining philosophers". 
Let the requesting processes U be distinct in- 
tegers, r0,...,rn_ I, and the granting processes R 
be 0 .... ,n-i so that U n R = 2. The resources are 
forks {p(0,..., (n-l)}. Each philosopher r i6U 
has resources(rj) consisting of the forks 

{p(rj),p(r(j+l)mod n)}. Thus, the resource graph 
H is a cycle of length n. The "hasty dining 
philosophers" has a high level real time RGS 
implementation with mean 2-grant response ~2 =O(I) 
and S-error 2-grant response 72(~) =O(log(i/s)2). 
The low level RGS implementation gives 72 =O(i) 
and 72(S) =O(log(i/S)). Intuitively, the RGS 
implementation requires each philosopher rj to be 
at any time granted both forks of resource(rj) in 
expected constant time, but rj must be "hasty" 
and relinquish these resources within constant time 
interval. Note that for each i6 {0,...,n-l} the 
granting process i can be placed within process 
r i, thus resulting in essentially only n processes. 

2.2 Scheduling 

Suppose an acyclic diagraph D is given with 

node out-degree <~k, and in-degree (v. This graph 
can be separated into levels. We assume processes 
residing in the nodes of D can operate only after 
getting all their resources (which reside at the 
nodes which have no successors). Each process 
operates just once and in a constant time interval 
becomes a resource granting process, to serve the 
next higher level. All its successors are deleted. 
So, each node is initially a requesting process and 

after it gets all its resources once, it becomes a 
resource granting process. By assuming a real time 
RGS implementation the above system can be processed 
in time of the order of the depth of the digraph. 

2.3 Two-Phase Lock!n 9 in Databases 

Two-phase locking is a concurrency control 
method in databases (see the survey paper of 
[Bernstein, Goodman 1980]) with the feature that as 
soon as a transaction releases a lock, it never 
obtains additional locks. The technique of two- 
phase locking produces serializable transaction 
executions. We propose in [Reif, Spirakis 1982B] 
a technique to implement two-phase locking in a 
distributed database, which is different from any 
known algorithms. In fact, it can be viewed as 
intermediate between the techniques of static and 
dynamic locking. Our underlying assumption is that 
transactions are allowed to act on the data only if 
they got all the locks requested. Let the processes 
of the user set U be called transaction modules 
and the processes of the set R be called data 
modules. If each transaction requests to lock at 
most k data modules at a time and if at most v 
transactions can compete for a lock at a time 
instant t, then a real time RGS will result in 
real time lock allocation per transaction. The 
transaction modules go through a "round" (of 
constant number of steps in duration] during which 
they communicate with all data modules they want 
to lock. They keep the locks they get only for 
constant number of steps hoping in the meanwhile 
to get all of them. If the round finishes and they 
did not succeed in getting all the locks, then they 
release whatever they got and try again in the 
next round. Given the previously stated response 
time 7k(S) for a real-time RGS, one can now de- 
compose the distributed system into a system of 
parallel servers with almost independent geometric- 
ally distributed service time, (one per trans- 
action module). In [Reif, Spirakis 1982B] we then 
analyze the transaction waiting time, throughput 
etc., by assuming a probability distribution in the 
transaction arrival rate. 

2.4 Handshake Communication in Real Time Via a Real 
Time RGS 

We can implement here handshake comanunication 
in the sense of the Appendix, assuming the existence 
of a real-time RGS. Assume that each of the pro- 
cesses j 6R control just one resource called the 
channel and when they allocate this resource, we 
say they open the channel. The processes i 6U 
are assumed to open their channel when they are 
granted their resource and to close their channel 
when the resource is removed. 

Each of the processes iSU have 
Iresourcet(i) I ~i, so as soon as any process i 6 U 

is granted one resource, process i does not 
compete for any other, until i releases that 
resource. 

Given bounds v on the processes iSU com- 
peting for the same p(j), j 6 R and a bound k~v 
on the number of resources a user is w/lling to be 
granted at any time t, a real-time RGS will imply 
a real-time handshake communication scheduler, 
with the same time performance (see the Appendix). 
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It is interesting to note (as we show in Section 3) 
that one can implement also a real time RGS by a 
real time distributed contmunication subsystem. 

3. HIGH LEVEL RGS IMPLEMENTATION ASSUt~IN£ A REAL- 
TIME HANDSHAKE COMMUNICATION SYSTEM 

3 . I  The..Algorit.hm 

Our implementation of a probabilistic real 
time RGS is as follows: The granting processes i 
are always willing to communicate only to the 
requesting processes in the set S i which have 
rights to resources p(i) (as defined in the 
introduction). The requesting processes are willing 
to communicate only to those granting processes 

whose resources they want (or have been allocated). 
By communication here we mean a handshake communi- 
cation. We shall assume here the existence of a 
DCS with g-error response T(C), as in the Appendix. 

We may view the actions of the requesting 
processes time-sliced in rounds, where each round 
is a minimal time interval in which i communicates 
at least once with all k of the resource con- 
trolling processes of the resources which i 
wishes to obtain. 

The granting processes do forever the following 
grant algorit~In which is a loop, a single execution 
of which is called a grant phase: 

Grant Algorithm 

for process i 6 R 

DO forever 

begin 

[i]. Do a handshake communication with anyone 
of the requesting processes in S i and 
get their priorities (in 6 steps). 

[2]. Probabilistically select j E Si, in 6 
steps. (The values of the priorities 
determine the probability of each re- 
questing process to be selected as 
determined in Section 3.2). 

[3]. On first handshake with the selected 
process j, say "yes" to j allocating 

your resource to j. (6 steps) 

[4]. For 2 @ steps, the granting process 
says "no" to any requesting process but 
j in any handshake and says "yes" to 
j on any communication. 

[5]. On handshake with any other process than 
j, the granting process i says "no". 
On first handshake communication with j, 
the granting process i says "no" to j, 
indicating that resource p(i) has been 
withdrawn from j and ending the grant 
phase (6 steps). 

[6]. Wait for [w] steps where w is randomly 
chosen from [0,66]. 

end 

In the above algorithm we fix parameters 

6 = [T(£/2v)/rmin] and 6'= [6(rmax/rmin)]. Hence 
6 steps of any tame process contain at least time 
Y(s/2v) and the maximum time duration of 6 steps 
is equal to the minimum time duration of 6' steps. 
Thus the maximum possible length of the random 
wait is, at least the time length of the rest of 
the stages of the grant phase. Note that stages 
[i], [3] and [5] may take more than 6 steps 
(with very low likelihood). This is taken into 
account in the analysis of performance of the 
algorithm. 

3.2 Probabi]istic Selection 

We give here a very simple implementation of 
probabilistic selection of one out of (v pro- 
cesses (using their priorities) in O(v) steps as 
required in phase 2 of the algorithm in Section 
3.1. This implementation can easily be improved 
to O(log v) steps (see [Reif, Spirakis 19S2]). 

Suppose that each resource allocator i has 
just a random number generator drawing uniform 

numbers between 0 and i. Let Zi,z2,...,7[v, (for 
v' ~v) be the processes requesting the resource 
of i at the current time and let P 

1z 1 
Piz 2 ..... PiZv, be their priorities. Let h(x) = 

Ex Pi~j j=l , for any x in {0,1,2 .... ,v'}. To 

implement the selection process of stage [2] we do 
the following: 

[2.1] draw a random number n in [0,i]. 

[2.2] find the process name ~ for which 
x 

h(x-l) < n (h(x) 
h(v') h(v') 

Note that stage [2.1] takes one step and stage 
[2.2] takes O(v) steps since we have to evaluate 
and compare 2 partial sums each step. Since 
h(x) =h(x-l) +P. for any x in {i ..... v'}, 

i~ x 
the current partial sum can be evaluated from the 
previous partial sum by a single addition. 

• REAL Tlff, E IAPL,:,,,.,,,A, ION BY USE OF FLAG 
VARIABLES 

4.1 __The A l g o r i t h m  f o r  the Case o f  .Equi-Speed 
Processes 

For simplicity, we shall temporarily assume 
here a fixed time instant t 0~0 such that for 
time t~t O all processes are executing at the 
same speed. (Section 4.2 drops the assumption of 
equi-speed processes.) However, for time t < t o 
in the past, the processes may be asynchronous and 
so, at t~t O the execution of their programs in 
time, though proceeding with equal speed for all 
processes, may be shifted (in an adverse way) 
relative to each other• 

The communication between granting and re- 
questing processes is done here by flag variables. 
To read one flag requires one of the process steps. 
In case of priorities, the flags are allowed to 
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have rational values between 0 and i, initially 0. 
The flags Pij indicate the priority of user j 

with respect to resource i. In the simple case 

of equal priorities all flags need only be boolean. 

Each granting process i has for each requesting 

process j a special flag Fij whose value in- 

dicates if the resource p(i) is allocated to j. 

If j reads Fij and finds it 0, then it under- 

stands that it lost the resource. The granting 

processes execute forever the following loop, 

called a grant phase: 

Grant Algorithm 

of Granting Process i6 R 

Do forever 

begin 

[I]. Read the priority flags of the requesting 

processes in the set S i- 

[2]. Probabilistically select each of the 

requesting processes j 6 S i according 

to their priorities (see Section 3.2). 

[3]. Set the flag Fij to 1 indicating that 

resource p(i) has been allocated to 

process j. 

[4]. Wait for cv (non-operative) steps. 

[5]. Set the Wc~ing flag Lij to 1 to in- 

dicate to j that he will loose the 

resource after at most 2cv steps. 

Wait 2cv steps. 

[6]. Set Fij to 0 (indicating that i re- 

moves the resource). Erase the warning 

by setting L. to 0. 
13 

[7]. Wait for w steps where w is a random 
integer selected uniformly from [0,Scv]. 

end 

Stages [i], [2] are required to take exactly cv 

steps each, where c is a small constant whose 

exact value can be determined by counting the 

maximum number of steps of the granting process 

per requesting process in the stages [i], [2], [3]. 

The grant phase takes a random number of 

steps, uniform in the set {5cv,5cv+l ..... 10cv}. 

Each user process j 6 U executes continuously 

the following loop, a single execution of which is 

called a round. 

Do forever 

begin 

[i]. Set Pij to 1 for each resource p(i) 

requested by user j. (cv steps) 

[2]. Poll for cv steps to see which resources 

have been awarded to user j. User j 

considers the resource Q(i) awarded 
only if p(i) has been both allocated 

(Fij=l) and not yet warned (Lij=0). 

[3]. If all resources requested by j are 

awarded use them for ~ steps. 

end 

(See also Figures 1 and 2.) 

4.2 The Flags Implementation of the RGS for the 
Case of Asynchronous, Tame Processes 

Grant Alg@r!thm 

for iER, for asynchronous case 

It is the same as in the case of equi-speed pro- 

ceases. However the stage lengths are modified 

as follows: 

Stage [i]: takes c'v steps 

Stage [2]: takes c'v steps 

Stage [3]: 1 steps as in equi-speed case 

Stage [4]: takes c'v steps 

Stage [5]: takes 2c'v steps 

Stage [7]: choose a random integer 

wE [0,Sc"v] 

where 

r 
max c I ~ - -  " c 

r . 
mln 

The round of 

Same actions as in equi-speed case. 

lengths in steps are cv, cv and 

r 
mln 

< (cv-l) 
rma x 

for stages [i], 

12 max 
and c" = - -  • c 

\ minl 

j 6U in asynchronous case: 

The stage 

[2], [3], respectively. 

5. ANALYSIS OF THE REAL TIME RGS IMPLEMENTATION 
BY USE OF FLAG VARfABLES 

5.1 The Case of Equi-Speed Processes 

Note that in the equi-speed case assumed 

here, the time is a constant multiple of the 

process steps. The power of the adversary is thus 

restricted to only a possibly malicious initial 

relative shift of the program counters of the 
various processes. 

LEMMA l.l. For ~< cv- i, it is impossible 
for the user j to conclude that it has got all 
resources and actually some of the resources to 
have been removed. 

Proof. Since the polling time of j lasts 

only cv steps, by the time user j concludes 

that the last resource is allocated to j, the 

first allocated resource can at most be in the 

middle of the warning period (and hence not removed 

yet). Since ~ < cv- i, j has then enough steps 
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at its disposal to use the resources, before the 
first allocated resource is removed, m 

LEMMA 1.2. The probability that user j will 
get a particular resource in its current rouHd is 

i/v for the worst case oracles. 

Proof. Consider the subclass of oracles 
which put maximum contention on the system. [~hese 
oracles give a worst case of the response time, 
since contention cannot decrease the response time. 
However, in this case, the probability that u~ser j 
will get a particular resource in its current: round 
is at best equal to the probability that j is 
going to be selected by the resource allocator, so 
it is not more than I/v. D 

Recall t O is the time instant at whi(zh the 
processes became synchronous. Let t I be ai%y time 

instant after t o . Let res°urcestl(J) = {Pl ...... Pk '}' 
where k' (k, for a particular requesting process 
j 6 R and let i I .... ,i k, be the resource a][locators 
associated with those resources. In the fol]Lowing 
we consider a time interval I starting at t 1 
during which the set resourcest(j) for t 6 I is 

equal to resourcest. (j). Let Ftl be a complete ± 
description of the system s history up to time t 1 
(including the probabilistic choices of the pro- 
cesses up to that time). Let t m (where 16[m(k') 
be the first time after t I at which the allocator 
i m starts a random wait stage. Let t M be Ithe 
maximum of all tm'S for m= l,...,k' and l(~t t S 
be the maximum of the time instances at the ends 
of the first grant phase of processes il,...,ik, , 
after time t M. The time interval (tl,t S] i.s 
called a session E of processes {J,il,i 2 .... ,ik,}.. 

Let g (H) be the probability that the pro- 
cess j wil~ get all its resources in the session 

E, given any history ~tl. 

Note that a session is at most two grant 
phases of any resource allocator, because processes 
are equi-speed. Note also that after t M the 
effect of the history rtl is completely counter- 
acted by the random waits done by the processes. 

DEFINITION. Let gj(tM,t S) be the probability 
that process j will get all its resources during 

the interval (tM,ts), given any history F t . 
Obviously gj(tM,tS) (gj (~). Note that ther~ is 
at least one complete round R of process j 

during a session ~, such that R starts after tM. 
Let E be the event "the flag Pim,j of user 3 

m 
is seen by the resource allocator i m in the round 
R and during (tM,t S) and j is selected by im." 

Then gj(tM,t S) ~Prob(n~ 1 Em). 

LEMMA 1.3. The events E 1 ..... E k, are 
independent. 

Proo f .  Fix a time t 6 (tM,ts). By time t, 
all allocators have executed at least a random 
independent wait stage. The length of the wait 
stage is uniformly randomly chosen to take any 
integer value from 0 up to the length 5cv of all 
the other stages of a grant phase. Thus, at time 
t any allocator m is at each step of the non- 
wait part of its grant phase with equal probability. 

o 

COROLLARY 1.3. 

gi(tM,tS) ~ Prob(El)-...-Prob(Ek,) 

Proof. By the independence of events Em, 
m= l,...,k' as proven in Lemma 1.3. D 

LEMMA 1.4. For any mE {i ..... k'} 

prob (E m) >~ 1 
10v 

Proof. Let E' be the event "the flag Pim,J 
of user j is seen ~y i m in the round R and 

during (tM,tS)." Then Prob(E m given E~) ~i/v 
since i m selects one out of at most v processes 
with equiprobability and j is one of them. Also, 
prob(E~) =prob(the start of R falls into the 

first stage of a grant phase of i m during 
(tM,tS)) = ratio of length of first stage divided 
by total length of the grant phase of i m (by 
Lemma 1.3). But the total length of any grant 
phase is at least 5cv and at most 10cv and the 
length of first stage is exactly cv hence 

probCE'] ~ cv _ 1 
10cv i0 

Also, 

prob(E m) ~> prob(E m) prob(E m 

~ - i . k  
1 0  v 

given E~) 

By Corollary 1.3 then 

COROLLARY 1.4. 

gi(tM,t S ) 
1 1 

~ - -  since k'  (iOv) (ICy) k 
k' ~<k. 

Hence 

gi (z) > (1Ov) 

Also ,  note t ha t  

due t o  Lerr~a 2 . 2 .  

Let u be the number of sessions required 
for user i to be granted all its k resources 
in some round, given that i starts requesting 
them at time t I and assuming any history Ftl 
and oracle o~. By the Corollary 1.4 and 
Baye's formula, 

( 1 Prob (u=m) ~ 1 1 1 
(10v) k (v) k 

If u(£) is the least number such that 
prob{u > u(£) } ~ 6 then 

u(g). log (E/(10) k) 

8.9 



It is easy to show: 

PROPOSITION I. For every 

1 
> -n log(1 

nEN, 

By Proposition i, then 

__ : 1 
u(6) ~<k-(10v) k log i0 O(kv k log c) . 

c 

Since each session takes (20cv steps, we have 

Prob{Yk,~ ~ ( 20cv u(S)} ~ i- 

implying E-error response 

Yk (~) = O (kvk+llog (~)) 
and mean 

~k = O (kv k+l) 

COROLLARY 1.5. In the case of equi-speed 
processes, our flag implementation of RGS has real 
time response, with~c-error response 

O (kvk+l). yk(£) = O(kv k+l log(~)) and mean ~k 

5.2 The Case of Asynchronous Tame Processes 

Our analysis for the case of asynchronous 
tame processes parallels that of the equi-speed 
case. 

LEMMA 2. l. For ~ < (cv-l) (r_.. _/r ) , it is m~n a 
impossible for the user j E u to conclude that ~t 
has got all resources and actually some of the 
resources to have been removed. 

Proof. The polling time of i can at most 
be cv rmax, since it includes just cv steps of 
i. Each resource allocator waits 2c'v steps 
after setting its warning flag to 1 and then it 
removes the resource. Since c' : (rmax/rmin)-C 
we have that c'-v steps of a resource allocator 
are at least c'v rmi n time which is at least 
cv rma x time. Hence, by the time j concludes 
that the last resource has been allocated to him, 
the allocator for the first resource granted can 
at most be in the middle of its warning period 
(in terms of steps). The maximum time coresponding 

to ~ steps is ~ rmax = (cv-l)rmi n and the 
minimum time which corresponds to the remaining 
half steps of the warning period is at least 

c'v rmin=CV rmax > (cv-l) rmi n. So, j has enough 
time at his disposal to use the resources, 
before the first allocated resource is removed. 

AS in Lemma 1.2, we have: 

LE~;4A 2.2. The probability that user j will 
get a particular resource in its current rounds is 
~< i/v for the worst case oracles. 

Let tl'Ftl ' tM' ts' £' {Pl ..... Pk '}' j' I, 

gi(~) and gi(tM,t s) just as defined in Section 

5.1. 

A crucial difference from 5.1 is that now a 
session is at most two grant phases for at least 
one allocator and not necessarily for all of them. 

Again, gi(tM,tS) ~gi(~). 

Note also that the minimum time duration of a 

grant phase is (5c'v+ 5c"V) rmi n= 5eV(rma x+ 
2 

(rmax/rmin)) and the maximum time duration of a 
round of a requesting process is now 

(2cv+~)rma x~ (2cv+ cV(rmin/rmax))rmax = 

cv(2r +r . ) 
max mln 

This implies that a grant phase of any allocator 
contains at least 2 rounds of any requesting pro- 
cess and hence there is at least one complete round 
R of process j during }] and after t M. Again, 

k' 
gi(tM'tS) >~Pr°b(nm=l Em) with Em defined as in 

5.1. 

LE;~HA 2.3. The ewents E 1 .... ,Ek, are 
independent. 

Proof. Fix a t 6 (tM,tS). Since t > tM, by 
time t all allocators have each executed one (or 
more) random independent wait stages. The number 
of steps of a wait stage is a random integer chosen 

uniformly from 0 to 5c"v, where c"= (rmax/rmin) 2-c. 
Hence the minimum time duration of a wait stage is 

at least 5vc"rmi n = 5vc(rmax/rmin).rma x = 5vC'rma x = 
maximum ti-me duration of the rest of the stages of 
the grant phase. So, in any case, the random wait 
can completely cover the length of the rest of the 
stages. So at time t> t M any allocator m is at 
any step x m with equal likelihood, independently 
of other allocators, o 

AS in Corollary 1.3, we have 

COROLLARY 2.3- 

k' 

gi(tM'tS) ~ i=in Prob(Ei) 

LEMMA 2.4. For any mE {i ..... k'} 

r . 
prob{Em} >/ 1 ml___~n . 1 

rma x rma x 
5 1 + ~-- 

mln 

Proof. Let E~ be the event as defined in 
Lemma i. 4. Again prob (Em/E ~) ~ i/v and prob (E~) 
= ratio of length of first stage divided by total 
length of the grant phase 

c'vr . r 
mln 1 mln 

(5c'v+5c"V)rmax 5(i + ~--~--. ) rmaxrmax 

mln 

and since Prob(Em) ~Prob(E~) • Prob(Em/E~) the 
lemma follows. [] 

Hence, by Corollary 2.3. 
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COROLLARY 2.4 .  

for 

5 + --- 
r . 

min mln 

Let u be defined as in case of equi-speed pro- 
cesses. 

get 
By following same steps as in that case, we 

A session is at most two grant phases of at 
least one allocator. Therefore the time length of 
a session is bounded by (5c'v+ 5c"V) rmax, so we 
have 

Prob{Yk,o~ 5v(c'+c")rmax-U(8)} ~ 1 - C 

COROLLARY 2•5• Our flag implementation of 
RGS in the general case of tame asynchronous pro- 
cesses, has real time response with 

and 
Yk : O (kv k+l) 

5.3 Analysis of our RGS which Uses a Handshake 
Communication System 

By the stated properties of DCS, 

PROPOSITION 3. l. 

P r o b  a r o u n d  l e n g t h  i s  a t  m o s t  . 

LEMMA 3.2. The probability that a particuZar 
requesting process i will get a '~es" answer in a 
handshake in stage 3 is ~ I/v for the worst case 
oracles. 

Proof. Consider again the class of oracles 
pu~ting maximum contention in the system. D 

Let tl, tM, ts,r t , E, gi(Z) and gi(tM,t S) 
1 

be just as defined in Section 5.1. Again 

gi(tM,tS) ~ gi(~). 

Let E m be now the event "a requesting 
process j gets a "yes" answer in a handshake 
with allocator i in the interval (tM,tS) and 
in the first roun~ R o[ j after tM." Note 

that gi(tM,ts) ~ Prob(N~ 1 = Em)" 

We show again that the events E m are 
statistically independent, as in the Proof of 1.3. 
Again we observe that the length of a random wait 
has a nonzero probability of completely covering 

the length of the rest of the stages in a grant 
phase. The length of a random wait is randomly 
chosen from [0,66']. So its maximum duration is 

at least 66' rmi n = 66(rmax/rmin)rmi n = 66rma x = 
the maximum time duration of the rest of the grant 
phase stages. So, Lemma 1.3 holds again, hence 

COROLLARY 3.3• 

k' 

gi(tM,tS) ~ H Prob(Em ) 
m=l 

LE:IilA 3.3. For any mE {i ..... k'} 

r . 
Prob (E) ->" 1 mln 1 m v 

6 1 + rmax  rmax 

Proof. Let E~ be the event "the handshake 
of processes j and i m will take place at the 
first stage of the grant phase of im, in the 
first round R of j, in the interval [tM,tS]" 
Then Prob(EmlE ~) ~ i/v due to probabilistic 
selection of requesting processes. Also prob(E~) 
= prob (the start of R fells into the first 
stage of a grant phase of i m during time inter- 
val (tM,ts) = ratio of length of the first stage 
divided by total length of the grant phase, because 
by t M process i m has executed at least one 
random wait (after tl) and hence the start of R 
will be any time instant of a grant phase of i m 
with equal probability, independent of the 

history F t l  Hen ce ,  

prob (E~) ~> 
min length of stage 1 

max length of grant phase 

6r . 
mln 

max 

So 

r . 
i 1 . mln 

( 6 1 + rmax  max 

Prob (E m) ~> Prob (Em)Prob (Em/E m) 

I> 
r . 

1 mln 1 

6 (I + r~in)rma x rma x v 

Due to Corollary 3.3, Lemma 3.3 and Lemma 3.2 
we get 

COROLLARY 3.4. 

with 

~, = 

6 + rmin rmin 
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Let u be the number of sessions after t$ needed 
for process i to get all k' resources in one 

round, given any history Ftl. 

The previous corollary implies 

i I 1 m-I  ro um-< 

For E6 (0,1], let u(S) be the minimum value 
such that prob(u> u(£)) < g. Then 

u(s) 
log(S/(l'v) k) = 

log l 

and again (as in Section 5.2) 

Note that a session ~ contains at most two grant 
phases of at least one resource allocator. So, the 
time length of a session E is at most 

~(2~) (~) rma-x ) 
2(6@+6@')rma x = 12 + % 2~v r . rmax 

mln 

= 12 
rmi n 

Note that at least T 2~v = 6 steps are in (tM,t s] . 

Hence the probability that at least one complete 
round R is contained in (tM,t $] is at least 

.ow 

Preb'  <. duration o asession, ° (91  I k , o ~  

Prob l~(k,~ 1211 + rmax 6 

Prob {each session contains at least one complete 

R in (tM,t S] and u~u(S/2)} 

because the "length of a round" distribution is 
determined by the underlying DCS implementation 
independently of the number of rounds needed for 
a process to get all its k resources. So 

Pr°b l~k,oWl ~ 12( 1 + rmax (2~) uI~)l 
r--~in) rmax'% 

implying 

Y k (~) 

whic~h has mean 

~k = O(kv k ~ log v) . 

Using %(~) : O(v 2 log(i/~)) and ~ = O(v 2) 
as g![ven in [Reif, Spirakis 1981] we get 

and 

7k(C) 

~k = 
O(kv k+2 log v) . 

Note that our response for the flag imple- 
men'ration is slightly better than those based on 
a h.mndshake communication system, since there is 
no uncertainty about flag communication in each 
rou1%d. However, when processes are not tame, the 
cor~ectness of the implementation by flags may be 
vio[tated, while the correctness of the implementa- 
tion] by an underlying DCS will be preserved 
(bec]ause of the handshake communication which 
accompanies allocation or deallocation of a 
resource) given that the correctness of the under- 
lyinLg DCS is not violated when processes are not 
tame~. 
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APPENDIX 

Distributed (Handshake) Communication Systems (DCS) 

Suppose that each process has a special 
resource called channel which can be in one of 
two states open~ closed. A handshake of two pro- 
cesses i, j in time t is a combination of 
processes states at time t so that both channels 
of i and j are open at the same time. 

Successful direct communication is a hand- 
shake of at least 1 step overlap of both processes 

so that the handshake relation is a 
matching. At any instant t no process is allowed 
to be handshaking with more than one other process. 
During the one step overlap, a message can be 
transmitted from one process to the other. The 
problem is usually to synchronize processes (via a 
distributed scheduler) so that they can handshake 
at their will, given that the means of synchroni- 
zation is some low level construct (a message 
system, buffered communication, shared variables 
or flags) which does not guarantee the handshake 
property if used in an unsophisticated way. A 
distributed scheduler is called real time if it 
has the property that if two processes i,j are 
willing to handshake mutually for at least a 
constant time interval, then they will actually 
achieve successful direct communication during 
that time interval with arbitrarily small probabi- 
lity of error. 

Formally, let T(6) be the smallest real 
number such that if two processes i,j are mutually 
willing to handshake for at least T(E) time, 
then they will actually succeed in 1 step overlap 
of open channels during that time, with probability 
~I-E. <(E) is called the E-error response of the 
handshake algorithm. The mean response T of a 
handshake algorithm is the maximum (over all ad- 
verse speed schedules of tame processes and overall 
adverse communication requests subject to 
restrictions stated in the Introduction) of the 
mean time needed for two processes to handshake, 
from the time instant they start to be mutually 
willing. A real time probabilistic scheduler has 
T(E) depending only on v and not on any other 
global measure of the communications graph. (v 
is a fixed upper bound on the out-valence of the 
dynamic communication willingness digraph at any 
time instant t). We also require T(E) to 
increase at most linearly with I/E. Note that 
such a scheduler has T also depending only on v. 

The handshake problem has been given some 
attention in literature [Schwarz, 79], [Francez, 
Rodeh 80], [Francez, 81], [Reif, Spirakis 81], and 
[Reif, Spirakis 82A]. 

For Section 3 we require a Distributed 
Communication System (DES) as defined above with a 
distributed real time probabilistic scheduler. We 
also requrie the DCS to have the following property: 

If a process i is willing to communicate 
with k~v processes for at least time ~T(E) 
and if they are also willing to (handshake) commu- 
nicate with i during that interval, then the 
probability that i will be able to communicate 
with all of them (in some order) within T(£), is 
~(IL6) v. Such a real time DCS was implemented in 
[Reif, Spirakis 81] with E-error response 

T(E) = O(v 2 log(l/E)) 

and mean 
= 0(v 2) . 
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Figure i: A phase of a grant process. 

cv - >~< -- cv > < 

ask for Poll for 
resources by flags resources 

awarded 

If all awarded, 
use them 
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