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Abstract. Winfree's pioneeringwork led the foundationsin the areaof error-
reductionin algorithmicself-assembly[32],but the constructionresultedin in-
creaseof the sizeof assembly. Reif et. al. [20] contributed further in this area
with compacterror-resilientschemesthatmaintainedtheoriginal sizeof theas-
semblies,but requiredcertainrestrictionson the Booleanfunctionsto be used
in thealgorithmicself-assembly. It is a critical challengeto improve thesecom-
pact error resilient schemesto incorporatearbitrary Booleanfunctions,and to
determinehow far theseprior resultscan be extendedunderdifferent degrees
of restrictionson theBooleanfunctions.In this work we presenta considerably
more completetheory of compacterror-resilient schemesfor algorithmic self-
assemblyin two andthreedimensions.In our errormodel,� is de�ned to bethe
probability that thereis a mismatchbetweenthe neighboringsidesof two jux-
taposedtiles and they still stay togetherin the equilibrium. This probability is
independentof any othermatchor mismatchandhencewe termthis probabilis-
tic modelasthe independenterror model. In our modelall the erroranalysisis
performedunderthe assumptionof kinetic equilibrium.First we considertwo-
dimensionalalgorithmic self-assembly. We presentan error correctionscheme
for reductionof errorsfrom � to � 2 for arbitrary Booleanfunctionsin two di-
mensionalalgorithmicself-assembly. Thenwe characterizetheclassof Boolean
functionsfor which the error canbe reducedfrom � to � 3 , andpresentan error
correctionschemethat achieves this reduction.Then we prove ultimate limits
on certainclassesof compacterrorresilientschemes:in particularwe show that
they cannotprovidereductionof errorsfrom � to � 4 is for any Booleanfunctions.
Further, we developthe�rst provablecompacterrorresilienceschemesfor three
dimensionaltiling self-assemblies.We alsoextendthework of Winfreeon self-
healingin two-dimensionalself-assembly[31]to obtaina self-healingtile setfor
three-dimensionalself-assembly.

1 Intr oduction

1.1 Moti vation

Self-assemblyis theubiquitousprocessin which smallerobjectscombinetogetherto
form largercomplex objects.Recently, it hasbeendemonstratedasanef®cientmech-
anismfor bottom-upconstructionof nanostructuresin nanotechnology[24,33,14,11,
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38,37,5,13]. Thepotentialof self-assemblyis not limited to nanofabrication.Theabil-
ity of two-dimensionalandthree-dimensionalassembliesto performparalleluniversal
computationshasbeenexploredin developmentof self-assemblyof DNA tilesasatool
for nanocomputation[12,19,29,34,36]. Thepotentialadvantageof signi®cantlyhigh
circuit densityin molecularcircuitsascomparedto thetraditionalmicroelectroniccir-
cuits, is chief motivation for developmentsof molecularcircuit components[17,1,8,
18,39].Molecularscalecircuitsneedthebottom-upapproachof self-assemblyof DNA
tiles to getassembledout of thesemolecularelectroniccomponents.For theselective
attachmentof the molecularelectroniccomponentsto particulartiles of DNA tiling,
[27] preparedmolecularDNA-linkedsystems,while [4] useddirectedself-assemblyof
molecularterracestructuresin organicmonolayers.Self-assemblyhasbeendemon-
stratedat larger scales(meso-scale)using capillary forces for interactionsbetween
meso-scaletiles [3,21]. However, major hurdle in harnessingthe capabilitiesof al-
gorithmicself-assemblyaretheerrorsthatoccurduringtheassembly.

1.2 Prior work in 2D Tiling AssemblyErr or-Corr ection

In DNA assemblies,incorrecttiles areincorporatedin thegrowing structurewith error
ratesrangingfrom 1% to 5%[32].Therearetwo approachesto combattheerrors.The
®rst is to reducethe inherenterror rateby optimizing the physicalconditions[30] or
usingnewer molecularmechanisms[6], while theotherapproachis to improvethetile
designsothatthetotal numberof errorsin the®nal structureis reducedin spiteof the
intrinsicerror-rateremainingthesame[7,20,32].

Winfree'spioneeringwork in error-correction[32] laid thefoundationstowardsim-
proving the tile-designto reducetheerrorsin assembly. It requiredreplacinga tile by
a larger block of tiles. Thoughit resultedin the total sizeof assemblyto be 4 times
for error reductionto � 2 and 9 times for error reductionto � 3, it paved the way for
further work in error-reductionusing the conceptof redundancy. The basicideawas
that an error in the assemblyof a tile forcedmoreerrorsin the neighborhoodof that
tile, makingit extremelyproneto detachment,andhencereducingtheerror. Later, the
snaked proof-readingschemethat could correctboth growth andnucleationerrorsin
theself-assemblywasbuilt uponthis construction[7]. However, it requiredreplacinga
tile by a k � k block of tiles.Latera methodwasproposedto controlnucleationerrors
programmably[23]. However, eachof theseschemessigni®cantlyscaledup theover-
all sizeof assembly. In applicationslike molecularfabricationtaskswherethe scale
of ®nal patternis of critical importance,this scalingup is undesirable.Reif et al.[20]
proposeda compacterror-resilienttiling schemesin which errorscouldbereducedto
� 2 (2-way overlayredundancy) and� 3 (3-way overlayredundancy) without increasing
thesizeof theassembly. Theanalysisof errorwasdonein theequilibriumstateof the
assembly. Anotherdistinctionof this schemewasthatit consideredtheerrorresilience
in the whole patternandnot only in the outputrow. It meansthat this schemehada
tendency to remove any incorrectlyplacedtile from theassemblyeven if theongoing
computationwasnotaffectedby thattile. This is importantin theassemblyof a nanos-
tructureof desiredpattern,whereany incorrectplacementof any tile is a defect(even
thoughit might not have interferedwith the subsequentgrowth of assembly).But it
had its limitations on the Booleanfunctionsthat could be usedfor the error-resilient



algorithmicassembly. In particular, it requiredoneof the functionto beXOR, andfor
reductionto � 3 theadditionalrequirementwasthattheotherfunctionshouldbe input-
sensitive to oneof the inputs.A Booleanfunction f (x) is called input-sensitiveto a
Booleanvariablex if wheneverx changesf (x) alsochanges.It is thusa critical chal-
lengeto improve thesecompacterror-correctionschemesto incorporateany arbitrary
Booleanfunctions.In casethatis notpossible,it is importantto characterizetheclassof
Booleanfunctionsto which theseerror-correctionschemescanbeextended.Recently
Winfree[25]presenteda compacterror resilientschemebasedon Chenet al [7]. They
alsooverlookedtheerrorsthatdid notaffect theongoingcomputation.

1.3 The Challengeof 3D Tiling AssemblyErr or-Corr ection

Self-assemblyin threedimensionsis extremely promisingin the ®eld of microelec-
tronicsassembly, whereindependentmanipulationof eachcomponentis required.It
is alreadybeingseenaspromisingcandidatefor heterogeneousthree-dimensionalin-
tegrationof next-generationmicrosystems[9,15,28,35]. In light of the inherentparal-
lelism, three-dimensionalnatureandlargerrange(nanoscaleto mesoscale)of applica-
tion of self-assembly, it hasagreatpotentialastool for building complex systemsfrom
microscaledtemplates.Apart from this, thepotentialadvantagesof three-dimensional
structuresover two-dimensionalstructuresin nanofabricationincludesa considerably
increasedcircuit density. Jonoskaetal [10] proposedtheuseof three-dimensionalDNA
structuresin computing.Simpleexamplesof algorithmiccomputationin threedimen-
sionsincludesthegeneralizationof Pascaltriangleto 3D[2] andthreedimensionalmul-
tiplexers(the latter would provide a mechanismfor 3D memoryaddressingwith the
appropriateaf®xedmolecularelectroniccomponents).Analogousto thesimulationof
a ®nite stateautomatathroughtwo-dimensionalself-assembly, threedimensionalself-
assemblycanbeusedto simulatea two-dimensionalcellularautomata,wherethethird
spatialdimensionof the3D tiling is thetime stepof thecellularautomata.Thetiles in
a horizontalplanewill representthecurrentstateof all thecellsof a two-dimensional
cellularautomata,thenthetilesassembledin horizontalplaneon topof it will bestates
atnext timeinstance.Thisallowsoneto derive3D tiling assembliesfrom awidevariety
of known two-dimensionalcellularautomatadesigns,includingmatrix multiplication,
integer multipliers, context free languagerecognition,etc. Recentlycrystal structure
of three-dimensionalDNA latticesformed by self-assemblywas demonstrated[16].
The questionof fault-tolerancenaturallyariseswith the increasingpopularityof self-
assemblyfor constructionof threedimensionalself-assembledstructures.It will be
critical to determinehow successfullycantheerror-correctiontechniquesusedfor two-
dimensionalassembliesbeextendedto three-dimensions.

1.4 The Challengeof Self-HealingTiling Assemblies

Theonepropertyof biologicalsystemsthatmakesthemrobust is their ability to self-
healin caseof damages.Self-healingis essentiallytheself-assemblyof theconstituent
elementsin thedamagedpartof a system,soasto repairthedamage.It is a very im-
portantprocessin nature.Thedamageto the living cellscanbecausedby anexternal



intruderor somemechanicalimpulseor unfavorablephysicalconditions.It is aninter-
estingand importantchallengeto designthe DNA tiles that form latticeshaving the
ability to self-heal,therebyimpartingthemthe muchdesiredrobustnessto withstand
environmentaldamage.Winfree[31]gave a constructionin which hereplaceda single
tile with 3 � 3 (for simple assemblieslike Sierpinskitriangles), 5 � 5 (for general
assemblies)and7 � 7 (for additionalrobustnessto nucleationerrors)block of tiles for
self-healingin a two-dimensionalassembly. Prior to this work, it wasanopenproblem
to ®nd if compactself-healingtile setscould be formedandwhetherthe techniques
givenby Winfreecouldbeextendedto threedimensions.

1.5 Our Resultsand Organizationof Paper

In this paper, we follow thenotionof compactnessaspresentedin [20], which requires
thenew error-resilienttiling assemblyto beof nolargersizethantheoriginalassembly.
Like [20] we considerany incorrectplacementof a tile anywherein the assemblyas
an error andaim at reducingthemaswell, even thoughtheseerrorsmight not affect
the ongoingcomputation.As mentionedearlier, this is importantfor constructionof
nanostructuresof desiredpattern.In thispaper, theanalysisof theerrorin theassembly
is donein the equilibrium stateof the assembly. Throughoutthis paperredundancy
basedcompacterror resilient schemerefers to any error resilient schemethat does
not scaleup the sizeof the assemblyandin which the encodingson the padsof the
tiles are usedto createredundancy. In the event of an error this redundancy forces
more errors,which makes the incorrectlyplacedtiles and their neighborhoodsmore
unstableandproneto removal from assembly, therebyreducingtheerror. Also werefer
to k-expansiveerror resilient schemesas the error correctionschemesthat work by
replacementof a tile by ablockof multiple tiles.In caseof threedimensionaltiling, we
carryforwardthis notionof redundancybasedcompacterror resilientschemes.

In this paper, we presenta comprehensive theory of redundancy basedcompact
error resilienttiling schemesandexaminetheprospectsof constructingcompactself-
healingtile setsin two andthree-dimensions.Theerroranalysisthroughoutthis paper
is in theequilibriumstateof theassembly. In Section2, ®rst we presenta compacter-
ror correctionschemesin two dimensionalself-assemblythat reducestheerror from �
to � 2 for arbitraryBooleanfunctions.Thenwe characterizetheclassof Booleanfunc-
tionsfor whicherrorreductionfrom � to � 3 is possibleusingredundancy basedcompact
error resilientschemes.Also we prove thaterror reductionfrom � to � 4 is impossible
usingredundancy basedcompacterror resilientschemes.Next in Section3 we exam-
ine three-dimensionalself-assembly. First we presenta compacterrorresilientscheme
that reduceserror to � 2 for arbitraryBooleanfunctionsand� 3 for a restrictedclassof
input-sensitive Booleanfunctions.We alsoprove thaterror reductionto � 4 cannot be
obtainedfor arbitraryBooleanfunctionsusingredundancy basedcompacterrorresilient
schemes.In Section4 we extendthe ideaof Winfree's constructionfor self-healingin
two-dimensions[31] to three-dimensionalassembly. In theconclusion,we review our
resultsandstatevariousopenproblemsandconjectures.We conjecturestrongerresults
thaterrorreductionto � 3 in threedimensionscannotbeachievedoutsidethepreviously
characterizedclass,anderror reductionto � 4 is impossibleto achieve for any Boolean
functionsusingtheseerrorresilienttechniques.



2 Err or correction in Self-assemblyin two dimensions

2.1 Assemblyin two dimensions
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Fig.1. (a) Two dimensionalalgorithmicself-assembly(b)Constructionfor errorreductionto � 2

We will considera generalassemblyproblemin two dimensionsconsistingof the
assemblyof a two-dimensionalBooleanarrayof sizeN � M , wheretheelementsof
eachcolumnareindexedfrom 0 to N � 1 from right to left androwsareindexedfrom
0 to M � 1 from bottomto top.Thebottomrow andtherightmostcolumnprovidethe
inputsto theassembly.

For i = 0 : : : ; N � 1 andj = 0: : : ; M � 1:
Let V (i; j ) be the value of the i th column (from the right) in the j th row(from

thebottom).Let V (i; j + 1) bethevaluecommunicatedto theposition(i; j + 1) and
U(i + 1; j ) bethevaluecommunicatedto theposition(i + 1; j ). Wede®neU(i + 1; j ) =
U(i; j )OP1V (i; j ) andV (i; j + 1) = U(i; j )OP2V (i; j ) for two Booleanfunctions
OP1 andOP2.

Figure1 a) shows a computationaltile that canbe usedfor constructingtwo di-
mensionalself-assembly. Bottomandright padsarethe input pads,while thepadson
top andleft areoutputpads.A padmatcheswith theneighbor's contiguouspadif the
valuescommunicatedby thesepadsarethesame.U(i; j ) andV (i; j ) aretheright and
bottominput pads,respectively, to thei th columnfrom right andj th row from bottom.
ThenU(i + 1; j ) theleft outputpadis givenby U(i + 1; j ) = U(i; j )OP1V (i; j ), while
V (i; j + 1) thetop outputpadis givenby V (i; j + 1) = U(i; j )OP2V (i; j ). Thecol-
lectionof tiles requiredfor anassemblyis referredto asthe tile setfor thatassembly.
Examplesof simpletwo dimensionalassemblies:sierpinskitriangleandbinarycounter,
andtheirrespectivetile sets,aregivenin [20]. Highly complex two-dimensionalassem-
bliesarepossibledueto theuniversalcomputabilityof two-dimensionalself-assembly[26,
34].

2.2 The Err or Model

In this paper, we addressthe mismatcherrorsbetweenthe input and outputpadsof
neighboringtiles in self-assembly. Speci®cally, a mismatchbetweenthe top (or left)



output pad of a tile and bottom (or right) input pad of its top (or left) neighbor, is
referredasa mismatcherror. However, in a kinetic system,anincorrecttile might dis-
sociatefrom theassembly, dueto the lack of inadequatebindingsupport.In case,the
incorrecttile doesnot dissociatebut staysin the assembly, thenthe error stays.Intu-
itively speaking,in our algorithmicself-assemblymodel,information�o ws from right
to left andbottomto top. As a resultof a mismatcherror incorrectinformationmight
�o w from left to right or bottomto top in the algorithmicassembly. We assumethat
errorprobability� is de®nedastheprobabilitythatthereis mismatchbetweentwo tiles
andthey still staytogetherin the equilibrium.This probability is independentof any
othermatchor mismatchandhencewe term this probabilisticmodelthe independent
error model. Thejusti®cationbehindtheindependenterrormodelcomesfrom thedef-
inition of � . Wehavede®ned� to betheprobabilityof theeventthat(i) thereis anerror
of padbindingbetweenapairof tilesand(ii) thesetilesstayattachedto eachother. The
justi®cationis simply that: oncethesetwo tiles stayattachedto eachother, this event
(or incorrectpadbinding)cannotaffectotherpadbindingeventsbetweenotherpairsof
tiles.Wealsowantto putemphasisonthecorrectassemblyof all thetiles in theassem-
bly (andhenceon thecorrectnessof completepattern),andnot just on thecorrectness
of ®nal outputonly. Theremight be wrong placement(s)of tile(s), that do not affect
theongoingcomputation.But in ourerrormodel,wecountthemaserrorsandneedthe
errorcorrectionschemesto reducesucherrorsaswell. In this waywe differ from [25],
who overlookedtheerrorsthatdid not affect theongoingcomputation.Considera tile
T(i; j ) in aN � M tiling assemblywhere0 < i < N � 1; 0 < j < M � 1. Wede®nethe
neighborhoodof a tile T(i; j ) as8 tiles surroundingit, whosecoordinatesdiffer from
(i; j ) by atmost1. Formallyspeaking,f T (i 0; j 0) : ji 0� i j � 1; jj 0� j j � 1gnf T(i; j )g.
Tile T(i 0; j 0) is saidto bea-dependent(for assemblydependent)ontile T(i; j ) if i 0 � i
andj 0 � j anda-independentotherwise.Next we examinetheschemesto reducethe
errorsin self-assembly. To reiterate,throughoutthispaper, wereferto redundancy based
compacterrorresilientschemeaserrorreductionscheme,whereredundancy is created
by encodingsin thepadswith absolutelynoscaleupof theassembly. Hence,thecom-
putationat position(i; j ) is still performedat thesameposition.However, thereis an
increasein thenumberof typeof padsfor tiles.

Beforewe describe,our redundancy basedcompacterrorcorrectionmethods,it is
importantto understandtheir underlyingprinciple. If anerror in a tile canforcemore
error(s)in its neighborhood,thenthe tile andits neighborhoodbecomeunstable.As a
result,they candissociatefrom theassemblywith a high probability, beforeothertiles
canassemblearoundthemandlock theseerroneoustilesin theassembly. It is important
for thefurthererrorsto beforcedin theneighborhoodof erroneoustile sothat it does
notgetlocked.If its neighborhoodis error-free,thenit will getlockedandtheerrorwill
persistin theassembly. Following propositionquanti®esthis idea.

Proposition1. Under our independenterror model,if an error in a pad in a tile en-
forcesk further mismatchesin theassemblyin theneighborhoodof that tile, thenthe
probabilityof thaterror is reducedto � k+1 .

Proof. If oneerrorguaranteesk moreerrorsin its neighborhood,thentheprobability
that thetile andits neighborhoodin theassemblywill staytogetherin theequilibrium



in spiteof thesek + 1 errorsis � k+1 (by independenterrorassumption),which implies
theclaimederrorreduction.

Beforewe presentour resultson redundancy basederror correctionschemes,we
would like to emphasizethat while referring to self-assemblyfor Booleanfunctions
OP1 andOP2, we meanall thetile setswith BooleanfunctionsOP1 andOP2. There-
fore, an impossibility result that theredoesnot exist an error correctionschemefor
self-assemblyfor BooleanFunctionsOP1 andOP2, meansthattheredoesnot exist an
errorcorrectionschemethatworksfor all thetile setswith BooleanfunctionsOP1 and
OP2.

2.3 Err or reduction to � 2

It is known that if anerror in a tile canguaranteeanothererror in neighborhood,then
it reducestherateof errorsfrom � to � 2 [32,20]. Next we describeour constructionto
achievethis goalin theform of Theorem1.

Theorem1. There existsa compacterror correctionschemethatwill reducetheerror
from � to � 2 for two-dimensionalalgorithmicself-assemblyfor anyarbitrary Boolean
functionsOP1 andOP2.

Proof. Construction Beforewebegin theproofwewouldliketo emphasizethewhole-
nessof the pad.Eachsideof the tile hasonepad in Figure1 b), and it encodesthe
triplet shown in theFigure.Disagreementbetweencorrespondingelementsof two such
tripletsin any two padsresultsin thetotalmismatchbetweenthosetwo pads.Consider
thetile with input U(i; j ) andV (i; j ) at theright andbottompadsrespectively, where
0 � i < N and0 � j < M . Our goal is to guaranteeonemoreerror in theneighbor-
hoodof this tile if thereis oneerror. For that,we constructan error checkingportion
(V (i; j )) in the right sidepadandoneerror checkingportion (U(i; j )) in the bottom
pad.We will needcorrespondingpartsin thepadson thetop (U(i; j + 1)) andtheleft
side(V (i + 1; j )) also,which will matchwith the error checkingpartsin the bottom
padof thetopneighborT(i; j + 1) andright padof theleft neighborT(i + 1; j ) respec-
tively. Now sincetopoutputpaddependson thevalueof U(i; j + 1) (which is theright
input of the top neighbor)we needto incorporateit in our input pads.It is necessary
otherwisetherewill be multiple type of tiles for any given setof input pads.But for
successfulfunctioningof algorithmicself-assemblyit is requiredthat thereshouldbe
only onepossibletile-typefor everysetof inputpads.So,weneedonemoreportionin
theright input pad(U(i; j + 1)) andhencea correspondingpart in the left outputpad
(U(i + 1; j + 1)). Similarly, theneedfor anotherportionin bottominputpad(V (i + 1; j ))
andsubsequently, in topoutputpad(V (i + 1; j + 1)) canbeexplained.

This completesour descriptionof a tile in our compacterrorcorrectionscheme.It
shouldbenotedthatthenumberof differenttile typesin this tile setwill be4 timesas
comparedto numberof tilesin atile setwithoutany error-correction.It canbeattributed
to thetwo possiblevaluesfor eachof U(i; j + 1) andV (i + 1; j ), for everyvalueof the
inputsU(i; j ) andV (i; j ).

Err or-Analysis: We show that if the neighborhoodtiles a-independentof T(i; j )
are assembledcorrectly thena padbinding error in any of the input padsin T(i; j )
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Fig.2. Case1 b) A furthermismatchis causedby anerrorin theinputpads.
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causesan additionalmismatcherror in its neighborhoodin equilibrium. We needto
consideronly thecaseswherethepadbindingerroroccursin eitherthebottomor the
right padof tile T(i; j ). Otherwise,if the error occursin left (or top) padof T(i; j )
thenwe canconsidertheright padof T(i + 1; j ) (or bottompadof T(i; j + 1) for the
analysis.Thefollowing caseanalysisprovidestherequiredproof.

1. If thebottompadof T(i; j ) hasa mismatch:
(a) If V (i; j ) onthebottompadhasamismatch,thenV (i; j ) onright padis incor-

rect,whichcausesanadditionalmismatch.
(b) If V (i; j ) on the bottompadis correctandV (i + 1; j ) on bottompadhasa

mismatch,V (i + 1; j ) on left padis incorrect(Figure2). Now we will prove



that it causesa furthermismatchby exactly sametechniqueasusedby Reif et
al[20]. We have assumedthatall therowsandcolumnsthatarea-independent
of tile T(i; j ) arecorrectlyassembledsoT(i + 1; j � 1) is correctlyassembled
andhascorrectvaluesof its topoutputpad.HenceT(i; j )'s left neighborT(i +
1; j ) is dependentuponthe incorrectvaluecommunicatedby the left padof
T(i; j ) andcorrectvaluescommunicatedby top padof T(i + 1; j � 1). Now
considerthepadsof T(i + 1; j ). Theright padincludesU(i + 1; j + 1); U(i +
1; j ); V (i + 1; j ) andbottompadsincludeV (i + 2; j ); V (i + 1; j ); U(i + 1; j ).
SincethevalueV (i + 1; j ) communicatedby T(i + 1; j � 1) is correctandthe
valueV (i + 1; j ) communicatedby T(i; j ) is wrong,this impliestherewill be
a mismatchat theright or bottompadof Tile T(i + 1; j ).

2. If thereis noerrorin bottompad,but theright padof T(i; j ) hasmismatch:
(a) If U(i; j ) ontheright padhasamismatch,thenU(i; j ) onbottompadis incor-

rect,whichcausesanadditionalmismatch.
(b) If U(i; j ) on right padis correctbut U(i; j + 1) on right padis incorrect,then

U(i; j + 1) on top outputpad is incorrect.Now we will show that it causes
a further mismatchasarguedabove (Figure3). Sincewe assumethat all the
rows andcolumnsthat area-independentof tile T(i; j ) arecorrectlyassem-
bled T(i � 1; j + 1) is correctlyassembledandhascorrectvaluesof its left
outputpad.HenceT(i; j )'s topneighboris dependentupontheincorrectvalue
communicatedby the top padof T(i; j ) andcorrectvaluescommunicatedby
left padof T(i � 1; j + 1). Now considerthe padsof T(i; j + 1). The right
pad includesU(i; j + 2); U(i; j + 1); V (i; j + 1) and bottom padsinclude
V (i + 1; j + 1); V (i; j + 1); U(i; j + 1). SinceV (i + 1; j ) communicatedby
T(i � 1; j + 1) is correctandthevalueV (i + 1; j ) communicatedby T(i; j ) is
wrong,this impliestherewill bea mismatchat theright or bottompadof Tile
T(i; j + 1).

Henceany mismatchon the right or bottom padof tile T(i; j ) causesonemore
mismatchin the vicinity of the tile. Togetherwith the Proposition1 this implies that
this schemecanreducethepadmismatcherrorsfrom � to � 2.

2.4 Err or Reduction to � 3

At this point we would like to reiteratethat redundancybasedcompacterror resilient
schemerefersto any error resilientschemethatdoesnot scaleup theassemblyandin
whichonly theencodingsonthepadsof thetilesareusedto createredundancy. Also, a
Booleanfunctionf (x) is saidto beinput-sensitiveto Booleaninput x if it changesfor
everychangein thevalueof x.

Beforewe proceedwith theerror-analysis,it will beusefulto understandthefunc-
tion classcharacterizedin theTheoremsbelow. Let OP1 andOP2 beeachbetwo-input
Booleanfunctionssuchthat:

1. U(i; j ) OP1 V (i; j ) is input-sensitive to U(i; j ), if V (i; j ) is kept constantand
U(i; j ) OP2 V(i; j ) is input-sensitive to V (i; j ) if U(i; j ) is keptconstant.

2. Whenbothof themchangeat leastoneof theU(i; j ) OP1 V (i; j ) or U(i; j ) OP2

V (i; j ) shouldalsochange.



For U(i; j ) = 0, thereare2 possibleassignmentsto U(i; j )OP1V (i; j ) maintain-
ing its input-sensitivity to V (i; j ). Similarly, for U = 1 thereare2 possibleassign-
mentsto U(i; j )OP1V (i; j ) conditionedto its input-sensitivity to V (i; j ). Similarly for
V (i; j )=0 andV (i; j )=1 thereare2 independentassignmentseach.But amongthese
half of theassignmentsdo not satisfythesecondcondition.Hencethetotal numberof
Booleanfunctionsin this classare8. An exampleof sucha function is given in the
Table1.

U V UOP1V UOP2V
0 0 1 0
0 1 1 1
1 0 0 0
1 1 0 1

Table1. An exampleof theOP1 andOP2

De®nethepair of BooleanfunctionsOP1 andOP2 to be pairwiseinput-sensitive
if at leastoneof the U(i + 1; j ) or V (i; j + 1) changesfor any changein U(i; j ) or
V (i; j ).

Theorem2. For arbitrary BooleanfunctionsOP1 and OP2, there doesnot exist any
redundancybasedcompacterror resilientschemefor two-dimensionalself-assembly
that canreducetheerror from� to � 3.

U(i,j)

V(i,j)

f(V(i,j))

f(V(i,j-1)

U(i,j)

V(i,j)

f(V(i,j)) f(V(i-1,j)

(a) (b)

Fig.4. Schematicto illustratetheproof of Theorem2

Proof. For errorsto reducefrom � to � 3, anerror in any input pad,sayV (i; j ) should
causetwo further mismatchesin the neighborhood.At leastoneof thosemismatches
shouldbecausedbecauseof anerrorononeof theoutputpads.It shouldbenotedthatif
OP1 andOP2 arearbitraryBooleanfunctionsthentheoutputU(i + 1; j ) or V (i; j + 1)
cannotbeguaranteedto bewrongfor incorrectvalueof V (i; j ). Hence,in at leastoneof
theoutputpadsanadditionalerrorcheckingportionf (V (i; j )) (that is input-sensitive
to V (i; j ) andhencecanre�ect theerror in V (i; j ) ) is required.It canbe locatedon
thetopor left outputpad.



– Assumethat f (V (i; j )) is locatedon top pad,which implies f (V (i; j � 1)) is
locatedon thebottompad(shown by arrows in Figure4 (a)).
1. If V (i; j � 1) doesnotexist within theinputpads,thenweneedto considerthe

casewhenf (V (i; j � 1)) hasa mismatch.Sincewe requiretwo furthererrors
in theneighborhoodof T(i; j ), asarguedabove it requiresanadditionalerror
checkingfunctiong(f (V (i; j � 1))) (thatis input-sensitiveto f (V (i; j � 1)))
onat leastoneof thetopor left outputpad.

2. If V (i; j � 1) exists in the input pads,thenin casewhenV (i; j � 1) is mis-
matched,andtwo further errorsin the neighborhoodof T(i; j ) arerequired,
it needsan additionalerror checkingfunction g0(V (i; j � 1)) (that is input-
sensitive to V (i; j � 1)) onat leastoneof thetopor left outputpad.

– Assumethat f (V (i; j )) is locatedon left pad,which implies f (V (i � 1; j )) is
locatedon theright pad(shown by arrowsin Figure4 (b)).
1. If V (i � 1; j ) doesnotexist within theinputpads,weneedto considerthecase

whenf (V (i � 1; j )) is mismatched.Sincetwo furthererrorsarerequired,as
arguedaboveit requiresanadditionalerrorcheckingfunctionh(f (V (i � 1; j )))
(thatis input-sensitiveto f (V (i � 1; j )) ) to belocatedonat leastoneof thetop
or left outputpad.

2. If V (i � 1; j ) exists in the input pads,thenin casewhenV (i � 1; j ) is mis-
matched,and two further errorsare required,it requiresan additionalerror
checkingfunctionh0(V (i � 1; j )) (that is input-sensitive to V (i � 1; j )) to be
presentonat leastoneof thetopor left outputpads.

Hence,anadditionalerrorcheckingpad(g(f (V (i; j � 1))) , g0(V (i; j � 1)) orh(f (V (i �
1; j ))) or h(V (i � 1; j )) ) is requiredon at leastoneof theoutputpads.Arguingin the
samemannerasabove we concludethat this cycle will keepon repeating.Hence,it is
not possibleto constructa tile with a boundednumberof parametersin thepadssuch
thatamismatchresultsin two moremismatchesin theneighborhoodof thetile in atwo-
dimensionalassembly. Combiningit with Proposition1 we concludethat redundancy
basedcompacterrorresilientschemescannot reduceerrorfrom � to � 3.

However, it will be proved that for a ratherrestrictedclassof Booleanfunctions
OP1 and OP2, error can be reducedto � 3 by using the constructionof Figure1 b),
which is statedasTheorem3.

Theorem3. For BooleanfunctionsOP1 andOP2 which are pairwiseinput-sensitive,
there existsa redundancybasedcompacterror resilienceschemethat can reducethe
error to � 3.

Proof. For our proof, we will usetheschemeshown in Figure1 b). If OP1 andOP2

arerestrictedto be asdescribed,andif the neighborhoodtiles that area-independent
of T(i; j ) areassembledcorrectly, thena padbindingerror in any of theinput padsin
T(i; j ) causestwo additionalmismatcherrorsin its neighborhood.As explainedearlier,
we needto consideronly the caseswherethe padbinding error occursin either the
bottomor theright padof tile T(i,j). Thefollowing caseanalysisprovidestherequired
proof.

1. If thebottompadof T(i; j ) hasa mismatch:



(a) If V (i; j ) in bottompadof T(i; j ) hasamismatch,thentheV (i; j ) in theright
padof T(i; j ) is incorrect.This causesa mismatchbecauseaccordingto our
assumption,all thetilesa-independentof T(i; j ) areassembledcorrectly. Also:

i. If U(i; j ) on right pad is correct,V (i; j + 1) on top pad is incorrectly
computedbecauseof restrictionsonOP1 andOP2. Thiswill causefurther
mismatchat the right or bottompadof the top neighborT(i; j + 1), as
arguedin theproofof Theorem1.

ii. If U(i; j ) onright padhasapad-mismatch,thenat leastoneof theV (i; j +
1) on top pad or U(i + 1; j ) on left pad is incorrectly computed,be-
causeof the restrictionson OP1 andOP2. This will causea furthermis-
match at right or bottom pad of the left neighbor(T(i + 1; j )) or top
neighbor(T(i; j + 1)) in thesamewayasarguedearlier.

(b) If V (i; j ) onbottompadis correctandV (i + 1; j ) onbottompadhasmismatch,
thenV (i + 1; j ) on the left padis incorrect,which causesa furthermismatch
in theright or bottompadof theleft neighborT(i + 1; j ). Also:

i. If U(i; j ) on right pad is incorrect,then this causesa mismatchon the
right padof T(i; j ), becauseaccordingto our assumption,all the tiles a-
independentof T(i; j ) areassembledcorrectly.

ii. If U(i; j ) on right pad is correct,thenU(i + 1; j ) on left outputpad is
correct.But sinceV (i + 1; j ) hasa mismatch,V (i + 1; j + 1) on thetop
padis incorrectlycomputed,becauseof the restrictionon OP1 andOP2.
This causesa further mismatchon thebottomor the right padof the top
neighbortile T(i; j + 1).

2. If thereis noerrorin thebottompadandthereis mismatchin right pad:
(a) If U(i; j ) on theright padhasapad-mismatch,thenatbottomU(i; j ) is incor-

rect, andcausesa mismatch.However sinceV (i; j ) is correcton the bottom
padso U(i + 1; j ) on the left padis incorrectlycomputedbecauseof the re-
strictionon OP1 andOP2. This causesa furthermismatchon right or bottom
padof left neighborasexplainedearlier.

(b) If U(i; j ) onright padis correctandU(i; j + 1) hasamismatch,thenU(i; j + 1)
on toppadis incorrect,whichcausesafurthermismatchin right or bottompad
of the top neighbortile T(i; j + 1). Also sinceV (i; j ) is correct,V (i; j + 1)
is alsocorrect,andhenceU(i + 1; j + 1) on left padis incorrectlycomputed
becauseof restrictionon OP1 andOP2. This causesa furthermismatchin the
right or bottompadof theleft neighboringtile T(i + 1; j ).

Henceany mismatchontherightor bottomsideof thetile T(i; j ) causestwo further
mismatchesin the vicinity of tile T(i; j ). This resultsin error reductionfrom � to � 3

usingProposition1.

We conjecturethefollowing strongerresult,which is currentlyanopenquestionto
beprovedor disproved.

Conjecture1. For any combinationof BooleanfunctionsOP1 and OP2 outsidethe
restrictedclassof Theorem3,thereexistsnoredundancybasedcompacterrorcorrection
schemesthatcanreducetheerrorfrom � to � 3 in two-dimensionalself-assembly.



2.5 Err or reduction to � 4

Theorem4. For any BooleanfunctionsOP1 and OP2, there exists no redundancy
basedcompacterror correction schemethat can reduceerror from � to � 4 in two-
dimensionalself-assembly.

Proof. For the reductionof error from � to � 4, a mismatchin any input pad should
cause3 more mismatches.It meansthat for any error in oneof the input padsboth
theoutputpadsshouldhave errors.In caseanoutputpadrequiresany additionalerror
checkingportionto detectanerror in an input, thenby argumentssimilar to theproof
of Theorem2, it canbeshown thatsucha tile cannotbeconstructed.

Hence,theonly possibilityis when,theleft andtopoutputsU(i + 1; j ) andV (i; j +
1) bothchangefor any changein theinput U(i; j ) or V (i; j ). This meansthatwe have
differentvaluesfor eachof U(i + 1; j ) andV (i; j + 1) for 4 differentvaluesof input
pair, which is notpossibleasU(i + 1; j ) andV (i; j + 1) areBooleans.

3 Err or Corr ection in self-assembliesin threedimensions

Threedimensionalself-assemblyis beingdescribedasthemostpromisingtool for het-
erogeneousintegrationof next generationmicrosystems.Its potentialto build complex
systemsfrom microscaletemplatescannotbeoverlooked[35,15,9,28].Besidestheas-
sembledthree-dimensionalstructurescanbe extremelyuseful in computations[10].It
is possibleto simulatea two-dimensionalcellular automata,usingthree-dimensional
self-assembly, which thenpavesway to performa rich classof computationsincluding
matrix multiplication,integermultiplications,context-freelanguagerecognitionetc.

3.1 Assemblyin thr eedimensions

V(i,j+1,k)

V(i,j,k) 

W(i,j,k+1)

U(i,j,k) 

U(i+1,j,k)

W(i,j,k)

Fig.5. Threedimensionalalgorithmicself-assembly

Theassemblyproblemin three-dimensionscanbegeneralizedfromthetwo-dimensional
assemblyastheassemblyof a three-dimensionalBooleanarrayof sizeN � M � P,
wheretheelementsareindexedfrom 0 to N � 1 from right to left, 0 to M � 1 from



bottomto top,and0 to P � 1 from front to back.Thebottommosthorizontalplane,and
rightmostandfrontmostverticalplanesprovidetheinputsto theassembly.

Let V (i; j; k) bethevalueof elementat i -th positionfrom right, j -th positionfrom
bottom,andk-th positionfrom front. Let U(i + 1; j; k) bethevaluecommunicatedto
theposition(i + 1; j; k), V (i; j + 1; k) becommunicatedto theposition(i; j + 1; k), and
W (i; j; k + 1) becommunicatedto theposition(i; j; k + 1). Wede®neU(i + 1; j; k) =
f 1(U(i; j; k); V (i; j; k); W (i; j; k)) , V (i; j +1 ; k) = f 2(U(i; j; k); V (i; j; k); W (i; j; k)) ,
W (i; j; k + 1) = f 3(U(i; j; k); V (i; j; k); W (i; j; k)) for Booleanfunctionsf 1, f 2, and
f 3.

Figure 5 shows a computationaltile that can be usedfor constructionof three-
dimensionalassembly. Right,bottomandfront padsaretheinput pads,while thepads
on left, top andbackareoutputpads.As in two-dimensionalassembly, a padmatches
with theneighbor's contiguouspadif thevaluescommunicatedby thesepadsarethe
same.U(i; j; k), V (i; j; k) andW (i; j; k) aretheright, bottomandfront inputpads,re-
spectively, to the tile locatedat position (i; j; k). ThenU(i + 1; j; k), V (i; j + 1; k)
and W (i; j; k + 1) are the left, top and back output pads,respectively, of the tile
T(i; j; k). Also,U(i + 1; j; k) = f 1(U(i; j; k); V (i; j; k); W (i; j; k)) ; V (i; j + 1; k) =
f 2(U(i; j; k); V (i; j; k); W (i; j; k)) ; W (i; j; k+1) = f 3(U(i; j; k); V (i; j; k); W (i; j; k))
wheref 1, f 2 andf 3 aretheternaryBooleanfunctionsthattake asinput threeBoolean
valuesand give a Booleanoutput. It is assumedthat initially a frame is assembled,
with M � P tiles in rightmostplane,N � P tiles in bottommostplaneandN � P
tiles in frontmostplane.Next weexaminetheerrorresiliencein three-dimensionalself-
assembly.

3.2 The Err or Model

We extendtheerrormodelin two-dimensionsto three-dimensionalassemblyin anob-
viousway. We follow theindependenterror modelfor threedimensionalassembly. We
alsowant to emphasizeon the correctassemblyof all the tiles in the assembly(and
henceon thecorrectnessof completepattern),andnot just on thecorrectnessof ®nal
outputonly. We want to emphasizethat the error analysisis donein the equilibrium
stateof theassembly. Considera tile T(i; j; k) in a N � M � P tiling assemblywhere
0 < i < N � 1, 0 < j < M � 1, and0 < k < P � 1. We de®netheneighborhood
of a tile T(i; j; k) as26 tiles surroundingit, whosecoordinatesdiffer from (i; j; k) by
at most1. Formally speaking,f T (i 0; j 0; k0) : ji 0 � i j � 1; jj 0 � j j � 1; jk0 � kj �
1g n f T(i; j; k)g. Tile T(i 0; j 0; k0) is saidto bea-dependenton tile T(i; j; k) if i 0 � i ,
j 0 � j , andk0 � k anda-independentotherwise.Next we examinetheschemesto re-
ducetheerrorsin self-assembly. As mentionedearlierredundancybasedcompacterror
resilientschemerefersto anerrorresilientschemethatdoesnot scaleup theassembly
andin which theencodingson thepadsof thetilesareusedto createredundancy.

3.3 Err or Reduction to � 2

Theorem5. There existsa redundancybasedcompacterror resilienttiling schemein
threedimensionalassemblywhich canreducetheerror from � to � 2 for anyarbitrary
Booleanfunctionsf 1, f 2, andf 3, andit is shownin Figure6.



V(i,j,k) ,  V(i+1,j,k) ,  V(i,j,k+1),
W(i,j,k),U(i,j,k)

U(i,j+1,k),U(i,j,k) ,U(i,j,k+1), 
V(i,j,k) ,W(i,j,k)

W(i,j+1,k+1),W(i,j,k+1) ,  W(i+1,j,k+1) ,  
V(i,j,k+1),U(i,j,k+1)

U(i+1,j+1,k),U(i+1,j,k) ,U(i+1,j,k+1), 
V(i+1,j,k) ,W(i+1,j,k)

V(i,j+1,k) ,  V(i+1,j+1,k) ,  V(i,j+1,k+1),
W(i,j+1,k),U(i,j+1,k)

W(i,j+1,k),W(i,j,k) ,  W(i+1,j,k) ,  
V(i,j,k),U(i,j,k)

Fig.6. Constructionfor errorreductionto � 2

Proof. Construction Beforewedescribetheconstruction,wewould like to emphasize
on the wholenessof pad.Eachsideof the tile hasonepad in Figure6, that encodes
a 5-tuple as shown in the Figure.Disagreementbetweencorrespondingelementsof
two such5-tuplesin any two padsresultsin the total mismatchbetweenthosetwo
pads.Considerthetile T(i; j; k) with inputsU(i; j; k), V (i; j; k) andW (i; j; k) on the
right, bottomandfront padsrespectively. Ourgoalis to guaranteeonemoreerrorin the
vicinity of this tile if thereis oneerrorin any of theinputpads.

We adderrorcheckingportionsto theright, bottomandfront padsasshown in the
Figure6: V(i; j; k) andW (i; j; k) on right pad,W (i; j; k) andU(i; j; k) on bottom
padandU(i; j; k) andV (i; j; k) on front pad.Correspondingto these,we needto add
V (i + 1; j; k) and W (i + 1; j; k) on left pad,W (i; j + 1; k) and U(i; j + 1; k) on
top padandU(i; j; k + 1) andV (i; j; k + 1) on backpad,asexplainedin thecaseof
two-dimensionaltile.

As describedin two-dimensionalassembly, every valuein theoutputpadsshould
beuniquelyderivablefrom thevalueson theinput pads.For V (i + 1; j; k) andW (i +
1; j; k) ontheleft padweaddV (i + 1; j; k) onthebottompad,andW (i + 1; j; k) onthe
front pad.For U(i; j + 1; k) andW (i; j + 1; k) onthetoppad,weaddU(i; j + 1; k) to
theright padandW (i; j + 1; k) to thefront pad.For U(i; j; k + 1) andV(i; j; k + 1) on
thebackpad,weaddU(i; j; k + 1) to theright padandV (i; j; k + 1) to thebottompad.
Theconstructionis completewith additionof U(i + 1; j + 1; k) andU(i + 1; j; k + 1)
to left pad,V (i + 1; j + 1; k) andV (i; j + 1; k + 1) to toppad,andW (i + 1; j; k + 1)
andW (i; j + 1; k + 1) to backpad.It canbeveri®edthatall thevaluesonoutputpads
areuniquelyderivablefrom thevalueson theinput pads.

This completesour descriptionof a tile in our compacterrorcorrectionscheme.It
shouldbenotedthatthenumberof differenttile typesin this tile setwill be64 timesas
comparedto numberof tilesin atile setwithoutany error-correction.It canbeattributed
to thetwo valuesfor eachof theU(i; j + 1; k), U(i; j; k+ 1), V (i + 1; j; k), V (i; j; k+ 1),
W (i + 1; j; k) andW (i; j + 1; k), for everyvalueof theinputsU(i; j; k), V (i; j; k) and
W (i; j; k).



Err or-Analysis: Weshow thatif theneighborhoodtilesa-independentof T(i; j; k)
areassembledcorrectlythena padbindingerror in any of the input padsin T(i; j; k)
causesat leastoneadditionalmismatcherror in its neighborhoodin equilibrium.We
needto consideronly thecaseswherethepadbindingerror occursin thebottom,the
right or thefront padof tile T(i; j; k). Otherwise,if theerroroccursin top, left or back
padof T(i; j; k) thenwe canconsiderthe right padof T(i + 1; j; k), bottompadof
T(i; j + 1; k) or front padof T(i; j; k + 1), respectively, for theanalysis.Thefollowing
caseanalysisprovidestherequiredproof.

1. If thebottompadof T(i; j; k) hasa mismatch:
(a) If V (i; j; k) on the bottompadhasa mismatch,thenthe valuesof V (i; j; k)

on theright andfront padsareincorrect,whichcausesmismatchesin right and
front padsof T(i; j; k).

(b) If V (i; j; k) on thebottompadis correctandV (i + 1; j; k) on bottompadof
T(i; j; k) hasa mismatch,thenV(i + 1; j; k) on left padis incorrect.Now we
will provethatit causesa furthermismatchby exactly sametechniqueasused
by Reif et al[20]. We have assumedthatall thetiles thatarea-independentof
tile T(i; j; k) arecorrectlyassembledsoT(i + 1; j � 1; k) is correctlyassembled
andhascorrectvaluesof its top outputpad.HenceT(i; j; k)'s left neighbor
T(i + 1; j; k) is dependentupontheincorrectvaluecommunicatedby theleft
padof T(i; j; k) andcorrectvaluescommunicatedby top padof T(i + 1; j �
1; k). Now considerthepadsof T(i + 1; j; k). The right padincludesU(i +
1; j + 1; k); U(i + 1; j; k); U(i + 1; j; k + 1); V (i + 1; j; k); W (i + 1; j; k) and
bottompadsincludeV (i + 1; j; k); V (i + 2; j; k); V (i + 1; j; k + 1); W (i +
1; j; k); U(i + 1; j; k). SincethevalueV (i + 1; j; k) communicatedby T(i +
1; j � 1; k) is correctandthevalueV (i + 1; j; k) communicatedby T(i; j; k) is
wrong,this impliestherewill bea mismatchat theright or bottompadof Tile
T(i + 1; j; k).

(c) If V (i; j; k) andV (i + 1; j; k) on thebottompadarecorrectandV(i; j; k + 1)
on the bottom pad hasa mismatch,then the value of V (i; j; k + 1) on the
backpadis incorrect.Now we will show that it causesa furthermismatchas
arguedabove.Sincewe assumethatall thetiles thatarea-independentof tile
T(i; j; k) arecorrectlyassembledsoT(i; j � 1; k + 1) is correctlyassembled
andhascorrectvaluesof its top outputpad.HenceT(i; j; k)'s backneighbor
T(i; j; k + 1) is dependentupontheincorrectvaluecommunicatedby theback
padof T(i; j; k) andcorrectvaluescommunicatedby toppadof T(i; j � 1; k +
1). Now considerthepadsof T(i; j; k + 1). Thefront padincludesW (i; j +
1; k + 1); W (i; j; k + 1); W (i + 1; j; k + 1); V (i; j; k + 1); U(i; j; k + 1) and
bottompadsincludeV(i; j; k+ 1); V (i + 1; j; k+ 1); V(i; j; k+ 2); W (i; j; k+
1); U(i; j; k + 1). Sincethe valueV (i; j; k + 1) communicatedby T(i; j �
1; k + 1) is correctandthevalueV (i; j; k + 1) communicatedby T(i; j; k) is
wrong,this impliestherewill bea mismatchat thefront or bottompadof Tile
T(i; j; k + 1).

2. If thereis noerrorin bottompad,but theright padof T(i; j; k) hasmismatch:
(a) If U(i; j; k) on the right pad hasa mismatch,then the valuesof U(i; j; k)

on bottompadandfront padareincorrect,which causestwo additionalmis-
matches.



(b) If U(i; j; k) on right padis correctbut U(i; j + 1; k) on right padis incorrect,
thenU(i; j + 1; k) on top outputpadis incorrect.By theassumptionof error-
free assemblyof a-independenttiles, we can argue as beforethat the value
U(i; j + 1; k) communicatedby left padof T(i � 1; j + 1; k) is correctandthe
valueU(i; j + 1; k) communicatedby toppadof T(i; j; k) is wrong,implying
thattherewill bea mismatchat theright or bottompadof Tile T(i; j + 1; k).

(c) If U(i; j; k) andU(i; j + 1; k) on right padarecorrectbut U(i; j; k + 1) on
right padis incorrect,thenU(i; j; k + 1) on backoutputpadis incorrect.By
theassumptionof error-freeassemblyof a-independenttiles, we canargueas
beforethatthevalueU(i; j; k+ 1) communicatedby left padof T(i � 1; j; k+ 1)
is correctandthevalueU(i; j; k + 1) communicatedby backpadof T(i; j; k)
is wrong, implying that therewill be a mismatchat the right or front padof
Tile T(i; j; k + 1).

3. If thereis noerrorin bottomor right padof T(i; j; k), but thefront padof T(i; j; k)
hasmismatch:
(a) If W (i; j; k) on the front padhasa mismatch,then the valuesof W (i; j; k)

on bottompadandright padareincorrect,which causestwo additionalmis-
matches.

(b) If W (i; j; k) onfront padis correctbut W (i; j + 1; k) onfront padis incorrect,
thenW (i; j + 1; k) on topoutputpadis incorrect.By theassumptionof error-
free assemblyof a-independenttiles, we can argue as beforethat the value
W (i; j + 1; k) communicatedby backpadof T(i; j + 1; k � 1) is correctandthe
valueW (i; j + 1; k) communicatedby toppadof T(i; j; k) is wrong,implying
thattherewill bea mismatchat thefront or bottompadof Tile T(i; j + 1; k).

(c) If W (i; j; k) andW (i; j + 1; k) on front padarecorrectbut W (i + 1; j; k)
on front padis incorrect,thenW (i + 1; j; k) on left outputpadis incorrect.
By theassumptionof error-freeassemblyof a-independenttiles,we canargue
asbeforethat the valueW (i + 1; j; k) communicatedby backpadof T(i +
1; j; k � 1) is correctandthevalueW (i + 1; j; k) communicatedby left padof
T(i; j; k) is wrong,implying thattherewill bea mismatchat theright or front
padof Tile T(i + 1; j; k).

Henceany mismatchon the right, bottomor front padof tile T(i; j; k) causesat
leastonemoremismatchin thevicinity of thetile. Togetherwith theProposition1 this
impliesthatthisschemecanreducethepadmismatcherrorsfrom � to � 2.

3.4 Err or Reduction to � 3

Theorem6. If Booleanfunctionsf 1, f 2, andf 3 satisfythefollowingconditions:

– for �xed V (i; j; k) andW (i; j; k), f 1(U;V; W ) is input-sensitiveto U(i; j; k).
– for �xed U(i; j; k) andW (i; j; k) , f 2(U;V; W ) is input-sensitiveto V(i; j; k).
– for �xed U(i; j; k) andV (i; j; k), f 3(U;V; W ) is input-sensitiveto W (i; j; k).

Thenthere exists a compacterror resilient schemeto reduceerror from � to � 3 for
three-dimensionalself-assembly, andit is shownin Figure6.



Proof. If f 1, f 2, andf 3 areasgivenin thetheorem,andif theneighborhoodtiles that
are a-independentof T(i; j; k) are assembledcorrectly, then a pad binding error in
any of the input padsin T(i; j; k) causesat least two additionalmismatcherrorsin
its neighborhood.As explainedearlier, we needto consideronly the caseswherethe
padbindingerroroccursin eitherthebottom,front or theright padof tile T(i; j ). The
following caseanalysisprovidestherequiredproof.

1. If thebottompadof T(i; j; k) hasa mismatch:

(a) If V (i; j; k) on thebottompadhasa mismatch,thenthevaluesof V (i; j; k) is
incorrectin right andfront pads,which causestwo furthermismatchesin the
right andfront padsof T(i; j; k).

(b) If V (i; j; k) onthebottompadis correctbut V (i + 1; j; k) onthebottompadof
T(i; j; k) hasamismatch,thenthevalueof V (i+1 ; j; k) onleft padis incorrect.
This causesa mismatchin theright or bottompadof the left neighboringtile
T(i + 1; j; k), asarguedearlierusingtheassumptionof error-freeassemblyof
a-independenttiles in theneighborhoodof T(i; j; k). Now therearetwo cases:

i. U(i; j; k) in the right pad,W (i; j; k) in the front pad,or W (i + 1; j; k)
in the front padof tile T(i; j; k) hasa mismatch.Thus,thereis a further
mismatchesin theneighborhoodof tile T(i; j; k).

ii. All threeof theU(i; j; k) in theright pad,andW (i; j; k) andW (i + 1; j; k)
in the front padof tile T(i; j; k) arecorrect.SinceV (i; j; k), U(i; j; k),
andW (i; j; k) arecorrectin tile T(i; j; k), U(i + 1; j; k) on the left pad
is computedcorrectly. By the conditionon f 1, f 2 and f 3, correctvalue
of U(i + 1; j; k) andW (i + 1; j; k) andincorrectvalueof V (i + 1; j; k)
resultsin incorrectcomputationof V (i + 1; j + 1; k) onthetoppad.By the
assumptionthat tiles a-independentof T(i; j; k) areassembledcorrectly,
andasarguedearlier, it canbeprovedthattherewill beanothermismatch
in theneighborhoodof T(i; j; k).

(c) If V (i; j; k) andV (i + 1; j; k) on thebottompadarecorrect,but V (i; j; k + 1)
on thebottompadof T(i; j; k) hasamismatch,thenthevalueof V (i; j; k + 1)
on thebackpadis incorrect.Thiscausesamismatchin thefront or bottompad
of thebackneighboringtile T(i; j; k + 1). Now therearetwo cases:

i. U(i; j; k) in the right pad,U(i; j; k + 1) in the right pador W (i; j; k) in
front padhasa mismatch.Thus,thereis a furthermismatchin theneigh-
borhoodof T(i; j; k).

ii. All threeof theU(i; j; k) in the right pad,U(i; j; k + 1) in the right pad
and W (i; j; k) in front pad in tile T(i; j; k) are correct.This resultsin
the correctcomputationof W (i; j; k + 1). By the conditionson f 1, f 2

and f 3, correctvalueof W (i; j; k + 1) andU(i; j; k + 1) and incorrect
V (i; j; k + 1) resultsin the incorrectcomputationof V (i; j + 1; k + 1)
on thetoppad.By theassumptionthattilesa-independentof T(i; j; k) are
assembledcorrectly, andasarguedearlier, it canbeprovedthattherewill
beanothermismatchin theneighborhoodof T(i; j; k).

2. If thereis no mismatchin the bottompadof tile T(i; j; k) but its right padhasa
mismatch:



(a) If U(i; j; k) on the right padhasa mismatch,thenthe valuesof U(i; j; k) is
incorrectin bottomandfront pads,whichcausestwo furthermismatchesin the
right andfront padsof T(i; j; k).

(b) If U(i; j; k) on the right padis correct,but U(i; j + 1; k) on the right padof
T(i; j; k) hasa mismatch,then the valueof U(i; j + 1; k) on the top pad is
incorrect.This causesa mismatchin theright or bottompadof thetop neigh-
boring tile T(i + 1; j; k), dueto the assumptionof error-free assemblyof a-
independenttiles in theneighborhoodof T(i; j; k). Now therearetwo cases:

i. W (i; j; k) or W (i; j + 1; k) in the front padof tile T(i; j; k) hasa mis-
match.Thus, there is a further mismatchesin the neighborhoodof tile
T(i; j; k).

ii. BothW (i; j; k) andW (i; j + 1; k) in thefront padof tile T(i; j; k) arecor-
rect.SinceV (i; j; k), U(i; j; k), andW (i; j; k) arecorrectin tile T(i; j; k),
V (i; j + 1; k) is computedcorrectly. By the conditionon f 1, f 2 andf 3,
correctvalueof V (i; j + 1; k) andW (i; j + 1; k) andincorrectvalueof
U(i; j + 1; k) resultsin incorrectcomputationof U(i + 1; j + 1; k) on
the left pad.By the assumptionthat tiles a-independentof T(i; j; k) are
assembledcorrectly, andasarguedearlier, it canbeprovedthattherewill
beanothermismatchin theneighborhoodof T(i; j; k).

(c) If U(i; j; k) andU(i; j + 1; k) on theright padarecorrect,but U(i; j; k + 1)
on theright padof T(i; j; k) hasa mismatch,thenthevalueof U(i; j; k + 1)
on thebackpadis incorrect.Thiscausesamismatchin thefront or bottompad
of thebackneighboringtile T(i; j; k + 1). Now therearetwo cases:

i. W (i; j; k) in front padhasa mismatch.Thus,thereis a furthermismatch
in theneighborhoodof T(i; j; k).

ii. W (i; j; k) in front padin tile T(i; j; k) is correct.Thisresultsin thecorrect
computationof W (i; j; k + 1). By theconditionson f 1, f 2 andf 3, correct
valueof W (i; j; k+ 1) andV (i; j; k+ 1) andincorrectU(i; j; k+ 1) results
in the incorrectcomputationof V (i; j + 1; k + 1) on the top pad.By the
assumptionthat tiles a-independentof T(i; j; k) areassembledcorrectly,
andasarguedearlier, it canbeprovedthattherewill beanothermismatch
in theneighborhoodof T(i; j; k).

3. If thereis noerrorin thebottompador right padof tile T(i; j; k), but thefront pad
hasamismatch:
(a) If W (i; j; k) on the front padhasa mismatch,thenthevaluesof W (i; j; k) is

incorrectin bottomandright pads,whichcausestwo furthermismatchesin the
bottomandright padsof T(i; j; k).

(b) If W (i; j; k) on thefront padis correct,but W (i; j + 1; k) on thefront padof
T(i; j; k) hasa mismatch,thenthe valueof W (i; j + 1; k) on the top padis
incorrect.This causesa mismatchin thefront or bottompadof thetop neigh-
boring tile T(i + 1; j; k), dueto the assumptionof error-free assemblyof a-
independenttiles in theneighborhoodof T(i; j; k). SinceV (i; j; k), U(i; j; k),
and W (i; j; k) are correct in tile T(i; j; k), V (i; j + 1; k) is computedcor-
rectly. By theconditionon f 1, f 2 andf 3, correctvalueof V(i; j + 1; k) and
U(i; j + 1; k) andincorrectvalueof W (i; j + 1; k) resultsin incorrectcom-
putationof U(i + 1; j + 1; k) on the left pad.By theassumptionthat tiles a-



independentof T(i; j; k) areassembledcorrectly, andasarguedearlier, it can
beprovedthattherewill beanothermismatchin theneighborhoodof T(i; j; k).

(c) If W (i; j; k) andW (i; j + 1; k) onthefront padarecorrect,but W (i + 1; j; k)
onthefront padof T(i; j; k) hasamismatch,thenthevalueof W (i + 1; j; k) on
theleft padis incorrect.Thiscausesamismatchin therightorbottompadof the
left neighboringtile T(i + 1; j; k). Correctvaluesof U(i; j; k), V (i; j; k), and
W (i; j; k) resultsin thecorrectcomputationof U(i + 1; j; k). By theconditions
onf 1, f 2 andf 3, correctvalueof U(i + 1; j; k) andV (i + 1; j; k) andincorrect
W (i + 1; j; k) resultsin theincorrectcomputationof V (i; j + 1; k + 1) on the
toppad.By theassumptionthattilesa-independentof T(i; j; k) areassembled
correctly, and as arguedearlier, it can be proved that therewill be another
mismatchin theneighborhoodof T(i; j; k).

Henceany mismatchon thebottom,right or front sideof thetile T(i; j; k) causestwo
further mismatchesin the vicinity of tile T(i; j; k) andthis resultsin error reduction
from � to � 3.

3.5 Err or Reduction to � 4

Theorem7. For arbitrary Booleanfunctionsf 1, f 2, and f 3, there exists no redun-
dancybasedcompacterror resilientschemethatcanreduceerror from� to � 4 in three-
dimensionalself-assembly.

Proof. For errorsto reducefrom � to � 4, anerrorin any inputpad,sayV (i; j; k) should
causethreefurthermismatchesin theneighborhood.At leastoneof thosemismatches
shouldbecausedbecauseof anerroron oneof theoutputpads.It shouldbenotedthat
if theBooleanfunctionsf 1, f 2 andf 3 arearbitraryBooleanfunctionsthentheoutputs
U(i + 1; j; k), V (i; j + 1; k) or W (i; j; k + 1)

cannotbeguaranteedto bewrongfor incorrectvalueof V (i; j; k). Hence,in at least
oneof theoutputpadsanadditionalerrorcheckingportionf (V (i; j; k)) (that is input-
sensitive to V (i; j; k) andhencecanre�ect theerrorin V(i; j; k) ) is required.It canbe
locatedon thetop, left or backoutputpad.

– Assumethatf (V (i; j; k)) is locatedon topside,which impliesf (V (i; j � 1; k)) is
locatedon thebottomside.
1. If V (i; j � 1; k) doesnotexist within theinputpads,thenwe needto consider

thecasewhenf (V (i; j � 1; k)) hasa mismatchwith bottomneighbor. Since
we requirethis mismatchto causethreefurthererrorsin theneighborhoodof
T(i; j; k), as arguedabove it requiresan additionalerror checkingfunction
g1(f (V (i; j � 1; k))) (thatis input-sensitiveto f (V (i; j � 1; k)) ) to belocated
onat leastoneof thetop, left, or backoutputpad.

2. If V (i; j � 1; k) exists in the input pads,then in casewhen V (i; j � 1; k)
is mismatched,and threefurther errorsin the neighborhoodof T(i; j; k) are
required,it needsanadditionalerrorcheckingfunctiong0

1(V (i; j � 1; k)) (that
is input-sensitiveto V (i; j � 1)) to belocatedonat leastoneof thetop, left or
backoutputpad.



– Assumethatf (V (i; j; k)) is locatedon left side,which impliesf (V (i � 1; j; k)) is
locatedon theright side.
1. If V (i � 1; j; k) doesnot exist within the input pads,we needto consider

thecasewhenf (V (i � 1; j; k)) is mismatched.Sincethreefurthererrorsare
required,as arguedabove it requiresan additionalerror checkingfunction
g2(f (V (i � 1; j; k))) (thatis input-sensitiveto f (V (i � 1; j; k)) ) to belocated
onat leastoneof thetop, left or backoutputpad.

2. If V (i � 1; j; k) exists in the input pads,thenin casewhenV(i � 1; j; k) is
mismatched,andthreefurthererrorsarerequired,it requiresanadditionalerror
checkingfunctiong0

2(V (i � 1; j; k)) (that is input-sensitive to V (i � 1; j; k))
to bepresentonat leastoneof thetop, left or backoutputpads.

– Assumethatf (V (i; j; k)) is locatedon thebackside,which impliesf (V (i; j; k �
1)) is locatedon thefront side.
1. If V (i; j; k � 1) doesnot exist within the input pads,we needto consider

thecasewhenf (V (i; j; k � 1)) is mismatched.Sincethreefurthererrorsare
required,as arguedabove it requiresan additionalerror checkingfunction
g3(f (V (i; j; k � 1))) (thatis input-sensitiveto f (V (i; j; k � 1))) to belocated
onat leastoneof thetop, left or backoutputpad.

2. If V (i; j; k � 1) exists in the input pads,thenin casewhenV(i; j; k � 1) is
mismatched,andthreefurthererrorsarerequired,it requiresanadditionalerror
checkingfunctiong0

3(V (i; j; k � 1)) (that is input-sensitive to V (i; j; k � 1))
to bepresentonat leastoneof thetop, left or backoutputpads.

Hence,an additionalerror checkingpad (g1(f (V (i; j � 1; k))) , g0
1(V (i; j � 1; k)) ,

g2(f (V (i � 1; j; k))) , g0
2(V (i � 1; j; k)) , g3(f (V (i; j; k � 1))) , or g0

3(V (i; j; k � 1)) ) is
requiredonat leastoneof theoutputpads.Arguingin thesamemannerasaboveit can
concludedthat this cycle will keepon repeating.Hence,it is not possibleto construct
tile with aboundednumberof parametersin thepadsandweconcludethatredundancy
basedcompacterrorresilientschemescannot reduceerrorfrom � to � 4.

4 Self-HealingTile Setfor ThreeDimensionalAssembly

Winfree[31] providedthebasisfor studyingself-healingin theself-assemblyin a rig-
orousmanner. We needto considerthe repairabilityof a self-assembledstructurein
the faceof a damage.A tile setis calledself-healing, if at any point duringerror-free
growth, whenn tiles areremoved,subsequenterrorfreegrowth will repairthedamage
rapidly [31]. Winfree'sschemeof correctlyrepairingthedamage(hole) is by ensuring
that the holesare®lled in the original forward directionof the algorithmicassembly
andthereis nobackwardgrowth in theholes.

Winfreeproposedconstructionsof self-healingtile setsfor two dimensionalalgo-
rithmic self-assemblyby replacinga singletile by a 3 � 3 (for simpleassemblieslike
sierpinsky triangles), 5� 5 (for generalassemblies)and7� 7 (for additionalrobustness
to nucleationerrors)block. We have extendedhis constructionsto threedimensions.
Eachthree-dimensionaltile is replacedby a 3 � 3 � 3 blockof three-dimensionaltiles
to converta tile setfor simpleassembliesinto a self-healingtile set.
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Fig.7. Self-healingtile set for threedimensionalassemblyshowing only a computationaltile.
Onetile is replacedby a 3 � 3 � 3 block of tiles.The6-tupleshown below every tile shows the
glue-strengthsfor its sides.Theorderof thegluestrengthsin thetuple is asshown in thesingle
tile in thetopleft portionof theFigure.Thetuplehg1 ; g2 ; g3 ; g0

1 ; g0
2 ; g0

3 i denotesthegluestrength
of g1 onright, g0

1 on left, g2 onbottom,g0
2 on top,g3 on front andg0

3 on thebacksideof thetile.
Thisconstructioncorrespondsto acomputationaltile in theassembly, whichhasthegluestrength
1 oneachof its 6 faces.



Figure7 shows a 3 � 3 � 3 block of tiles that replacesa computationaltile. The
internalgluesinsidetheblockareall uniqueto thatblock.Thetile setgivenin Figure7
guaranteesthatif a completeblockneedsto regrow, thenit hasto startfrom frontmost,
bottommostandrightmostcorner. The tile to be placedat this corneris uniquelyand
correctlydetermined,by theassembledneighboringblocks.Thecornertiles thathave
at leastoneoutputsidefacingtowardsanotherblock shouldbe assembledin the end
aftertheassemblyof all othertilesin theblock,sothatthey canbedetermineduniquely
from the inputsandnot ambiguoslyfrom the outputs.We omit the Figuresof blocks
showing theframetile andseedtile, but they canbederivedeasilyfollowing thesame
logic. Similarly, Winfree's otherconstructionsfor self-healingin two-dimensionscan
alsobeextendedto threedimensionsto improvetheself-healingtile set.

5 Discussion

In this paper, we presenteda theoreticalanalysisof redundancy basedcompacterror
resilient tiling in two andthreedimensions.We conjecturethe following strongerre-
sultsfor three-dimensionalassembliesthatarecurrentlyopenquestionsto beprovedor
disproved.We stateourconjecturesasfollows:

Conjecture2. For arbitrary Booleanfunctionsf 1, f 2, and f 3, thereexists no redun-
dancy basedcompacterror correctionschemethat will reduceerror from � to � 3 in
three-dimensionalself-assembly.

Conjecture3. For any functionsf 1, f 2, andf 3 that areoutsidethe restrictedclassof
the functionsde®nedin Theorem6 thereexists no redundancy basedcompacterror
correctionschemethatwill reduceerrorfrom� to � 3 in three-dimensionalself-assembly.

Conjecture4. For any Booleanfunctionsf 1, f 2, andf 3, , thereexists no redundancy
basedcompacterrorresilientschemethatcanreduceerrorfrom � to � 4 in three-dimensional
self-assembly.

Theimmediatefuturework will beto proveor disprovetheseconjectures.Wehavepre-
sentedathree-dimensionalextensiontoWinfree'sself-healingtile setin two-dimensions.
It remainsanopenquestionif it is possibleto designa compactself-healingtile setfor
two andthree-dimensionalself-assembly.
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