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1 Introduction tainly has not attained the maturity of VLSI technology.
] What is likely to occur in the future? The technology for
1.1 Success of Very Large Scale Integration Theory electro-optical computing is likely to advance rapidly

Over the last 15 yr, very large scale integratidi.Sl) has through the 1990s, just as VLSI technolo_gy advanced in the
moved from being a theoretical abstraction to being a prac- late 1970s and 1980s. Therefore, following our past expe-
tical reality. As VLSI design tools and VLSI fabrication rience with VLSI, it seems likely that the theoretical under-
facilities such as the metal-oxide semiconductor system Pinnings for optical computing technology, namely, the dis-
(MOSIS) became widely available, the algorithm design covery of efficient algorithms and of resource lower
paradigms such as systolic algorithishich were thought ~ bounds, are cr_umal to guide its devel_opment. _Thls seems to
to be of theoretical interest only, have been used in high- us to be the right moment for algorithm designers to get
performance VLSI| hardware. A|0ng the same lines, the the- involved .|n this enterprise. A careful .|nteract|on between
oretical limitations of VLSI predicted by area-time trade- the architects and the algorithm designers can lead to a
off lower boundé have been found to be important better-thought-out design. This paper is an attempt in that

limitations in practice. direction.
1.2 Promise of Optical Computing 1.3 Data Storage: Key Problem in Optical
The optical computing technology is considered to be one Computing

of the several technologies that could provide a boost of The optical computing technology can obtain extremely
two to three orders of magnitude in computing speed over high data rates beyond what can be obtained by current
the currently used semiconductésilicon)-based technol-  semiconductor technology. Therefore, to sustain these data
ogy. The field of electro-optical computing, however, is in rates, the dynamic storage must be based on new technolo-
its infancy stage; comparable to the state of VLSI technol- gies that are likely to be completely or partially optical.
ogy, say, 10 yr ago. Fabrication facilities for many key Jordan at the Colorado Optoelectronic Computing Systems
electro-optical components are not widely available— Centel® and some other groups have proposed and used
instead, the crucial electro-optical devices must be specially optical delay line loops for dynamic storage. In these data
made in the laboratories. However, a number of prototype storage systems, an optical fiber, whose characteristics
electro-optical computing systems have been built recently, match the operating wavelength, is used to form a delay
perhaps most notably at Bell Laboratories under Hd4ng line loop. In particular, the system sends a sequence of
and also at Boulder under Jordésee later. In addition, optically encoded bits down one end of the loop and after a
several optical message-routing devices have been built atcertain delay(which depends on the length and optical
Boulder® Stanford, and the University of Southern characteristics of the lodpthe optically encoded bits ap-
Californig=® (USQ). Thus optical computing technology pear at the end of the loop, to be either utilized at that time
has matured to the point that prototypical computing ma- and/or once again sent down the loop. This idea of using
chines can be built in the research laboratories. But it cer- propagation delay for data storage dates back to the use of
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mercury delay loops in early electronic computing systems tion and matrix transposition can also be performed in an
before the advent of large primary or secondary memory LMM without any loss of time.

storage. Jorddfi has been able to store 40its per fiber We also consider a butterfly network wighlog p LMM

loop with the fiber length of approximately 1 km. This was processors, where<lp<n. The work(number of proces-
achieved in a small, low-cost prototype system with a syn- sors, time produgtof this network for ascend-descend al-
chronous loop without very precise temperature control. gorithms is shown to b©(n log n). Note that a butterfly
Jordan used such a delay loop system to build the seconthetwork performsn logn work. This shows that the
known purely optical computeiafter Huang's, which can  55cend-descend algorithms can be redesigned in such a way

simulate a counter. Note that this does not represent theas not to incur any work loss due to the restrictive nature of
ultimate limitations on the storage capacity of optical delay ihe loop memories.

loops, which could in principle provide very large storage

using higher performance electro-optical transducers and

multiple loops. Maguire and Prucrtdbuggest using optical

delay lines to form disk storage. 1.5 Related Work

_ The main problem with such a dynamic storage is that it geyeral models for virtual memory have been considered
is not a random access memory. A delay line loop cannot recently. The random access machiR&M) was proposed

be tapped at many points since a larger number of taps,g 5 simple model of sequential computation without any
leads to excessive signal degradation. This implies that if \;tal memory in Aho et al?> Aggarwal et af>!* intro-

an algorithm is not designed around this shortcoming of the ,ceq the first hierarchical memory model, which also in-
dynamic storage, it might have to wait for the whole length rporates block transfer. They extentfdtito the parallel

of the loop for each data access. Systolic algorithms compytation model PRAM. Vitter and Shrivérconsider
(Kung’) also exhibit such a tight interdependence between ihe pRAM case where parallel block transfers are permit-

the dynamic storage and the data access pattern. ted. In all these models, the algorithm optimization consists
of exploiting either temporal or spatial locality given that

1.4 Loop Memory Model and Our Results the access to a block of siZe at addressx costs time

In this paper, we propose the loop memory modd&M ) f(x)+b, wheref(x) is the seek time. In our model, the

as a model of sequential electro-optical computing with synchronization of the loopgrimary storaggwith proces-
delay-line-based dynamic storage. The LMM contains the sor is the main objective in algorithm design. In a more
basic features that current delay loop systems use, as welfully developed optical computing system, it seems almost
as the features that systems in the future are likely to use. Itimperative that a memory hierarchy will exist, with either
would seem that the restrictive discipline imposed on the fast semiconductor memory or laser disks at the bottom of
data access patterns by a loop memory would degrade thehe hierarchy. An analysis of the traffic between the loop
performance of most algorithms, because the processormmemory and secondary memory could be similar to the
might have to idle waiting for data. However, we demon- previous work. In the early days of computing, acoustic
strate that an important class of algorithms, ascend/descendielay lines were used as mass storage. But using a delay
algorithms, can be realized in the LMM without any loss of line as a secondary storage medium does not pose the prob-
efficiency. Note that many problems including merging, lems that are encountered when it is used as the primary
sorting, discrete Fourier transformatiofDFT), matrix storage. Its use as a secondary storage can be analyzed by
transposition and multiplication, and data permutation are the techniques developed for the hierarchical memory
solvable with an ascend/descend algoritkdescribed in model® (HMM). The related work in the theory of optical
Sec. 3. In fact, we give sequential algorithms covering a computing is very sparse. Barakat and Reihtroduced
broad range for the number of loops required. A parallel VLSIO (electro-optical VLS, a model of optical comput-
implementation performing the optimal amount of work is ing. They considered volume-time trade-offs and lower
also shown. The work performed by a parallel algorithm bounds in this model. We demonstratédenergy and
running onp processors in timd is given byp*T. energy-time product lower and upper bounds for optical
An ascend or descend phase takes ti@(@ logn) in computations. We introdud® the; DF_T-F’RAM model,
the LMM using logn loops of sizes 1, 2,4 .., n. Note where a DFT can be computed in unit time to model the

that a straightforward emulation of a butterfly network with Power of optical computing. We develop sevetll) time
O(n log n) time performance requiregd(n) loops:n loops algorithms in this model. ) )

of size 1,n/2 of size 2,n/4 of size 4,..., 1 of sizen. It The work most related to ;Q's paper is that of Jortfan,
can be implemented in time-S just with two loops of sizes Heuring et al?® and Jorda*??> They describe an optical

: . . delay loop system and show that a number of networks
Jn andn each. This can be generalized into an ascend- could be simulated by the use of optical delay loops. How-

descend scheme with timek+n'2"¥2 with 2<k ever, their work does not imply our results; in particular,
<logn loops. At this point in time, a loop is a precious they did not look at the algorithmic aspects of the loop
resource in optical technology, and hence tailoring an algo- memory systems.

rithm around the number of available loops is an important  QOptical waveguides have been used in several optical
capability. Thek loop adaptation of the ascend/descend al- computing systems, but primarily for computing and not
gorithm provides just this capability. A single loop proces- storage. Daeshik et &° Jordan et a4 and Kyungsook®

sor takesn? time. A matching lower bound also exists for use delay lines for time slot permutation and sorting. Bar-
this case, which is derived in Sec. 6 from one tape Turing barossa and Layboufhuse optical delay lines for process-
machine crossing sequence arguments. Matrix multiplica- ing. Wagner et af! perform adaptive array processing with
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ber of bits stored in it. We assume that the size of data
stored in each loop; is a pair of words, i.e., it is a word-

parallel implementation. This could mean that each concep-
CPU _ tual loopL; is implemented using 64 physical loops for a
32-bit word. An alternative method could be to encode 2
local bits into each wave, thereby requiring only 32 physical
registers loops. In either casd,; can storen; word pairs. The pro-

cessor has a tap into each of these loops. A simple concep-
el el el tual model is to assume that the current word under the tap
1 A R LB is stored in a register associated with the loop. In practice,
a memory loop could be directly coupled to a computa-
tional device without any need for an intermediate register.
In the following, we make the assumption that for all prac-
tical purposes, the CPU accesses a loop through its tap
register. A write into the loop is also performed from its tap
register. We refer to the value in the tap register of the loop
L; by v(L;). We use the notatiom(L;)=e to denote a
write of the result of an expressianinto L;. Similarly, x
=e[v(L;)] denotes a read df; for the evaluation of the
recirculating loops. There are several applications of micro- expressiore.

wave processing with delay line looffs. Note that the digital optical computer at Colordde?3!

The algorithms presented in this paper schedule theyses a bit-serial design. Each loop stores 64 words of 16-
memory loops for their data needs. However, all the prob- bits each in a bit-serial manner. The primary reason for
lems solvable with an ascend-descend algorithm entertainchoosing a bit-serial design was the cost of the optical
structured data and hence data scheduling can be built intoswitches. In their memory loop implementati%each
the algorithm as in systolic algorithms case. For random |oop has a distinct read and write port. A lithium niobate
data, the memory loop schedulitgimilar to register allo-  directional coupler is used at each of these ports. Each data
cation in current-day compiléf§ poses an interesting  word recirculates serially through a delay line passing the
problem. Tyagi® proposes some algorithms for scheduling input/output ports once each memory cy€28.5 us, time

Fig. 1 Processor with three delay line memory loops.

data on loops. to go through the loop ongeA memory counter keeps
o track of the address of the memory word at the read/write
1.6 Organization port. There are no latches in the system. The entire proces-

The rest of the paper is organized as follows. Section 2 sor is designed with “time-of-flight” synchronization.
introduces both the sequential processor and parallel LMM.

The various sequential processor implementations of thes 5 paag/Write Delavs

ascend-descend algorithms are described in Sec. 3. Section’ 4

4 sketches the processor version of ascend-descend algo- 1 n€ delay to read or write from a memory loop is a fraction
rithms. A brief sketch of matrix transpose and multiplica- of time required for computation. The situation is similar to

tion is given in Sec. 5. Some lower bounds are shown in the register access time being a fraction of cycle time. In

Sec. 6. An alternative model for parallel optical computa- thiS paper,”Wﬁ asiume Ithatdboth _realdlwritea%eﬂuire unit
tion where the delay line loops serve as both a communi- ime. Recall that the Colorado optical compdtehas a

cation link and a dynamic memory is presented in Sec. 7. Meémory cycle of 20.5us with a loop storing 64, 16-bit
Section 8 concludes the paper. words. If these loops were to be made word-parallel, then

the time between successive words is 20 ns, which corre-
2 Model sponds to a 50-MHz processing rate. This indeed is the
. . . processing rate of the Colorado digital optical computer.
The intent here is to develop a model for a processor with jance our assumption about each loop access taking a ma-
the primary dynamic storage in a delay line loop memory. chine cycle is not unrealistic. We also blur the distinction
The processor can have an instruction set similar to that of hetyeen an instruction cycle and a machine cycle in the
the RAM in Aho et al-* To make it a little more reason-  55qrithms presented in Sec. 3. We assume that instructions
able, we assume that the processor also contains a constanyish in one machine cycle as well, or that the cycles per
number of registers, each capable of holding one word of jysirctiorf2 (CPJ) is nearly 1. The algorithms in this paper
data. Note that a register operating at gigahertz rat&/¢)10 can be easily modified to fit any other delay model.
can be built using a very short delay line with a directional The operands for the instructions can be any of the local
coupler® Figure 1 shows a processor with three memory registers or one of the loop tap registers.
loops. The parallel butterfly model is a direct extension of the
sequential processor model. The interesting scenario occurs
only when am-input problem instance needs to be solved
A processor can have several delay line memory loops of on ap log p processor butterfly network fgr<<n. In such
prespecified lengths associated with it. Let therdlhi@ops  a case, the loop memory at each processor is used to main-
L; of lengthsn; for O<i<k. Note that the length of the tain the copies of multiple data resulting from folding. For
fiber (as a multiple of the wavelengtidetermines the num-  a description of a butterfly network, see Ullim&n.

2.1 Memory Loops

Optical Engineering, Vol. 36 No. 9, September 1997 2523



Reif and Tyagi: Optical delay line memory model . . .

Note that the prototype of the electro-optical computing
system being built at Colorado by Jord&mesembles our
model. All the register and main memory is realized with
fiber delay line storage loops. The processing logic is also Read/Write HW{
derived from the optical technology in the form of a direc-
tional coupler, where the electric field between the
waveguides is used as the control mechartism. Fig. 2 Loop words.

Lyt . L} I LY

i

3 Ascend-Descend Algorithms

The CASCADE algorithmgascend-descenéhtroduced in algorithms. In that case, we assume that we can associate a
Preparata and Vuillemifi are an important class of algo- memory counter with each word in the lobp with values
rithms. Consider an algorithm with= 2 input data items. between 0 anadh;— 1. We refer to the uppetlower) word
Let thei’th input be located at addressfor all O<i=<(n with  memory counter valuej by the notation
—1) initially. An algorithm is an ascend algorithm if it L, [j]%(Li[j]).
operates successively on pairs of data items that are located
20,21 22, ..., X 1=n/2 distance apart. This involves as- /nput copying.  Our initial assumption is that the primary
cending right to left on thé& address bits. A descend algo- Program input values reside in some other memory. We
rithm is defined similarly to operate on pairs of data items Would copy different input values into a given locgf size
2k=1 k=2 P apart. We define CASCADE to be the 1) over time. The primitivecopy _input (x;,L;) copies
class of algorithms that are composed of a sequence ofthe first argumen; to the upper track of the loop; at the
ascend and descend algorithms. Many problems such aswvord aligned with the write port when this primitive is
merging, sorting, DFT, matrix transposition and multiplica- invoked, i-e-,vu(L?):Xi . We assume thatopy _input
tion, and data permutation have CASCADE algorithms. takes one cycle.
Hence, an efficient implementation of ascend and descend
algorithms translates into an efficient implementation of all Copying. In ascend-descend algorithms in the next sec-
these problems. Besides, the topology of many interconnec-tion, many copying steps involve copying each value from
tion networks such as butterfly, perfect shuffle, hypercube, a loopL; to two locations inL; for |L;|=2%|L;|. In par-
and cube-connected cycles is ideally suited for ascend/yjcy1ar v(L~O) needs to be copied tm(LQ) andu(Lf“_l).
descend algorithms. o y J

In this section, we show a single processor implementa-
tion of an ascend-descend algorithm with following re-
sources: (1) time O(n logn), logn loops of sizes 1,

Figure 3 shows the copy pattern.

copy _upper (L, L;)

2,4, ...,n; (2) time n*5 two loops of size$\/ﬁ| andn: {commentf L; has twice as many words a._'f,.}
and (3) time nk+n'%2-%2, k loops, with 2<k<log n, of {comment: Copy upper track words of; into upper
sizes 0/2€)Y2andn/2%, n/2“~1, ..., n. Note that the first track ofL; .}

implementation performs optimal amount of work Ky K.
—0(n log n), demonstrating that an ascend/descend algo-(lwk’OS ksmi=1, vu(lp) =vu(LD;
rithm can be realized without any loss in time performance n+k K
due to high latency evident in loop memories. Also note (2Vk,0<k=ni—1, vy (L’ )=vu(L});
that the number of loops in a real optical processor might

be limited. Thek loop realization is helpful in this situation end copy _upper

as it provides an implementation of ascend/descend algo- . .
synchronized forl; andL;. After line 1 has completed

3.1 Loop Primitive Operations copyingL; into the first half ofL;, the word atLJT1i at the

In the following algorithms, we perform same set of actions entry intocopy _upper is now at the read/write poftur-

on loops many times. Hence we encapsulate these actiongent L?). At the entry intocopy _upper , L?, is again at
into loop primitives. We use the notati¢h;| to denote the  the read/write port. We need another similar primitive for
length of the loof_;, also given byn;. Recall that we have  copying the upper track words frolm to the lower track of
assumed that each location in the loop is capable of holdingL ;. Note that this copying takes timg=|L;|.

two words, as if there were two conceptual tracks on the
loop. We refer to these words hy,(L;) andv,(L;) for
upper and lower track words, respectively. We also refer to
the wordsv (L;) andv(L;) by the notationv (L") and

vi(LY) respectively. The notatioh! denotes the word that e ‘LX\:“ LB
would be at the read/write hedthp register of L; in j [ \
steps from the current time. Figure 2 shows a lbgpvith bt

R . . . . L; |L;‘- 1opmmtpmes e
data circulating left to right. The right end of the loop is
connected to the left end. Sometimes, we need to tag a
value in a loop_; for reasoning about the correctness of our Fig. 3 Loop copying for ascend-descend algorithms.
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Do,2 D1,2 D2,2 P32 Process-Ascend(7, k)
{comment: Process the k input bit positions starting al z; for ascend phase. }
{comment: k is assumed to be power of 2. }
Level 2 O C-\ o C} if & = 1 then copy.input(z;, L1), copy input bit o; to Ly. 1)
else
Process-Ascend(i, k/2); (2)
copy.upper(Ly/z, Li); 3)
Process-Ascend(i + §, %); (4)
copy-lower(Lyz, Li); (3)
Level 1 > computedoop(Lx, f); (6)
{comment: compute the values z;x = f(Tit/2, Tizkjak/2)> for 0 <4 < (k=1).}
end if
{comment: Note that z; s, and ;15242 are available in Ly, at position i due to previous two copy-
ing steps. }
end Process-Ascend

Level 0

Fig. 5 Recursive version of ascend phase algorithm.
Po,o P1o P20 P30

thej’th bit from the right in the binary representationiaf
0, and x; ;=f(X;-1,Xi_2i-1;-1) otherwise. Heref is
some operation performed in the processors. Similarly, for
the descend phase;;, for O<i<(n—1) and Os]j
<(logn—1), is given by the following expressions; ;
=0(Xi j+1.Xi+2i+1j11) when the {+1)st bit from the
right in the binary representation df is 0, and x;
=0(Xi j+1.X—2i+1j11) Otherwise. The skeleton of the
Ky _ Ky . implementation is as follows. A butterfly computation
(DVkO<k<nm—=1, vi(Lj)=vi(L7); grrfph is scanned in the order shown in Fig. 4. Wg demon-
ok K strate only the ascend-phase of the algorithm. The descend
(QVk,0sk=ni—1, v|(L;" )=v(L}); phase is very similar.
We assume that log memory loops L4, Lo,
end copy _lower Ly, ..., L, of sizes 1,2,4,8...,n, respectively are

Loop computation.  Another step in the ascend-descend available. Recall that the word positions away from the
. ) ) i
algorithms is to apply a functiofi of two arguments to ~ read/write port in the |000p_—k IS referr.ed to ad. The
words on the upper and lower tracks for an entire loop.  zeroth position of a loop, is the position scanned by the
tap register currently. The following implementation of the

Fig. 4 Butterfly network; thick lines show the order of computing.

copy _lower (L;,L;)

{comment: L; has twice as many words &s.}

{comment: Copy upper track words ok, into lower
track ofL;.}

compute _loop (L;,f) ascend algorithm assigns the physical ldgpto the stor-
{comment: Apply f to words inL;.} age of the values associated with butterfly levébr 0<i
<log n. For instance, looj, is time-multiplexed to store
Vi0<jsn—1, vy(LY)=F(vy(LY),0,(LY); all the butterfly level 0 values, while lodp, stores all the
butterfly level 1 values. Figure 5 presents the ascend phase
end compute _loop algorithm.

The ascend phase is implemented by a call to

An assumption made here is that the reads of two words Process-Ascen(D,n) (Fig. 5, wheren is assumed to be a
[vy(LY) andv,(L?)], computation off, and the write of  power of 2. It takes time 8 log n+n as
resultvu(LiO) all takes one cycle. If need be, the result
could be shifted by a few positions determined by the la- T(N)=2T(n/2)+3n, T(1)=1.
tency c¢ of the computation, i.e., vu(L:(+°)
=f(vy(LY),v,(LY)). The time taken by this computation is
n;=|L;|, assuming one cycle read-compute-write.

The two recursive calls t®rocess-Ascendn steps 2
and 4 of Fig. 5 give the termTn/2) and the two copying
steps in steps 3 and 5 lead to the &rm. The computation
in step 6 adds another to this equation. These equations

have a solution inf(n)=3n log n+n.
We number the levels of a butterfly network from 0 through  The main concern in determining the correctness of this

logn (bottom-up, as in Fig. A such that the cross- jmplementation and its timing analysis is the synchroniza-
connections between levelandi+1 have a span'2The  tion of all the loop accesses. For instance, at the return from
processors on the same level are numbered O through the callProcess-Ascen(D,n/2) at step 2, are the loops,,

—1 from left to right. Letx; ; for 0<i<(n—1) and I<j andL,, synchronized so that copying takes place isteps?
<logn be the value computed in the procesgpy. The Note that the usage pattern of the loops by this algorithm
input valuex; corresponds tx; o for O0<i=<(n—1). Note has the following formL,, L,, Ly, Lo, L4, Ly, Lo, Lq,

that for the ascend phase;=f(X; ;- 1,Xj42i-1;-1) When L,, L4, Lg, and so on. The following inductive proof es-

3.2 Thelog n Loop Version

Optical Engineering, Vol. 36 No. 9, September 1997 2525



Reif and Tyagi: Optical delay line memory model . . .

tablishes that the timing of the algorithm is correct, as the-

synchronization is done by “time-of-flight.” Note that we . T } o
. T . . 1] . comment: 18 ihe diagona U T,

have not defined the term *“synchronization” used in the for (b= 1 K <d; k= 2uky) @
Statement Of the fO”OWlng theorem {comment: & is the span of the data being processed. }

if ((i = (d - k)) mod k = 0) )

ThE'Ol’em l The ascend phase algorlthm In F|g 5 has {comment:.: i(‘;the sijrlif;i?o:itti:n. ;ll)valid (k,1) combinations have i mod k = 0.} @

. . bt == copy.input(z;, L .

synchronized data transfer and computation to emulate the lse computeJoon(Li, f); . P

behavior of a butterfly network. if (i mod (24 k) = 0) copy-upper(Ly, Lout) (®

else copylower(Li, Ly ); 7

Proof.  The proof is inductive. Assume that all the data
transfers and computation are synchronized for
Process-Ascen(, k) for all values ofk<<n. The inductive
basis fork=1 is trivial, as it involves only the transfer &f
into L;. The inductive step is to prove that
Process-Ascenf@,n) is synchronized given that
Process-AscenfD,n/2) and Process-Ascenth/2,n/2) are helps understand the timing of the ascend phase from a
synchronized. different perspective. The key point to note here is that
Assuming thatn>1, Process-Ascen(D,n) first calls  process-Ascenfi,k) calls one computing primitive
Process-Ascen(D,n/2), copies Ly, into L, calls  (compute _loop usually, orcopy _input for an input
Process-Ascenth/2,n/2), copiesL,, into L, and finally  pjt with k=1) and one copying primitivécopy _upper
computesL . After Process-AscenfD,n/2) is done, the or copy _lower ) for each feasible value ofi k). The

Fig. 6 lterative version of ascend phase algorithm.

assumption(part of inductive hypothesisis thatLn; IS temporal order in which these two primitives for different
scanningXojogn-1, OF vu(Ln) =Xojogn-1. IN @ddition to  (j k) pairs  are  called is as follows:
showing that all the copying steps work correctly, we also (0,1),(1,,(0,2,(2,1),(3,1,(2,2),(0,4,(4,1),(5,1),(4,2,(6,1),
need 1o prove that at the end Bfocess-Ascen(Dn), (7,2,(6,2),(4,4,(0,9,...(0,n). Note thati +k denotes a di-
vy(Ln) =Xoogn- agonal in the butterfly network of Fig. 4. Also note that all

Let T=0 when thecopy _upper at step 3 starts copy-
ing Ly into L,. Let the memory counter of the word cop-
ied into L, at O<T=k=n-1 be k. Similarly, let the
memory counter irL,, for the word copied at & T=k
<n/2 bek. Note thatL,[j]"=L,[j+n/2]" for O<j<n/2
and L /o[ 0]"=Xg jogn-1, Which implies thatl ;[ j]"=L,[]
+n/2]"=X; jogn-1- The copying is completed dt=n—1,
whenProcess-Ascenth/2,n/2) is called. This call is com-
pleted in ($/2)(logn—1)+n/2 steps. Once again, at time
T=n+(3n/2)(logn—1)+n/2, v,(LY2) =Xns2,0gn-1 DY in-
ductive hypothesis. The key question from synchronization
perspective is which word is at the read/write portLgfat
T=n+(3n/2)(logn—1)+n/2? We would Iikevu(Lﬂ) to
be either L,[0]" or L,[n/2]Y, which holds if T=n
+(3n/2)(logn—1)+n/2 is a integral multiple of/2. Since
n/2 divides the time elapsed since the last access to
memory counter 0 i, our synchronization holds for this
copying step for the following reason. Afteopy _lower
of stlep 5is comlpleted art=(5n/2)+(3n/2)(logn—1),
LoliT =L +n/2)' =Xp2+i 10gn—1 fOr 0<j<n/2 and we
alnr[eja]\dy hrl';E(JJI_n[j]‘LLnn[/ijrJ#]o/gzrjulzx]— Iognfjl- Hence when  OF iS an independent loop. Let tieinput words be inl,
compute _loop  of step 6 starts at timeT = (5n/2) !nltlally. In fact_, we assume that the memory counterl_‘orthe
+(3n/2)(logn—1), Uu(LL):Xj,Iognfl and UI(LL) input wordx; is i ie, Ia[j]=x; for Osj<n. We def|ne'
= Xu2+ | logn_1 fOr 0=]<n/2, as expected by the ascend two more primitives  for _ the |_nput loops:
algorithm, resulting inL,[j19=X; ogn. Similarly, v (L}) ~ COPY—input _left ~and copy _input _right . The
=X|_n2jogn_1 ANd UI(LL):Xj,Iognfl for n/2<j<n, and primitive copy _input _Ieﬁ (Ik_,lk',2,|) copiesl’s Igft
hencel o[} ]"=X; jogn- This establishes one part of the in- half (k/2 word9 to |, starting with input wordx; , which

the (i,k) pairs are invoked in the increasing order of their
diagonald=i+k. Of course, some of the diagonal entries
are never invoked, for instan€e=1, k=2) is not used due
to the nature of this computation. Line 3 in Fig. 6 checks
for the validity of each i,k) pair. Lines 1 and 2 set up
these (,k) pairs going over diagonal$ from 1 ton.

The preceding description assumes that theénput
words are available in some other memaongt the optical
loops. This is not a realistic assumption since the processor
contains only a small sizgd(1)] local storage in addition
to the memory loops. The only other place to hold the input
is the slow secondary memory. In the following, we show
that if the input words are resident in the lobp initially,
then they can be trickled down to the smaller loops in syn-
chrony with Process-Ascendwithout any loss of effi-
ciency. Here, we assume that either there is a separate third
track on each loop to hold the input values or there is a
separate set of loginput loops. In either case, lgt denote
the input loop of siz&, which is either part of the loop

ductive hypothesis. At tim@ = (7n/2)+ (3n/2)(logn—1), ~ “Would be at memory counter value O.
whencompute _loop is done,vu(Lﬂ)zxoy,ogn, establish- ) )
ing the second part of the inductive hypothesis. [ copy _input _left  (Iy,lw2,1)

{comment: Argumenti is only for reading convenience.
Figure 5 gives a recursive version of the ascend phaseWhenever this primitive is called, we maintain the invariant
implementation. We give an iterative version in Fig. 6 as it thatl,[0]=X;.}
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Vi, 0<j<k/i2, Iy [j1=1lj ]
end copy _input _left

We define copy _input _right (l\,ly,,i +k/2) to
copy the secongight) half of I, (k/2 wordg into | ;,. This
task could have been performed bypy _input _left
but again for presentation clarity we also define
copy _input _right . Once again, the specification bf
+k/2 is really redundant. The expectation is to copy
IW([K/2+ 1= X 12+ for 0<j<k/2 to Iy [j]. The invari-
ant maintained is that whenever this primitive is called

v(ID) =1 KI2]=X; 4 2.

copy _input _right (l,ly,i +k/2)

{comment: Argumenti +k/2 is only for reading conve-
nience. Whenever this primitive is calleld] 0]=X; -}

end copy _input _right

The procedurd’rocess-Ascendilso needs to be modi-
fied as follows:

Process-Ascen( k)

{comment: Process the k input bit positions starting at x
for ascend phasg.

{comment: k is assumed to be power of 2.

if k=1 then return; (1)
else
copy _input _left (ly,ly2,i); 2
Process-Ascen(l ,k/2); (3)
copy _upper (Lyz,Ly); (4)
copy _input _right  (l,ly,i +k/2); (5)
Process-Ascen@ +k/2k/2); (6)
copy _lower (Ly,Ly); (7)
compute _loop (L,f); (8

{comment: compute the values X;
=f(Xi k2. Xiz12p2), for Osis<(k—1).}
end if
{comment: Note that X, and X .+ x> /2 are available in L
at position i due to previous two copying stgps.
end Process-Ascend

We now need to argue that this new versiorPobcess-
Ascendworks correctly and that the input words are also
synchronized. All that we have modified iRrocess-
Ascendis to insertcopy _input _left (Iy,lp»,i) atline
2 and copy _input _right (Iy,l,,i+k/2) at line 5.
Also, the action taken whek=1 (at line 1) has changed
from copying the input word; into L; to doing nothing.
This version of ascend algorithm takes time kbg n. Note
that

T(n)=4n+2T(n/2), T(1)=0.

T(n). Since nothing is done fdt=1 case, the expression
for T(1) is 0. These equations have a solutionTitn)
=4n logn.

We now give a proof sketch for the timing of this ver-
sion. The key invariant is that right beforRFocess-Ascend
(i,k) is invoked 1, contains the input words
Xi X1, Xisk—1 With v(I2)=x;. It is true for the top-
level call Process-AscentD,n) as an assumption. For all
the other recursive calls éfrocess-Ascendhis invariant is
maintained by lines 2 and 5.

Lemma 1. The revised version oProcess-Ascends
synchronized.

Proof.  The proof is by induction ok as in Theorem 1.
The inductive hypotheses includé€l) when Process-
Ascendi k) is called, I, containsx;; for O<j<k and
v(19)=x, (2) at exit from Process-Asceni k), v,(L?)
=X 10gk» @and(3) all the copying steps in lines 2, 4, 5, and
7 are synchronized.

Let us establish the hypothesis ferocess-Ascen(,n)
assuming it is true for alk<n. Note that by assumption
u(Iﬂ):xo and hence copying step at line 2, copies
Xg:X1:+--Xn2—1 INtO 1, establishing the same invariant
for the Process-AscenfD,n/2) on line 3. Line 2
copy _input _left takesn/2 steps. Hence at the entry
into Process-Ascen(D,n/2), v(l ﬂ) =Xn=1,[n/2].
Process-Ascen(D,n/2) takes time #a(log n—1), which is
an integral multiple ofh. Note copy _upper (L,»,L,) is
synchronized to the beginning bf,, by hypothesis 2. This
copying at line 4 takesa steps. At the end of this copying,
v(Iﬂ) still is X, [2n(logn—1)+n steps since entry
into line 3 Process-Ascen(D,n/2)]. Hence
copy _input _left at line 5 is entered with the correct
invariant copyingX,»,....X,_1 into |, establishing hy-
pothesis 1 for the followindgProcess-Ascendn/2,n/2) call.
Note copy _lower is synchronized by the argument used
in Theorem 1 since the number of steps elapsed from the
end ofcopy _upper (line 4) is 2n(log n—1)+n/2, which
is an integral multiple ofi/2. Sincecopy _lower takesn
steps, compute _loop is also synchronized leaving
vu(LY) =Xoogn, €stablishing hypothesis 2. O

3.3 Two-loop Version

An ascend-descend algorithm can be implemented with
fewer loops(two) but then it takes longer timgO(n*?)].
There seems to be a trade-off between the number of loops
deployed and the time taken by the algorithm. The early
optical computers are likely to have a small number of
loops and hence this trade-off provides a welcome oppor-
tunity.

The basic idea for this algorithm comes from the square
implementation of a barrel shifter as described in Ullman
(Ref. 33, page 69 It is shown in Fig. 7. Then bits to be
shifted are stored along@n]x[/n] array. We number the
rows bottom-up from 0 t¢y/n]—1 and columns left-right

The input copying steps at lines 2 and 5 each take time from 0 to[yn]—1. The least significant input bi, is

n/2. This results in extran term for the expression for

stored at(0,0) position, X, 7;—1 at (/n1—1,0), X/ at
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Fig. 7 Square shifter.

(0,2), andx,_; at [/n]—1,[vn]—1). In the following, we
useyn instead of yn] to reduce the clutter of notation. The
log n control bitsCiog n—1Ciogn-2---C1Co form the word speci-
fying the shift amount &s<n. The least significant
(log n)/2 control bits specify the vertical shift amount. This
is because the bitsjog ) - 1---C1Co €ncode a shift amount
0=<s,</n. Note that any bits shifted out of colunjnfor
0<j<.n—1 move into appropriate entry of column (
+1). Similarly, the most-significant half control bits
Clogn—1--C(ogny2 SPeCify the horizontal shift amount. Note
that each 1-bit shift horizontally corresponds to a shift by
2'°9"2= /n in the original word. This shifting takes time
O(+/n), in particular, at most gn.

For an ascend-descend algorithm, the processing at leve
j (as shown in Fig. ¥ requires communication between
words X;j_; and Xj.,i-1;_1. This communication is
achieved through a square-shifter emulating mechanism in
the two-loop version. We use one loop of sizéo store all
the n words, entire array of the square shifter. This loop is
called main loop. Another loop of siz¢n is used to pro-
cess one column or row of the square shifter array at a time.
We refer to theyn size loop by context loop. The input
data is initially stored in the main loob,,. Note that any
row or column can be copied from the main lobpto the
context loopL 7 within n steps.

We process the/n columns first followed by the/n
rows. We copy each column and row from the main loop
into the context loop in turn and process it. The processing
of columni for 0<i< /n corresponds to processing lower
logn/2 levels (levels 1—logn/2) for the columns
i*n—(i+1)* yn—1 of the butterfly network. Similarly,
the computation of thg’th row in the square shifte(for
0=<j<+/n) processes upper lay2 levels (levels logn/2
+1—Ilogn) for the columnsj, j++n, ..., n—yn+j.
Note that ifn is chosen to be a power of 2, all the words
needed by level computation(for 1<i</logn/2) are con-
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tained in loopL 5. If n were not a power of 2, the context
loop would need to be ¢n long to be able to contain
entries for columnd andi+1 when columni is being
processed. For instance, for=9, the context loop has
three entries. When level (see Fig. 4 is computedxg o
andxy o should communicatécolumns 0 and 1 of butterfly
andx; o andxz g should communicatécolumns 2 and 3 of
the butterfly. However, the context loop contains only the
values 0fXg g, X10.X20. If we did use the context loop of
size 2J/n, which is 6 in this case, the context loop would
have valueg o, X1 0....X59. When column 0 of the square
shifter is processed, the values #qf1, X117, X2,1, andxz

will be computed. The values fo, ; andxs ; are computed
when column 1 of square shifter is handled. In general, in
this case 2°9"2> \/n. We computek= 292 yalues for
each iteration of the context loop for a square shifter col-
umn (except the last oneFor simplicity of illustration, we
assume in the following that is a power of 2.

For the two-loop algorithm, we are assuming the syn-
chronization of the loops is done through memory counters
for the loops. Let us assume that thth butterfly column
valuex; | for all levelsl is at memory counteirfor L,,. We
use the upper track oh 7 to keep the level +1 values
computed from the levdl values in the lower tracks. For
the square shifter columin resulting in butterfly columns
ivn,ivn+1, ...,G+1)Jn—1 being copied intoL s,
the memory counter values are 0,1,., Jn—1, respec-
tively. The primitives are

copy _column (i,L,,L )

{comment: copies square shifter columnfrom L, to
L . Either track can be used dn, and the lower track is
used onL 5.}

Vi, 0<j<n, Llj]'=La[iVn+jl;
end copy _column

The primitive copy _column can take up ton++/n
—1 steps. Thusl., may have to wait for up to—1 steps
for the L, memory counter to get tb/n and \/n steps are
needed to copy after that. We also need a primitive to move
the computed values back from the upper track gf to
L.

move_column _to _main (i,L,,L 7)
{comment: copies upper track ot 7 to columni of

L,.}
Vj,0<j<yn, L[ivn+jl=L 1%

end move_column _to _main

move_column _to _main also takes up tm+n—1
steps. The following primitiveopy _row (i,L,,L 7) cop-
iesi'th row from L, to L 5.

copy _row (i,L,,L 7)
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fori=0Oupto V- Ldo [6))
{comment: Handle the ith column.}
copy-column(i, Ly, L\/,-,); (2)
for { = 1 up to %2 do (3)
{comment: Each level (Ith) of the butterfly network is processed in turn. }
{comment: First deal with the lower &% levels cor ling to column operations. }
for j =0 up to 7 - 1 do (1)
{comment: The value at jth position interacts with the value at j +2'-'. }
computevalue(z; my;00 27" Lums 32 SN (5)
{comment: this is done in one rotation of L s}
end for

end for

move_column_to_main(i, Ly, L /z); (8)
{comment: copy the updated values back to the main loop before getting next column.}
end for
{comment: Now deal with the upper ‘2%1 levels corresponding to row operations. }

fori=0up to i —1do %)
copy.row(i, Ln, L.jz); (8)
for { = (logn)/2+ 1 up to logn do (9)
{comment: process upper log n/2 levels.}
for j=0up ton—1do (10)
{comment: The value at jth position interacts with the value at j + it ol }
compute value(z ., 271~ Ueen/D L o, f); (11)

{comment: this is done in one rotation of L s7.}
end for
end for
movesow._to.main(i, Ln, L /) (12)
end for

Fig. 8 Two-loop version of ascend phase algorithm.

{comment: copies square shifter rowvfrom L, to L .
Either track can be used dn, and the lower track is used
onL 7.}

for (j=0;j<\n;j=j+1)

L wlil'=Lali+iVn];
end copy _row

Note thatcopy _row can take up to A—1 steps,n
—1 for theL,, memory counter synchronization andteps
for the copying. Again, we need a reverse primitive to
move the upper track of a row froinz back toL,.

move_row _to _main (i,L,,L 5)

{comment: copies the computed values in rawfrom
the upper track of. zto L, .}

for (j=0;j<n;j=j+1)

La[i+jVn]=L&j1%
end move_row _to _main

move_row _to _main can also take up tor2—1 steps.
The following primitive computes a levélvalue from two
level | =1 values inL 5.

compute _value (xj;, k, Ls, j', )
{comment: computef(X; -1 Xj+k-1) and put it into
Lali"1" asx;, for I=logk.}

if (j mod 2k=0)
Lali=f(Lali'l, Lali’+kD:
else Lalj ' 1"=Ff(Lali'l, Lali’ =k

end compute _value

This version ofcompute _value takes up toJn steps
collecting the two level —1 values. Figure 8 shows the
algorithm for the two-loop version.

This algorithm takes timen'®log n+6n'®. The én'®
term is due to copying of context to and from the main
loop. This is because for each level of butterfly, each row/
column takes time proportional to. It can be easily con-
verted into a O(n'® algorithm as follows. In
compute _value , waiting for one rotation to access,
is wasteful. If we pipeline this computation, then in one
rotation of the context IoopL\fﬁ,(\/ﬁ/Zk) rather than
one value can be computed. For instance, for tile
level with column 0, in the first rotation
Xojs Xalys Xol+1y,...,Xm,. Thus for column (row)
computation, the total computation time per colufnow)
is =I%9"221 /n, which is n. This gives a total time of
2n1%+6nl5 The term 2% in the pipelined case com-
pares favorably with the term®= logn.

To implement the pipelined version, the algorithm in
Fig. 8 would have to be modified at two places. Lines 4 and
5 would be replaced by

for j=0 up to 2'7* do (4)
compute _pipelined _value

Xiasin 278 Las iuf); 5
end for

Similarly, lines 10 and 11 are replaced by
for j=0 up to Yyn—1 do (10)
compute _pipelined _value

(Xj iy, 2717092 20, £ (11
end for

The new primitive compute _pipelined _value

(Xj1, k, L, j', f) computes f(Xj -1, Xj=xi-1),

FOXGaki-10 Xjekeki-1), F(Xjraki-1, Xj+2k=k1-1)s--- 1N
one rotation of the loof 5. It is is defined as follows:

compute _pipelined _value

(0, K L, 170 )
for(start=j, mc=j’; mc
<Jn:mc=mc+k, start=start+k;)
if (start mod 2-k=0)
Lalmc]=f(Lgmc]', Lamec+k]);

Optical Engineering, Vol. 36 No. 9, September 1997 2529



Reif and Tyagi: Optical delay line memory model . . .

'15[.3,01 B2,1] B2

B[2,0] B[1,1] B[0,2]
Top k levels of Butterfly B[1,0) B[0,1]

B[0,0)

Al0,2) Afo,1] A[o,0] c[o,o}l——-| C[o,1|—> clo,? —-’C[D,nl—ﬂ’
Jrj2H? Vr[2H? NP 262 i e 1 1 l l
N X X X 42 L c[1,o]Hc[1,1] C,2) — C[1,n
G || AR || v ||
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Fig. 10 Systolic algorithm for matrix multiplication.

else L simc]"=f(L glmc]', L glmc—k]');
end for

end compute _pipelined _value

Note that this algorithm also provides(n?) one loop i'th processor in thg'th row p; ; for O<i<p and O<j
implementation. The processor contains only one loop of <|og p. Note that we have a log+1 level, p-node butter-
lengthn. Thei’'th level of butterfly takes time ' for 1 fly, for L<p<n. For the time being, let us assume thas
<i<logn. a multiple ofp. Let p/; refer to thei,j’th processor in the

n-node computation graph for<0i<n and O<j<logn.
The following mapping fronp; ; to py; will be used in our
What if we only had 2k+1<logn loops available? A algorithm. This mapping has been used in earlier work on
hybrid algorithm based on the preceding two algorithms parallel algorithms. NOtﬂDi',j for j<log(n/p) (lower logn

3.4 Ak Loop Version

in i 5y—ki2 i
woLks |rl1_1t|me P—kz+ nt27%2 " The k loops of Sligs ~log p levels maps intop;i 0. FOT j>logvp), pi;
n/2%, n/2x=1, n/2<°2, .. nand one loop of size/n/2 Maps iNto Pji/nipy.j—logn+iogp- The bottom logn—log p

are required. Figure 9 demonstrates the scheme behind th
algorithm. The bottom log—k levels of the butterfly net-
work are processed in the two-loop, mesh-based algorithm
with the loopsL,x as the main loop and g2 as the
context loop. Each mesh ign/2?x \n/2% requiring the Once again, let us consider the implementation of the
main loop of sizen/2 and a context loop of sizdﬁlzk’z__ ascend phase. Each processor in the bottom level of the
The two-loop algorithm for each mesh takes time p.node butterfly simulates an/p-node butterfly sequen-
8n'%2*. Hence total time taken in the two-loop phase for tially, as shown in Sec. 3, Algorithm 1. Thus, each of these
all the n/2k meshes is (81.5/2k/2). The tOpk levels of the p processors contains |0‘g_|og p |oops of sizes

fevels of then-word ascend-descend problem are solved
sequentially at one of the level O processors. Levels
+log n—log p of the ascend-descend problem are mapped
into level |l of the butterfly network.

butterfly are processed using the diagonal scan algorithmy 2 3 n/p. The time taken for this processing is
mentioned earlier. This phase ;cakge/lfsteps. Thus the  4(n/p)log(n/p). The top logp levels of then-node butter-
total time is bounded by k-+8n'2" steps. fly are pipelined in thep-node butterfly. Thg'th level of

the p-node butterfly processes the lagf)+j'th level of
_ the n-node butterfly. Each processpg, containsn/p con-
A_II the algonthms_ presented so far have assumed.that asecutive data values as dictated by the mapping WF‘O
single processor is used to solve the problem. In this sec—pk’I . The connectivity of the@-node butterfly is adequate to

tion, we are interested in using the optical fiber loops for :
local storage for processors that are part of a parallel Com_emulate the connections of thenode _butterfly. To see
this, note that the span of the connections between level

puter. In particular, we assume that we have-processor _ : o ., .
machine organized with butterfly connectivity. The prob- andj+1 in ann-node butterfly is 2 The j'th level is

lem occurs when an ascend-descend problem wihput mapped into the=j —log (n/p)'th level of thep-node but-
words such thab> p is solved on this butterfly network of ~ terfly. The span of connections b?tween e and i
p nodes. In such a case, multiple instances of data need tot 1St levels is 2(n/p). Thus thel'th element inp;;

4 Parallel Ascend-Descend Algorithm

be stored at each processor. One loop of size per pro- [which VYOU'd. have been ip .o 11.i +ioggp)] ha§ a Cross-
cessor seems to suffice to hold this data except for theconnection with thé’'th element ofp;.,i ; , 1 [which would
bottom level processors, which require loglog p loops. be pr;/p[jtZi]-%-I,i+1+Iog(n/p) .] This is the right cross-

Recall that ap-node butterfly has log+1 rows and  connection. The loops between two consecutive levels are
each row hap processors. As stated earlier, we number the also synchronized. This can be proven formally with an
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Fig. 11 Flawed scheme for transposition.

induction argument. The top Iqylevels take time log
+n/p.

The total time taken by this algorithm s
4(n/p)log(n/p)+log p+n/p. Then the work of this algo-
rithm is O(n log n), which is the work performed by an
n-node butterfly network as well.

5 Matrix Computations

The matrix multiplication of twanxX n matrices can be ac-
complished inO(n® steps, while the transpose takes
O(n?) time. Most matrix computations are very similar to
their systolic counterparfsin a systolic algorithm, there

loop algorithm. Most of the time, a static data stre@uch
as matrixC) in this example, can also be mapped on a loop
with proper synchronization. Several transformations for
systolic algorithms exist to convert spatial data streams
(such asC) into temporal(moving data streams or vice
versa>>—38

There is one problem that seems to occur in synchroni-
zation of data streams for several matrix operations. In the
following, we present the problem along with a solution.
We use matrix transposition as the example for the illustra-
tion of this problem. It appears as if for transposition, one
loop of sizen? andn loops of sizen each would give an
obvious n? time algorithm. The outline of the algorithm

are several active data streams interacting with each othercould be as follows. Initially, the X n matrix A is stored in
Each element of a data stream could be interacting with athe row-major order in the loop,2. Eachn-size loop ac-

distinct data stream in parallel. For instance, a commonly

used systolic algorithm for matrix multiplication uses the
data streams as shown in Fig. 10. Tag n matricesA and

B are multiplied in timeD(n®) by this algorithm. Processor
pi,; accumulates the value f@fi,j] such thatC=AXB.
Thei’th row of A is input from the left edge of the array
(Fig. 10 such that {(+1)’st row is one time step behind
i’th row. For instanceA[0,0] arrives atpg at T=0, but
A[1,0] arrives atp; g at T=1. Similarly, j’th column of B
arrives atpy; attimeT=j. The rows ofA and columns of

B keep marching down horizontally and vertically respec-

tively, while p; ; collects the product term[i,k]*B[K,]]

one by one. This systolic algorithm could be emulated in
loop-based processors by allocating a loop to each dat

stream(2n data streams in this case, one for each rov of
and one for each column d@). However, the values for

cumulates one row of the transposed ma#ix(which is a
column ofA) during the rotation of the main loop,,2. On

the surface, this step seems to be trivial. Let us illustrate it
with Fig. 11. The matrixA is stored in row-major order on
the loopL 2 initially. Let us assume thdt,2[0]=A[0,0],
with the data recirculating right to left. There ardoops of
sizesn each for accumulating thiéth row of AT (in Lnjin

Fig. 11). Let us evaluate the synchronization requirements
of this problem. Assume af=0, L,2 scansA[0,0Q],
Ln2[0]=A[0,0], which can be copied tb, 0] at T=0.
Similarly, atT=k for O<k<n, we can placéA[0,k] from
Lp2[K] into L, ,[O]. The problem occurs at the copy of the
next row ofA starting at timeT=n. At T=n, L, is scan-
ning A[1,0], which goes toL,J1]. However, atT=n,

Lno is scanninglL, J0]. The same problem occurs &t

C[i,j] are static—sitting in one place. Where should the =n+j for 0<j<n sinceL,; is scanningL, ;[ 0], while
matrix C be mapped? In general, all the systolic algorithms we need to access, j[1]. In short,L,2 andL,; are not
consisting of only moving data streams can be mapped to asynchronized. A solution for it may be to read frdmp. at
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D, _,[0] Dn-1[1]

Dn_l[n - 2]

(I

Fig. 12 Delay loop for time-shifting words.

time T=j and write it intoL,;[1] at time T=n+j+1.
However, the problem gets worse for the third entry or at
time T=2n+j for 0<j<n. We scam[2,j] in L2, which
goes tol, ;[ 2], but we scarL,,;[0] at this time. In gen-
eral, at timeT=i*n+j, we need to scah, ;[i], but we
scanL, ;[ 0]. In other wordsL 2 runs ahead ot ; by i
words forT=i*n+j for 0<i,j<n. One solution for this
problem is to introducen—1 delay loops of sizes
1, 2, 3,...n—1. The other solution is to have just one
delay loop of sizen—1 with n—1 taps into it. Each of
these taps requires a directional coupler switch. However, a
delay loop seems to be very useful for synchronization

problems encountered in matrix computations. We assume

that we have a single delay lo@p,_, with n—1 taps. The
word at tapi is referred to byD,_4[i] for 0O<i<n-—1. The
wordD,,_4[ 0] is the word written at current tim&,,_4[1]

is the word written one time unit earlier and so on. This
loop acts as a shifting loop. Figure 12 shows this loop. Now
the transposition can be done as follows:

for(i=0;i<n;i=i+1)
for(j=0; j<n; j=j+1)
if (i==0) copyLpn2[j]toL,;[0];
else
copyLyei*xn+j] toD,_4[0].
copyD—qfi] to Ly [j].
end if
end for
end for

This version of transposition takes timé to get all the
rows of AT into n loops of sizen. If these rows were to be
copied back into an? size loop, this would take anothef
steps. An alternative is to use a butterfly network with
2 logn loops. As shown in Ston®, for a matrix stored in
row-major order, the transpose corresponds tanighuffle
steps. This can be accomplished in tog@scend-descend
steps. The sequential version of ascend-descend then cal
transpose a matrix inrtlog? n steps.

Matrix multiplication can similarly be performed in®
steps. For the computation 6= AX B wherenxn matri-
cesA andB are initially stored in row-major order on loops
Lnza and Lp2 g, respectively, the following straightfor-
ward method can be used. Let us assume @ to be
stored onL 2 ¢ in row-major order as well. First transpose
B into n, n-size loopsLnp, Lni, ..., Lhn-1 as de-
scribed earlier. The values @ are computed in the order
of columns with column O first. We need to use the delay
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loop D,,_; again to delay the writes of columpdy j time
steps for E=j<n—1. The following steps describe this
multiplication algorithm:

TransposeB so that thei’th column of B is in L ; for O
<i<n.
for(j=0; j<n; j=j+1)
for(i=0;i<n;i=i+1)
X=0;
for(k=0; k<n; k=k+1)
X=X+Lpzali*n+k]*L,;[K];

end for
if (j==0)Ln,c[n*i]=X;
else
Dn-a[0]=X; Lpe[i*n+j]=D,_4[j];
end if
end for
end for

This matrix multiplication takes timeD(n®) with n,
n-size and 3,n?-size loops. Most of the systolic matrix
algorithms in Mead and ConwafRef. 40, pages 271-285
map into loop algorithms very nicely.

6 Lower Bounds

This model offers a rich milieu for lower bounds. As we
saw, a higher number of loops seems to lead to a lower
time. Not just the number of loops, but also the period of
data circulation in the loops is important. Ideally, we need a
combinatorial technique that can decompose the data ac-
cess pattern of a problem into some canonical periods. Un-
fortunately, at this time, we do not have such a technique.
However, we do have some simple lower bounds that are
tight for their subcases. Let us first consider the single-loop
version.

Note that a one-loop processor is like a single-tape Tur-
ing machine, where the head is forced to move in the same
direction at each time step. The tape is also wrapped around
fo form a simple loop. The crossing sequence arguments
given in Hennié*2 can be used to show that the ascend-
descend algorithms neé?(n?) time on a one-loop proces-
sor. The number of distinct input patterns f§ 2ssuming a
binary input. Note that)(n) crossing sequences can be
shown to have lengtk)(n), leading to the lower bound.

The second technique quantifies the lower bound in
terms of the size of the smallest loop. The assumptions are
that there is only a constant amount of “register” storage
available to the processor in addition to the loop memories.
Note that all these loops have exactly one read/write port,
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unlike the delay loofD,,_, for matrix operations. The fol-
lowing lower bounds hold only if there is exactly one ob-
servation point into the loop memoiiyno loops ofD,,_1
type are available We can derive a tight lower bound for
the k loop version with this method. Let the smallest loop
be of sizes. The computation of lower log levels of the
ascend-descend phases can be shown to reduism)
time. For thek-loop version,s=+/n2"%2. This gives a
lower bound ofQ2(n*%27%2) which matches the time of
the algorithm. Similarly, for the two-loop version, the
smallest loop has siz¢n and hence the lower bound trans-
lates intoQ(n'9). This is also a tight bound.

Theorem 2.  Let an optical computing system consisting
of k>1 loops have the smallest loop of sige The com-
putation of ann-word ascend-descend algorithm requires
time Q(sn+n logn).

Proof. We assume that the data words at levehre
stored in a memory loop in the butterfly column order
Xoy s X1y, - - - Xn—1, - FoOr the lower bound purposes, any
order that is a permutation of (0, 1..,n—1) will do, but

the proof is more understandable with this order. Another
claim is that the lowem=|log s| levels of the butterfly
network are best computed in the smallest sizedIgop.
The following discussion will prove this point.

Level | computation for ascend phase consistsxgf
=f(Xi;_1, Xi=21-1,_1). There aren/2' groups of words
consisting of 2 words each that define the period of access
required by the computation. A group of words consists of
Xix 21 for 0<i<n/2. In this group, the wordsi, ,i;  for
0<j<2'"! require the values Of Xj,211j -1 and
Xix21421-14j-1. We call this communication backward
communication(with respect to the direction of data circu-
lation in the loopg Similarly, the words;, o1 4 p1-14j, for
0<j<2'"! require the values ofXi,z4j;—1 and
Xix2l421-11j -1 Thisis the forward communication. Both

forward and backward communication pose different set of ||

000

o
o

Jan)
-/

Fan
o/

N
o/

Fig. 13 Use of memory loops as communication links.

without loss of generality. Hence, we can compute at most
n/2' levell values in each scan &f;. In fact, this is exactly
what is done by the two-loop, pipelined computation de-
scribed earlier. Hence we need at lea{P>2' scans of

to computes of then lower logs level values. This gives at
least & scans ol ¢ for the computation o$ values. Hence,
the computation ofi words for lower logs levels requires
n/s*2s=2n scans ofLg. Since each scan df takess
time steps, the time needed fon 2cans is at leastsh. Is
this the lowest time for computing lower Iejevels of the
ascend phase? The answer is that any other (obfarger
size) would take at least 2n steps as well. Let us consider
computing these lower loglevels in loopLg for s'>s.
The number of scans for computirgy values from the
lower logs level would again be at leass2The number of
iterations for computing all the words would ben/s and
hence the total time would be at least®, which is no
lower than 2s.

Note that we did not even consider the backward com-
munication requirements to get this lower bound. We can
derive then log n lower bound based on the structure of the
butterfly network. Since we are dealing with a sequential
computation model, and there arelogn computation
nodes in the butterfly graph for an ascend phase, the lower
bound follows trivially.

7 Alternative Parallel Loop Model
Sec. 4, we used the loop memory for holding the data

problems. For instance, they have different periods. For piocks due to problem folding. The communication links

forward communication, X, oij ;-1 IS needed at
Xix2l421-14+j, With a period of 2~ and a size of 2.
Backward communication on the other hand requires
Xix2l+j,1—1 to be available next time we scap, »i . The
next scan ok, i, happens im—2'~! time steps, which

is the period of backward communication. Exactly

—2'"1 such values must be remembered for the next scan

of the levell data and hence that is also the size of the
backward communication.

If we compute the lowem=log s levels of butterfly(for
1<I<m) on the smallest loof, the forward communi-
cation requirement limits us as follows. We need loops of
sizes 1, 2, 4, and™ ! so that forward communication does
not require additional scans of the ledet1 and levell
data inLg. However,s=2" is the smallest size loop avail-
able. What is the penalty of this limitation? Since only a

between processors in a butterfly network are also imple-
mented in fiber technology to keep up with the data rates.
We propose another way of using the fiber loops so as to
serve as both the data holders and the communication links.
The disadvantage of this approach is that it requires many
taps into a fiber. Consequently, at this point in time, this
approach is not technically feasible. Figure 13 shows the
scheme. Between the two levels shown the four left-hand
processors need to communicate with the four processors
right below them and with the four right-hand processors
on the right. The two loops shown serve this purpose. Each
processor drops a data value into either the vertical connec-
tion loop or the cross-connection loop. This value is picked
up by the target processor after ticks for the loops con-
necting leveld andi+1.

8 Conclusions

constant amount of register storage is available on the pro-The optical computing technology has matured to the point
cessor, for each levélwe can remember at most a constant that prototypical computing machines can be built in the
number of words to carry forward. Let this constant be 1 research laboratories. This also is the right moment for the

Optical Engineering, Vol. 36 No. 9, September 1997 2533



Reif and Tyagi: Optical delay line memory model . . .

algorithm designers to get involved in this enterprise. A 7.
careful interaction between the architects and the algorithm
designers can lead to a better-thought-out design. This pa- ™
per is an attempt in that direction. We have studied the o.
repercussions of the use of memory loops on algorithm
design. The use of delay line loops as memories is neces-
sitated by the required data rategpward of 100 M words/

s). We develop a computational model, the LMM, to cap- 1

ture the relevant characteristics of the memory loops.

It would seem that the restrictive discipline imposed on 12.

the data access patterns by a loop memory would degrade, ,
the performance of most algorithms, because the processor
might have to idle waiting for data. We demonstrate that an
important class of algorithms, ascend-descend algorithms,
can be realized in the LMM without any loss of efficiency.
In fact, the sequential realizations span a broad range forl>
the number of loops required. A parallel implementation
performing the optimal amount of work is also shown. 16.
Some matching lower bounds are illustrated, as well.

Optical computing is an emerging field. There are a 17,
myriad of open questions. We have only covered one class
of algorithms in the LMM, the ascend-descend class. Many
more problems and algorithms need to be investigated in
this model. As we mentioned earlier, a large secondary
memory that would be either semiconductor based or opti-
cal technology based would almost certainly be needed. In
fact, the memory hierarchy is likely to have many more
levels in this case due to the large mismatch in the speeds,,
of the dynamic and secondary storage. A model similar to
HMM (Ref. 13 to capture the hierarchical nature of
memory would help.

The lower bounds in the LMM also pose many interest-
ing problems. A new set of techniques seems to be re-22:
quired. The data access pattern of a problem has to be
classified in terms of some basic frequencies. In summary, 23.
we believe that this field would serve as a fertile ground for
future research.
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