
Optical delay line memory model with efficient
algorithms

John H. Reif
Duke University
Department of Computer Science
Durham, North Carolina 27708-0129
E-mail: reif@cs.duke.edu

Akhilesh Tyagi
Iowa State University
Department of Computer Science
Ames, Iowa 50011
E-mail: tyagi@cs.iastate.edu

Abstract. The extremely high data rates of optical computing technol-
ogy (100 Mwords/s and upward) present unprecedented challenges in
the dynamic memory design. An optical fiber loop used as a delay line is
the best candidate for primary, dynamic memory at this time. However, it
poses special problems in the design of algorithms due to synchroniza-
tion requirements between the loop data and the processor. We develop
a theoretical model, which we call the loop memory model (LLM), to
capture the relevant characteristics of a loop-based memory. An impor-
tant class of algorithms, ascend/descend—which includes algorithms for
merging, sorting, discrete Fourier transformation (DFT), matrix transpo-
sition, and multiplication and data permutation—can be implemented
without any time loss due to memory synchronization. We develop both
sequential and parallel implementations of ascend/descend algorithms
and some matrix computations. Some lower bounds are also demon-
strated. © 1997 Society of Photo-Optical Instrumentation Engineers.
[S0091-3286(97)03709-4]
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1 Introduction

1.1 Success of Very Large Scale Integration Theory

Over the last 15 yr, very large scale integration~VLSI! has
moved from being a theoretical abstraction to being a pr
tical reality. As VLSI design tools and VLSI fabricatio
facilities such as the metal-oxide semiconductor sys
~MOSIS! became widely available, the algorithm desi
paradigms such as systolic algorithms,1 which were thought
to be of theoretical interest only, have been used in hi
performance VLSI hardware. Along the same lines, the t
oretical limitations of VLSI predicted by area-time trad
off lower bounds2 have been found to be importan
limitations in practice.

1.2 Promise of Optical Computing

The optical computing technology is considered to be o
of the several technologies that could provide a boos
two to three orders of magnitude in computing speed o
the currently used semiconductor~silicon!-based technol-
ogy. The field of electro-optical computing, however, is
its infancy stage; comparable to the state of VLSI techn
ogy, say, 10 yr ago. Fabrication facilities for many k
electro-optical components are not widely available
instead, the crucial electro-optical devices must be spec
made in the laboratories. However, a number of protot
electro-optical computing systems have been built recen
perhaps most notably at Bell Laboratories under Huan3,4

and also at Boulder under Jordan~see later!. In addition,
several optical message-routing devices have been bu
Boulder,5 Stanford, and the University of Souther
California6–9 ~USC!. Thus optical computing technolog
has matured to the point that prototypical computing m
chines can be built in the research laboratories. But it c
Opt. Eng. 36(9) 2521–2535 (September 1997) 0091-3286/97/$10.00
,

t

tainly has not attained the maturity of VLSI technolog
What is likely to occur in the future? The technology f
electro-optical computing is likely to advance rapid
through the 1990s, just as VLSI technology advanced in
late 1970s and 1980s. Therefore, following our past ex
rience with VLSI, it seems likely that the theoretical unde
pinnings for optical computing technology, namely, the d
covery of efficient algorithms and of resource low
bounds, are crucial to guide its development. This seem
us to be the right moment for algorithm designers to
involved in this enterprise. A careful interaction betwe
the architects and the algorithm designers can lead t
better-thought-out design. This paper is an attempt in t
direction.

1.3 Data Storage: Key Problem in Optical
Computing

The optical computing technology can obtain extrem
high data rates beyond what can be obtained by cur
semiconductor technology. Therefore, to sustain these
rates, the dynamic storage must be based on new techn
gies that are likely to be completely or partially optica
Jordan at the Colorado Optoelectronic Computing Syste
Center10 and some other groups have proposed and u
optical delay line loops for dynamic storage. In these d
storage systems, an optical fiber, whose characteris
match the operating wavelength, is used to form a de
line loop. In particular, the system sends a sequence
optically encoded bits down one end of the loop and afte
certain delay~which depends on the length and optic
characteristics of the loop!, the optically encoded bits ap
pear at the end of the loop, to be either utilized at that ti
and/or once again sent down the loop. This idea of us
propagation delay for data storage dates back to the us
2521© 1997 Society of Photo-Optical Instrumentation Engineers
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Reif and Tyagi: Optical delay line memory model . . .
mercury delay loops in early electronic computing syste
before the advent of large primary or secondary mem
storage. Jordan10 has been able to store 104 bits per fiber
loop with the fiber length of approximately 1 km. This wa
achieved in a small, low-cost prototype system with a s
chronous loop without very precise temperature cont
Jordan used such a delay loop system to build the sec
known purely optical computer~after Huang’s!, which can
simulate a counter. Note that this does not represent
ultimate limitations on the storage capacity of optical de
loops, which could in principle provide very large stora
using higher performance electro-optical transducers
multiple loops. Maguire and Prucnal11 suggest using optica
delay lines to form disk storage.

The main problem with such a dynamic storage is tha
is not a random access memory. A delay line loop can
be tapped at many points since a larger number of t
leads to excessive signal degradation. This implies tha
an algorithm is not designed around this shortcoming of
dynamic storage, it might have to wait for the whole leng
of the loop for each data access. Systolic algorith
~Kung1! also exhibit such a tight interdependence betwe
the dynamic storage and the data access pattern.

1.4 Loop Memory Model and Our Results

In this paper, we propose the loop memory model~LMM !
as a model of sequential electro-optical computing w
delay-line-based dynamic storage. The LMM contains
basic features that current delay loop systems use, as
as the features that systems in the future are likely to us
would seem that the restrictive discipline imposed on
data access patterns by a loop memory would degrade
performance of most algorithms, because the proce
might have to idle waiting for data. However, we demo
strate that an important class of algorithms, ascend/des
algorithms, can be realized in the LMM without any loss
efficiency. Note that many problems including mergin
sorting, discrete Fourier transformation~DFT!, matrix
transposition and multiplication, and data permutation
solvable with an ascend/descend algorithm~described in
Sec. 3!. In fact, we give sequential algorithms covering
broad range for the number of loops required. A para
implementation performing the optimal amount of work
also shown. The work performed by a parallel algorith
running onp processors in timeT is given byp* T.

An ascend or descend phase takes timeO(n log n) in
the LMM using logn loops of sizes 1, 2, 4, . . . , n. Note
that a straightforward emulation of a butterfly network w
O(n log n) time performance requiresO(n) loops:n loops
of size 1,n/2 of size 2,n/4 of size 4, . . . , 1 of sizen. It
can be implemented in timen1.5 just with two loops of sizes
An and n each. This can be generalized into an asce
descend scheme with timenk1n1.522k/2 with 2<k
< log n loops. At this point in time, a loop is a preciou
resource in optical technology, and hence tailoring an a
rithm around the number of available loops is an import
capability. Thek loop adaptation of the ascend/descend
gorithm provides just this capability. A single loop proce
sor takesn2 time. A matching lower bound also exists fo
this case, which is derived in Sec. 6 from one tape Tur
machine crossing sequence arguments. Matrix multipl
2522 Optical Engineering, Vol. 36 No. 9, September 1997
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tion and matrix transposition can also be performed in
LMM without any loss of time.

We also consider a butterfly network withp log p LMM
processors, where 1,p<n. The work~number of proces-
sors, time product! of this network for ascend-descend a
gorithms is shown to beO(n log n). Note that a butterfly
network performsn log n work. This shows that the
ascend-descend algorithms can be redesigned in such a
as not to incur any work loss due to the restrictive nature
the loop memories.

1.5 Related Work

Several models for virtual memory have been conside
recently. The random access machine~RAM! was proposed
as a simple model of sequential computation without a
virtual memory in Aho et al.12 Aggarwal et al.13,14 intro-
duced the first hierarchical memory model, which also
corporates block transfer. They extended15 it to the parallel
computation model PRAM. Vitter and Shriver16 consider
the PRAM case where parallel block transfers are perm
ted. In all these models, the algorithm optimization cons
of exploiting either temporal or spatial locality given th
the access to a block of sizeb at addressx costs time
f (x)1b, where f (x) is the seek time. In our model, th
synchronization of the loops~primary storage! with proces-
sor is the main objective in algorithm design. In a mo
fully developed optical computing system, it seems alm
imperative that a memory hierarchy will exist, with eith
fast semiconductor memory or laser disks at the bottom
the hierarchy. An analysis of the traffic between the lo
memory and secondary memory could be similar to
previous work. In the early days of computing, acous
delay lines were used as mass storage. But using a d
line as a secondary storage medium does not pose the p
lems that are encountered when it is used as the prim
storage. Its use as a secondary storage can be analyze
the techniques developed for the hierarchical mem
model13 ~HMM !. The related work in the theory of optica
computing is very sparse. Barakat and Reif17 introduced
VLSIO ~electro-optical VLSI!, a model of optical comput-
ing. They considered volume-time trade-offs and low
bounds in this model. We demonstrated18 energy and
energy-time product lower and upper bounds for opti
computations. We introduce19 the DFT-PRAM model,
where a DFT can be computed in unit time to model t
power of optical computing. We develop severalO(1) time
algorithms in this model.

The work most related to this paper is that of Jordan10

Heuring et al.,20 and Jordan.21,22 They describe an optica
delay loop system and show that a number of netwo
could be simulated by the use of optical delay loops. Ho
ever, their work does not imply our results; in particula
they did not look at the algorithmic aspects of the lo
memory systems.

Optical waveguides have been used in several opt
computing systems, but primarily for computing and n
storage. Daeshik et al.,23 Jordan et al.,24 and Kyungsook25

use delay lines for time slot permutation and sorting. B
barossa and Laybourn26 use optical delay lines for process
ing. Wagner et al.27 perform adaptive array processing wi
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recirculating loops. There are several applications of mic
wave processing with delay line loops.28

The algorithms presented in this paper schedule
memory loops for their data needs. However, all the pr
lems solvable with an ascend-descend algorithm enter
structured data and hence data scheduling can be built
the algorithm as in systolic algorithms case. For rand
data, the memory loop scheduling~similar to register allo-
cation in current-day compilers29! poses an interesting
problem. Tyagi30 proposes some algorithms for scheduli
data on loops.

1.6 Organization

The rest of the paper is organized as follows. Sectio
introduces both the sequential processor and parallel LM
The various sequential processor implementations of
ascend-descend algorithms are described in Sec. 3. Se
4 sketches thep processor version of ascend-descend al
rithms. A brief sketch of matrix transpose and multiplic
tion is given in Sec. 5. Some lower bounds are shown
Sec. 6. An alternative model for parallel optical compu
tion where the delay line loops serve as both a commu
cation link and a dynamic memory is presented in Sec
Section 8 concludes the paper.

2 Model

The intent here is to develop a model for a processor w
the primary dynamic storage in a delay line loop memo
The processor can have an instruction set similar to tha
the RAM in Aho et al.12 To make it a little more reason
able, we assume that the processor also contains a con
number of registers, each capable of holding one word
data. Note that a register operating at gigahertz rate (109/s)
can be built using a very short delay line with a direction
coupler.10 Figure 1 shows a processor with three memo
loops.

2.1 Memory Loops

A processor can have several delay line memory loops
prespecified lengths associated with it. Let there bek loops
Li of lengthsni for 0< i ,k. Note that the length of the
fiber ~as a multiple of the wavelength! determines the num
o

n

f

nt

f

r of bits stored in it. We assume that the size of d
ored in each loopLi is a pair of words, i.e., it is a word
rallel implementation. This could mean that each conc

al loop Li is implemented using 64 physical loops for
-bit word. An alternative method could be to encode

ts into each wave, thereby requiring only 32 physic
ops. In either case,Li can storeni word pairs. The pro-
ssor has a tap into each of these loops. A simple con
al model is to assume that the current word under the
stored in a register associated with the loop. In pract
memory loop could be directly coupled to a compu
nal device without any need for an intermediate regis
the following, we make the assumption that for all pra
al purposes, the CPU accesses a loop through its
gister. A write into the loop is also performed from its ta
gister. We refer to the value in the tap register of the lo

i by v(Li). We use the notationv(Li)5e to denote a
write of the result of an expressione into Li . Similarly, x
5e@v(Li)# denotes a read ofLi for the evaluation of the
expressione.

Note that the digital optical computer at Colorado20,22,31

uses a bit-serial design. Each loop stores 64 words of
bits each in a bit-serial manner. The primary reason
choosing a bit-serial design was the cost of the opti
switches. In their memory loop implementation,31 each
loop has a distinct read and write port. A lithium nioba
directional coupler is used at each of these ports. Each
word recirculates serially through a delay line passing
input/output ports once each memory cycle~20.5 ms, time
to go through the loop once!. A memory counter keeps
track of the address of the memory word at the read/w
port. There are no latches in the system. The entire pro
sor is designed with ‘‘time-of-flight’’ synchronization.

2.2 Read/Write Delays

The delay to read or write from a memory loop is a fracti
of time required for computation. The situation is similar
the register access time being a fraction of cycle time.
this paper, we assume that both read/write require u
time. Recall that the Colorado optical computer22 has a
memory cycle of 20.5ms with a loop storing 64, 16-bit
words. If these loops were to be made word-parallel, th
the time between successive words is 20 ns, which co
sponds to a 50-MHz processing rate. This indeed is
processing rate of the Colorado digital optical comput
Hence our assumption about each loop access taking a
chine cycle is not unrealistic. We also blur the distincti
between an instruction cycle and a machine cycle in
algorithms presented in Sec. 3. We assume that instruct
finish in one machine cycle as well, or that the cycles p
instruction32 ~CPI! is nearly 1. The algorithms in this pape
can be easily modified to fit any other delay model.

The operands for the instructions can be any of the lo
registers or one of the loop tap registers.

The parallel butterfly model is a direct extension of t
sequential processor model. The interesting scenario oc
only when ann-input problem instance needs to be solv
on ap log p processor butterfly network forp,n. In such
a case, the loop memory at each processor is used to m
tain the copies of multiple data resulting from folding. F
a description of a butterfly network, see Ullman.33
2523Optical Engineering, Vol. 36 No. 9, September 1997
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Reif and Tyagi: Optical delay line memory model . . .
Note that the prototype of the electro-optical computi
system being built at Colorado by Jordan10 resembles our
model. All the register and main memory is realized w
fiber delay line storage loops. The processing logic is a
derived from the optical technology in the form of a dire
tional coupler, where the electric field between t
waveguides is used as the control mechanism.10

3 Ascend-Descend Algorithms

The CASCADE algorithms~ascend-descend! introduced in
Preparata and Vuillemin34 are an important class of algo
rithms. Consider an algorithm withn52k input data items.
Let the i ’th input be located at addressi for all 0< i<(n
21) initially. An algorithm is an ascend algorithm if i
operates successively on pairs of data items that are loc
20, 21, 22, . . . ,2k215n/2 distance apart. This involves a
cending right to left on thek address bits. A descend algo
rithm is defined similarly to operate on pairs of data ite
2k21, 2k22, . . . , 20 apart. We define CASCADE to be th
class of algorithms that are composed of a sequenc
ascend and descend algorithms. Many problems suc
merging, sorting, DFT, matrix transposition and multiplic
tion, and data permutation have CASCADE algorithm
Hence, an efficient implementation of ascend and desc
algorithms translates into an efficient implementation of
these problems. Besides, the topology of many interconn
tion networks such as butterfly, perfect shuffle, hypercu
and cube-connected cycles is ideally suited for asce
descend algorithms.

In this section, we show a single processor implemen
tion of an ascend-descend algorithm with following r
sources: ~1! time O(n log n), log n loops of sizes 1,
2, 4, . . . ,n; ~2! time n1.5, two loops of sizesuAnu andn;
and ~3! time nk1n1.522k/2, k loops, with 2<k< log n, of
sizes (n/2k)1/2 andn/2k, n/2k21, . . . , n. Note that the first
implementation performs optimal amount of wo
2Q(n log n), demonstrating that an ascend/descend a
rithm can be realized without any loss in time performan
due to high latency evident in loop memories. Also no
that the number of loops in a real optical processor mi
be limited. Thek loop realization is helpful in this situation
as it provides an implementation of ascend/descend a
rithms on any optical processor.

3.1 Loop Primitive Operations

In the following algorithms, we perform same set of actio
on loops many times. Hence we encapsulate these ac
into loop primitives. We use the notationuLi u to denote the
length of the loopLi , also given byni . Recall that we have
assumed that each location in the loop is capable of hold
two words, as if there were two conceptual tracks on
loop. We refer to these words byvu(Li) and v l(Li) for
upper and lower track words, respectively. We also refe
the wordsvu(Li) and v l(Li) by the notationvu(Li

0) and
v l(Li

0) respectively. The notationLi
j denotes the word tha

would be at the read/write head~tap register! of Li in j
steps from the current time. Figure 2 shows a loopLi with
data circulating left to right. The right end of the loop
connected to the left end. Sometimes, we need to ta
value in a loopLi for reasoning about the correctness of o
2524 Optical Engineering, Vol. 36 No. 9, September 1997
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algorithms. In that case, we assume that we can associat
memory counter with each word in the loopLi with values
between 0 andni21. We refer to the upper~lower! word
with memory counter value j by the notation
Li@ j #u(Li@ j # l).

Input copying. Our initial assumption is that the primary
program input values reside in some other memory. W
would copy different input values into a given loop~of size
1! over time. The primitivecopy –input (xi ,L j ) copies

the first argumentxi to the upper track of the loopL j at the
word aligned with the write port when this primitive is
invoked, i.e.,vu(L j

0)5xi . We assume thatcopy –input
takes one cycle.

Copying. In ascend-descend algorithms in the next sec
tion, many copying steps involve copying each value from
a loop Li to two locations inL j for uL j u52* uLi u. In par-
ticular, v(Li

0) needs to be copied tov(L j
0) and v(L j

ni21).
Figure 3 shows the copy pattern.

copy –upper (Li , L j )
$comment: L j has twice as many words asLi .%
$comment: Copy upper track words ofLi into upper

track of L j .%

~1!;k,0<k<ni21, vu~L j
k!5vu~Li

k!;

~2!;k,0<k<ni21, vu~L j
ni1k

!5vu~Li
k!;

end copy –upper

The second copy ofLi ~through second; at line 2! is
synchronized forLi and L j . After line 1 has completed
copyingLi into the first half ofL j , the word atL j

ni at the
entry intocopy –upper is now at the read/write port~cur-
rent L j

0!. At the entry intocopy –upper , Li
0, is again at

the read/write port. We need another similar primitive fo
copying the upper track words fromLi to the lower track of
L j . Note that this copying takes timenj5uL j u.

Fig. 2 Loop words.

Fig. 3 Loop copying for ascend-descend algorithms.
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copy –lower (Li ,L j )

$comment: L j has twice as many words asLi .%
$comment: Copy upper track words ofLi into lower

track of L j .%

~1!;k,0<k<ni21, v l~L j
k!5v l~Li

k!;

~2!;k,0<k<ni21, v l~L j
ni1k

!5v l~Li
k!;

end copy –lower

Loop computation. Another step in the ascend-desce
algorithms is to apply a functionf of two arguments to
words on the upper and lower tracks for an entire loop.

compute –loop (Li , f )
$comment: Apply f to words inLi .%

; j ,0< j <ni21, vu~Li
k!5 f ~vu~Li

k!,v l~Li
k!!;

end compute –loop

An assumption made here is that the reads of two wo
@vu(Li

0) and v l(Li
0)], computation off , and the write of

result vu(Li
0) all takes one cycle. If need be, the res

could be shifted by a few positions determined by the
tency c of the computation, i.e., vu(Li

k1c)
5 f (vu(Li

k),v l(Li
k)). The time taken by this computation

ni5uLi u, assuming one cycle read-compute-write.

3.2 The log n Loop Version

We number the levels of a butterfly network from 0 throu
log n ~bottom-up, as in Fig. 4! such that the cross
connections between leveli and i 11 have a span 2i . The
processors on the same level are numbered 0 througn
21 from left to right. Letxi , j for 0< i<(n21) and 1< j
< log n be the value computed in the processorpi , j . The
input valuexi corresponds toxi ,0 for 0< i<(n21). Note
that for the ascend phasexi , j5 f (xi , j 21 ,xi 12 j 21, j 21) when
j ’th bit from the right in the binary representation ofi is
0, and xi , j5 f (xi , j 21 ,xi 22 j 21, j 21) otherwise. Heref is
some operation performed in the processors. Similarly, for
the descend phasexi , j , for 0< i<(n21) and 0< j
<(log n21), is given by the following expressions:xi , j

5g(xi , j 11 ,xi 12 j 11, j 11) when the (j 11)st bit from the
right in the binary representation ofi is 0, and xi , j

5g(xi , j 11 ,xi 22 j 11, j 11) otherwise. The skeleton of the
implementation is as follows. A butterfly computation
graph is scanned in the order shown in Fig. 4. We demon-
strate only the ascend-phase of the algorithm. The descend
phase is very similar.

We assume that logn memory loops L1 , L2 ,
L4 , . . . , Ln of sizes 1, 2, 4, 8, . . . , n, respectively are
available. Recall that the wordi positions away from the
read/write port in the loopLk is referred to asLk

i . The
zeroth position of a loopLk

0 is the position scanned by the
tap register currently. The following implementation of the
ascend algorithm assigns the physical loopL2i to the stor-
age of the values associated with butterfly leveli for 0< i
< log n. For instance, loopL1 is time-multiplexed to store
all the butterfly level 0 values, while loopL2 stores all the
butterfly level 1 values. Figure 5 presents the ascend phase
algorithm.

The ascend phase is implemented by a call to
Process-Ascend(0,n) ~Fig. 5!, wheren is assumed to be a
power of 2. It takes time 3n log n1n as

T~n!52T~n/2!13n, T~1!51.

The two recursive calls toProcess-Ascendin steps 2
and 4 of Fig. 5 give the term 2T(n/2) and the two copying
steps in steps 3 and 5 lead to the 2n term. The computation
in step 6 adds anothern to this equation. These equations
have a solution inT(n)53n log n1n.

The main concern in determining the correctness of this
implementation and its timing analysis is the synchroniza-
tion of all the loop accesses. For instance, at the return from
the callProcess-Ascend(0,n/2) at step 2, are the loopsLn/2

andLn synchronized so that copying takes place inn steps?
Note that the usage pattern of the loops by this algorithm
has the following form:L1 , L2 , L1 , L2 , L4 , L1 , L2 , L1 ,
L2 , L4 , L8 , and so on. The following inductive proof es-

Fig. 5 Recursive version of ascend phase algorithm.
2525Optical Engineering, Vol. 36 No. 9, September 1997
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Reif and Tyagi: Optical delay line memory model . . .
tablishes that the timing of the algorithm is correct, as t
synchronization is done by ‘‘time-of-flight.’’ Note that w
have not defined the term ‘‘synchronization’’ used in t
statement of the following theorem

Theorem 1. The ascend phase algorithm in Fig. 5 h
synchronized data transfer and computation to emulate
behavior of a butterfly network.

Proof. The proof is inductive. Assume that all the da
transfers and computation are synchronized
Process-Ascend( i ,k) for all values ofk,n. The inductive
basis fork51 is trivial, as it involves only the transfer ofxi

into L1 . The inductive step is to prove tha
Process-Ascend(0,n) is synchronized given tha
Process-Ascend(0,n/2) and Process-Ascend(n/2,n/2) are
synchronized.

Assuming thatn.1, Process-Ascend(0,n) first calls
Process-Ascend(0,n/2), copies Ln/2 into Ln , calls
Process-Ascend(n/2,n/2), copiesLn/2 into Ln , and finally
computesLn . After Process-Ascend(0,n/2) is done, the
assumption~part of inductive hypothesis! is that Ln/2 is
scanningx0,logn21, or vu(Ln/2

0 )5x0,logn21. In addition to
showing that all the copying steps work correctly, we a
need to prove that at the end ofProcess-Ascend(0,n),
vu(Ln

0)5x0,logn .
Let T50 when thecopy –upper at step 3 starts copy

ing Ln/2 into Ln . Let the memory counter of the word cop
ied into Ln at 0<T5k<n21 be k. Similarly, let the
memory counter inLn/2 for the word copied at 0<T5k
,n/2 bek. Note thatLn@ j #u5Ln@ j 1n/2#u for 0< j ,n/2
and Ln/2@0#u5x0,logn21, which implies thatLn@ j #u5Ln@ j
1n/2#u5xj , log n21. The copying is completed atT5n21,
whenProcess-Ascend(n/2,n/2) is called. This call is com-
pleted in (3n/2)(logn21)1n/2 steps. Once again, at tim
T5n1(3n/2)(logn21)1n/2, vu(Ln/2

0 )5xn/2,logn21 by in-
ductive hypothesis. The key question from synchronizat
perspective is which word is at the read/write port ofLn at
T5n1(3n/2)(logn21)1n/2? We would likevu(Ln

0) to
be either Ln@0#u or Ln@n/2#u, which holds if T5n
1(3n/2)(logn21)1n/2 is a integral multiple ofn/2. Since
n/2 divides the time elapsed since the last access
memory counter 0 inLn , our synchronization holds for thi
copying step for the following reason. Aftercopy –lower
of step 5 is completed atT5(5n/2)1(3n/2)(logn21),
Ln@ j # l5Ln@ j 1n/2# l5xn/21 j , log n21 for 0< j ,n/2 and we
already hadLn@ j #u5Ln@ j 1n/2#u5xj , log n21. Hence when
compute –loop of step 6 starts at timeT5(5n/2)
1(3n/2)(logn21), vu(Ln

j )5xj , log n21 and v l(Ln
j )

5xn/21 j , log n21 for 0< j ,n/2, as expected by the ascen
algorithm, resulting inLn@ j #u5xj , log n . Similarly, vu(Ln

j )
5xj 2n/2,logn21 and v l(Ln

j )5xj , log n21 for n/2< j ,n, and
henceLn@ j #u5xj , log n . This establishes one part of the in
ductive hypothesis. At timeT5(7n/2)1(3n/2)(logn21),
whencompute –loop is done,vu(Ln

0)5x0,logn , establish-
ing the second part of the inductive hypothesis. h

Figure 5 gives a recursive version of the ascend ph
implementation. We give an iterative version in Fig. 6 as
2526 Optical Engineering, Vol. 36 No. 9, September 1997
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helps understand the timing of the ascend phase from
different perspective. The key point to note here is tha
Process-Ascend( i ,k) calls one computing primitive
~compute –loop usually, orcopy –input for an input
bit with k51! and one copying primitive~copy –upper
or copy –lower ! for each feasible value of (i ,k). The
temporal order in which these two primitives for different
( i ,k) pairs are called is as follows:
~0,1!,~1,1!,~0,2!,~2,1!,~3,1!,~2,2!,~0,4!,~4,1!,~5,1!,~4,2!,~6,1!,
~7,1!,~6,2!,~4,4!,~0,8!,...,~0,n!. Note thati 1k denotes a di-
agonal in the butterfly network of Fig. 4. Also note that all
the (i ,k) pairs are invoked in the increasing order of their
diagonald5 i 1k. Of course, some of the diagonal entries
are never invoked, for instance~i 51, k52! is not used due
to the nature of this computation. Line 3 in Fig. 6 checks
for the validity of each (i ,k) pair. Lines 1 and 2 set up
these (i ,k) pairs going over diagonalsd from 1 to n.

The preceding description assumes that then input
words are available in some other memory~not the optical
loops!. This is not a realistic assumption since the processo
contains only a small sized@O(1)# local storage in addition
to the memory loops. The only other place to hold the inpu
is the slow secondary memory. In the following, we show
that if the input words are resident in the loopLn initially,
then they can be trickled down to the smaller loops in syn
chrony with Process-Ascendwithout any loss of effi-
ciency. Here, we assume that either there is a separate th
track on each loop to hold the input values or there is
separate set of logn input loops. In either case, letI k denote
the input loop of sizek, which is either part of the loopLk

or is an independent loop. Let then input words be inI n

initially. In fact, we assume that the memory counter for the
input wordxj is j , i.e., I n@ j #5xj for 0< j ,n. We define
two more primitives for the input loops:
copy –input –left and copy –input –right . The
primitive copy –input –left (I k ,I k/2 ,i ) copies I k’s left
half ~k/2 words! to I k/2 starting with input wordxi , which
would be at memory counter value 0.

copy –input –left (I k ,I k/2 ,i )
$comment: Argumenti is only for reading convenience.

Whenever this primitive is called, we maintain the invariant
that I k@0#5xi .%

Fig. 6 Iterative version of ascend phase algorithm.
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Reif and Tyagi: Optical delay line memory model . . .
; j , 0< j ,k/2, I k/2@ j #5I k@ j #;
end copy –input –left

We define copy –input –right (I k ,I k/2 ,i 1k/2) to
copy the second~right! half of I k ~k/2 words! into I k/2 . This
task could have been performed bycopy –input –left ,
but again for presentation clarity we also defi
copy –input –right . Once again, the specification ofi
1k/2 is really redundant. The expectation is to co
I k@k/21 j #5xi 1k/21 j for 0< j ,k/2 to I k/2@ j #. The invari-
ant maintained is that whenever this primitive is call
v(I k

0)5I k@k/2#5xi 1k/2 .

copy –input –right (I k ,I k/2 ,i 1k/2)
$comment: Argumenti 1k/2 is only for reading conve-

nience. Whenever this primitive is called,I k@0#5xi 1k/2 .%
; j , 0< j ,k/2, I k/2@ j #5I k@k/21 j #;

end copy –input –right

The procedureProcess-Ascendalso needs to be modi
fied as follows:

Process-Ascend( i ,k)
$comment: Process the k input bit positions starting ati
for ascend phase.%
$comment: k is assumed to be power of 2.%

if k51 then return; ~1!
else

copy –input –left (I k ,I k/2 ,i ); ~2!
Process-Ascend( i ,k/2); ~3!
copy –upper (Lk/2 ,Lk); ~4!
copy –input –right (I k ,I k/2 ,i 1k/2); ~5!
Process-Ascend( i 1k/2,k/2); ~6!
copy –lower (Lk/2 ,Lk); ~7!
compute –loop (Lk , f ); ~8!
$comment: compute the values xi ,k

5 f (xi ,k/2 ,xi 6k/2,k/2), for 0< i<(k21).%
end if

$comment: Note that xi ,k/2 and xi 6k/2,k/2 are available in Lk
at position i due to previous two copying steps.%
end Process-Ascend

We now need to argue that this new version ofProcess-
Ascend works correctly and that the input words are al
synchronized. All that we have modified inProcess-
Ascend is to insertcopy –input –left (I k ,I k/2 ,i ) at line
2 and copy –input –right (I k ,I k/2 ,i 1k/2) at line 5.
Also, the action taken whenk51 ~at line 1! has changed
from copying the input wordxi into L1 to doing nothing.
This version of ascend algorithm takes time 4n log n. Note
that

T~n!54n12T~n/2!, T~1!50.

The input copying steps at lines 2 and 5 each take t
n/2. This results in extran term for the expression fo
T(n). Since nothing is done fork51 case, the expressio
for T(1) is 0. These equations have a solution inT(n)
54n log n.

We now give a proof sketch for the timing of this ve
sion. The key invariant is that right beforeProcess-Ascend
( i ,k) is invoked I k contains the input words
xi ,xi 11 ,...,xi 1k21 with v(I k

0)5xi . It is true for the top-
level call Process-Ascend~0,n! as an assumption. For a
the other recursive calls ofProcess-Ascendthis invariant is
maintained by lines 2 and 5.

Lemma 1. The revised version ofProcess-Ascendis
synchronized.

Proof. The proof is by induction onk as in Theorem 1.
The inductive hypotheses include:~1! when Process-
Ascend( i ,k) is called, I k containsxi 1 j for 0< j ,k and
v(I k

0)5xi , ~2! at exit from Process-Ascend( i ,k), vu(Lk
0)

5xi , log k , and~3! all the copying steps in lines 2, 4, 5, an
7 are synchronized.

Let us establish the hypothesis forProcess-Ascend~0,n!
assuming it is true for allk,n. Note that by assumption
v(I n

0)5x0 and hence copying step at line 2, copi
x0 ,x1 ,...,xn/221 into I n/2 establishing the same invarian
for the Process-Ascend(0,n/2) on line 3. Line 2
copy –input –left takesn/2 steps. Hence at the entr
into Process-Ascend(0,n/2), v(I n

0)5xn/25I n@n/2#.
Process-Ascend(0,n/2) takes time 2n(log n21), which is
an integral multiple ofn. Note copy –upper (Ln/2 ,Ln) is
synchronized to the beginning ofLn/2 by hypothesis 2. This
copying at line 4 takesn steps. At the end of this copying
v(I n

0) still is xn/2 @2n(log n21)1n steps since entry
into line 3 Process-Ascend(0,n/2)#. Hence
copy –input –left at line 5 is entered with the correc
invariant copyingxn/2 ,...,xn21 into I n/2 , establishing hy-
pothesis 1 for the followingProcess-Ascend(n/2,n/2) call.
Note copy –lower is synchronized by the argument use
in Theorem 1 since the number of steps elapsed from
end ofcopy –upper ~line 4! is 2n(log n21)1n/2, which
is an integral multiple ofn/2. Sincecopy –lower takesn
steps, compute –loop is also synchronized leaving
vu(Ln

0)5x0,logn , establishing hypothesis 2. h

3.3 Two-loop Version

An ascend-descend algorithm can be implemented w
fewer loops~two! but then it takes longer time@O(n1.5)#.
There seems to be a trade-off between the number of lo
deployed and the time taken by the algorithm. The ea
optical computers are likely to have a small number
loops and hence this trade-off provides a welcome opp
tunity.

The basic idea for this algorithm comes from the squ
implementation of a barrel shifter as described in Ullm
~Ref. 33, page 69!. It is shown in Fig. 7. Then bits to be
shifted are stored along adAne3 dAne array. We number the
rows bottom-up from 0 todAne21 and columns left-right
from 0 to dAne21. The least significant input bitx0 is
stored at~0,0! position, xdAne21 at (dAne21,0), xdAne at
2527Optical Engineering, Vol. 36 No. 9, September 1997
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Reif and Tyagi: Optical delay line memory model . . .
~0,1!, andxn21 at ~dAne21, dAne21!. In the following, we
useAn instead ofdAne to reduce the clutter of notation. Th
log n control bitsclog n21clog n22...c1c0 form the word speci-
fying the shift amount 0<s,n. The least significant
(log n)/2 control bits specify the vertical shift amount. Th
is because the bitsc(log n/2)21 ...c1c0 encode a shift amoun
0<sv,An. Note that any bits shifted out of columnj for
0< j ,An21 move into appropriate entry of column (j
11). Similarly, the most-significant half control bit
clog n21...c(log n)/2 specify the horizontal shift amount. Not
that each 1-bit shift horizontally corresponds to a shift
2log n/25An in the original word. This shifting takes tim
O(An), in particular, at most 2An.

For an ascend-descend algorithm, the processing at l
j ~as shown in Fig. 4! requires communication betwee
words xi , j 21 and xi 62 j 21, j 21 . This communication is
achieved through a square-shifter emulating mechanism
the two-loop version. We use one loop of sizen to store all
the n words, entire array of the square shifter. This loop
called main loop. Another loop of sizeAn is used to pro-
cess one column or row of the square shifter array at a ti
We refer to theAn size loop by context loop. The inpu
data is initially stored in the main loopLn . Note that any
row or column can be copied from the main loopLn to the
context loopLAn within n steps.

We process theAn columns first followed by theAn
rows. We copy each column and row from the main lo
into the context loop in turn and process it. The process
of column i for 0< i ,An corresponds to processing low
log n/2 levels ~levels 1—logn/2! for the columns
i * An—( i 11)* An21 of the butterfly network. Similarly,
the computation of thej ’th row in the square shifter~for
0< j ,An! processes upper logn/2 levels ~levels logn/2
11— log n! for the columns j , j 1An, . . . , n2An1 j .
Note that ifn is chosen to be a power of 2, all the word
needed by leveli computation~for 1< i , log n/2! are con-

Fig. 7 Square shifter.
2528 Optical Engineering, Vol. 36 No. 9, September 1997
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tained in loopLAn . If n were not a power of 2, the contex
loop would need to be 2An long to be able to contain
entries for columnsi and i 11 when columni is being
processed. For instance, forn59, the context loop has
three entries. When level 1~see Fig. 4! is computed,x0,0

andx1,0 should communicate~columns 0 and 1 of butterfly!
andx2,0 andx3,0 should communicate~columns 2 and 3 of
the butterfly!. However, the context loop contains only th
values ofx0,0, x1,0,x2,0. If we did use the context loop o
size 2An, which is 6 in this case, the context loop wou
have valuesx0,0, x1,0,...x5,0. When column 0 of the squar
shifter is processed, the values forx0,1, x1,1, x2,1, andx3,1

will be computed. The values forx4,1 andx5,1 are computed
when column 1 of square shifter is handled. In general
this case 2d log ne/2.An. We computek52d log ne/2 values for
each iteration of the context loop for a square shifter c
umn ~except the last one!. For simplicity of illustration, we
assume in the following thatn is a power of 2.

For the two-loop algorithm, we are assuming the sy
chronization of the loops is done through memory count
for the loops. Let us assume that thei ’th butterfly column
valuexi ,l for all levelsl is at memory counteri for Ln . We
use the upper track onLAn to keep the levell 11 values
computed from the levell values in the lower tracks. Fo
the square shifter columni , resulting in butterfly columns
iAn, iAn11, . . . ,(i 11)An21 being copied intoLAn ,
the memory counter values are 0, 1,. . . , An21, respec-
tively. The primitives are

copy –column ( i ,Ln ,LAn)
$comment: copies square shifter columni from Ln to

LAn . Either track can be used onLn and the lower track is
used onLAn .%

; j , 0< j ,An, LAn@ j # l5Ln@ iAn1 j #;

end copy –column

The primitive copy –column can take up ton1An
21 steps. Thus,Ln may have to wait for up ton21 steps
for the Ln memory counter to get toiAn andAn steps are
needed to copy after that. We also need a primitive to m
the computed values back from the upper track ofLAn to
Ln .

move–column –to –main ( i ,Ln ,LAn)
$comment: copies upper track ofLAn to column i of

Ln .%

; j , 0< j ,An, Ln@ iAn1 j #5LAn@ j #u;

end move–column –to –main
move–column –to –main also takes up ton1An21

steps. The following primitivecopy –row ( i ,Ln ,LAn) cop-
ies i ’th row from Ln to LAn .

copy –row ( i ,Ln ,LAn)
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$comment: copies square shifter rowi from Ln to LAn .
Either track can be used onLn and the lower track is used
on LAn .%

for ~ j 50; j ,An; j 5 j 11!

LAn@ j # l5Ln@ i 1 jAn#;

end copy –row

Note thatcopy –row can take up to 2n21 steps,n
21 for theLn memory counter synchronization andn steps
for the copying. Again, we need a reverse primitive t
move the upper track of a row fromLAn back toLn .

move–row –to –main ( i ,Ln ,LAn)
$comment: copies the computed values in rowi from

the upper track ofLAn to Ln .%

for ~ j 50; j ,An; j 5 j 11!

Ln@ i 1 jAn#5LAn@ j #u;

end move–row –to –main

move–row –to –main can also take up to 2n21 steps.
The following primitive computes a levell value from two
level l 21 values inLAn .

compute –value (xj ,l , k, LAn , j 8, f )
$comment: compute f (xj ,l 21,xj 6k,l 21) and put it into

LAn@ j 8#u asxj ,l for l 5 log k.%

Fig. 8 Two-loop version of ascend phase algorithm.
if ~ j mod 2* k[0!

LAn@ j 8#u5 f ~LAn@ j 8# l , LAn@ j 81k# l !;

else LAn@ j 8#u5 f ~LAn@ j 8# l , LAn@ j 82k# l !;

end compute –value

This version ofcompute –value takes up toAn steps
collecting the two levell 21 values. Figure 8 shows th
algorithm for the two-loop version.

This algorithm takes timen1.5 log n16n1.5. The 6n1.5

term is due to copying of context to and from the ma
loop. This is because for each level of butterfly, each ro
column takes time proportional ton. It can be easily con-
verted into a O(n1.5) algorithm as follows. In
compute –value , waiting for one rotation to accessxi 1k
is wasteful. If we pipeline this computation, then in on
rotation of the context loopLAn ,(An/2k) rather than
one value can be computed. For instance, for thel ’th
level with column 0, in the first rotation
x0,l , x2l ,l , x2l 11,l , . . . , xAn,l . Thus for column ~row!
computation, the total computation time per column~row!
is ( i 51

log n/22iAn, which is n. This gives a total time of
2n1.516n1.5. The term 2n1.5 in the pipelined case com
pares favorably with the termn1.5 log n.

To implement the pipelined version, the algorithm
Fig. 8 would have to be modified at two places. Lines 4 a
5 would be replaced by

for j 50 up to 2l 21 do ~4!

compute –pipelined –value

~xiAn1 j ,l , 2l 21, LAn , j , f !; ~5!

end for

Similarly, lines 10 and 11 are replaced by

for j 50 up to An21 do ~10!

compute –pipelined –value

~xjAn1 i ,l , 2l 212~~ log n!/2!, LAn , j , f !; ~11!

end for

The new primitive compute –pipelined –value
(xj ,l , k, LAn , j 8, f ) computes f (xj ,l 21 , xj 6k,l 21),
f (xj 1k,l 21 , xj 1k6k,l 21), f (xj 12k,l 21 , xj 12k6k,l 21),... in
one rotation of the loopLAn . It is is defined as follows:

compute –pipelined –value
(xj ,l , k, LAn , j 8, f )

for ~start5 j , mc5 j 8; mc

,An;mc5mc1k, start5start1k; !

if ~start mod 2* k[0!

LAn@mc#u5 f ~LAn@mc# l , LAn@mc1k# l !;
2529Optical Engineering, Vol. 36 No. 9, September 1997
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Reif and Tyagi: Optical delay line memory model . . .
else LAn@mc#u5 f ~LAn@mc# l , LAn@mc2k# l !;

end for

end compute –pipelined –value

Note that this algorithm also provides aO(n2) one loop
implementation. The processor contains only one loop o
length n. The i ’th level of butterfly takes time 2in for 1
< i< log n.

3.4 A k Loop Version

What if we only had 2<k11, log n loops available? A
hybrid algorithm based on the preceding two algorithms
works in time nk1n1.522k/2. The k loops of sizes
n/2k, n/2k21, n/2k22, . . . , n and one loop of sizeAn/2k/2

are required. Figure 9 demonstrates the scheme behind t
algorithm. The bottom logn2k levels of the butterfly net-
work are processed in the two-loop, mesh-based algorithm
with the loopsLn/2k as the main loop andLAn/2k/2 as the
context loop. Each mesh isAn/2k/23An/2k/2 requiring the
main loop of sizen/2k and a context loop of sizeAn/2k/2.
The two-loop algorithm for each mesh takes time
8n1.5/21.5k. Hence total time taken in the two-loop phase for
all the n/2k meshes is (8n1.5/2k/2). The topk levels of the
butterfly are processed using the diagonal scan algorith
mentioned earlier. This phase takes 4nk steps. Thus the
total time is bounded by 4nk18n1.522k/2 steps.

4 Parallel Ascend-Descend Algorithm

All the algorithms presented so far have assumed that
single processor is used to solve the problem. In this sec
tion, we are interested in using the optical fiber loops for
local storage for processors that are part of a parallel com
puter. In particular, we assume that we have ap-processor
machine organized with butterfly connectivity. The prob-
lem occurs when an ascend-descend problem withn input
words such thatn.p is solved on this butterfly network of
p nodes. In such a case, multiple instances of data need
be stored at each processor. One loop of sizen/p per pro-
cessor seems to suffice to hold this data except for th
bottom level processors, which require logn2log p loops.

Recall that ap-node butterfly has logp11 rows and
each row hasp processors. As stated earlier, we number the

Fig. 9 A k loop algorithm.
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i ’th processor in thej ’th row pi , j for 0< i ,p and 0< j
< log p. Note that we have a logp11 level,p-node butter-
fly, for 1<p,n. For the time being, let us assume thatn is
a multiple ofp. Let pi , j8 refer to thei , j ’th processor in the
n-node computation graph for 0< i ,n and 0< j < log n.
The following mapping frompi , j8 to pk,l will be used in our
algorithm. This mapping has been used in earlier work o
parallel algorithms. Notepi , j8 for j < log(n/p) ~lower logn
2log p levels! maps intopb i /(n/p) c,0 . For j . log(n/p), pi , j8
maps into pb i /(n/p) c, j 2 log n1log p . The bottom logn2log p
levels of then-word ascend-descend problem are solve
sequentially at one of the level 0 processors. Levelsl
1 log n2log p of the ascend-descend problem are mappe
into level l of the butterfly network.

Once again, let us consider the implementation of th
ascend phase. Each processor in the bottom level of t
p-node butterfly simulates ann/p-node butterfly sequen-
tially, as shown in Sec. 3, Algorithm 1. Thus, each of thes
p processors contains logn2log p loops of sizes
1, 2, 3, . . . ,n/p. The time taken for this processing is
4(n/p)log(n/p). The top logp levels of then-node butter-
fly are pipelined in thep-node butterfly. Thej ’th level of
the p-node butterfly processes the log (n/p)1j’th level of
then-node butterfly. Each processorpk,l containsn/p con-
secutive data values as dictated by the mapping frompi , j8 to
pk,l . The connectivity of thep-node butterfly is adequate to
emulate the connections of then-node butterfly. To see
this, note that the span of the connections between levej
and j 11 in an n-node butterfly is 2j . The j ’th level is
mapped into thei 5 j 2 log (n/p)’th level of thep-node but-
terfly. The span of connections between thei ’th and i
11st levels is 2i /(n/p). Thus the l ’th element in pj ,i

@which would have been inp( jn/p)1 l ,i 1 log(n/p)8 # has a cross-
connection with thel ’th element ofpj 62i ,i 11 @which would
be pn/p@ j 62i #1 l ,i 111 log(n/p)

8 .# This is the right cross-
connection. The loops between two consecutive levels a
also synchronized. This can be proven formally with a

Fig. 10 Systolic algorithm for matrix multiplication.



Reif and Tyagi: Optical delay line memory model . . .
Fig. 11 Flawed scheme for transposition.
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induction argument. The top logp levels take time logp
1n/p.

The total time taken by this algorithm i
4(n/p)log(n/p)1log p1n/p. Then the work of this algo-
rithm is O(n log n), which is the work performed by an
n-node butterfly network as well.

5 Matrix Computations

The matrix multiplication of twon3n matrices can be ac
complished in O(n3) steps, while the transpose tak
O(n2) time. Most matrix computations are very similar
their systolic counterparts.1 In a systolic algorithm, there
are several active data streams interacting with each o
Each element of a data stream could be interacting wit
distinct data stream in parallel. For instance, a commo
used systolic algorithm for matrix multiplication uses t
data streams as shown in Fig. 10. Twon3n matricesA and
B are multiplied in timeO(n3) by this algorithm. Processo
pi , j accumulates the value forC@ i , j # such thatC5A3B.
The i ’th row of A is input from the left edge of the arra
~Fig. 10! such that (i 11)’st row is one time step behin
i ’th row. For instance,A@0,0# arrives atp0,0 at T50, but
A@1,0# arrives atp1,0 at T51. Similarly, j ’th column of B
arrives atp0,j at timeT5 j . The rows ofA and columns of
B keep marching down horizontally and vertically respe
tively, while pi , j collects the product termA@ i ,k#* B@k, j #
one by one. This systolic algorithm could be emulated
loop-based processors by allocating a loop to each
stream~2n data streams in this case, one for each row oA
and one for each column ofB!. However, the values fo
C@ i , j # are static—sitting in one place. Where should t
matrix C be mapped? In general, all the systolic algorith
consisting of only moving data streams can be mapped
r.

a

loop algorithm. Most of the time, a static data stream~such
as matrixC! in this example, can also be mapped on a lo
with proper synchronization. Several transformations
systolic algorithms exist to convert spatial data strea
~such asC! into temporal~moving! data streams or vice
versa.35–38

There is one problem that seems to occur in synchro
zation of data streams for several matrix operations. In
following, we present the problem along with a solutio
We use matrix transposition as the example for the illus
tion of this problem. It appears as if for transposition, o
loop of sizen2 andn loops of sizen each would give an
obvious n2 time algorithm. The outline of the algorithm
could be as follows. Initially, then3n matrix A is stored in
the row-major order in the loopLn2. Eachn-size loop ac-
cumulates one row of the transposed matrixAT ~which is a
column ofA! during the rotation of the main loop,Ln2. On
the surface, this step seems to be trivial. Let us illustrat
with Fig. 11. The matrixA is stored in row-major order on
the loopLn2 initially. Let us assume thatLn2@0#5A@0,0#,
with the data recirculating right to left. There aren loops of
sizesn each for accumulating thei ’th row of AT ~in Ln,i in
Fig. 11!. Let us evaluate the synchronization requireme
of this problem. Assume atT50, Ln2 scans A@0,0#,
Ln2@0#5A@0,0#, which can be copied toLn,0@0# at T50.
Similarly, atT5k for 0<k,n, we can placeA@0,k# from
Ln2@k# into Ln,k@0#. The problem occurs at the copy of th
next row ofA starting at timeT5n. At T5n, Ln2 is scan-
ning A@1,0#, which goes toLn,0@1#. However, atT5n,
Ln,0 is scanningLn,0@0#. The same problem occurs atT
5n1 j for 0< j ,n sinceLn, j is scanningLn, j@0#, while
we need to accessLn, j@1#. In short,Ln2 and Ln, j are not
synchronized. A solution for it may be to read fromLn2 at
2531Optical Engineering, Vol. 36 No. 9, September 1997
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Fig. 12 Delay loop for time-shifting words.
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time T5 j and write it into Ln, j@1# at time T5n1 j 11.
However, the problem gets worse for the third entry or
time T52n1 j for 0< j ,n. We scanA@2,j # in Ln2, which
goes toLn, j@2#, but we scanLn, j@0# at this time. In gen-
eral, at timeT5 i * n1 j , we need to scanLn, j@ i #, but we
scanLn, j@0#. In other words,Ln2 runs ahead ofLn, j by i
words forT5 i * n1 j for 0< i , j ,n. One solution for this
problem is to introducen21 delay loops of sizes
1, 2, 3, . . . ,n21. The other solution is to have just on
delay loop of sizen21 with n21 taps into it. Each of
these taps requires a directional coupler switch. Howeve
delay loop seems to be very useful for synchronizat
problems encountered in matrix computations. We assu
that we have a single delay loopDn21 with n21 taps. The
word at tapi is referred to byDn21@ i # for 0< i ,n21. The
word Dn21@0# is the word written at current time,Dn21@1#
is the word written one time unit earlier and so on. Th
loop acts as a shifting loop. Figure 12 shows this loop. N
the transposition can be done as follows:

for ~i 50; i ,n; i 5 i 11!
for ~j 50; j ,n; j 5 j 11!

if ( i 550) copyLn2@ j # to Ln, j@0#;
else

copy Ln2@ i * n1 j # to Dn21@0#.
copy Dn21@ i # to Ln, j@ j #.

end if
end for

end for

This version of transposition takes timen2 to get all the
rows ofAT into n loops of sizen. If these rows were to be
copied back into ann2 size loop, this would take anothern2

steps. An alternative is to use a butterfly network w
2 logn loops. As shown in Stone,39 for a matrix stored in
row-major order, the transpose corresponds to logn shuffle
steps. This can be accomplished in logn ascend-descen
steps. The sequential version of ascend-descend then
transpose a matrix in 4n log2 n steps.

Matrix multiplication can similarly be performed inn3

steps. For the computation ofC5A3B wheren3n matri-
cesA andB are initially stored in row-major order on loop
Ln2,A and Ln2,B , respectively, the following straightfor
ward method can be used. Let us assume thatC is to be
stored onLn2,C in row-major order as well. First transpos
B into n, n-size loops Ln,0 , Ln,1 , . . . , Ln,n21 as de-
scribed earlier. The values ofC are computed in the orde
of columns with column 0 first. We need to use the de
2532 Optical Engineering, Vol. 36 No. 9, September 1997
n

loop Dn21 again to delay the writes of columnsj by j time
steps for 1< j <n21. The following steps describe thi
multiplication algorithm:

TransposeB so that thei ’th column of B is in Ln,i for 0
< i ,n.
for ~j 50; j ,n; j 5 j 11!

for ~i 50; i ,n; i 5 i 11!
X50;
for ~k50; k,n; k5k11!

X5X1Ln2,A@ i * n1k#* Ln, j@k#;
end for
if ( j 550)Ln2,C@n* i #5X;
else

Dn21@0#5X; Ln2@ i * n1 j #5Dn21@ j #;
end if

end for
end for

This matrix multiplication takes timeO(n3) with n,
n-size and 3,n2-size loops. Most of the systolic matri
algorithms in Mead and Conway~Ref. 40, pages 271–285!
map into loop algorithms very nicely.

6 Lower Bounds

This model offers a rich milieu for lower bounds. As w
saw, a higher number of loops seems to lead to a lo
time. Not just the number of loops, but also the period
data circulation in the loops is important. Ideally, we nee
combinatorial technique that can decompose the data
cess pattern of a problem into some canonical periods.
fortunately, at this time, we do not have such a techniq
However, we do have some simple lower bounds that
tight for their subcases. Let us first consider the single-lo
version.

Note that a one-loop processor is like a single-tape T
ing machine, where the head is forced to move in the sa
direction at each time step. The tape is also wrapped aro
to form a simple loop. The crossing sequence argume
given in Hennie41,42 can be used to show that the ascen
descend algorithms needV(n2) time on a one-loop proces
sor. The number of distinct input patterns is 2n, assuming a
binary input. Note thatV(n) crossing sequences can b
shown to have lengthV(n), leading to the lower bound.

The second technique quantifies the lower bound
terms of the size of the smallest loop. The assumptions
that there is only a constant amount of ‘‘register’’ stora
available to the processor in addition to the loop memor
Note that all these loops have exactly one read/write p
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unlike the delay loopDn21 for matrix operations. The fol-
lowing lower bounds hold only if there is exactly one o
servation point into the loop memory~no loops ofDn21
type are available!. We can derive a tight lower bound fo
the k loop version with this method. Let the smallest loo
be of sizes. The computation of lower logs levels of the
ascend-descend phases can be shown to requireV(sn)
time. For thek-loop version,s5An22k/2. This gives a
lower bound ofV(n1.522k/2), which matches the time o
the algorithm. Similarly, for the two-loop version, th
smallest loop has sizeAn and hence the lower bound tran
lates intoV(n1.5). This is also a tight bound.

Theorem 2. Let an optical computing system consistin
of k.1 loops have the smallest loop of sizes. The com-
putation of ann-word ascend-descend algorithm requir
time V(sn1n log n).

Proof. We assume that the data words at levell are
stored in a memory loop in the butterfly column ord
x0,l , x1,l , . . . ,xn21,l . For the lower bound purposes, an
order that is a permutation of (0, 1, . . . ,n21) will do, but
the proof is more understandable with this order. Anot
claim is that the lowerm5 b log sc levels of the butterfly
network are best computed in the smallest sized (s) loop.
The following discussion will prove this point.

Level l computation for ascend phase consists ofxi ,l

5 f (xi ,l 21 , xi 62l 21,l 21). There aren/2l groups of words
consisting of 2l words each that define the period of acce
required by the computation. A group of words consists
xi* 2l ,l for 0< i ,n/2l . In this group, the wordsxi* 2l1 j ,l for
0< j ,2l 21 require the values of xi* 2l1 j ,l 21 and
xi* 2l12l 211 j ,l 21 . We call this communication backwar
communication~with respect to the direction of data circu
lation in the loops!. Similarly, the wordsxi* 2l12l 211 j ,l for
0< j ,2l 21 require the values of xi* 2l1 j ,l 21 and
xi* 2l12l 211 j ,l 21 . This is the forward communication. Bot
forward and backward communication pose different se
problems. For instance, they have different periods.
forward communication, xi* 2l1 j ,l 21 is needed at
xi* 2l12l 211 j ,l with a period of 2l 21 and a size of 2l 21 .
Backward communication on the other hand requi
xi* 2l1 j ,l 21 to be available next time we scanxi* 2l1 j ,l . The
next scan ofxi* 2l1 j ,l happens inn22l 21 time steps, which
is the period of backward communication. Exactlyn
22l 21 such values must be remembered for the next s
of the level l data and hence that is also the size of
backward communication.

If we compute the lowerm5 log s levels of butterfly~for
1< l<m! on the smallest loopLs , the forward communi-
cation requirement limits us as follows. We need loops
sizes 1, 2, 4, and 2m21 so that forward communication doe
not require additional scans of the levell 21 and levell
data inLs . However,s52m is the smallest size loop avai
able. What is the penalty of this limitation? Since only
constant amount of register storage is available on the
cessor, for each levell we can remember at most a consta
number of words to carry forward. Let this constant be
-

without loss of generality. Hence, we can compute at m
n/2l level l values in each scan ofLs . In fact, this is exactly
what is done by the two-loop, pipelined computation d
scribed earlier. Hence we need at least( l 51

log s2l scans ofLs

to computes of then lower logs level values. This gives a
least 2s scans ofLs for the computation ofs values. Hence,
the computation ofn words for lower logs levels requires
n/s* 2s52n scans ofLs . Since each scan ofLs takess
time steps, the time needed for 2n scans is at least 2sn. Is
this the lowest time for computing lower logs levels of the
ascend phase? The answer is that any other loop~of larger
size! would take at least 2sn steps as well. Let us conside
computing these lower logs levels in loopLs8 for s8.s.
The number of scans for computings values from the
lower logs level would again be at least 2s. The number of
iterations for computing all then words would ben/s and
hence the total time would be at least 2ns8, which is no
lower than 2ns.

Note that we did not even consider the backward co
munication requirements to get this lower bound. We c
derive then log n lower bound based on the structure of t
butterfly network. Since we are dealing with a sequen
computation model, and there aren log n computation
nodes in the butterfly graph for an ascend phase, the lo
bound follows trivially.

7 Alternative Parallel Loop Model

In Sec. 4, we used the loop memory for holding the d
blocks due to problem folding. The communication lin
between processors in a butterfly network are also imp
mented in fiber technology to keep up with the data rat
We propose another way of using the fiber loops so as
serve as both the data holders and the communication li
The disadvantage of this approach is that it requires m
taps into a fiber. Consequently, at this point in time, th
approach is not technically feasible. Figure 13 shows
scheme. Between the two levels shown the four left-ha
processors need to communicate with the four proces
right below them and with the four right-hand processo
on the right. The two loops shown serve this purpose. E
processor drops a data value into either the vertical conn
tion loop or the cross-connection loop. This value is pick
up by the target processor after 2i ticks for the loops con-
necting levelsi and i 11.

8 Conclusions

The optical computing technology has matured to the po
that prototypical computing machines can be built in t
research laboratories. This also is the right moment for

Fig. 13 Use of memory loops as communication links.
2533Optical Engineering, Vol. 36 No. 9, September 1997



A
thm
pa

the
hm
ces

p-

on
rad
sso
an
ms
y.
fo

on
n.

a
lass
ny
in

ary
pti-
. In
re
ed

r to
of

st-
re-
b

ary
for

nal

A.
9,
p-
el
c-

De-

r,’’

an

g

llel

al

e-
ter,

ing

sis

r
g

th
er

cy

l

ffi-

,’’

-

for

al
s

lot
c.

t-
IE

ical

a,
ss-
IE

J.
ro-
s,

in

ec-
t.

s,’’

A

ver-

m
i-

ce

Reif and Tyagi: Optical delay line memory model . . .
algorithm designers to get involved in this enterprise.
careful interaction between the architects and the algori
designers can lead to a better-thought-out design. This
per is an attempt in that direction. We have studied
repercussions of the use of memory loops on algorit
design. The use of delay line loops as memories is ne
sitated by the required data rates~upward of 100 M words/
s!. We develop a computational model, the LMM, to ca
ture the relevant characteristics of the memory loops.

It would seem that the restrictive discipline imposed
the data access patterns by a loop memory would deg
the performance of most algorithms, because the proce
might have to idle waiting for data. We demonstrate that
important class of algorithms, ascend-descend algorith
can be realized in the LMM without any loss of efficienc
In fact, the sequential realizations span a broad range
the number of loops required. A parallel implementati
performing the optimal amount of work is also show
Some matching lower bounds are illustrated, as well.

Optical computing is an emerging field. There are
myriad of open questions. We have only covered one c
of algorithms in the LMM, the ascend-descend class. Ma
more problems and algorithms need to be investigated
this model. As we mentioned earlier, a large second
memory that would be either semiconductor based or o
cal technology based would almost certainly be needed
fact, the memory hierarchy is likely to have many mo
levels in this case due to the large mismatch in the spe
of the dynamic and secondary storage. A model simila
HMM ~Ref. 13! to capture the hierarchical nature
memory would help.

The lower bounds in the LMM also pose many intere
ing problems. A new set of techniques seems to be
quired. The data access pattern of a problem has to
classified in terms of some basic frequencies. In summ
we believe that this field would serve as a fertile ground
future research.
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