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Abstract.  Self-repair is essential to all living systems, providing t he
ability to remain functional in spite of gradual damage. Int he context of
self-assembly of self-repairing synthetic biomolecular systems, recently
Winfree developed a method for transforming a set of DNA tile s into
its self-healing counterpart at the cost of increasing the | attice area by
a factor of 25. The overall focus of this paper, however, is to develop
compact designs for self-repairing tiling assemblies with reasonable con-
straints on crystal growth. Speci cally, we use a special class of DNA
tiling designs called reversible tiling which when carefully designed can
provide inherent self-repairing capabilities to patterne d DNA lattices.
We further note that we can transform any irreversible compu tational
DNA tile set to its reversible counterpart and hence improve the self-
repairability of the computational lattice. But doing the t ransform with
an optimal number of tiles, is still an open question.

1 Introduction

Currently, many scientists are in the process of substitutng existing top-down
techniques used in conventional manufacturing processesithr bottom-up as-

sembly techniques. This involves, among other things, deueping self-assembly
methods for patterning nano-materials as an alternative to using lithographic

techniques. However, eventually, nanostructures can be daaged. What can we
do when a self-assembled nanostructure is damaged?

1.1 The Challenge of Self Repairing Biomolecular Systems

This question leads us to realize that nature's capability to self-repair still far
exceeds the self-healing capability of synthetic biochengal systems. As nanosci-
entists are building more complex systems at the molecularceale each day, this
challenge ofSelf-Repairing Biomolecular Systemswill become increasingly im-
portant. In fact, an interdisciplinary team at the Universi ty of Illinois at Urbana-
Champagne has already developed a polymer composite that Bahe ability to
self heal microcracks[24]. In the context of self-assemldenano-structures, such
a system will provide a transition from the existing simple one-time assemblies
to self-repairing systems, yielding capabilities that hawe broad impact to nano-
engineering and provide numerous feasible practical appiations.



One interesting speci ¢ challenge in the area of self-repaito be addressed in
this paper is to develop a molecular architecture for self-epairing memory. The
interesting feature of this architecture is that, in spite of partial destruction of
the nanostructure storing the memory, its bits can be restoed.

1.2 Use of DNA Lattices to Demonstrate Self-Repairing Proce sses

While the ultimate goal here is to build and experimentally demonstrate self-
repairing capabilities for a variety of biomolecular systens, we need to begin
rst with well-understood chemistries. DNA has emerged as a ideal material
for constructing self-assembled nanostructures becausd its well de ned struc-
tural properties, immense information encoding capacity ad excellent Watson-
Crick pairing. Exciting progress has been made on many froriers of DNA self-
assembled structures recently, especially in constructip DNA Lattices formed
of DNA nanostructures known asDNA Tiles [4, 3, 2,6, 1]. Thus we feel this pro-
vides an ideal platform on which self-repair at the molecula scale can be demon-
strated.

1.3 Programmable Self-Assembly and Self-Repairability

One of the important goals of nanotechnology is to develop a mthod for as-
sembling complex, aperiodic structures. Algorithmic sefassembly(AA) achieves
this goal. AA has a strong theoretical foundation due to Winfree[4] but its ex-
perimental demonstration is quite limited by assembly erras, because while the
theoretical model assumes a directional growth, crystalsri reality can grow in all
possible directions. This results in ambiguities at the birding sites. Consequently
mismatch errors prevent further growth of the computational lattices. This is ev-
ident from the few experimental demonstrations of algorithmic assembly we have
so far[17, 18].

There have been several designs of error-resilient tile s2{9, 7, 10] that per-
form \proofreading” on redundantly encoded information [7] to decrease assem-
bly errors. However, they too assume the notion of forward diectional growth
of the tiling lattice. Hence self-repair is not always feadble with such tile sets
because of errors due to possible re-growth of the lattice imeverse direction.

Winfree[8], however, recently proposed an ingenious schesrthat makes use
of modi ed DNA tiles that force the repair reassembly to occur only in a forward
manner. He converted an original tile set into a new set of sélhealing tiles that
perform the same construction at a much larger scale (5-foldarger scale in each
direction and hence the new lattice requires a multiplicative factor of 5 5 =25
more area) However, the much larger scale appears to make hnstruction
more of theoretical interest than of practical use. The chalenge is to limit the
number of new tiles required, so that such a procedure can bepplied in practice.

1.4 Our Paper's Results and Organization

The goal of this paper is to use a class of DNA tile sets with a again property we
call reversibility which will allow the reassembly of DNA tiles within a damaged



lattice to occur in all possible directions without error with respect to at least
two adjacent binding sites.

In section 2 of this paper we discuss how carefully designedeversible com-
putations can improve self-repairing capability of the tiling with a specic in-
stance calledReversible XOR We observe that this lattice allows the rst known
molecular architecture for a self-repairing memory by stoing bits in a two di-
mensional(2D) spatial domain which due to its self-healingproperties is capable
of restoring the bits in case of its partial destruction. We further introduce a
new measure for computing the self-repairability of a tile ®t.

In section 3, we discuss two models for the extent of damage aNA lattice
su ers when acted upon by an external impulse in two di erent environments:
1)when it has a solid support and 2)when its free- oating in aqueous solution.

Section 4 of this paper provides DNA tile designs for RXOR tiing lattices.
In the light of these designs, we discuss our experimental seilts with just the
rule tiles. However, in order to have interesting patterns n the computational
lattice we are currently designing a completely addressalel nucleating structures
for AA.

In section 5, we discuss techniques from theory of computabin to transform
irreversible CA to reversible CA that in theory improves the self-repairability of
the corresponding computational DNA lattice. We also obseve that doing the
transformation with minimum number of tiles is still an unso Ived problem.

2 Reversible Tiling Lattices and their Self-Repairing
Properties

2.1 Reversible Computations and Reversible Tiling Lattice S

A computation is said to be reversible if each step of the computation can be
reversed, so that the computation can proceed in both forwad or reverse manner.
What is the relevance of reversible computation to the probem of self-repairing
molecular assembly? Reversible computations have some upie properties, since
they allow a partial computation to complete in a unique manner. A molecular
assembly using DNA tiles can be viewed as a computation, whereach step is
executed by a given tile that is assembled adjacent to other geviously assembled
tiles. Each tile takes as its inputs the matching tiles of adpcent already placed
tiles and provides as output the available free pads. Esserally, the tile computes
an individual step mapping the values of its attached pads tothe values of its
still unattached pads. In general, forward-only tilings assume we are adding to a
growing aggregate that started from within a concavity, and where further tiles
can only be added to the lattice within the concavity. In contrast, some of the
reversible tilings discussed here are also able to extendavtiles added to convex
edges of the growing lattice. A careful tile design along wit the reversibility
property, allows a partially destroyed tiling lattice to be easily repaired, so long in
the repair reassembly tiles are added with at least two adjaent matching binding
sites. The reversible XOR tile set described just below is arinteresting example



of reversible self-assembly. It realizes a complex patterthat can achieve self-
healing without increasing assembly time or number of tile ¥pes. In addition,
such a self-healing assembly can act as a scaold for other ezhents, for e.g.
protein and would ensure self healing of the substance to whh the self-assembled
lattice acts as a sca old. We now formally de ne self-repairin the context of self-
assembly with square abstract tiles with four sticky ends onfour sides, before
discussing how reversibility can improve self-repairabity.

De nition 1.  We call a tile set self-repairing, if any number of tiles are e-
moved from a self-assembled aggregate to generate convele(x) such that all
the remaining tiles still form a connected graph, then subsequent growth is guar-
anteed to restore every removed tile without error so long asepair reassembly
happens with respect to at least two adjacent binding sites

Note: This is a more restricted version of self-repairing tile secompared to the
one that is described in [8]. Throughout the paper, we'll usethis de nition of

self-repairing tile set and we also use the terms self-healj and self-repairing
interchangeably.

2.2 The Reversible XOR Operation

We will now consider an interesting example of a reversible peration known as
Reversible XOR(RXOR).

The exclusive OR (known as XOR) operation takes as input two Byolean
arguments (each can betrue(T) or false (F)) and returns T if one, and only
one, of the two inputs is true. Also, the XOR operation combined with one
further simple Boolean operation (that does not alter values between input and
output) makes the unit reversible and is known to provide a Iaical basis to do
any Boolean computation. We call this Reversible XOR(RXOR).

2.3 RXOR: A Family of Reversible Tiling Lattices

We describe a family of lattices calledRXOR lattices that uses the XOR opera-
tion at each tile to form an interesting patterned lattice wi th reversible tiles. In
the DNA tile implementation, each tile has two sticky ends on each side which
is central to the lattice formation. Figure 1(a+b) gives the template and the set
of rule tiles for one instance of reversible XOR.

Periodic and Nonperiodic Patterns RXOR Tiling Lattices. The gures
in 1(c) illustrate some of the great variety of (periodic and nonperiodic) pat-
terns that can be generated via RXOR operations at each tile.The rule tiles,
the coloring scheme and the ideal lattice formed (when thereare no errors) in

1 In the context of tile assembly, each tile is a vertex and the sticky end connections
among the tiles denote the edges. An aggregate is connectedfievery tile can be
reached from every other tile in the aggregate following the sticky end connections



&
gt
U T T U 0
T
0 0 1 1 0 0 1 1 00 0 .
0 0 1 1 1
(b) Rule Tiles
& T &
00 000 1| i 00 0
0 0 CiEE b £ 0
A Frr e Y
mE W
Rule Tiles i Rule Tiles (iii)
S T S T
00 O 11 00 Off10 1
0 0 0 1
T & T &
11 0|10 1 01 011 1
1 1 1 (]
Rule Tiles (iv) Rule Tiles (vi)

(©

Fig. 1. (a)RXOR template, (b)Four Rule Tiles for RXOR, (c)Assembly of rule tiles
within a frame de ning the boundary of lattice growth accord ing to aTAM:Rule
tiles(left)+ resultant lattice(right):(i) propagation o f the input y, (ii) propagation of
the input x, (iii) propagation of input y but coloring of the tile based on thexor value
in the tile, (iv) propagation of input x but coloring of the tile based on thexor value in
the tile, (v)propagation of both inputs but coloring of the t ile based on thexor value in
the tile, (vi)Assembly of only the rule tiles, portion of err or-free lattice(inset)

each case is given in gure 1(c). Note: All the simulations assume a tile as-
sembly model with = 2, where is the number of binding sites for a tile to
bind to the growing tiling lattice.) The lattices with triangular patterns( gure
1(c):(i)+(iv)) are interesting and complex, but it is dic ult to determine er-
rors in this lattice. The lattices with band structure( gur e 1(c):(i)+(iii))+(v))
are interesting since they canredundantly store bitsin one/two dimension (by
this we mean a bit is propagated through the linear lattice). In general such a
n n lattice can store n bits (by this we mean n bits are propagated through
the n n lattice)( gure 1(c):(i)+(ii))) and 2 n bits as in gure 1(c):(v). Note
that although gure 1(c):(ii)+(iv), demonstrate reversib le computation they are
not self-repairing. However, in gure 1(c):(i)+(iii)+(v) if some of the lattice tiles
are removed, the self-repair will restore the lattice and peserve the bits. Error
in the lattices from gure 1(c):(i)+(iii) occurs whenever t here is a discontinuity
in the horizontal bands. Error analysis of the lattice in gure 1(c):(v) is also
quite simple(except when two blue bands intersect and the cor reverses, any
discontinuity in the band structure corresponds to a mismatch error).

Various RXOR Tiling Lattices with Errors Although all the tiling lattices
shown in gure 1 are reversible, we will use the tiling lattice given in Figure
1( gure 1(c):(v)) as the example RXOR lattice in our further discussions below
of self-repair and experimental demonstrations.



As the AFM images of lattices in preliminary lab experiments did not have
a frame, and self-assembly is error-prone, the lattice formed is not ideal. Hence,
to estimate error rates, one can observe the largest portios of the lattice which
are error-free[Figure 1( gure 1(c):(vi))]
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Fig. 2. a: Original self-assembled lattice(i) and damaged lattice(ii) b: A possible Self
Healing Lattice Growth from (i) to (iv)

RXOR Tiling Lattices as an Example of Self-Healing Patterne d Lat-
tices Previous work suggested that reversible self assembly carepform "proof-
reading" on redundantly encoded information[7]. Carefully designed RXOR is an
interesting example of reversible self-assembly that ackives self-healing, with-
out increasing assembly time or number of tile types as requéed by Winfree's
Self-Healing construction [8]. For instance, consider theoriginal 10 10 lattice
in gure 2(a(i)). Suppose this lattice is damaged and the resilting structure
looks like the one in gure 2(a(ii)). Since the tile set is sef-healing, so one can
recover the original lattice gradually. Ideally in the rst step, all the tiles in the
damaged lattice with at least two free binding site are avaihble for attaching
new tiles which are shown in di erent shades of the original olor scheme[Figure
2(b(i))]. In the subsequent steps, the lattice grows furthe based on the newly
incorporated tiles[Figure 2(b):(ii)+(iii)] and nally on e obtains the original lat-
tice[Figure 2(b):(iv)].

Use of RXOR Tiling Lattices to Redundantly Store/Copy Bits Note
that a row or a column in any rectangular window of the lattice in gure 1c(v)
is entirely determined by a single cell. For instance, if a tie propagates 0 in the



north-south direction and 1 in the east-west direction, then the corresponding
column will have tiles with 0 in the north-south direction an d the corresponding
row will have tiles with 1 in the east-west direction. Thus am n lattice can
store a total of m + n bits and can be used as a self-healing memory because
if damaged them n memory is capable of recovering all them + n bits as is
shown in gure 2.

2.4 Reversibility improves self-repairability

In gure 3b we present three examples of computation in the ircreasing order
of their reversibility. While computations for RXOR and Sie rpinski Triangle
pattern generation(ST) are self-explanatory, Binary Counter(BC) computation
is reversible 50% of the time since out of the four possible eobinations of the
two inputs, we can retrieve them from the output sum and output carry only in
two cases(when sum is zero and carry is either zero or one). Mever, in terms
of self-repairability, RXOR tiling lattice completely sel f-heals, since for every
possible open site in the latter lattice, there is a unique tle that can be bound
to it given the constraints on crystal growth. But both BC and ST tiling lattices
create ambiguity for tile attachment in a convex lattice site[Figure 3a]

Based on [27], we conclude that in general a tile set is selfelaling, if the fol-
lowing constraints are satis ed. Let the inputs be x and y and the corresponding
outputs be f (x;y) and g(x; y) with the arrangement of the input output ends in
an abstract square tile starting from the north end in a clockwise direction as
ag(x;y);xy; f (x;y). The tile set is self-repairing if and only if

{ if f(x;y) is input sensitive to x if y is constant and g(x;y) is input sensitive
to y if x is constant and

{ if both change then at least one off (x;y) or g(x;y) also changes, the tile
set is self-repairing

2.5 A Measure for Error-Resilience and Self-Repairability

In general, when we design a tile set for algorithmic self-esembly it would be
very useful if we can estimate its robustness against mismah errors so long
crystal growth occurs with respect to at least two adjacent bnding sites. This
also applies to the self-healing of a damaged lattice. Thuswe introduce a new
measure for self-repairability of a tile set which we call "©rner site ambiguity".
This is inspired by [22] where the authors address the quesiin of how the prop-
erties of a tile system are related to the periodicity of the esultant self-assembled
nanostructures. We now de ne acorner site and corner site ambiguity

De nition 2. A corner site is a pair of adjacent binding sites in a growing
aggregate or in a convex hole in a damaged lattice.

To reiterate, our abstract tiles are squares as in the origial tile assembly
model and the inputs are at the south and east ends. Thus the t@l number of
possible corner sites with the number of tiles in the tile setT asw is 4w.
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De nition 3.  We de ne corner site ambiguity C(T) as the average number of
tiles in a tile set T that can bind to an available corner site.

To measureC(T), we compute the number of tiles that can bind to each corner
site rst and then compute the average.

Corner Site Ambiguity and Self-Repairability A tile set is self-repairing
if and only if,
C(T)= 8T;minfC(T)g

In other words, if all of the 4w corner sites are distinct, then exactly one tile can
bind to it and hence C(T) = 1. In terms of concrete examples, the RXOR tile
set hasC(T) = 1 while each of ST and BC tile set hasC(T) = 1:25. Obviously,
the higher the value of C(T), the more error-prone is the resultant assembly and
re-assembly after lattice damage.

3 Models for Lattice Damage and Self-Repair

Since we are yet to estimate the extent of damage that can hapgn in reality
through concrete experiments, we developed a damage model bridge the gap.
Two di erent situations are considered: rst when the latti ce has a rigid support
and second when its free oating in aqueous solution. Furthe we present a
probabilistic model for self-repair given a damaged lattie.

3.1 Models for Lattice Damage

Probabilistic Model for Mechanical Damage on a Rigid Surfac e Here
we are concerned with the problem of estimating the extent olamage when the



lattice with a rigid support is acted upon by an external impulse, for e.g damage
created when the AFM tip hits the DNA lattice lying on mica dur ing imaging .
We model the lattice as a crystal as in [12]. Thus the forceF; in a tile located
at a distance ofr from the tile receiving the impulse is proportional to pl—F Fs
is the resistive force from the sticky end connections of theiles. So long for any
tile F; > F,, the probability that a tile gets knocked o the lattice is gr eater
than zero given that the shock wave has traveled to it from orgin of damage. To
estimate the fraction of the lattice damaged, we rst compute the probability of a
damage path of lengthi. The latter is de ned as a path that originates in the tile
which is directly hit by the tip say O, meanders outwards through its successors
<S1;5,;S3;:::S 1 > and stops atS;. Here each ofO; S;; S;;S3;:::Sj 1 are
knocked o the lattice except for S;[Figure6(a) in the Appendix]. Let us denote
the probability of the damage path that stops at S; by P (i). Now S; is located
at a Manhattan distance of i from O. As F; drops 0 as pl—F so the probability
that a tile will fall o, given that at least one of its neighbo rs is already knocked
0, is given by pp—r_ where 0< p < 1 is a function of F; and can be evaluated
from the probability distribution for the damage path. Then ,

P()= -t ) (1)

SinceP (i) is a probability mass function, thus

X
P@)=1 (2)

i=1
Now we can estimate the expected fractional damage siz@ (n; 1) for a lattice L
with n tiles, by summing the probabilities of a damage path fromO to eachS; in

the lattice. For ease of computation, we achieve this by calglating the number
of tiles at a Manhattan distance of i from O, 8i; 1:::1.

@ e+ L4 P
n

D(n;l) =

The rst term account for the event when the damage path probabilistically
stops at O and 4i is the number of tiles located at a Manhattan distancei from
O. The simulation results are discussed in the appendix.

Model for Damage in a DNA Lattice in Aqueous Solution Here we
model the rectangular DNA lattice of sizem n as a simple mass spring system
similar to cloth dynamics in computer graphics[23]. Here eah tile is positioned
atgrid point (i;j ), i=1;2;:::;mandj =1;2;:::n. For simplicity, the external
mechanical impulse F hits the lattice at a single tile location and the internal
tension of the s;ll_;ing linking tile T;; with each of its neighbor Ty, is given
by F.intij = iyzr Kk i Ii?j;k;, u:l,t: - ] where R is the set of

Tij 's neighbors such thatT;; is linked to Ty, for all (k;l) in the neighbor set,




L = lri;j Tkl I%;k;, is the natural length of the spring linking tiles T;; and
T and K, is the stiness of that spring. The value of Kijx is dependent
on the type of bases that are involved at the sticky end match ér the pair of
tiles. We however, assume that the sti nessK and the unextended spring length
19 are the same for every pair of adjacent tiles.

Since it is di cult to obtain a closed form solution for the ex pected number of
tiles that gets knocked o the lattice because of the impulse we outline a simple
simulation algorithm for estimating the number of tiles removed when an impulse
hits the lattice. The basic idea is as follows: Treat the lattice as a connected
graph where the state of the tiles is updated everyt time. To that extent,
start a breadth rst search from the tile receiving the origi nal impulse. The tile
under consideration moves int extending the springs with its neighbors. If
the extension is beyond some threshold value, the tile snaps the lattice and
there's no change of state for its neighbors. Otherwise, athe end of the t
interval, a component of the spring force pulls each of the nighbor in the same
direction as this tile while the same spring force tries to mée this tile go in the
opposite direction. Continue the breadth rst search and update the state of all
the tiles in the lattice. Repeat this whole set of events at eery t time until the
lattice stabilizes or has completely fallen apart.

Obviously, as 't ! 0 we simulate the real situation. Some of the important
assumptions we make are followst is negligibly small, such that the velocity
of each tile remains constant in this interval. Further, it i s dicult to model
collisions with water molecules, so we assume a damping far@on each tile with
the damping constant of water . The pseudocode for this algorithm is given in
the appendix.

The model captures the overall behavior of a free oating latice when acted
upon by an external impulse, but it is rather sensitive to the parameter values
such as the sti ness constant of the spring and the fracture hreshold. Another
important drawback is that our model does out consider tilescolliding spring
extension/contraction. This changes their relative velodgty and may a ect the
total number of tiles that actually get knocked o the lattic e.

3.2 Probabilistic Model for Self-Repair

Given a damaged lattice it is useful to estimate the likelihood of the lattice being
self-healed. The probability that an aggregate of sizen will be formed is given
by 1 2ne ©s[13] according to the kinetic Tile Assembly Model(kTAM). Th e

same expression can be used for computing the extent of selpair. Hence the
probability that a damage of size n will be self-healed is 1 2ne Cse.

4 DNA Implementation of Self-Repairing Lattices

4.1 The Computational Tiles

We used cross tile, sometimes also called a 4 x 4 tile [6] for the physical im-
plementation of our RXOR lattice. This tile contains 4-armed branch junction



oriented in four directions in the lattice plane. [6] develged a method for further
programming the assembly of these DNA tiles to form large ex¢nts of highly
regular lattices which cancels out imperfections in indivdual tiles by a \corruga-
tion" technique[Figure 4]. The sticky ends implementation is also given in gure
4. Two RXOR tiles, RXOR 3 and RXOR 4 were modi ed by incorporating a
biotin group into a T4 loop at the center of the tile structure for visualizing an
output of 1 bit. Streptavidin was then added to the solution of the self-assembled
RXOR lattice. Consequently, the interaction of streptavid in-biotin led to binary
streptavidin patterns that can be readily imaged. Details of the experimental
protocols is included in the appendix.
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4.2 AFM Imaging of our Self-Repairing Lattices

Our immediate goal was to verify the correct formation of the original lattice.
We observed some micron sized lattices but they are probablyormed by the
self-association of either all zero tiles or all one tiles(bth are without unary
markers and are capable of forming nanogrids)[Figure 5](a®). Although both
patterns are valid in our computational lattice, as is evident from gurelc(v), we
would prefer to observe some more interesting structures g as crisscrossing
bands. This can be ensured through the use of a pre-assemblbdundary for the
computation[Figure 5c].

We also observed single tile mismatches. Our model assumekatt tiles will
attach with respect to at least two adjacent binding sites. Although in theory
this can be achieved by manipulating the physical conditiors, in reality, tiles still
bind with respect to one matching binding site. One possiblanechanism to deal
with this will be the compact error-resilient design in [9], although it is likely to
introduce new ambiguities.

4.3 Completely Addressable Nucleating Structure for Algor ithmic
Assembly

The ultimate goal of boundary formation in programmable asembly is to pro-
vide input for subsequent two dimensional growth. Until now we have been able



to form specic structures but we have not been able to contrd their poly-

merization. Schulman, et al. demonstrated in [11] it is dic ult to create large
uniformly sized "V" and "X" boundaries with their DX tile[29 ] set. However, Pis-
tol, et al. recently demonstrated [25,20] a 14@6m  140nm fully synthetic and

programmable 64-motif DNA nanostructure using cross tile.In the light of these
ndings, our current research focus involves meeting halfwy between algorith-
mic assembly and addressable assembly with a fully programable multi-tile

seed and algorithmic rule tiles. Full addressability in a muti-tile system will

guarantee it forms correctly and would also make our searchdfr correct struc-
tures easier during AFM imaging. Using hierarchical assemly, a nanotrack of
AB tile system[26] can further assemble onto the seed and prade an arbitrary
combination of zero-one inputs to the computational tiles.
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Fig.5. a)Computational Lattice, 5 m  2:5m formed by the association of zero tiles
, b)Computational Lattice, 2 m 2m formed again by the association of zero tiles.
This reveals the bene cial e ect of corrugation but the comp utational lattice lacks
interesting band structure, c)Pre-assembled Nucleating Structure Design:Use of fully
addressable lattice design

5 Self-Repairing Transformation for any Tile Set

One of the major goals of algorithmic self-assembly is to prade compact de-
signs for self-repairing error-resilient tile set. In this paper we demonstrated
that a carefully designed tile set performing reversible conputation can be self-
repairing. Unfortunately, not all reversible tile sets are self-repairing. However,
since reversibility ensures uniqueness for the adjacent eof outputs, it de nitely
does improve the self-repairability of the tile set. So trarsforming an irreversible
tile set into a reversible tile set improves its error-resilence. In fact we can show
that reversible tiling is Turing Universal and thus any tile set will bene t from
such a transformation.

It was shown by Winfree[14] that a two dimensional tiling lattice can be used
to simulate any 1 dimensional Cellular Automata(CA). We can similarly prove
that if the given CA is reversible, then the resulting tiling lattice is reversible.



Theorem 1. A two dimensional DNA lattice with reversible tiles and sizen T
can be used to simulate a one dimensional reversible CA with cells running in
time T.

The proof of this theorem is given in the appendix.

Morita in [21], outlines a transformation technique for converting a 1D 3 neigh-
bor CA to a 1D 3 neighbor partitioned CA. We can directly map th is technique
to DNA self-assembly.

If we restrict ourselves to one function instead of two, as inordinary CA, one
can have an abstract tile which has six sticky ends, three foinputs and three
for outputs. In case of the ordinary CA, the three inputs dendes the values
of the cell and its left and right neighbors while the three ouputs contain the
same output value which serve as inputs to the triplet directy above in the next
computation step ina = 3 Abstract Tile Assembly Model[13][Figure 9a in the
appendix].

In case of a partitioned CA, the inputs are right output of the left cell,
center output of the middle cell and the left output of the rig ht cell directly
below(corresponds to the previous computation step) and tle three outputs are
respectively the left, center and right outputs of the cell. The latter serve as the
right input of the left cell, the center input of the middle ce Il and the left input
of the right cell directly above(corresponds to the next conputation step)[Figure
9b in the appendix].

Theorem 2. A 2D DNA lattice performing reversible computation and size
(2n +7)T can simulate a DNA lattice performing irreversible computdion and
sizenT

Proof. Morita in [21] further showed that the number of steps T (n) to simulate
one step of an ordinary 1D 3 neighbor CA A by a partitioned D 3 neghbor CA
P is 2n + 7 in the worst case. When combined with the previous theorem this
implies the result.

One observation here is that, although the size of the trangfrmed tile set
is still asymptotically the same as before(A CA with alphabet C and jCj° rules
will have O(jCj®) for its reversible counterpart crystal growth ina = 3 model),
the blow up for all practical purposes is fairly high. For instance, if we consider
a binary alphabet then a tile set with 8 tiles yield a set of 58 fles in its re-
versible counterpart. Accommodating this seven fold incrase in a biomolecular
implementation is not very practical yet.

This motivates us to investigate redundancy based self-regiring schemes
where redundancy is created by encodings in the pads of thelés with no scale
up of the assembly. Unfortunately this direction is no more pomising.

Theorem 3. There is no compact reversible transformation to generate aelf-
healing tile set for any irreversible computation using redndancy based scheme.



Proof. Following the notation in [27], in order to make any tile set reversible
we can incorporate the inputs at the corresponding output emls. In order to
maintain consistency on the choice of inputs, we need to trasform the orig-
inal tile V(i;j +21);U(;j);V(;j);U(i + 1;j)(from north in a clockwise fash-
ion)[Figure 10ain the Appendix] to V (i;j +1);V(i;j ); V(i 1;j)atthe north end,
U@i;j); U@ Lj)uU 1) lattheeastend,V(i;j);V(@;j 1):;V(i 1) 1)
at the south end andU(i +1;j);U(i;j );U(i;j 1) at the west end[Figure 10b
in the Appendix] . However, then the U(i;j ) and the V (i;j ) at the input ends
become a function of the rest of the inputs and hence this tiledloes not represent
a valid computational unit. Further, even if we accept the dependency the trans-
formation incorporates 4 sets of computation in the new tileas opposed to one
in the original tile and reversibility only helps for a single level[Figure 10c in the
Appendix] . Thus for instance say keeping the values of Y(i  1;j);V(i;j 1))
constant, two choices for the tuple U(i 1;j 1);V(i 1;j 1)) yieldthe same
output (U(i;j  1);V(i 1;j)). Now the latter are input to the (i 1;j) and
(i;j 1) original modules. Since the values of Y(i  1;j);V(i;j 1)) pair is
constant, thus the outputs from the (i;j ) original module will also be the same
and hence such a construction will not be self-repairing.

Thus it still remains to be answered whether an irreversibletile set can
be transformed to its reversible counterpart using a minimd tile set. However,
reversible computation has its own merits in quantum compuing, optical com-
puting, nanotechnology and low power CMOS design. In fact, i we can have
3D DNA assembly, that would allow us to propagate the redundant bit in the
third dimension, we can hope to improve the self-repairabity of the resultant
assembly given that crystal growth occurs with respect to atleastthree adjacent
matching binding sites.

6 Discussion

Although molecular self-assembly appears to be a promisingoute to bottom-up
fabrication of complex objects, to direct growth of lattices, error-free assembly
cannot be assumed. Thus in this paper with our compact desigiof self-repairing
tile sets, we addressed the basic issue of fault tolerant metular computation by
self-assembly. Our design exploited the reversibility prperty to provide inherent
self-repairing capabilities with some constraints on cry&al growth. We described
the detailed design of DNA cross tiles for a particular revesible tiling lattice
called the RXOR lattice. We observed that this lattice will a llow the rst known
molecular architecture for self-repairing memory. We further discussed models
for lattice damage when acted upon by external impulses and i@sented some
experimental results with DNA tiles. Finally we observed that although in theory
we can construct 2D reversible computational DNA lattices br 1D irreversible
CAs and hence improve the self-healing capability of resulint computational
lattice. Doing the transformation, however, with a minimal tile set is still an
open question.
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A Appendix

A.1 Damage Model

Pseudocode of Algorithm for Computing Damage in a DNA Lattic e
Freely Floating in Aqueous Solution due to Mechanical Impul se We

estimate the number of tilesm that are knocked o the lattice of size n when an
impulse F hits the lattice. The mass of each tile is , the velocity at time =0,
vij of each tile Tj; except for the one which receives the impulse is zero and
the threshold extension for fracture isdyes . We'll use a queueQ for e ciency
purposes and below is the pseudocode for the algorithm is giwn in section 3.1.
Program estimateDamagef;n; t )

Choose with probability %, a tile Ty for the initial impulse F
8i;j; color [T;j 1= white q
Compute velocity of Tp,q asVpq = 2F

Enqueue@; Tpyq)
Repeat until m = n or vi; ; 8i;j is zero
While Q 6




do Tap =Dequeue(@; Ta;p)
For each neighborTy, of T,p and color[Ty, ] = white
color[Ty, ] = gray D
Compute extended lengthdypk = jVap t j2+(19)2
Enqueue@; Tk )
color[Tap] = black
If min i f dap;ii 9> = dinres
m=m+1
Remove Ty
else
Compute Vap = Vap +
For each neighborTy, of T,p and color[Ty, ] = gray
Compute F_int gpx = K [dapir  1°]
Compute velocity vy, of each neighborTy, asvi = Vi +
(Fint abksl Vo )t

(F -int ap Voap)t

= + t
return m
1
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Fig.6. (a)lnstance of shock wave propagation and creation of damage path,
(b)Estimation of p

Damage of a Lattice with Rigid Support due to a Mechanical Imp ulse

Simulation Results Based on equation 1 and 2, we can solve for p and as the plot
in gure6(b) reveals that the value of p stabilizes to 07316 beyond a relative
hitting force of 10. Even the drop from an initial value of 0:87 to 0:75 occurs
before the relative hitting force even reach a value of 5. Soof all practical
purposes we consider the value gb to be 0:73. Note that | is determined by the
distance whereF; and F, equalize. In essence, iF; = #%, wherec s a constant,

then | =( %)2. Sol is a measure of the relative hitting force and we will address
it the same in all our plots.

A simulation snapshot for damage by an AFM tip in the lattice i s shown in
Figure 7a. We study the e ect of relative hitting force on the lattice in isolation.
Since the probability model is pseudo-geometric in natureso the amount of ac-
tual damage reaches a constant value beyond a value of 10 folneé former[Figure



7b]. We also compared the average fractional damage size froseveral simu-
lation runs with the expected damage size as estimated fromhe probabilistic
model as a function of relative hitting force and lattice size. They seem to agree
well, as is evident from Figure 7c. The veri cation of the model by comparisons
with experimental data is yet to be done.

(a) (b) (©
Fig. 7. a)Snapshot of a computer simulation of a damage(red region) by an AFM tip in
a rectangular lattice(white region), b)Plot of Actual Dama ge vs relative hitting force of
the AFM. The plot reveals the pseudo-geometric nature of the probability distribution
of damage, c)Plot of percentage damage as a function of lattice size and relative hitting
force.

A.2  Physical Implementation of RXOR Tiling with DNA Tiles

Experimental Protocols Complex design, sample preparation, and stepwise
assembly: The design of cross-tiles was based on the strucauof immobile 4-
arm branched junctions. The subsequence used for all bulgeldops was four Ts,
TTTT. Sequences were designed to minimize the chance of undeed comple-
mentary association and sequence symmetry[28]. Syntheticligonucleotides were
purchased from Integrated DNA Technologies (Coralville, 1A) and puri ed by
polyacrylamide gel electrophoresis (PAGE). Complexes wex formed by mixing
a stoichiometric quantity of each strand in physiological buer, 1 TAEMg?*
(40 mM Tri acetate (pH 8:0), 2 mM EDTA, and 12:5 mM magnesium acetate).
The nal concentration of DNA was between 0:125 and 10 M. For the rst step
high-temperature annealing of unit tiles, equimolar mixtures of strands were
cooled slowly from 95C to 20 C by placing the tubes in 2 L of boiled water in
a styrofoam box for at least 40 hours to facilitate hybridization. For the second
step low-temperature annealing, DNA tiles mixtures were coled slowly from
42 C to 20 C by placing the tubes in 1 L of water at room temperature for
about 4 hours. After each step of annealing, samples were inbated overnight
at 4 C before AFM imaging.

Streptavidin attachment: After 2 "-step DNA RXOR assembly, add strep-
tavidin purchased from Rockland (www.rockland-inc.com, @de no: SO00 01,
Lot no: 12088) of same volume of equal concentration of bioti in annealed
DNA sample. Leave it an hour at room temperature, and then inaibate 4 C for
overnight before AFM experiment.



AFM imaging: AFM imaging was performed in tapping mode under 1
TAEMg?* buer. A5 L annealed-sample was dropped on freshly cleaved mica
for 3 minutes. 30L of 1 TAEMg?* bu er was then placed onto the mica and
another 30L of 1 TAEMg?* bu er was placed onto the AFM tip. AFM images
were obtained on a Digital Instruments Nanoscope llla with amultimode uid
cell head by tapping mode under bu er using a NP-S oxide-shgpened silicon
nitride tips (Vecco).

(b)

DNA Rule Tiles

BCA Rule

Level 2

Level 1

Level 0

Fig.8. (a)BCA rule in an abstract DNA tile,(b)DNA Rule Tiles for RXO R Compu-
tation, (c)Both forward and backward computation takes pla ce starting from the initial
tape.

A.3 Self-Repairing Transformation for any Tile Set

Proof of Theorem 1

Proof. Following Winfree[14]. we use a special kind of CA :Blocked Cellular
Automaton where for each row, cells are read in pair and two symbols arenitten
guided by the rule table. For each rule, &;y) !  (u;Vv), we create a tile whose
sticky ends on the input side(south and east sides of a crosd¢) are X andy and
that at the output ends(west and north sides of a cross tile) ae u and v. We also
have an initial assembly of tiles simulating the initial BCA tape. We add the
rule tiles to the solution containing the initial tape. As g ure 8 demonstrates,
rule tiles anneal into position if and only if both sticky ends match. Thus we
can simulate forward computation with DNA assembly. As descibed in [14] we
access the output using a special "halting” tile gets incormrated in the lattice.
For a reversible CA, by de nition, there's exactly one prior con guration for
every current con guration. In terms of DNA assembly this im plies that if we
treat u and v as our inputs(north and west ends of a cross tile) andk andy as
our outputs(south and east ends of the cross tile), then alsahe rule tiles will
anneal into position abiding by the sticky ends match constaint. Thus we can
simulate backward computation with reversible DNA assemby. For instance, if
we remove the tiles which are crossed in Figure 8, since the twfunctions are



invertible, so the correct rule tiles will reassemble, thusdemonstrating reversible

computation.

In particular, each horizontal row of n tiles of the tiling lattice simulates
a given step of the CA, and the values from each automata stepd step are
communicated from a prior row of tiles to the next row of tiles above it. Thus,

a two dimensional DNA lattice with reversible tiles and sizen

T can be used

to simulate a one dimensional reversible CA withn cells running in time T.

Figure for the reversible transformation according to [21]
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Fig.9. a)Abstract Tile for original CA and its tiling simulation, b
corresponding PCA and its tiling simulation

Figure for Theorem 3
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Fig. 10. a)Original Abstract Tile according to [27], b)Transformed Abstract Tile ca-
pable of reversible computation, c)A single computational unit in the transformed tile
corresponds to four sets of computation in the original tile



