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Abstract. Winfree's pioneeringwork led the foundationsin the areaof error
reductionin algorithmic self-assembly[32]but the constructionresultedin in-
creaseof the size of assemblyReif et. al. [20] contrituted furtherin this area
with compacterrorresilientschemeshat maintainedhe original size of the as-
semblies but requiredcertainrestrictionson the Booleanfunctionsto be used
in the algorithmicself-assemblyit is a critical challengeto improve thesecom-
pacterror resilient schemego incorporatearbitrary Booleanfunctions,and to
determinehow far theseprior resultscan be extendedunderdifferent degrees
of restrictionson the Booleanfunctions.In this work we presenta considerably
more completetheory of compacterrorresilientschemedor algorithmic self-
assemblyin two andthreedimensionsin our errormodel, is de ned to bethe
probability that thereis a mismatchbetweenthe neighboringsidesof two jux-
taposediles andthey still staytogetherin the equilibrium. This probability is
independenbf ary othermatchor mismatchandhencewe termthis probabilis-
tic modelasthe independenerror model In our modelall the error analysisis
performedunderthe assumptiorof kinetic equilibrium. First we considertwo-
dimensionalalgorithmic self-assemblyWe presentan error correctionscheme
for reductionof errorsfrom to 2 for arbitrary Booleanfunctionsin two di-
mensionaklgorithmicself-assemblyThenwe characterizehe classof Boolean
functionsfor which the error canbe reducedirom to 2, andpresentanerror
correctionschemethat achieves this reduction.Then we prove ultimate limits
on certainclasse®f compacterrorresilientschemesin particularwe shaw that
they cannotprovide reductionof errorsfrom to # is for ary Boolearfunctions.
Further we developthe rst provablecompactrrorresilienceschemedor three
dimensionaltiling self-assemblied/Ve alsoextendthe work of Winfree on self-
healingin two-dimensionakelf-assembly[31fo obtaina self-healingtile setfor
three-dimensionaelf-assembly

1 Intr oduction

1.1 Motivation

Self-assemblys the ubiquitousprocessn which smallerobjectscombinetogetherto
form largercomplex objects.Recently it hasbeendemonstratedsan ef®cientmech-
anismfor bottom-upconstructionof nanostructures; nanotechnology24,33,14,11,
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38,37,5,13]. Thepotentialof self-assemblys notlimited to nanofbrication.Theabil-
ity of two-dimensionabndthree-dimensionassemblieso performparalleluniversal
computationhasbeenexploredin developmenbf self-assemblpf DNA tilesasatool
for nanocomputatiofir2,19,29,34,36]. The potentialadvantageof signi®cantlyhigh
circuit densityin molecularcircuitsascomparedo thetraditionalmicroelectroniccir-
cuits, is chief motivation for developmentsof molecularcircuit component$§17,1,8,
18,39]. Molecularscalecircuitsneedthe bottom-upapproactof self-assemblypf DNA
tiles to getassembledaut of thesemolecularelectroniccomponentskor the selectve
attachmenbf the molecularelectroniccomponentgo particulartiles of DNA tiling,
[27] preparednoleculaDNA-link edsystemswhile [4] useddirectedself-assemblyf
molecularterracestructuresin organic monolayers.Self-assemblyhasbeendemon-
stratedat larger scales(meso-scalelising capillary forces for interactionsbetween
meso-scaldiles [3, 21]. However, major hurdle in harnessinghe capabilitiesof al-
gorithmicself-assembharetheerrorsthatoccurduringtheassembly

1.2 Prior work in 2D Tiling AssemblyErr or-Corr ection

In DNA assembliesncorrecttiles areincorporatedn the growing structurewith error
ratesrangingfrom 1% to 5%[32]. Therearetwo approache$ combatthe errors.The
®rst is to reducethe inherenterror rate by optimizing the physicalconditions[30] or
usingnewer moleculamechanism$6], while the otherapproacthis to improve thetile
designsothatthe total numberof errorsin the ®nal structureis reducedn spiteof the
intrinsic errorrateremainingthe same[720,32].

Winfree's pioneeringwork in error-correction[32] laid thefoundationgowardsim-
proving thetile-designto reducethe errorsin assemblylt requiredreplacingatile by
a larger block of tiles. Thoughit resultedin the total size of assemblyto be 4 times
for error reductionto 2 and9 timesfor error reductionto 2, it paved the way for
further work in errorreductionusing the conceptof redundang. The basicideawas
thatan errorin the assemblyof a tile forced more errorsin the neighborhoof that
tile, makingit extremelyproneto detachmentandhencereducingthe error. Later, the
snaled proof-readingschemethat could correctboth growth and nucleationerrorsin
theself-assemblyvasbuilt uponthis constructior{7]. However, it requiredreplacinga
tile byak k blockof tiles. Lateramethodwasproposedo controlnucleationerrors
programmably23]. However, eachof theseschemesigni®cantlyscaledup the over-
all size of assemblyIn applicationslike molecularfabricationtaskswherethe scale
of ®nal patternis of critical importancethis scalingup is undesirableReif et al.[20]
proposech compacterror-resilienttiling schemesdn which errorscould be reducedo

2 (2-way overlayredundang) and 3 (3-way overlay redundanyg) without increasing
the sizeof theassemblyThe analysisof errorwasdonein the equilibrium stateof the
assemblyAnotherdistinctionof this schemewasthatit consideredheerrorresilience
in the whole patternand not only in the outputrow. It meansthatthis schemehada
tendeng to remove ary incorrectlyplacedtile from the assemblyevenif the ongoing
computationwasnot affectedby thattile. Thisis importantin theassemblyf a nanos-
tructureof desiredpattern,whereary incorrectplacemenof ary tile is a defect(even
thoughit might not have interferedwith the subsequengrowth of assembly)But it
hadits limitations on the Booleanfunctionsthat could be usedfor the errorresilient



algorithmicassemblyln particular it requiredoneof the functionto be XOR andfor
reductionto 3 the additionalrequirementvasthatthe otherfunction shouldbe input-
sensitve to one of the inputs. A Booleanfunction f (x) is calledinput-sensitiveo a
Booleanvariablex if wheneerx changed (x) alsochangesilt is thusa critical chal-
lengeto improve thesecompacterrorcorrectionschemego incorporateary arbitrary
Booleanfunctions.In casethatis notpossiblejt isimportantto characterizéheclassof
Booleanfunctionsto which theseerrorcorrectionschemeganbe extended Recently
Winfree[25] presented compacterror resilientschemebasedon Chenetal [7]. They
alsooverlookedthe errorsthatdid not affect the ongoingcomputation.

1.3 The Challengeof 3D Tiling AssemblyErr or-Corr ection

Self-assemblyin three dimensionsis extremely promisingin the ®eld of microelec-
tronics assemblywhereindependenmanipulationof eachcomponents required.It
is alreadybeing seenaspromisingcandidatefor heterogeneouthree-dimensionah-
tegrationof next-generatiormicrosystems[915,28,35]. In light of theinherentparal-
lelism, three-dimensionatatureandlargerrange(nanoscaléo mesoscaledf applica-
tion of self-assemblyit hasa greatpotentialastool for building complex systemdrom
microscaledemplatesApart from this, the potentialadvantage®f three-dimensional
structuresover two-dimensionaktructuresn nanofbricationincludesa considerably
increasedircuit density Jonoskatal [10] proposedheuseof three-dimensiond)NA
structuresn computing.Simpleexamplesof algorithmiccomputationn threedimen-
sionsincludesthegeneralizatiorf Pascatriangleto 3D[2] andthreedimensionamul-
tiplexers (the latter would provide a mechanisnfor 3D memoryaddressingvith the
appropriateaf®xed molecularelectroniccomponents)Analogousto the simulationof
a ®nite stateautomatahroughtwo-dimensionakelf-assemblythreedimensionakelf-
assemblycanbe usedto simulatea two-dimensionatellularautomatayherethethird
spatialdimensionof the 3D tiling is thetime stepof the cellularautomataThetilesin
a horizontalplanewill representhe currentstateof all the cells of a two-dimensional
cellularautomatathenthetiles assembledéh horizontalplaneontop of it will bestates
atnext timeinstanceThisallowsoneto derive 3D tiling assembliefrom awide variety
of known two-dimensionatellularautomatadesignsjncluding matrix multiplication,
integer multipliers, contet free languagerecognition,etc. Recentlycrystal structure
of three-dimensionaDNA latticesformed by self-assemblywas demonstrated16].
The questionof fault-tolerancenaturallyariseswith the increasingpopularity of self-
assemblyfor constructionof three dimensionalself-assembledtructureslt will be
critical to determinehow successfullycantheerrorcorrectiontechniquesisedfor two-
dimensionabssembliebe extendedo three-dimensions.

1.4 The Challengeof Self-Healing Tiling Assemblies

The onepropertyof biological systemghat makesthemrobustis their ability to self-
healin caseof damagesSelf-healings essentialljthe self-assemblyf the constituent
elementdn the damagedart of a system,soasto repairthe damagelt is avery im-
portantprocessn nature.The damageo the living cells canbe causedy an external



intruderor somemechanicalmpulseor unfavorablephysicalconditions It is aninter-
estingand importantchallengeto designthe DNA tiles that form latticeshaving the
ability to self-heal therebyimpartingthemthe muchdesiredrobustnesdo withstand
environmentaldamageWinfree[31] gave a constructionin which hereplaceda single
tile with 3 3 (for simple assembliedike Sierpinskitriangles), 5 5 (for general
assembliesand7 7 (for additionalrobustnesgo nucleatiorerrors)block of tiles for
self-healingn atwo-dimensionabssemblyPrior to this work, it wasanopenproblem
to ®nd if compactself-healingtile setscould be formed and whetherthe techniques
givenby Winfree could be extendedto threedimensions.

1.5 Our Resultsand Organization of Paper

In this paperwe follow the notionof compactnesaspresentedn [20], which requires
thenew errorresilienttiling assemblyo beof nolargersizethanthe originalassembly
Like [20] we considerary incorrectplacemenpf atile anywherein the assemblyas
an error andaim at reducingthemaswell, even thoughtheseerrorsmight not affect
the ongoingcomputation As mentionedearlier, this is importantfor constructionof
nanostructuresf desiredpattern.n this papertheanalysisof theerrorin theassembly
is donein the equilibrium stateof the assembly Throughoutthis paperredundancy
basedcompacterror resilient schemerefersto any error resilient schemethat does
not scaleup the size of the assemblyandin which the encodingson the padsof the
tiles are usedto createredundang. In the event of an error this redundang forces
more errors,which makesthe incorrectly placedtiles and their neighborhoodsnore
unstableandproneto removal from assemblytherebyreducingtheerror. Also we refer
to k-expansiveerror resilient schemesas the error correctionschemeghat work by
replacemensf atile by ablock of multipletiles. In caseof threedimensionatiling, we
carryforwardthis notionof redundancyasedcompacterror resilientschemes

In this paper we presenta comprehensie theory of redundang basedcompact
errorresilienttiling schemesndexaminethe prospectof constructingcompactself-
healingtile setsin two andthree-dimensionsThe error analysisthroughouthis paper
is in the equilibrium stateof the assemblyln Section2, ®rst we presenta compacter-
ror correctionschemesn two dimensionakelf-assemblyhatreduceghe errorfrom
to 2 for arbitraryBooleanfunctions. Thenwe characterizehe classof Booleanfunc-
tionsfor whicherrorreductionfrom to 2 is possibleusingredundang baseccompact
error resilientschemesAlso we prove that error reductionfrom to 4 is impossible
usingredundang basedcompacterror resilientschemesNext in Section3 we exam-
ine three-dimensionadelf-assemblyFirst we presenta compacterrorresilientscheme
thatreduceserrorto 2 for arbitraryBooleanfunctionsand 2 for a restrictedclassof
input-sensitie Booleanfunctions.We alsoprove thaterror reductionto # cannot be
obtainedor arbitraryBoolearfunctionsusingredundang baseccompacerrorresilient
schemesln Section4 we extendthe ideaof Winfree's constructiorfor self-healingin
two-dimensiong31] to three-dimensionaissemblyln the conclusionwe review our
resultsandstatevariousopenproblemsandconjecturesWe conjecturestrongeresults
thaterrorreductionto 2 in threedimensionsannotbeachiesedoutsidethe previously
characterizedlass,anderrorreductionto * is impossibleto achiese for ary Boolean
functionsusingtheseerrorresilienttechniques.



2 Error correctionin Self-assemblyin two dimensions

2.1 Assemblyin two dimensions
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Fig. 1. (@) Two dimensionaklgorithmicself-assemblyb)Constructiorfor errorreductionto 2

We will considera generalassemblyproblemin two dimensionsconsistingof the
assemblyof a two-dimensionaBooleanarrayof sizeN M, wherethe elementsf
eachcolumnareindexedfromOtoN 1 from right to left androws areindexedfrom
0OtoM 1 from bottomto top. The bottomrow andtherightmostcolumnprovide the
inputsto theassembly

Fori=0:::;N 1landj =0:::;;M 1

Let V(i; j) bethe value of the ith column (from the right) in the j th row(from
thebottom).Let V (i; j + 1) bethe valuecommunicatedo the position(i; j + 1) and
U(i+ 1;) bethevaluecommunicatedo theposition(i + 1;j ). Wede®neU (i + 1;j ) =
U(i; j)OP1V (i;j) andV (i; ] + 1) = U(i; j)OP2V (i; j) for two Booleanfunctions
OP, andOPg.

Figure 1 a) shavs a computationatile that can be usedfor constructingtwo di-
mensionakelf-assemblyBottom andright padsarethe input pads,while the padson
top andleft areoutputpads.A padmatceswith the neighbors contiguouspadif the
valuescommunicatedy thesepadsarethesameU(i; j) andV (i; j ) aretheright and
bottominput pads respectiely, to theith columnfrom right andj th row from bottom.
ThenU(i + 1;]) theleft outputpadis givenby U(i + 1;j) = U(i; ] JOP1V (i; j ), while
V (i;j + 1) thetop outputpadis givenby V (i; j + 1) = U(i; j)OP2V (i; j). Thecol-
lection of tiles requiredfor an assemblyis referredto asthetile setfor thatassembly
Exampleof simpletwo dimensionabssembliessierpinskitriangleandbinarycounter
andtheirrespectietile sets aregivenin [20]. Highly comple« two-dimensionahssem-
bliesarepossibledueto theuniversalcomputabilityof two-dimensionaself-assembly[26,
34].

2.2 The Err or Model

In this paper we addresghe mismatcherrorsbetweenthe input and output padsof
neighboringtiles in self-assemblySpeci®cally a mismatchbetweenthe top (or left)



output pad of a tile and bottom (or right) input pad of its top (or left) neighbor is
referredasa mismatcherror. However, in akinetic systemanincorrecttile might dis-
sociatefrom the assemblydueto thelack of inadequatéinding support.In casethe
incorrecttile doesnot dissociatebut staysin the assemblythenthe error stays.Intu-
itively speakingjn our algorithmicself-assemblynodel,information o ws from right
to left andbottomto top. As a resultof a mismatcherrorincorrectinformationmight
o w from left to right or bottomto top in the algorithmicassemblyWe assumehat
errorprobability is de®nedasthe probabilitythatthereis mismatchbetweertwo tiles
andthey still staytogetherin the equilibrium. This probability is independenof arny
othermatchor mismatchandhencewe termthis probabilisticmodelthe independent
error model Thejusti®cationbehindtheindependenérrormodelcomesfrom thedef-
inition of . Wehavede®ned to betheprobabilityof theeventthat(i) thereis anerror
of padbindingbetweera pair of tilesand(ii) thesdiles stayattachedo eachother The
justi®cationis simply that: oncethesetwo tiles stayattachedo eachother, this event
(orincorrectpadbinding)cannotaffectotherpadbinding eventsbetweerotherpairsof
tiles. We alsowantto putemphasi®n thecorrectassemblyof all thetilesin theassem-
bly (andhenceon the correctnes®f completepattern),andnot just on the correctness
of ®nal outputonly. Theremight be wrong placement(spf tile(s), that do not affect
theongoingcomputationBut in our errormodel,we countthemaserrorsandneedthe
errorcorrectionschemeso reducesucherrorsaswell. In this way we differ from [25],
who overlookedthe errorsthatdid not affect the ongoingcomputationConsideratile
T(i;j)inaN M tiling assemblywhere0< i < N 1;0<j < M 1 Wede®nethe
neighborhoodf atile T (i; j) as8 tiles surroundingt, whosecoordinategiffer from
(i; j ) by atmostl. Formallyspeakingf T(i%j 9 :ji® ij 1;jj° jj 2gnfT(;j)o.
Tile T(i%] 9 is saidto bea-dependentfor assemblydependentdntile T (i; j) if i® i
andj® | anda-independenttherwise Next we examinethe schemeso reducethe
errorsin self-assemblyTo reiteratethroughouthis paperwereferto redundang based
compacterrorresilientschemeaaserrorreductionschemewhereredundang is created
by encodingsn the padswith absolutelyno scaleup of the assemblyHence the com-
putationat position(i; j ) is still performedat the sameposition.However, thereis an
increasean the numberof typeof padsfor tiles.

Beforewe describe pur redundang basedcompacterror correctionmethodsijt is
importantto understandheir underlyingprinciple.If anerrorin atile canforce more
error(s)in its neighborhoodthenthetile andits neighborhoodecomeunstableAs a
result,they candissociatdrom theassemblywith a high probability, beforeothertiles
canassemblaroundthemandlock theseerroneousilesin theassemblyit isimportant
for the furthererrorsto be forcedin the neighborhoodf erroneoudile sothatit does
notgetlocked.If its neighborhoods errorfree,thenit will getlockedandtheerrorwill
persistin the assemblyFollowing propositionquanti®eghis idea.

Proposition1. Underour independenerror model,if an error in a padin a tile en-
forcesk further mismattesin the assemblyn the neighborhoodf that tile, thenthe
probability of that error is reducedo **1 .

Proof. If oneerrorguarantee& moreerrorsin its neighborhoodthenthe probability
thatthetile andits neighborhoodn the assemblywill staytogetherin the equilibrium



in spiteof thesek + 1 errorsis ¥*! (by independenerrorassumption)whichimplies
theclaimederrorreduction.

Beforewe presentour resultson redundang basederror correctionschemeswe
would like to emphasizehat while referringto self-assemblyfor Booleanfunctions
OP; andOP,, we meanall thetile setswith BooleanfunctionsOP; andOP,. There-
fore, an impossibility resultthat there doesnot exist an error correctionschemefor
self-assemblyor BooleanFunctionsOP; andOP,, meanghattheredoesnot exist an
errorcorrectionschemeahatworksfor all thetile setswith BooleanfunctionsOP; and
OP5.

2.3 Errorreductionto 2

It is known thatif anerrorin atile canguarante@nothererrorin neighborhoodthen
it reducegherateof errorsfrom to 2 [32,20]. Next we describeour constructiorto
achieve this goalin theform of Theoreml.

Theorem1. Thee existsa compacterror correctionschemethatwill reducetheerror
from to 2 for two-dimensionaklgorithmic self-assembljor any arbitrary Boolean
functionsOP; andOP-.

Proof. Construction Beforewe begin theproofwewouldliketo emphasiz¢hewhole-
nessof the pad. Eachside of the tile hasonepadin Figure 1 b), andit encodeghe
triplet shawvn in the Figure.Disagreementbetweercorresponding@lementf two such
tripletsin any two padsresultsin the total mismatchbetweerthosetwo pads.Consider
thetile with input U (i; j) andV (i; j ) attheright andbottompadsrespectiely, where
0 i< Nand0 | < M.Ourgoalisto guaranteenemoreerrorin the neighbor
hoodof this tile if thereis oneerror. For that, we constructan error checkingportion
(V (i; j)) in theright side pad and oneerror checkingportion (U(i; j )) in the bottom
pad.We will needcorrespondingpartsin the padsonthetop (U(i; j + 1)) andtheleft
side(V (i + 1;j)) also,which will matchwith the error checkingpartsin the bottom
padof thetop neighborT (i; j + 1) andright padof theleft neighborT (i + 1;j ) respec-
tively. Now sincetop outputpaddepend®nthevalueof U(i; j + 1) (whichis theright
input of the top neighbor)we needto incorporateit in our input pads.lt is necessary
otherwisetherewill be multiple type of tiles for ary given setof input pads.But for
successfufunctioningof algorithmicself-assemblyt is requiredthatthereshouldbe
only onepossibletile-typefor every setof input pads.So,we needonemoreportionin
theright inputpad(U(i; j + 1)) andhencea correspondingpartin theleft outputpad
(U(i+ 1;j + 1)). Similarly, theneedfor anotherportionin bottominputpad(V (i+ 1;j))
andsubsequentlyn top outputpad(V (i + 1;j + 1)) canbeexplained.

This completesour descriptionof atile in our compacterror correctionschemelt
shouldbe notedthatthe numberof differenttile typesin thistile setwill be4 timesas
comparedo numberof tilesin atile setwithoutary errorcorrectionlt canbeattributed
to thetwo possiblevaluesfor eachof U(i; j + 1) andV (i + 1;j), for everyvalueof the
inputsU(i; j) andV (i; j).

Err or-Analysis: We show thatif the neighborhoodiles a-independenof T (i; j)
are assembleaorrectlythena pad binding error in ary of the input padsin T(i; j)
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causesan additionalmismatcherror in its neighborhoodn equilibrium. We needto
consideronly the casesvherethe padbinding error occursin eitherthe bottomor the
right padof tile T (i; j ). Otherwise,if the error occursin left (or top) padof T (i; j)
thenwe canconsidertheright padof T(i + 1;j) (or bottompadof T (i; j + 1) for the
analysis Thefollowing caseanalysisprovidestherequiredproof.

1. If thebottompadof T (i; j ) hasa mismatch:
(a) If V(i; j ) onthebottompadhasa mismatchthenV (i; j ) onright padis incor-
rect,which causesnadditionalmismatch.

(b) If V(i; j) onthebottompadis correctandV (i + 1;j) on bottompadhasa
mismatchV (i + 1;j) onleft padis incorrect(Figure2). Now we will prove




thatit causes furthermismatchby exactly sametechniqueasusedby Reif et
al[20]. We have assumedhatall the rows andcolumnsthatarea-independent
of tile T (i; j ) arecorrectlyassembledoT (i + 1;j 1) is correctlyassembled
andhascorrectvaluesof its top outputpad.HenceT (i; j )'sleft neighborT (i +
1;j) is dependentiponthe incorrectvalue communicatedy the left pad of
T (i; j ) andcorrectvaluescommunicatedy top padof T(i + 1;j  1). Now
considetthepadsof T (i + 1;). Theright padincludesU(i + 1;j + 1); U(i +
1;j); V(i + 1;j) andbottompadsincludeV (i + 2;j); V(i + 1;j); U(i + 1;j).
SincethevalueV (i + 1;j) communicatedy T(i + 1;j 1) is correctandthe
valueV (i + 1;]) communicatedby T (i; j ) is wrong,thisimpliestherewill be
amismatchattheright or bottompadof Tile T(i + 1;j).
2. If thereis noerrorin bottompad,but theright padof T (i; j ) hasmismatch:

(a) If U(i; j) ontheright padhasa mismatchthenU(i; j ) onbottompadis incor-
rect,which causesanadditionalmismatch.

(b) If U(i; j) onright padis correctbut U(i; j + 1) onright padis incorrect,then
U(i;j + 1) on top outputpadis incorrect.Now we will shaw thatit causes
a further mismatchas arguedabove (Figure 3). Sincewe assumehatall the
rows and columnsthat are a-independentf tile T (i; j ) are correctlyassem-
bledT(i 1;j + 1) is correctlyassembled@nd hascorrectvaluesof its left
outputpad.HenceT (i; j )'stop neighboris dependentipontheincorrectvalue
communicatedy thetop padof T (i; j ) andcorrectvaluescommunicatedy
left padof T(i  1;j + 1). Now considerthe padsof T(i; j + 1). Theright
padincludesU(i; j + 2);U(i;j + 1);V(i;j + 1) and bottom padsinclude
V(@i+ 1)+ 1);V(;j + 1);U(i;j + 1). SinceV (i + 1;j) communicatedby
T(i 1;j + 1)iscorrectandthevalueV (i + 1;j) communicatedy T (i; j ) is
wrong, this impliestherewill beamismatchattheright or bottompadof Tile
T(;j + 1).

Henceary mismatchon the right or bottom pad of tile T(i; j) causesone more
mismatchin the vicinity of the tile. Togetherwith the Propositionl this implies that
this schemecanreducethe padmismatcherrorsfrom to 2.

2.4 Error Reductionto 3

At this point we would lik e to reiteratethat redundancypasedcompacterror resilient
schemerefersto ary errorresilientschemehat doesnot scaleup the assemblyandin
whichonly theencodingsonthe padsof thetiles areusedto createredundang. Also, a
Booleanfunctionf (x) is saidto beinput-sensitiveéo Booleaninputx if it changedgor
every changen thevalueof x.

Beforewe proceedwith the erroranalysisjt will be usefulto understandhefunc-
tion classcharacterizeth the Theoremselow. Let OP; andOP, beeachbetwo-input
Booleanfunctionssuchthat:

1. U(i;j) OP1 V(i; j) is input-sensitie to U(i; j), if V(i; j) is kept constantand
U(i; j) OP2 V(i; j) isinput-sensitieto V (i; j ) if U(i; j) is keptconstant.

2. Whenbothof themchangeatleastoneof theU(i; j) OP1 V (i; j) or U(i; j) OP,
V (i; j ) shouldalsochange.



ForU(i; j) = 0, thereare2 possibleassignmentso U(i; j JOP1V (i; j ) maintain-
ing its input-sensitiity to V (i; j ). Similarly, for U = 1 thereare 2 possibleassign-
mentsto U (i; j JOP1V (i; j ) conditionedo its input-sensitiity to V (i; j ). Similarly for
V (i; j)=0 andV (i; j )=1 thereare 2 independenaissignmentgach.But amongthese
half of the assignmentslo not satisfythe secondcondition.Hencethe total numberof
Booleanfunctionsin this classare 8. An exampleof sucha function is givenin the
Tablel.

U|V|UOP1V |UOP,V
ojo] 1 0
oj1] 1 1
1jo] o0 0
11| o 1

Table 1. An exampleof the OP; andOP;

De®nethe pair of BooleanfunctionsOP, and OP; to be pairwiseinput-sensitive
if atleastoneof theU(i + 1;j) or V(i;j + 1) changedor arny changein U(i; j) or
V(i ).

Theorem 2. For arbitrary BooleanfunctionsOP; and OP,, there doesnot exist any
redundancybasedcompacterror resilientschemefor two-dimensionakelf-assembly
thatcanreducetheerror from to 3.

AV

(Vi) f(VE-1.5

Vi) p
v e

@) (b)

Fig.4. Schematido illustratethe proof of Theorem?2

Proof. For errorsto reducefrom to 3, anerrorin ary inputpad,sayV (i; j ) should
causetwo further mismatchesn the neighborhoodAt leastone of thosemismatches
shouldbecausedecaus®f anerroron oneof theoutputpadslt shouldbenotedthatif
OP; andOP; arearbitraryBooleanfunctionsthentheoutputU(i + 1;j) orV (i; j + 1)
cannoteguaranteetb bewrongfor incorrectvalueof V (i; j ). Hencejn atleastoneof
the outputpadsan additionalerrorcheckingportionf (V (i; j)) (thatis input-sensitie
to V(i; j) andhencecanre ect theerrorin V(i; j) ) is required.lt canbe locatedon
thetop or left outputpad.



— Assumethat f (V(i; j)) is locatedon top pad, which impliesf (V(i;j 1)) is
locatedon the bottompad(shavn by arronsin Figure4 (a)).

1. If V(i;j 1) doesnotexist within theinput padsthenwe needto considetthe
casewhenf (V(i;j 1)) hasamismatchSincewe requiretwo furthererrors
in the neighborhoodf T (i; j ), asarguedaboveit requiresan additionalerror
checkingfunctiong(f (V(i;j 1)) (thatisinput-sensitietof (V(i;j 1))
on atleastoneof thetop or left outputpad.

2.1fV(i;j 1) existsin theinput pads,thenin casewhenV (i;j 1) is mis-
matchedandtwo further errorsin the neighborhoodf T (i; j) arerequired,
it needsan additionalerror checkingfunctiongdV (i;j 1)) (thatis input-
sensitvetoV(i;j 1)) onatleastoneof thetop or left outputpad.

— Assumethat f (V(i; j)) is locatedon left pad, which impliesf (V(i  1;j)) is
locatedon theright pad(shavn by arronsin Figure4 (b)).

1. If V(i 1;j) doesnotexist within theinput padswe needto considetthecase
whenf (V(i  1;j)) is mismatchedSincetwo furthererrorsarerequired,as
arguedaboveit requiresanadditionalerrorcheckingfunctionh(f (V(i  1;j)))
(thatis input-sensitretof (V (i 1;j))) to belocatedon atleastoneof thetop
or left outputpad.

2. 1f V(i 1;j) existsin theinput pads,thenin casewhenV (i  1;j) is mis-
matched,and two further errorsare required,it requiresan additionalerror
checkingfunctionh®V (i  1;j)) (thatis input-sensitieto V(i  1;j)) to be
presenbn atleastoneof thetop or left outputpads.

Henceanadditionalerrorcheckingpad(g(f (V(i;j 1))),9XV(i;j 1))orh(f (V(i
LjNorh(V(i 1;j))) isrequiredon atleastoneof the outputpads.Arguingin the
samemannerasabove we concludethatthis cycle will keepon repeatingHence,it is
not possibleto constructa tile with a boundedhumberof parameterén the padssuch
thatamismatchresultsn two moremismatche theneighborhooaf thetile in atwo-
dimensionalssemblyCombiningit with Propositionl we concludethatredundang
baseccompacterrorresilientschemesannotreduceerrorfrom to 8.

However, it will be proved that for a ratherrestrictedclassof Booleanfunctions
OP; and OP,, error can be reducedto 2 by usingthe constructionof Figure 1 b),
whichis statedasTheorem3.

Theorem 3. For BooleanfunctionsOP; and OP, which are pairwiseinput-sensitive
there existsa redundancybasedcompacterror resilienceschemethat can reducethe
error to 3.

Proof. For our proof, we will usethe schemeshawn in Figurel b). If OP; andOP,
arerestrictedto be asdescribedandif the neighborhoodiles that are a-independent
of T(i; j) areassembledorrectly thena padbindingerrorin any of theinput padsin
T (i; j ) causeswo additionalmismatcherrorsin its neighborhoodAs explainedearlier
we needto consideronly the caseswherethe pad binding error occursin eitherthe
bottomor theright padof tile T(i,j). Thefollowing caseanalysisprovidestherequired
proof.

1. If thebottompadof T (i; j ) hasa mismatch:



(&) If V(i; j) in bottompadof T (i; j ) hasamismatchthentheV (i; j ) in theright
padof T(i; j) is incorrect.This causes mismatchbecauseccordingto our
assumptionall thetilesa-independendf T (i; j ) areassembledorrectly Also:

i. If U(i;j) onright padis correct,V (i;j + 1) on top padis incorrectly
computecbecausef restrictionson OP; andOP;,. Thiswill causdurther
mismatchat the right or bottom pad of the top neighborT (i; j + 1), as
arguedin theproof of TheoremL.

ii. If U(i;j) onright padhasapad-mismatchthenatleastoneof theV (i; j +
1) ontop pador U(i + 1;j) on left padis incorrectly computed,be-
causeof therestrictionson OP; andOP,. This will causea further mis-
match at right or bottom pad of the left neighbor(T (i + 1;j)) or top
neighbor( (i; j + 1)) in thesameway asarguedearlier

(b) If V(i; j ) onbottompadis correctandV (i + 1; ) onbottompadhasmismatch,
thenV (i + 1;j) ontheleft padis incorrect,which causes further mismatch
in theright or bottompadof theleft neighborT (i + 1;j). Also:

i. If U(i;j) onright padis incorrect,thenthis causesa mismatchon the
right padof T (i; j ), becauseaccordingto our assumptionall thetiles a-
independentf T (i; j ) areassembledorrectly

ii. If U(i;j) onright padis correct,thenU(i + 1;j) on left outputpadis
correct.But sinceV (i + 1;j) hasamismatchV (i + 1;j + 1) onthetop
padis incorrectlycomputedpecausef therestrictionon OP; andOP;.
This causesa further mismatchon the bottomor the right pad of the top
neighbortile T (i; j + 1).

2. If thereis noerrorin the bottompadandthereis mismatchin right pad:

(a) If U(i; j) ontheright padhasa pad-mismatchthenatbottomU(i; j ) is incor-
rect, and causesa mismatch.However sinceV (i; j ) is correcton the bottom
padsoU(i + 1;j) ontheleft padis incorrectlycomputedbecausef the re-
strictionon OP; andOP,. This causes furthermismatchon right or bottom
padof left neighborasexplainedearliet

(b) If U(i; j) onright padis correctandU (i; j + 1) hasamismatchthenU(i; j + 1)
ontop padis incorrect,which causes furthermismatchin right or bottompad
of thetop neighbortile T (i; j + 1). Also sinceV (i; j ) is correct,V(i; j + 1)
is alsocorrect,andhenceU(i + 1;j + 1) onleft padis incorrectlycomputed
becaus®f restrictionon OP; andOP5. This causes furthermismatchin the
right or bottompadof theleft neighboringtile T (i + 1;j).

Henceary mismatchontheright or bottomsideof thetile T (i; j ) causeswo further
mismatchesn the vicinity of tile T(i; j). This resultsin error reductionfrom to 3
usingPropositionl.

We conjecturehe following strongemresult,whichis currentlyanopenquestionto
be provedor disproved.

Conjectue 1. For ary combinationof BooleanfunctionsOP; and OP, outsidethe
restrictectclassof TheorenB, thereexistsnoredundang basedcompacerrorcorrection
schemeshatcanreducetheerrorfrom to 2 in two-dimensionaself-assembly



2.5 Errorreductionto *

Theorem4. For any BooleanfunctionsOP; and OP,, there exists no redundancy
basedcompacterror correction schemethat can reduceerror from to “ in two-
dimensionakelf-assembly

Proof. For the reductionof error from to 4, a mismatchin any input pad should
cause3 more mismatcheslt meansthat for any errorin one of the input padsboth
the outputpadsshouldhave errors.In caseanoutputpadrequiresary additionalerror
checkingportionto detectanerrorin aninput, thenby argumentssimilar to the proof
of Theoren?, it canbe shovn thatsuchatile cannotbe constructed.
Hencetheonly possibilityis when theleft andtopoutputsU (i + 1;j) andV (i; j +

1) bothchangefor ary changein theinputU(i; j) or V (i; j ). This meanghatwe have
differentvaluesfor eachof U(i + 1;j) andV (i; j + 1) for 4 differentvaluesof input
pair, whichis notpossibleasU(i + 1;j) andV (i; j + 1) areBooleans.

3 Error Correctionin self-assembliesn thr eedimensions

Threedimensionakelf-assemblys beingdescribedasthe mostpromisingtool for het-
erogeneoumtegrationof next generatiormicrosystemsits potentialto build complex
systemdrom microscaléemplatecannotbeoverlooked[35,15,9,28]. Besidegheas-
sembledthree-dimensionadtructurescanbe extremelyusefulin computations[10]It
is possibleto simulatea two-dimensionakellular automatausing three-dimensional
self-assemblywhich thenpavesway to performarich classof computationsncluding
matrix multiplication,integer multiplications,context-freelanguageecognitionetc.

3.1 Assemblyin threedimensions

V(i,j+1,k)

W(i jk+1

U(i+1,jk)
U(i,jk)
W(i k)

V(ijk)

Fig. 5. Threedimensionahlgorithmicself-assembly

Theassemblyroblemin three-dimensionsanbegeneralizedrom thetwo-dimensional

assemblyasthe assemblyof athree-dimensionaBooleanarrayof sizeN M P,
wherethe elementsaareindexedfrom0to N 1 fromrighttoleft, OtoM 1 from



bottomto top,andOtoP 1 from frontto back.Thebottommoshorizontalplane,and
rightmostandfrontmostvertical planesprovide theinputsto theassembly

LetV (i; j; k) bethevalueof elementati-th positionfrom right, j -th positionfrom
bottom,andk-th positionfrom front. Let U(i + 1,j; k) bethevaluecommunicatedo
theposition(i + 1;; k), V (i; j + 1; k) becommunicatedo the position(i; j + 1; k), and
W (i; j; k+ 1) becommunicatedo theposition(i; j; k + 1). Wede®neU (i + 1;j; k) =
Fa(UG5 J; KV Qg5 KW § K)), V(s j+15k) = F2(UG5 j; K) V(35 g k)W s K)),
W (i; j; k+ 1) = f3(U(; j; k); V(i; j; K); W(i; j; k)) for Booleanfunctionsf 4, f», and
fs.

Figure 5 shavs a computationatile that can be usedfor constructionof three-
dimensionabssemblyRight, bottomandfront padsaretheinput padswhile the pads
on left, top andbackare outputpads.As in two-dimensionabhssemblya padmatches
with the neighbors contiguouspadif the valuescommunicatedy thesepadsarethe
samelU(i; j; k), V(i; j; k) andW (i; j; k) aretheright, bottomandfront inputpads,re-
spectvely, to thetile locatedat position (i; j; k). ThenU(i + 1;j; k), V(i;] + 1;k)
and W(i; j; k + 1) are the left, top and back output pads,respectiely, of the tile
T(i;j; k). Also Ui + Lij; k) = F2(UCI;J; K); V(0 J; k) WG J; K); V(3 ) + LK) =
f2(UG5 J; K V@5 T3 KW § K)s WG J; k+1) = f3(U(;5 J; k) V(3 J; k) W J; K))
wheref 1, f, andf 3 aretheternaryBooleanfunctionsthattake asinputthreeBoolean
valuesand give a Booleanoutput. It is assumedhat initially a frameis assembled,
with M P tilesin rightmostplane,N P tilesin bottommostplaneandN P
tilesin frontmostplane.Next we examinetheerrorresiliencen three-dimensionaelf-
assembly

3.2 The Err or Model

We extendthe errormodelin two-dimensiongo three-dimensionassemblyin anob-
viousway. We follow theindependenérror modelfor threedimensionahssemblyWe
alsowantto emphasizeon the correctassemblyof all thetiles in the assembly(and
henceon the correctnes®f completepattern),andnot just on the correctnes®f ®nal
outputonly. We wantto emphasizehat the error analysisis donein the equilibrium
stateof theassemblyConsideratile T(i; j; k) inaN M P tiling assemblyvhere
O0<i<N 10<j<M 1land0< k< P 1 Wede®netheneighborhood
of atile T (i; j; k) as26 tiles surroundingt, whosecoordinatediffer from (i; j; k) by
at most1. Formally speakingf T(i%j% k9 :ji® ij L% jj 1Ljk° Kj
1gnfT(i; j; k)g. Tile T(i%j % k9 is saidto be a-dependenontile T (i; j; k) if i® i,
i® j,andk® k anda-independenttherwise Next we examinethe schemeso re-
ducetheerrorsin self-assemblyAs mentionecearlierredundancyasedcompacerror
resilientschemerefersto anerrorresilientschemehatdoesnot scaleup the assembly
andin which theencoding®n the padsof thetiles areusedto createredundanyg.

3.3 Error Reductionto 2

Theorem5. Thele existsa redundancyasedcompacterror resilienttiling schemein
three dimensionakissemblywvhich canreducethe error from to 2 for anyarbitrary
Booleanfunctionsf 1, f », andf 3, andit is shownin Figure 6.
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Fig. 6. Constructiorfor errorreductionto 2

Proof. Construction Beforewe describethe constructionwe wouldliketo emphasize
on the wholenesof pad. Eachside of thetile hasonepadin Figure6, that encodes
a 5-tuple as shown in the Figure. Disagreemenbetweencorrespondingelementsof
two such5-tuplesin ary two padsresultsin the total mismatchbetweenthosetwo
pads.Considetthetile T (i; j; k) with inputsU(i; j; k), V(i; j; k) andW (i; j; k) onthe
right, bottomandfront padsrespectiely. Our goalis to guarante@nemoreerrorin the
vicinity of thistile if thereis oneerrorin arny of theinput pads.

We adderrorcheckingportionsto theright, bottomandfront padsasshavn in the
Figure 6: V(i; j; k) andW (i; j; k) on right pad,W (i; j; k) andU(i; j; k) on bottom
padandU (i; j; k) andV (i; j; k) onfront pad.Correspondingo thesewe needto add
V(@i + 1j; k) andW (i + 1;j; k) on left pad, W (i; j + 1;k) andU(i;j + 1;k) on
top padandU(i; j; k + 1) andV (i; j; k + 1) onbackpad,asexplainedin the caseof
two-dimensionatile.

As describedn two-dimensionabssemblyevery valuein the outputpadsshould
be uniquelyderivablefrom thevalueson theinput pads.For V (i + 1;j; k) andW (i +
1;j; k) ontheleft padweaddV (i + 1;j; k) onthebottompad,andW (i + 1;j; k) onthe
frontpad.For U(i; j + 1;k) andW (i; j + 1; k) onthetop pad,weaddU(i; j + 1;k) to
theright padandW (i; j + 1; k) to thefrontpad.For U(i; j; k+ 1) andV (i; j; k+ 1) on
thebackpad,weaddU(i; j; k+ 1) totheright padandV (i; j; k + 1) to thebottompad.
Theconstructionis completewith additionof U(i + 1;j + 1;k) andU(i + 1;j; k+ 1)
toleftpad,V(i + 1;j + 1;k) andV (i;j + 1;k+ 1) totoppad,andW (i + 1;j; k+ 1)
andW (i; j + 1;k + 1) to backpad.It canbeveri®edthatall thevalueson outputpads
areuniquelyderivablefrom thevalueson theinput pads.

This completesour descriptionof atile in our compacterror correctionschemelt
shouldbenotedthatthe numberof differenttile typesin thistile setwill be 64 timesas
comparedo numberoftilesin atile setwithoutary errorcorrectionlt canbeattributed
tothetwo valuedfor eachoftheU(i; j + 1; k), U(i; j; k+ 1),V (i+ 1;j; k), V(i; J; k+ 1),
W (i + 1;j; k) andW (i; j + 1; k), for everyvalueof theinputsU (i; j; k), V (i; j; k) and
W(i; j; k).



Err or-Analysis: We shaw thatif theneighborhoodiles a-independeraf T (i; j; k)
areassembledorrectlythena padbindingerrorin ary of theinput padsin T (i; j; k)
causest leastone additionalmismatcherror in its neighborhoodn equilibrium. We
needto consideronly the casesvherethe padbinding error occursin the bottom,the
right or thefront padof tile T (i; j; k). Otherwisejf theerroroccursin top, left or back
padof T(i; j; k) thenwe can considerthe right padof T(i + 1;j; k), bottom pad of
T(i; j + 1;k) orfrontpadof T (i; j; k + 1), respectiely, for theanalysisThefollowing
caseanalysigprovidestherequiredproof.

1. If thebottompadof T (i; j; k) hasa mismatch:

(@) If V(i; j; k) on the bottom pad hasa mismatch thenthe valuesof V (i; j; k)
ontheright andfront padsareincorrect,which causesnismatchedn right and
front padsof T (i; j; k).

(b) If V(i; j; k) onthebottompadis correctandV (i + 1;j; k) on bottompadof
T(i; j; k) hasamismatchthenV (i + 1;j; k) onleft padis incorrect.Now we
will provethatit causes furthermismatchby exactly sametechniqueasused
by Reif etal[20]. We have assumedhatall thetiles thatarea-independenof
tile T (i; j; k) arecorrectlyassembledoT (i+1;j 1;k) iscorrectlyassembled
and hascorrectvaluesof its top outputpad.HenceT (i; j; k)'s left neighbor
T(i + 1;j; k) is dependentupontheincorrectvaluecommunicatedby the left
padof T (i; j; k) andcorrectvaluescommunicatedby top padof T(i + 1;j
1; k). Now considerthe padsof T (i + 1;j; k). Theright padincludesU(i +
Lj+ Lk UG+ L0 k); UG+ L) k+1); V(@i + 1;5; k);W(i + 1;j; k) and
bottompadsincludeV (i + 1;j; k); V(i + 2;j; k); V(i + 1;j; k+ 1);W(i +
1;j; kK);U(i + 1;j; k). SincethevalueV (i + 1;j; k) communicatedby T (i +
1;j 1;k)iscorrectandthevalueV (i + 1;j; k) communicatedby T (i; j; k) is
wrong, this impliestherewill beamismatchattheright or bottompadof Tile
T3+ 1;j; k).

(c) If V(i; j; k) andV (i + 1;j; k) onthebottompadarecorrectandV (i; j; k + 1)
on the bottom pad hasa mismatch,thenthe value of V (i; j; k + 1) on the
backpadis incorrect.Now we will shav thatit causesa further mismatchas
arguedabove. Sincewe assumehatall the tiles thatarea-independentf tile
T(i; j; k) arecorrectlyassembledoT(i;j 1;k + 1) is correctlyassembled
andhascorrectvaluesof its top outputpad.HenceT (i; j; k)'s backneighbor
T(i; j; k+ 1) is dependentipontheincorrectvaluecommunicatedby theback
padof T (i; j; k) andcorrectvaluescommunicatedby toppadof T(i;j 1;k+
1). Now considerthe padsof T (i; j; k + 1). Thefront padincludesW (i; j +
Lk+ 1);W(;j; k+ 1);W(@i + Lj; k+ 1);V(i; j; k+ 1);U(i; j; k+ 1) and
bottompadsincludeV (i; j; k+ 1); V(i + 1;j; k+ 1); V(i; j; k+ 2); W(i; j; k+
1); U(i; j; k + 1). SincethevalueV (i; j; k + 1) communicatedy T (i;
1;k + 1) is correctandthevalueV (i; j; k + 1) communicatedby T (i; j; k) is
wrong, thisimpliestherewill beamismatchatthefront or bottompadof Tile
T(i;j; k+ 1).

2. If ther(eié no errgrin bottompad,but theright padof T (i; j; k) hasmismatch:

(@) If U(i; j; k) on theright pad hasa mismatch,then the valuesof U(i; j; k)
on bottompadandfront padareincorrect,which causeswo additionalmis-
matches.



(b) If U(i; j; k) onright padis correctbut U(i; j + 1; k) onright padis incorrect,
thenU(i; j + 1; k) ontop outputpadis incorrect.By the assumptiorof error
free assemblyof a-independentiles, we can argue as beforethat the value
U(i; j + 1; k) communicatedby left padof T(i  1;j + 1; k) is correctandthe
valueU(i; j + 1; k) communicatedby top padof T (i; j; k) is wrong,implying
thattherewill beamismatchattheright or bottompadof Tile T (i; j + 1; k).

(c) If U(i; j; k) andU(i; j + 1;k) onright padarecorrectbut U(i; j; k + 1) on
right padis incorrect,thenU(i; j; k + 1) on backoutputpadis incorrect.By
the assumptiorof errorfree assemblyof a-independertiles, we canargueas
beforethatthevalueU (i; j; k+ 1) communicatedyy leftpadof T(i  1;j; k+ 1)
is correctandthevalueU(i; j; k + 1) communicatedby backpadof T (i; j; k)
is wrong, implying that therewill be a mismatchat the right or front pad of
Tile T(i; j; k+ 1).

3. If thereis noerrorin bottomor right padof T (i; j; k), butthefront padof T (i; j; k)
hasmismatch:

(@) If W(i; j; k) on the front pad hasa mismatch,thenthe valuesof W (i; j; k)
on bottompadandright padare incorrect,which causeswo additionalmis-
matches.

(b) If W(i; j; k) onfront padis correctbut W (i; j + 1; k) onfront padis incorrect,
thenW (i; j + 1; k) ontop outputpadis incorrect.By theassumptiorof error
free assemblyof a-independentiles, we can argue as beforethat the value
W (i; j + 1; k) communicatedby backpadof T (i; j + 1;k 1) iscorrectandthe
valueW (i; j + 1; k) communicatedby top padof T (i; j; k) iswrong,implying
thattherewill beamismatchatthe front or bottompadof Tile T (i; j + 1; k).

(c) If W(i; j; k) andW (i;j + 1;k) on front padarecorrectbut W (i + 1;j; k)
on front padis incorrect,thenW (i + 1;j; k) on left outputpadis incorrect.
By theassumptiorof errorfreeassemblyof a-independertiles, we canargue
asbeforethatthe valueW (i + 1;j; k) communicatedy backpadof T(i +
1;j; k 1) iscorrectandthevalueW (i + 1;j; k) communicatedy left padof
T (i; j; k) iswrong,implying thattherewill bea mismatchattheright or front
padof Tile T(i + 1;j; k).

Henceary mismatchon the right, bottomor front pad of tile T (i; j; k) causesat
leastonemoremismatchin thevicinity of thetile. Togethemwith the Propositionl this
impliesthatthis schemecanreducethe padmismatcherrorsfrom to 2.

3.4 Error Reductionto 3

Theorem 6. If Booleanfunctionsf 1, f », andf 3 satisfythefollowing conditions:

— for xed V (i; j; k) andW (i; j; k), f 1(U;V; W) is input-sensitiveo U (i; j; k).
— for xed U(i; j; k) andW (i; j; k) , f2(U; V; W) is input-sensitivao V (i; j; k).
— for xed U(i; j; k) andV (i; j; k), f3(U; V; W) is input-sensitiveo W (i; j; k).

Thenthere exists a compacterror resilient schemeto reduceerror from to 3 for
three-dimensionaelf-assemblyandit is shownin Figure 6.



Proof. If f, f, andf 3 areasgivenin thetheoremandif the neighborhoodiles that
are a-independenof T (i; j; k) are assembledtorrectly then a pad binding error in
ary of the input padsin T (i; j; k) causesat leasttwo additionalmismatcherrorsin
its neighborhoodAs explainedearlier we needto consideronly the caseswvherethe
padbindingerroroccursin eitherthe bottom,front or theright padof tile T(i; j ). The
following caseanalysisprovidestherequiredproof.

1. If thebottompadof T (i; j; k) hasa mismatch:

(@) If V(i; j; k) onthe bottompadhasa mismatchthenthevaluesof V (i; j; k) is

incorrectin right andfront pads,which causegwo further mismatchesn the
right andfront padsof T (i; j; k).

If V(i; j; k) onthebottompadis correctbutV (i + 1;j; k) onthebottompadof

T (i; j; k) hasamismatchthenthevalueof V (i+1;j; k) onleft padisincorrect.
This causesa mismatchin theright or bottompadof the left neighboringtile

T(i + 1;j; k), asarguedearlierusingtheassumptiorof errorfreeassemblyof

a-independerttlesin theneighborhoof T (i; j; k). Now therearetwo cases:

(b)

(©)

U(i; j; k) in theright pad,W (i; j; k) in the front pad,or W (i + 1;j; k)
in the front pad of tile T (i; j; k) hasa mismatch.Thus,thereis a further
mismatcheén theneighborhooaf tile T (i; j; k).

ii. All threeof theU(i; j; k) in theright pad,andW (i; j; k) andW (i + 1;j; k)

in the front padof tile T (i; j; k) arecorrect.SinceV (i; j; k), U(i; j; k),
andW (i; j; k) arecorrectin tile T(i; j; k), U(i + 1;j; k) ontheleft pad
is computedcorrectly By the conditionon f 1, f, andf 3, correctvalue
of U(i + 1;j; k) andW (i + 1;j; k) andincorrectvalueof V(i + 1;j; k)
resultsin incorrectcomputatiorof V (i + 1;j + 1; k) onthetoppad.By the
assumptiorthattiles a-independendf T (i; j; k) areassembledorrectly
andasarguedearlier, it canbe provedthattherewill be anothemismatch
in theneighborhoof T (i; j; k).

If V(i; j; k) andV (i + 1;j; k) onthebottompadarecorrect,butV (i; j; k+ 1)
onthebottompadof T (i; j; k) hasamismatchthenthevalueof V (i; j; k + 1)
onthebackpadis incorrect.This causes mismatchin thefront or bottompad
of thebackneighboringile T (i; j; k + 1). Now therearetwo cases:

U(i; j; k) in theright pad,U(i; j; k + 1) in the right pador W (i; j; k) in
front padhasa mismatch.Thus,thereis a further mismatchin the neigh-
borhoodof T (i; j; k).

All threeof the U(i; j; k) in theright pad,U(i; j; k + 1) in theright pad
and W (i; j; k) in front padin tile T(i; j; k) are correct.This resultsin
the correctcomputationof W (i; j; k + 1). By the conditionson f 4, f,
andf 3, correctvalueof W (i; j; k + 1) andU(i; j; k + 1) andincorrect
V (i; J; k + 1) resultsin the incorrectcomputationof V (i; j + 1;k + 1)
onthetop pad.By theassumptiorthattiles a-independentf T (i; j; k) are
assembledorrectly andasarguedearlier, it canbe provedthattherewill

be anothemismatchin theneighborhoodf T (i; j; k).

2. If thereis no mismatchin the bottompadof tile T (i; j; k) but its right padhasa
mismatch:



(@)

(b)

(©)

If U(i; j; k) ontheright padhasa mismatch.thenthe valuesof U(i; j; k) is
incorrectin bottomandfront padswhich causeswo furthermismatcheé the
right andfront padsof T (i; j; k).

If U(i; j; k) ontheright padis correct,but U(i; j + 1;k) ontheright padof
T (i; j; k) hasa mismatchthenthe valueof U(i; j + 1;k) on thetop padis
incorrect.This causes mismatchin theright or bottompadof the top neigh-
boringtile T(i + 1;j; k), dueto the assumptiorof errorfree assemblyof a-
independentilesin the neighborhoof T (i; j; k). Now therearetwo cases:

i. W(i; j; k) orW(i; j + 1;k) in thefront padof tile T (i; j; k) hasa mis-
match. Thus, thereis a further mismatchesn the neighborhoodof tile
T(i; J; k).

ii. BothW(i; j; k) andW (i; j + 1; k) in thefront padof tile T (i; j; k) arecor
rect.SinceV (i; j; k), U(i; j; k), andW (i; j; k) arecorrectintile T (i; j; k),
V(i;j + 1;k) is computedcorrectly By the conditionon f 4, f, andf s,
correctvalueof V(i; j + 1;k) andW (i; j + 1;k) andincorrectvalue of
U(i; j + 1;Kk) resultsin incorrectcomputationof U(i + 1;j + 1;k) on
the left pad.By the assumptiorthattiles a-independendf T (i; j; k) are
assembledorrectly andasarguedearlier, it canbe provedthattherewill
be anothemismatchin the neighborhooddf T (i; j; k).

If U(i; j; k) andU(i; j + 1; k) ontheright padarecorrect,but U(i; j; k + 1)

on theright padof T (i; j; k) hasa mismatchthenthevalueof U(i; j; k + 1)
onthebackpadis incorrect.This causes mismatchin thefront or bottompad
of thebackneighboringile T (i; j; k + 1). Now therearetwo cases:

i. W(i; j; k) in front padhasa mismatch.Thus,thereis a further mismatch
in theneighborhoof T (i; j; k).

ii. W(i; j; k) infront padin tile T (i; j; k) is correct.Thisresultsin thecorrect
computatiorof W (i; j; k + 1). By theconditionsonf 1, f, andf 3, correct
valueof W (i; j; k+ 1) andV (i; j; k+ 1) andincorrectU (i; j; k+ 1) results
in theincorrectcomputatiorof V (i; j + 1;k + 1) onthetop pad.By the
assumptiorthattiles a-independendf T (i; j; k) areassembledorrectly
andasarguedearlier, it canbe provedthattherewill be anothemismatch
in theneighborhoof T (i; j; k).

3. If thereis noerrorin thebottompador right padof tile T (i; j; k), but thefront pad
hasa mismatch:
(@) If W(i; j; k) onthefront padhasa mismatchthenthe valuesof W (i; j; k) is

(b)

incorrectin bottomandright padswhich causeswo furthermismatcheén the
bottomandright padsof T (i; j; k).

If W(i; j; k) onthefront padis correct,but W (i; j + 1; k) onthefront padof
T (i; j; k) hasa mismatchthenthe valueof W (i; j + 1;k) onthetop padis
incorrect.This causes mismatchin thefront or bottompadof thetop neigh-
boringtile T(i + 1;j; k), dueto the assumptiorof errorfree assemblyof a-
independentilesin theneighborhooaf T (i; j; k). SinceV (i; j; k), U(; j; k),
and W (i; j; k) arecorrectin tile T(i; j; k), V(i;j + 1;k) is computedcor
rectly. By the conditiononf 1, f, andf 3, correctvalueof V(i; j + 1;k) and
U(i;j + 1;k) andincorrectvalueof W (i; j + 1;k) resultsin incorrectcom-
putationof U(i + 1;j + 1;k) ontheleft pad.By the assumptiorthattiles a-



independentf T (i; j; k) areassembledorrectly andasarguedearlier, it can
beprovedthattherewill beanothemismatchn theneighborhooaf T (i; j; k).

(c) If W(i; j; k) andW (i; j + 1; k) onthefront padarecorrectbut W (i + 1;j; k)
onthefrontpadof T (i; j; k) hasamismatchthenthevalueof W (i + 1;j; k) on
theleft padisincorrect.Thiscausesimismatchn theright or bottompadof the
left neighboringtile T (i + 1,j; k). Correctvaluesof U(i; j; k), V (i; j; k), and
W (i; j; k) resultsn thecorrectcomputatiorof U (i + 1, j; k). By theconditions
onfq, f, andf 3, correctvalueof U(i + 1;j; k) andV (i + 1;j; k) andincorrect
W (i + 1;j; k) resultsin theincorrectcomputatiorof V (i; j + 1;k + 1) onthe
top pad.By theassumptiorthattiles a-independentf T (i; j; k) areassembled
correctly and as argued earlier it can be proved that therewill be another
mismatchin the neighborhooaf T (i; j; k).

Henceany mismatchon the bottom,right or front sideof thetile T (i; j; k) causegwo
further mismatchesn the vicinity of tile T (i; j; k) andthis resultsin error reduction
from to 3.

3.5 Error Reductionto *

Theorem7. For arbitrary Booleanfunctionsf ;, f,, and f 3, there exists no redun-
dancybasedcompacerror resilientschemethat canreduceerror from to 4 in three-
dimensionakelf-assembly

Proof. For errorsto reducefrom to 4, anerrorin ary inputpad,sayV (i; j; k) should
causehreefurther mismatchesn the neighborhoodAt leastoneof thosemismatches
shouldbe causedecaus®f anerroron oneof the outputpads.It shouldbe notedthat
if the Booleanfunctionsf 1, f, andf 3 arearbitraryBooleanfunctionsthenthe outputs
UG+ Lj; k), V(i;j + Lk) orW(i; j; k+ 1)

cannotbeguaranteetb bewrongfor incorrectvalueof V (i; j; k). Hencejn atleast
oneof the outputpadsanadditionalerrorcheckingportionf (V (i; j; k)) (thatis input-
sensitveto V (i; j; k) andhencecanre ect theerrorin V (i; j; k) ) isrequired It canbe
locatedonthetop, left or backoutputpad.

— Assumethatf (V (i; j; k)) islocatedontopside,whichimpliesf (V(i;j 1;k)) is
locatedon the bottomside.

1. IfV(i;j 1;k) doesnotexist within theinput padsthenwe needto consider
thecasewhenf (V(i;j  1;k)) hasa mismatchwith bottomneighbor Since
we requirethis mismatchto causethreefurthererrorsin the neighborhoodf
T(i; j; k), asarguedabove it requiresan additionalerror checkingfunction
a(f(V(i;j 1,k)) (thatisinput-sensitietof (V(i;j 1;k))) to belocated
on atleastoneof thetop, left, or backoutputpad.

2.1f V(i;j 1,k) existsin the input pads,thenin casewhenV (i;j 1;k)
is mismatchedand threefurther errorsin the neighborhoodf T (i; j; k) are
requiredjt needsanadditionalerrorcheckingfunctiong?(V (i; j  1;k)) (that
isinput-sensititeto V(i; j 1)) to belocatedon atleastoneof thetop, left or
backoutputpad.



— Assumethatf (V (i; j; k)) islocatedonleft side,whichimpliesf (V(i 1;j; k)) is
locatedon theright side.

1. If V(i 1;j; k) doesnot exist within the input pads,we needto consider
thecasewhenf (V(i  1;j; k)) is mismatchedSincethreefurthererrorsare
required,as argued above it requiresan additional error checkingfunction
R (Vi 1;j; k) (thatisinput-sensitietof (V(i  1;j; k))) to belocated
on atleastoneof thetop, left or backoutputpad.

2. 1f V(i 1;j; k) existsin the input pads,thenin casewhenV (i  1;j; k) is
mismatchedandthreefurthererrorsarerequiredjt requiresanadditionalerror
checkingfunctiongd(V (i 1;j; k)) (thatis input-sensitieto V(i 1;j; k))
to bepresenbn atleastoneof thetop, left or backoutputpads.

— Assumethatf (V (i; j; k)) is locatedon the backside,whichimpliesf (V (i; j; k
1)) is locatedonthefront side.

1. If V(i;j; kK 1) doesnot exist within the input pads,we needto consider
thecasewhenf (V (i; j; k 1)) is mismatchedSincethreefurthererrorsare
required,as argued above it requiresan additional error checkingfunction
os(f (V(i; j; k 1)) (thatisinput-sensitietof (V (i; j; k 1))) to belocated
on atleastoneof thetop, left or backoutputpad.

2. 1f V(i;j; k 1) existsin the input pads,thenin casewhenV (i; j; k 1) is
mismatchedandthreefurthererrorsarerequiredjt requiresanadditionalerror
checkingfunctiongd(V (i; j; k 1)) (thatis input-sensitieto V (i; j; k 1))
to bepresenbn atleastoneof thetop, left or backoutputpads.

Hence,an additionalerror checkingpad (g: (f (V(i;j LK), o2(V(i;j  LK)),
R(f (VG LK),V LK), gs(f (V(ir ik 1)),0rgd(V(i;j; k 1)))is
requiredon atleastoneof theoutputpads. Arguingin the samemannerasaboveit can
concludedhatthis cycle will keepon repeatingHence,it is not possibleto construct
tile with aboundedchumberof parameter the padsandwe concludethatredundang
baseccompacterrorresilientschemesannotreduceerrorfrom to .

4 Self-HealingTile Setfor ThreeDimensional Assembly

Winfree[31] providedthe basisfor studyingself-healingin the self-assemblyn arig-
orousmanner We needto considerthe repairability of a self-assembledtructurein
the faceof a damageA tile setis calledself-healing if atany point during errorfree
growth, whenn tiles areremoved,subsequergrrorfree growth will repairthedamage
rapidly [31]. Winfree's schemeof correctlyrepairingthe damagghole)is by ensuring
thatthe holesare ®lled in the original forward direction of the algorithmicassembly
andthereis no backwardgrowth in the holes.

Winfree proposedconstruction®f self-healingtile setsfor two dimensionaklgo-
rithmic self-assemblyy replacinga singletile by a3 3 (for simpleassembliesike
sierpinsly triangles), 5 5 (for generabssembliesand7 7 (for additionalrobustness
to nucleationerrors)block. We have extendedhis constructiongo threedimensions.
Eachthree-dimensiondile is replacecby a3 3 3 blockof three-dimensionailes
to corvertatile setfor simpleassembliefto a self-healingile set.
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Fig. 7. Self-healingtile setfor threedimensionalassemblyshaving only a computationatile.
Onetile isreplacecbya3 3 3 blockof tiles. The 6-tupleshavn belav every tile shavs the
glue-strengthsor its sides.The orderof the glue strengthsn thetupleis asshavn in the single
tile in thetop left portionof theFigure.Thetuplehg: ; g2; g3; 07; 09; g5 denoteshegluestrength
of g1 onright, ¢f onleft, g» onbottom,gd ontop, gs onfrontandgl onthebacksideof thetile.
This constructiorcorrespondso acomputationatile in theassemblywhichhasthegluestrength

1 oneachof its 6 faces.



Figure7 shonsa3 3 3 block of tiles thatreplacesa computationatile. The
internalgluesinsidetheblock areall uniqueto thatblock. Thetile setgivenin Figure7
guaranteethatif acompleteblock needgo regrow, thenit hasto startfrom frontmost,
bottommostandrightmostcorner Thetile to be placedat this corneris uniquelyand
correctlydeterminedpy the assembledheighboringblocks. The cornertiles that have
at leastone outputside facingtowardsanotherblock shouldbe assembledn the end
aftertheassemblyof all othertilesin theblock, sothatthey canbedeterminediniquely
from the inputsand not ambiguoslyfrom the outputs.We omit the Figuresof blocks
shaving theframetile andseedtile, but they canbe derived easilyfollowing the same
logic. Similarly, Winfree's otherconstructiondor self-healingin two-dimensionsan
alsobe extendedo threedimensiongo improve the self-healingile set.

5 Discussion

In this paper we presented theoreticalanalysisof redundang basedcompacterror
resilienttiling in two andthreedimensionsWe conjecturethe following strongerre-
sultsfor three-dimensionassembliethatarecurrentlyopenquestiongo be provedor
disproved.We stateour conjecturessfollows:

Conjectue 2. For arbitrary Booleanfunctionsf 1, f,, andf 3, thereexists no redun-
dang basedcompacterror correctionschemethat will reduceerrorfrom to 3 in
three-dimensionaelf-assembly

Conjectue 3. For ary functionsf 1, f,, andf 3 thatare outsidethe restrictedclassof
the functionsde®nedin Theorem6 there exists no redundang basedcompacterror
correctionschemehatwill reduceerrorfrom to 3 inthree-dimensionalelf-assembly

Conjectue 4. For ary Booleanfunctionsf 1, f,, andf 3, , thereexists no redundang
baseccompacerrorresilientschemehatcanreduceerrorfrom to “in three-dimensional
self-assembly

Theimmediatefuturework will beto proveor disprove theseconjecturesWe have pre-
sentedathree-dimensionaixtensiorto Winfree'sself-healingile setin two-dimensions.
It remainsanopenquestionf it is possibleto designa compactelf-healingtile setfor
two andthree-dimensionaelf-assembly
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