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Abstract

This paper provides lower bounds on the energy consumption and
demonstrates an energy-time trade-off in optical computations. All
the lower bounds are shown to have the matching upper bounds for
a transitive function – shifting. Since the energy consumption in an
optical transmission is a non-linear function of the distance, a new
set of techniques was required to derive these lower bounds. We also
characterize the energy requirements of 3-D VLSI computations.

1 Introduction

The field of electro-optical computing is at its infancy, comparable to the
state of VLSI technology say 10 years ago. The theoretical underpinnings
for optical technology – namely the discovery of efficient algorithms and of
resource lower bounds, are crucial to guide its development. Just as area,
energy and time are three fundamental resources in a VLSI computation,
volume, energy and time are the resources of interest in a 3-D VLSI circuit
or an optical computing system. The volume, time lower bounds for optical
computations have been established by Barakat and Reif [BR87] along the
lines of AT 2 VLSI bounds. But, a similar asymptotic analysis of energy
bounds in VLSIO (O stands for optics, described in Section 2) computations
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is missing. A study of energy requirements in 3-D VLSI has also not been
undertaken.

Energy has received increased attention recently because the power con-
sumption largely determines the total cost of a high performance computer
due to heat dissipation. The theoretical physicists [BL85] have also con-
sidered the viability of characterizing the computational costs entirely in
terms of energy. All of the recent research activity in energy complexity
has been directed at the study of the energy requirements in 2-D VLSI
computations [LM81], [Kis82], [Kis85], [Kis87], [ACR88], [ST86], [Tya88]
and [Tya89]. More specifically, the first formal result in switching energy
was due to Lengauer, Mehlhorn [LM81], which shows that the switching
energy of transitive functions – E, is Ω

(
n2

P log(AP 2/n2)

)
, which is Ω(n2) for

AP 2 = O(n2). P is the period of a pipelined computation. Kissin [Kis82],
[Kis85] proposed a formal model for switching energy distinguishing be-
tween uniswitch and multiswitch models. When a wire is assumed to switch
at most once during the course of computation, it is a uniswitch circuit.
Most of the pipelined computations fall in this class. The more general
model, that allows each wire to switch any number of times, is called the
multiswitch model. Snyder, Tyagi [ST86]and Leo [Leo84] considered varia-
tions on Lengauer, Mehlhorn result. The first tight bound on uniswitch and
multiswitch energy-period product [Ω(n2)] for shifting was obtained by Ag-
garwal et. al. [ACR88]. Tyagi [Tya89] derived a tight bound on multiswitch
energy, Ω(n3/2), and average case uniswitch and multiswitch energy. The
3-D VLSI model has been studied by Rosenberg [Ros81], Preparata [Pre83],
and Leighton, Rosenberg [LR86] with respect to volume-time trade-offs. In
this paper, we analyze the energy requirements in 3-D VLSI and VLSIO
systems.

In this paper, we propose two models for the energy consumption in an
optical computer which are consistent with the VLSIO model described in
[BR87]. Within these models, we demonstrate tight bounds on both energy
and energy-time product for the optical computation of several functions.
We derive the lower bounds, shown in table 1. The matching upper bounds
are established for a transitive function: shifting.

This paper is organized as follows. Section 2 describes the model. Sec-
tion 3 deals with the ET lower bounds for the 3-dimensional VLSI, 2-
dimensional VLSI with nonlinear energy cost and VLSIO. The upper bounds
are shown in Section 4. For the average case energy consumption, the same
lower bounds hold if we replace n by the function entropy Hf . We outline



3-D VLSI (linear
energy cost)

2-D VLSI (with nonlinear
energy function f(x))

VLSIO (nonlinear
energy function f(x))

Uniswitch ET
product

Ω(n3/2)
Ω(n f(n)) x < f(x) < x2

Ω(n3) f(x) ≥ x2
Ω(nf(

√
n)) x < f(x) < x2

Ω(n2) f(x) ≥ x2

Multiswitch ET
product

Ω(n3/2) Ω(n2)
Ω(nf(

√
n)) x < f(x) < x4/3

Ω(n5/3) f(x) ≥ x4/3

Uniswitch Energy Ω(n3/2) Ω(n2) Ω(n3/2)
Multiswitch Energy Ω(n4/3) Ω(n3/2) Ω(n4/3)

Table 1: Energy-Time Lower Bounds

this extension in Section 5.

2 Model

We build on Thompson’s 2−D VLSI model [Tho79]. A computation is ab-
stracted as a communication graph. A communication graph is very much
like a flow graph with the primitives being some basic operators that are re-
alizable as electrical devices. A layout can be viewed as a convex embedding
of the communication graph in a Cartesian grid. The number of layers is
limited to some constant γ. Thus both the fanin and fanout are bounded by
4 γ. Wires have unit width and bandwidth and processors have unit area.
The initial data values are localized to some constant area, to preclude an
encoding of the results. The input words are read at the designated nodes
called input ports. The input is synchronous and each input bit is available
only once. The input and output conventions are where-determinate but
need not be when-determinate.

A number of researchers [Ros81], [LR86] have extended this model to
3-D VLSI, where the only additional assumption is that the grid can be of
arbitrary size in each dimension. A rather different model for 3-D compu-
tation is described in [BR87], which combines use of optics and electronic
components in ways that models devices currently feasible. This model is
known as the VLSIO model, with the O standing for optics. In this model,
the fundamental building block is the optical box, consisting of a rectilinear
parallelepiped whose surface consists of electronic devices modeled by the
2-D VLSI model and whose interior consists of optical devices. Communica-
tion from the surface is assumed to be done via electrical-optical transducers
on the surface. Given specified inputs on the surface of the optical box, it is



assumed that the output to the surface is produced in 1 time unit. For lower
bound purposes, we need only assume that at most 1 bit can be transmitted
in a unit time across any cross-section of unit area within the optical box.
This assumption has considerable physical justification; for example Gabor
established in [Gab61] that an optical beam of bounded cross section has
a finite upper limit with respect to information rates. This upper limit is
a function of the wave-length of light, the smallest effective optical beam
cross-section area, and solid angle of divergence. A VLSIO device consists
of a convex volume with a packing of optical boxes whose interiors do not
intersect, but may be connected by wires between their surfaces. This allows
for communication between two optical boxes. Note that the VLSIO model
encompasses the 3-D VLSI model as a subcase: the particular subcase where
each optical box is just a 2-D surface with no volume.

It is shown in [Kis82] and [Tya88] that when a wire of length l switches,
it consumes energy Θ(l). How can we quantize energy consumption in terms
of the distance a beam has to travel? This depends on how the beam is mod-
ulated. Let us first consider amplitude modulation. When an optical beam
travels through a medium, it loses energy due to scattering and dissipation
in the form of heat. We assume that there is some attenuation due to these
effects, no matter however small it is. The net power loss per unit volume
is proportional to the intensity, i.e., P = αI. The absorption constant α
depends on the frequency of light. This gives rise to the Lambert’s law:

I(x) = I0e
−αx

Here I0 is the initial intensity of the beam and x is the distance traveled by
the beam. To determine the energy loss for a beam traversing a distance d,
we evaluate the integral

∫ d
0 αeα(d−x)dx. Thus the energy loss is given by eαd.

For αd < 1, only the linear component of the exponent is relevant. Then
we can assume that the energy consumed is proportional to the distance
traveled by a beam. This will be called the linear energy model. For the
rest of the range of α, let us characterize the energy as a function f(d) of
distance d. For the frequencies encountered in practice, this function can
be approximated by a polynomial. This will be referred to as f(d)−energy
model. In the case of phase encoding, the amplitude remains constant, but
the energy loss due to switching is a function of the same form.

From now on, we will treat a wire and a beam in a uniform way. This is
because our non-linear energy function lower bounds apply only to a pure
optical computation, i.e., the electrical wires are not used to communicate a



large part of the information. Otherwise, any VLSI system is also a VLSIO
system without any optical components. Energy bounds for that extreme
are already known. Our objective is to determine the bounds for the other
extreme – an optical computation. Hence, the term link refers to either a
wire or a beam in the following discussion.

We assume certain reasonable characteristics of these energy functions.
An energy function f(x) must be a continuous function of x. A zero length
link should consume zero energy, f(0) = 0. We also expect the first and
second derivatives of f(x) to be continuous.

We will further distinguish between average case and worst case en-
ergy. For a lower bound, we will only count the energy consumption due
to switching of links. Let us assume that a link is carrying only one bit of
information, just as in the case of wires in the VLSI model. Thus every
link l can be assigned a binary state from {0, 1}. f(d) units of energy is
consumed when a link carries a 1 for distance d. Let C = (V,L) be a VLSIO
circuit, where V is the set of nodes in a communication graph and L is the
set of links connecting these nodes. Note that these nodes are unit area
electro-optical devices. Let I be the set of input values to C. When input
vector ~xi ∈ I is asserted, let the link lj ∈ L of length dj carry ki,j 1’s dur-
ing the course of this computation. The energy consumption of link in this
computation, E(C, ~xi), is given by

∑
lj∈L f(dj)ki,j . Then the average energy

Ea(C) is its energy consumption averaged over all input vectors, which is∑
~xi∈I

E(C,~xi)

|I| . We can similarly define the worst case energy consumption
Ew(C) as max~x∈IE(C, ~x), where the maximum is taken over all the input
vectors.

Another distinction that we make concerns the number of times a link
switches. If we can guarantee that in a given VLSIO circuit, every link will
switch at most once, then the circuit is said to follow the Uniswitch model
(USM). The pipelined computations with O(1) period are USM computa-
tions. The more general model, where every link could switch k ≥ 0 times is
known as Multiswitch model (MSM). Note that our multiswitch model does
not preclude cyclic communication graphs C = (V,L) unlike the models
used in [Kis82].
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Figure 1: An Illustration of the Cutting Argument

3 ET Trade-off
Let a function f have information complexity I(n)∗. To reduce the clutter
of notation, let I refer to the information complexity of a function f , If (n).
We first prove a cutting lemma that is a 3-dimensional variant of a lemma
shown in [Tya89]. In this section, we use the term box to refer to a rectilinear
parallelepiped rather than an optical box.

Lemma 1 Let C = (V,W ) compute f as described above. Let us assume
that no input port reads more then n/486 input bits. There exist two sets of
input ports I1 and I2 such that I1 and I2 each read at least n/486 input bits.
Let CI1 and CI2 denote the smallest boxes containing I1 and I2 respectively.
Let s1 (s2) be the surface area of CI1 (CI2). Let dx, dy and dz be the distance
between CI1 and CI2 along x, y and z axes respectively. Then one of the
following statements holds true.

1. dx ≥ min(
√

s1/6,
√

s2/6).

2. dy ≥ min(
√

s1/6,
√

s2/6).
∗Information complexity is the number of bits that need to be exchanged between two

sides holding approximately half the input bits each, as defined in [Yao79].
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Figure 2: Further Cutting in the Cutting Lemma

3. dz ≥ min(
√

s1/6,
√

s2/6).

Proof Sketch: Since no input port reads more than n/486 input bits, we
can find a vertical plane orthogonal to x−axis Vx bisecting the chip into two
halves such that each half reads at least n/3 input bits. The argument for it
is similar to the argument in Ullman [[Ull84] , page 49]. Let us concentrate
on the right-hand side of Vx. Once again, we can find a vertical plane
orthogonal to the y−axis Vy that cuts the right-hand side of Vx into two
parts such that each part reads at least n/9 input bits. The left-hand side
of Vx is also cut into two parts by the plane Vy. At least one of these parts
reads n/6 input bits. Without loss of generality (WLOG), let the south-
west quadrant SW read at least n/6 input bits as shown in Figure 1. Let us
further cut this south-west part with a plane orthogonal to z−axis Hz such
that both the halves of SW read at least n/18 input bits. This plane also
cuts the the north-east part NE into two parts. At least one of these parts
reads at least n/18 input bits. WLOG, let the upper part NEu read at least
n/18 input bits. In the following, we will consider NEu and the lower part
of SW , SWl. Let CI1 and CI2 be the smallest boxes containing the input
ports in the SWl and NEu quadrants respectively, as shown in Figure 2.



Now cut both CI1 and CI2 as follows to create 8 boxes each reading at
least n/486 input bits. First use a vertical plane V ′

x to cut CI1 into two
parts each reading at least n/54 input bits. Then cut each of these parts
with a plane orthogonal to y axis to get four parts each reading at least
n/162 input bits. Now use a plane orthogonal to z−axis to cut each of these
four parts into two each where each of the resultant 8 parts reads at least
n/486 input bits. Now we have 16 boxes, with CI1 containing 8 boxes and
CI2 containing the other 8 boxes. Let us pick a box with the least surface
area of all the 16 boxes. Without loss of generality, let a box in CI1 have
the smallest surface area. Let this box be B1 with the smallest surface area
s as shown in Figure 2. Since we will be separating this box from one of
the boxes in CI2 , any other box in CI1 can only have a larger separation.
Consider the box B2. It has surface area s2 ≥ s. Then either its length, or
width or height is at least as large as

√
s/6. If the width of B2 is at least√

s/6 then the box to the right of B2 is horizontally separated from B1 by at
least

√
s/6 where the surface area of B1 is s. Otherwise if the length of B2

is at least
√

s/6 then the box abutting B2 along the y−axis is horizontally
separated from B1 by at least

√
s/6. Otherwise B1 is vertically separated

from the box above B2 by at least
√

s/6.

All the other cases follow the same line of reasoning. 2

We will use the following information-theoretic lemma proved in Tyagi
[Tya88], [Tya89]. The lemma says that to transmit k information bits using
k′ > k bits, at least Ω

(
k

log(k′/k)

)
switching must be incurred.

Lemma 2 Let k′ and k be two positive integers such that k′ ≥ k. The aver-
age number of alternations in transmitting a k′ bit encoding of k information
bits, A(k′, k) = Ω(k/4 log[(k′/k) + 2]).

3.1 3-D VLSI with Linear Energy Cost

We will first show a lower bound of I3/2 on the ET product of a 3-D VLSI
system with linear energy cost. Since VLSIO model is a generalization of
the 3-D VLSI, these lower bounds also apply to VLSIO with linear energy
cost. Note that these lower bounds hold both in the uniswitch as well as the
multiswitch model.

Theorem 1 The ET product of a 3-D VLSI system computing a function
f(n) with information complexity I(n) has a lower bound of I(n)3/2.



..........
...........
.....

..........
..........
...........
...

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

.........
........

%%

..........
..........
............
....

..........
........

..........
........

,,

..........
..........
...........
...

.........
........

%%

..........
..........
............
....

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

L1

L(k)

CI1

Figure 3: The Shells Around CI1

Proof Sketch: Let us assume that no input port reads more than n/486
input bits. if there exists such an input port then the energy-time product
ET is Ω(n2) giving us the stated lower bound trivially. Then using Lemma 1
we can find two boxes CI1 and CI2 such that they both read at least n/486
input bits. Without loss of generality let CI1 have the smaller surface area
of two, s. Then their separation is at least

√
s/6.

We build
√

s/6 bisections of the input bits read in CI1 in the following
way. Let L(0) be the set of all the unit length link segments (wire segments
in pure VLSI model) incident on the surface of CI1 . There are at most 3s link
segments in L(0). Let L(i) be defined recursively as the set of unit length
link segments adjacent to the links in L(i− 1) and not in L(0), . . . , L(i− 1)
and not inside CI1 . These are the shells around CI1 as shown in Figure 3.
Since L(0) contain at most 3s links and the surface area grows as r2 for
radius r, the number of links in L(

√
s/6), |L(

√
s/6)| is at most 12s. This is

also an upper bound on the number of links in L(0), L(1), . . . L(
√

s/6− 1).
If the computation takes time T , then the number of bits crossing any of
these shells cannot exceed 12sT .

If the majority of the output bits are generated inside a ring L(i), then
the information about the input bits read in CI2 needs to come into the



shell. Otherwise, the information about the input bits read inside the shell
needs to go out. In either case, since CI1 and CI2 read at least n/486
input bits, the number of information bits required is Ω(I). Hence the
energy consumption at a shell L(i) is Ω

(
I

log(12sT/I)

)
by Lemma 2. Adding

this consumption over Ω(
√

s) shells gives a lower bound of Ω
(

I
√

s
log(12sT/I)

)
on the energy consumption. Then the ET product has a lower bound of
Ω

(
I
√

sT
log(12sT/I)

)
. This is bounded by Ω

(
I
√

sT
log(12sT/I)

)
. For the correctness of

computation, the number of bits going across a shell sT should be at least
Ω(I). For sT ≥ I,

√
sT

log(12sT/I) attains a minimum at sT = I. Then Ω(I3/2)
forms a lower bound on ET . 2

We will show in Section 4 that a barrel-shifter has an ET product of
n3/2 log n. Note that for shifting, Theorem 1 gives a lower bound of n3/2.
This lower bound can be improved if the circuit is known to be systolic in
the following sense. If every link segment in the circuit has O(1) length then
we call it systolic. Note that this implies that an information bit traveling
across a distance d takes time Ω(d). In Section 4 we show a systolic 3-D
shifter with ET = O(n5/3).

Lemma 3 A systolic 3-D VLSI circuit computing a function f with infor-
mation complexity I has an ET product of Ω(I5/3).

3.2 2-D VLSI with Non-Linear Energy Cost

In the classical 2-D VLSI energy model [Kis82], when a link of length l
switches we charge Θ(l) switching energy. Let us enhance this model to per-
mit non-linear energy consumption. Thus when a link of length l switches,
f(l) ≥ l switching energy is consumed. We first prove a crucial lemma that
considers the minimum value of the ET product when a link of length l
is switched. Note that for any f(l), we can always reduce the energy con-
sumption to Θ(l) by dividing the link of length l into l unit length segments.
Then each segment consumes Θ(1) energy for a total of Θ(l) energy. But
this increases the time to drive the link from O(1) to Ω(l). Let us state and
prove the lemma.

Lemma 4 Let a link of length l be driven using k stages. The ET product
for this link is minimized with k = l when f(l) ≥ l2. For l < f(l) < l2, the
ET product is minimum with k = min{l, T}, where T is the time taken by
the whole computation.
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Proof: Let us reiterate the assumptions about the characteristics of the
energy cost functions f(l). These functions should be continuous and should
have continuous derivatives. The energy consumption of a zero length link
should be zero, f(0) = 0.

Clearly, the k segments of the link should all have the same length.
Otherwise, the energy cost is higher as the sum of a nonlinear function of
k variables,

∑k
i=1 f(li) with the condition

∑k
i=1 li = l is minimized with

li = l/k. Hence let us consider the scenario when k drivers with each one
driving a segment of length l/k are introduced. Then the energy required
is given by k f(l/k). The time taken is min{k, T}, which is O(k + T ). We
wish to analyze the ET cost for the complete range of values for k and find
the value of k that minimizes it. Figure 4 shows the rough shape of this
plot.

k ≤ T : For all functions f(x) ≥ x, ET is a non-increasing function of k
for k ≤ T . For k ≤ T , the time is at least T , while the energy is
given by k f(l/k). Thus the ET product is g(k) = kT f(l/k). We
claim that g(k) has a derivative that is non-positive for all 1 ≤ k ≤ l.
g′(k) = T

[
f

(
l
k

)
+ l

kf ′
(

l
k

)]
. Since T ≥ 0, to show that g′(k) is

non-positive, we need to show that
[
f

(
l
k

)
+ l

kf ′
(

l
k

)]
is non-positive.



Replacing l/k by x, we get g1(x) = f(x) + xf ′(x) for 1 ≤ x ≤ l. Since
f(x) = 0 for x = 0, g1(0) = 0. We show that for f(x) ≥ x and x ≥ 0,
δg1(x)

δk is non-positive. δg1(x)
δk is

(
−x

k

)
[2f ′(x) + xf ′′(x)] where f ′(x)

and f ′′(x) are the first and second derivatives of f(x) with respect to
x. Note that for f(x) ≥ x, f ′(x), f ′′(x) ≥ 0. Since l, k ≥ 0, this
derivative is non-positive proving our claim.

k ≥ T : In this case, ET is a non-increasing function of k for f(x) ≥ x2

and non-decreasing otherwise. Here the time is Ω(k). Thus a lower
bound on ET product is g(k) = k2f(l/k). Let us consider g′(k) =
2kf(l/k) − lf ′(l/k). The sign of g′(k)

l = 2k
l f

(
l
k

)
− f ′

(
l
k

)
is the

same as that of g′(k). Again substituting x = l/k, we get g1(x) =
2f(x)

x − f ′(x) for 1 ≤ x ≤ l. The sign of g1(x) is the same as that
of g2(x) = 2f(x) − xf ′(x). Also g2(0) = 0. Let us analyze the
derivative of g2(x). Note that δg2(x)

δk =
(
−x

k

)
[f ′(x)− xf ′′(x)]. This

derivative is positive for f(x) < x2 and is non-positive for f(x) ≥ x2.

These two cases provide us with enough information to prove the lemma.
This shows that the ET minima for a function f(l) ≥ l2 occurs for the
highest value of k which is l. But for a function f(l) < l2, there is a trough
in the ET curve at k = T . Thus if T < l, then k = T provides a minima
for ET . Otherwise, since k cannot exceed l, we are in the subcase k < T .
Then l segments (k = l) make the ET product the least possible.

2

Now we can prove a lower bound on the ET product in the f(l)− energy
model. Tyagi [Tya89] shows that with linear energy costs ET = Ω(I2) for
both USM and MSM models. But, surprisingly, the ET product of the
uniswitch and multiswitch models differs for the nonlinear energy costs. For
the multiswitch case, ET is shown to be Ω(I2) for any nonlinear energy
function. In the uniswitch case, the ET product increases with the energy
function for an energy function l < f(l) ≤ l2. It levels off at Ω(I3) for the
energy cost functions f(l) > l2.

Theorem 2 Let a VLSI circuit compute a function with the information
complexity I. The multiswitch ET product is bounded by Ω(I2). In USM,
for an energy function l < f(l) < l2, the ET product has a lower bound of
Ω(I f(I)). For an energy function f(l) ≥ l2, the USM lower bound is Ω(I3).



Proof Sketch: A 2-dimensional analog of Lemma 1 proven in Tyagi
[Tya89] provides two rectangles RI1 and RI2 where each rectangle reads at
least n/71 input bits. Moreover these rectangles are separated by a distance
that is an order of the smaller perimeter of the two rectangles. Without
any loss of generality, let p be the smaller perimeter (of RI1). Notice that I
information bits need to go across this channel that is Ω(p) wide. Let the
computation take time T . Also notice that there are at most O(p) links in
any ring around RI1 . Then at most pT bits can be sent over the course of
computation. By Lemma 2, at least Ω

(
I

log(pT/I)

)
bits switch. The path any

bit follows through this channel has Ω(p) length. ¿From Lemma 4, the ET
product of a switched link and hence of the computation is minimized when
energy is p f(1) [T f(p/T )] for f(l) ≥ l2 [l < f(l) < l2]. Consider the MSM
lower bound first. Let us first consider the case when f(l) ≥ l2. Then the
ET product is Ω

(
I f(1) pT
log(pT/I)

)
. For pT ≥ I, as required for the correctness of

the computation, f(1)pT
log(pT/I) has the minimum value at pT = I. Then ET is

Ω(I2). Now we consider the case l < f(l) < l2. Then the ET product is
Ω

(
I f(p/T ) T 2

log(pT/I)

)
. Since f(p/T )T 2 ≥ pT for f(l) > l, once again f(p/T ) T 2

log(pT/I)

is minimum when pT = I. The expression f(p/T )T 2 with pT = I has a
minimum value of I with p = T =

√
I. This shows a lower bound of Ω(I2)

on ET .
Now let us consider the uniswitch case. The subcase l < f(l) < l2 follows

from the previous discussion as follows. The ET product Ω
(

I f(p/T ) T 2

log(pT/I)

)
is

minimum when pT = I. Due to uniswitch property, we also know that p ≥ I.
Then the minimum value of the expression f(p/T ) T 2 under the constraints
pT = I and p ≥ I is f(I). This proves an ET lower bound of Ω(I f(I)). The
other situation occurs for f(l) ≥ l2. Note that in USM every link can trans-
mit at most one bit for the duration of the entire computation. Hence the to-
tal number of bits transmitted across a ring during the computation is O(p).
Then the ET product is Ω

(
I f(1) p2

log(p/I)

)
since the time taken is max(p, T ).

Since p ≥ I, this is Ω(I3). 2

3.3 ET Bounds in the VLSIO Model

Now we are ready to prove some lower bounds in the VLSIO model. Notice
that for the purposes of lower bound proofs, the VLSIO model is essentially
3-D VLSI model with a non-linear energy cost function f(l). We have al-
ready developed techniques for these two cases in the previous discussion.



We will be combining the techniques used in 3-D VLSI lower bounds and
non-linear energy VLSI model lower bounds to get a I f(

√
I) lower bound

on the ET product for VLSIO multiswitch model for f(l) < l4/3. In MSM
for f(l) ≥ l4/3, this lower bound is Ω(I5/3). In the uniswitch case with
f(l) ≥ l2 [l < f(l) < l2] the lower bound is Ω(I2) [Ω(I f(

√
I))].

Theorem 3 Let a VLSIO system compute a function with the information
complexity I. In MSM, the ET product of this computation is lower-bounded
by Ω(I f(

√
I)) for an energy function l < f(l) < l4/3. An energy function

l > l4/3 leads to a lower bound of Ω(I5/3) for the multiswitch case. The
uniswitch circuits have an ET product of Ω(I2) for f(l) ≥ l2 and Ω(I f(

√
I))

for l < f(l) < l2.

Proof: The proof is very similar to the proofs of Theorem 1 and Theorem 2.
Let us consider the multiswitch case.

MSM: l < f(l) < l4/3: As we saw in Theorem 1, Lemma 1 gives us
√

s shells
around a box CI1 which reads at least n/471 input bits. This box is
separated from another box CI2 by a distance of at least

√
s where s

is the surface area of CI1 and CI2 also reads at least n/471 input bits.
Let the computation take time T . Thus we have Ω

(
I

log(sT/I)

)
paths of

length Ω(
√

s) that switch. By Lemma 4, the switching energy of these
paths is Ω

(
I f(

√
s/T ) T

log(sT/I)

)
. Then the ET product is Ω

(
I f(

√
s/T ) T 2

log(sT/I)

)
.

This product is minimized with sT = I. In addition, for f(l) < l4/3,
it is minimized when T = O(1) and s = Ω(I). Then the lower bound
is Ω

(
I f(

√
I)

)
.

MSM: f(l) ≥ l4/3: Here Lemma 4 dictates two cases: l4/3 ≤ f(l) < l2

and f(l) ≥ l2. In the first case, the lower bound is Ω
(

I f(
√

s/T ) T 2

log(sT/I)

)
.

This is minimized to Ω(I5/3) with sT = I and with s = I2/3. In the
second case, the energy-time product lower bound is Ω

(
I f(1)

√
sT

log(sT/I)

)
.

As shown in Baudet [Bau81] and Tyagi [Tya89], due to information-
theoretic requirements s ≥ I2/3. This alongwith the fact that sT = I
gives a minimum value, shows a lower bound of Ω(I5/3).

USM: l < f(l) < l2: As in the first subcase, the ET lower bound here is
Ω

(
I f(

√
s/T ) T 2

log(sT/I)

)
. There are two exceptions due to uniswitch property.



The maximum number of bits transmitted is O(s) rather than O(sT ).
Since each link can carry at most one bit, s ≥ I. These two imply a
lower bound of Ω

(
I f(

√
I)

)
.

USM: f(l) ≥ l2: Again USM implies that O(s) bits are transmitted and

that s ≥ I. Then an ET lower bound is Ω

(
I f(1)

√
s(T+

√
s)

log(s/I)

)
. This is

Ω
(

I f(1) s
log(s/I)

)
. For s ≥ I, this is minimized for s = I and is given by

Ω(I2).

2

4 Upper Bounds

We show upper bounds on the ET complexity of shifting. Note that since
shifting is a transitive function, its information complexity I(n) is Ω(n).
Hence by Theorem 2, the multiswitch ET is Ω(n2). The USM ET product
is Ω(n f(n)) for l < f(l) < l2 and Ω(n3) for f(l) ≥ l2.

A barrel shifter, a butterfly type of network, can be implemented in area
O(n2) and it takes time O(log n) to shift one set of data, as described in
Ullman [Ull84]. For each of the log n bits in the control input (shift value)
there is a stage in the barrel shifter. The ith stage shifts the data bits
by 2i−1 bit positions. Thus, in general, the wires corresponding to the ith
stage, for 1 ≤ i ≤ log n, have a length of Θ(2(i−1)). The wires for the stage
corresponding to the most significant bit (a shift by n/2) have length Θ(n/2).
On average, half of the wires at each stage switch. This is a uniswitch circuit.
For f(l) ≥ l2, every wire can be divided into unit length segments and driven
by a separate device. Then the time is O(n log n). Then the average energy
consumption for this circuit is Θ(A), which is O(n2). This gives an upper
bound of O(n3 log n) on E T product for shifting. Compare it with the
lower bound of Ω(n3). For l < f(l) < l2, the energy is O(n f(n)) and the
time is log n giving an ET product of n f(n) log n.

For the multiswitch case, consider the square shifter, as described in
Ullman [[Ull84], page 69]. The n bits to be shifted are stored along a d

√
ne×

d
√

ne array. We number the rows bottom-up from 1 to d
√

ne and columns
left-right from 1 to d

√
ne. The least significant input bit x1 is stored at (1, 1)

position, xd
√

ne at (d
√

ne, 1), xd
√

ne+1 at (1, 2), and xn at (d
√

ne, d
√

ne). The



first half control bits clog n . . . c(log n)/2+ 1 specify the horizontal shift amount
and the least significant half bits specify the vertical shift amount. It takes
area

√
n×

√
n and time O(

√
n). For each horizontal shift through a column,

half of
√

n bits are expected to switch, which switches half the area. The
expected shift amount is

√
n, giving rise to O(n3/2) average switching energy

for both horizontal and vertical shifting. The time taken is O(
√

n). Thus
we have an E T product of O(n2) which matches the lower bound.

Let us consider the three-dimensional case. By Theorem 1, shifting has
a lower bound of Ω(n3/2) in the 3D-VLSI model. For a systolic system, the
lower bound is Ω(n5/3). A three-dimensional version of the barrel shifter
will have a

√
n×

√
n square for each stage. The links from stage i to stage

i−1 are 2i/2. Hence the volume of this shifter is O(n3/2). Time taken is still
log n giving an ET product of n3/2 log n. A three-dimensional analog of the
square shifter will have dimensions n1/3 × n1/3 × n1/3. By our definition, it
is a systolic shifter. It has an ET product of n5/3.

In the VLSIO case, the 3-dimensional shifters described above serve the
purpose. For the multiswitch case, in the range f(l) < l4/3 the barrel shifter
serves the purpose. Its energy consumption is n f(

√
n) and the time taken

is log n. For the range l4/3 ≤ f(l), the cubic shifter has an ET product of
of n5/3. In USM, the 3-D barrel shifter has an ET product of n f(

√
n) log n

for f(l) < l2. For f(l) ≥ l2, every link is divided into unit length segments
giving E = n3/2 and time

√
n. This gives an ET product of n2.

5 Average Energy Case

¿From power supply design and heat dissipation perspective, it is the av-
erage case energy consumption that matters. The lower bounds derived in
Section 3 still hold if we replace I by the function entropy Hf using the
techniques in [Tya89]. The function entropy measures the skew of the dis-
tribution of the output values with respect to input values.

Definition 1 For a function f , let ny be the number of input values that
give rise to the output value y. Assuming n-bit input values, the entropy of
f Hf is

∑
y∈O

ny

2n log
(

2n

ny

)
, where O is the set of output values.

Then the following corollaries can be stated.



Corollary 1 The average ET product of a 3-D VLSI computation is Ω
(
H

3/2
f

)
.

Corollary 2 For a VLSIO system computing a function f , its MSM ET
product is Ω(Hf f(

√
Hf )) for an energy function l < f(l) < l4/3. An energy

function l > l4/3 leads to a lower bound of Ω(H5/3
f ) for the multiswitch

case. The uniswitch circuits have an ET product of Ω(H2
f ) for f(l) ≥ l2

and Ω(Hf f(
√

Hf )) for l < f(l) < l2.

Tyagi [Tya89] shows a lower bound of Ω(n) on Hf for shifting, DFT
and integer multiplication. Ω(n) is also a lower bound on the information
complexity I of these functions. This implies that an asynchronous compu-
tation has no asymptotic advantage over synchronous computation for these
functions.
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