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Clustering	
  Problem	
  
•  Given	
  a	
  set	
  of	
  points,	
  	
  

with	
  a	
  noDon	
  of	
  distance	
  between	
  points,	
  	
  
	
  
group	
  the	
  points	
  into	
  some	
  number	
  of	
  clusters,	
  	
  
	
  
so	
  that	
  members	
  of	
  a	
  cluster	
  are	
  in	
  some	
  sense	
  as	
  close	
  to	
  each	
  
other	
  as	
  possible.	
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Example:	
  Clustering	
  News	
  ArDcles	
  
•  Consider	
  some	
  vocabulary	
  V	
  =	
  {v1,	
  v2,	
  …,	
  vk}.	
  	
  

•  Each	
  news	
  arDcle	
  is	
  a	
  vector	
  (x1,	
  x2,	
  …,	
  xk),	
  	
  
where	
  xi	
  =	
  1	
  iff	
  vi	
  appears	
  in	
  the	
  arDcle	
  

•  Documents	
  with	
  similar	
  sets	
  of	
  words	
  correspond	
  to	
  similar	
  topics	
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Example:	
  Clustering	
  movies	
  	
  
(CollaboraDve	
  Filtering)	
  

•  Represent	
  each	
  movie	
  by	
  the	
  set	
  of	
  users	
  who	
  rated	
  it.	
  	
  

•  Each	
  movie	
  is	
  a	
  vector	
  (x1,	
  x2,	
  …,	
  xk),	
  where	
  xi	
  is	
  the	
  raDng	
  
provided	
  by	
  user	
  i.	
  	
  

•  Similar	
  movies	
  have	
  similar	
  raDngs	
  from	
  the	
  same	
  sets	
  of	
  users.	
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Example:	
  Protein	
  Sequences	
  
•  Objects	
  are	
  sequences	
  of	
  {C,	
  A,	
  T,	
  G}	
  

•  Distance	
  between	
  two	
  sequences	
  is	
  the	
  edit	
  distance,	
  or	
  the	
  
minimum	
  number	
  of	
  inserts	
  and	
  deletes	
  needed	
  to	
  change	
  one	
  
sequence	
  to	
  another.	
  	
  

•  Clusters	
  correspond	
  to	
  proteins	
  with	
  similar	
  sequences.	
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Outline	
  
•  Distance	
  measures	
  

•  Clustering	
  algorithms	
  	
  
–  K-­‐Means	
  Clustering	
  
–  Hierarchical	
  Clustering	
  

	
  
•  Scaling	
  up	
  Clustering	
  Algorithms	
  

–  Canopy	
  Clustering	
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Distance	
  Measures	
  
•  Each	
  clustering	
  problem	
  is	
  based	
  on	
  some	
  noDon	
  of	
  distance	
  

between	
  objects	
  or	
  points	
  
–  Also	
  called	
  similarity	
  

•  Euclidean	
  Distance	
  
–  Based	
  on	
  a	
  set	
  of	
  m	
  real	
  valued	
  dimensions	
  
–  Euclidean	
  distance	
  is	
  based	
  on	
  the	
  locaDons	
  of	
  the	
  points	
  in	
  the	
  	
  

m-­‐dimensional	
  space	
  
–  There	
  is	
  a	
  noDon	
  of	
  average	
  of	
  two	
  points	
  

•  Non-­‐Euclidean	
  Distance	
  
–  Not	
  based	
  on	
  the	
  locaDon	
  of	
  points	
  
–  NoDon	
  of	
  average	
  may	
  not	
  be	
  defined	
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Distance	
  Metric	
  
•  A	
  distance	
  funcDon	
  is	
  a	
  metric	
  if	
  it	
  saDsfies	
  the	
  following	
  

condiDons	
  

•  	
  d(x,y)	
  	
  ≥	
  0	
  
•  	
  d(x,y)	
  =	
  0	
  iff	
  x	
  =	
  y	
  
•  	
  d(x,y)	
  =	
  d(y,x)	
  
•  	
  d(x,y)	
  ≤	
  d(x,z)	
  +	
  d(z,y)	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  triangle	
  inequality	
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Examples	
  of	
  Distance	
  Metrics	
  
•  Lp	
  norm:	
  

•  L2	
  norm	
  =	
  Distance	
  in	
  euclidean	
  space	
  
•  L1	
  norm	
  =	
  Manhahan	
  distance	
  
•  L∞	
  norm	
  =	
  maximum	
  (xi	
  –	
  yi)	
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Examples	
  of	
  Distance	
  Metrics	
  
•  Jaccard	
  Distance:	
  

	
  
	
  Let	
  A	
  and	
  B	
  be	
  two	
  sets.	
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Examples	
  of	
  Distance	
  Metrics	
  
•  Cosine	
  Similarity:	
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Examples	
  of	
  Distance	
  Metrics	
  
•  Levenshtein	
  distance	
  a.k.a.	
  Edit	
  distance	
  

	
  Minimum	
  number	
  of	
  inserts	
  and	
  deletes	
  of	
  characters	
  	
  
	
  needed	
  to	
  turn	
  one	
  string	
  into	
  another.	
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Outline	
  
•  Distance	
  measures	
  

•  Clustering	
  algorithms	
  	
  
–  K-­‐Means	
  Clustering	
  
–  Hierarchical	
  Clustering	
  

	
  
•  Scaling	
  up	
  Clustering	
  Algorithms	
  

–  Canopy	
  Clustering	
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K-­‐Means	
  
•  A	
  very	
  popular	
  point	
  assignment	
  based	
  clustering	
  algorithm	
  

•  Goal:	
  	
  ParDDon	
  a	
  set	
  of	
  points	
  into	
  k	
  clusters,	
  such	
  that	
  points	
  
within	
  a	
  cluster	
  are	
  closer	
  to	
  each	
  other	
  than	
  point	
  from	
  different	
  
clusters.	
  	
  

•  Distance	
  measure	
  is	
  typically	
  Euclidean	
  
–  K-­‐medians	
  if	
  distance	
  measure	
  does	
  not	
  permit	
  an	
  average	
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K-­‐Means	
  
•  Input:	
  	
  

	
  A	
  set	
  of	
  points	
  in	
  m	
  dimensions	
  {x1,	
  x2,	
  …,	
  xn}	
  
	
  The	
  desired	
  number	
  of	
  clusters	
  K	
  

•  Output:	
  	
  	
  
	
  A	
  mapping	
  from	
  points	
  to	
  clusters	
  C:	
  {1,	
  …,	
  m}	
  à	
  {1,	
  …,	
  K}	
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K-­‐Means	
  
•  Input:	
  	
  

	
  A	
  set	
  of	
  points	
  in	
  m	
  dimensions	
  {x1,	
  x2,	
  …,	
  xn}	
  
	
  The	
  desired	
  number	
  of	
  clusters	
  K	
  

•  Output:	
  	
  	
  
	
  A	
  mapping	
  from	
  points	
  to	
  clusters	
  C:	
  {1,	
  …,	
  m}	
  à	
  {1,	
  …,	
  K}	
  

Algorithm:	
  	
  
•  Start	
  with	
  an	
  arbitrary	
  C	
  
•  Repeat	
  

–  Compute	
  the	
  centroid	
  of	
  each	
  cluster	
  
–  Reassign	
  each	
  point	
  to	
  the	
  closest	
  centroid	
  

•  UnDl	
  C	
  converges	
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Example	
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Example: initial data

COMP-652, Lecture 15 - October 20, 2011 5

Example: assign into 3 clusters randomly
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IniDalize	
  Clusters	
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Example: initial data

COMP-652, Lecture 15 - October 20, 2011 5

Example: assign into 3 clusters randomly
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Compute	
  Centroids	
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Example: compute centroids

COMP-652, Lecture 15 - October 20, 2011 7

Example: reassign clusters
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Reassign	
  Clusters	
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Example: compute centroids

COMP-652, Lecture 15 - October 20, 2011 7

Example: reassign clusters
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Recompute	
  Centroids	
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Example: recompute centroids

COMP-652, Lecture 15 - October 20, 2011 9

Example: reassign clusters

COMP-652, Lecture 15 - October 20, 2011 10



Reassign	
  Clusters	
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Example: recompute centroids

COMP-652, Lecture 15 - October 20, 2011 9

Example: reassign clusters

COMP-652, Lecture 15 - October 20, 2011 10



Recompute	
  Centroids	
  –	
  Done!	
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Example: recompute centroids – done!

COMP-652, Lecture 15 - October 20, 2011 11

What if we do not know the right number of clusters?

COMP-652, Lecture 15 - October 20, 2011 12



QuesDons	
  
•  What	
  is	
  a	
  good	
  value	
  for	
  K?	
  

•  Does	
  K-­‐means	
  always	
  terminate?	
  

•  How	
  should	
  we	
  choose	
  iniDal	
  cluster	
  centers?	
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Determining	
  K	
  

•  Small	
  k:	
  Many	
  points	
  have	
  large	
  distances	
  to	
  centroid	
  

•  Large	
  k:	
  No	
  significant	
  improvement	
  in	
  average	
  diameter	
  (max	
  
distance	
  between	
  any	
  two	
  points	
  in	
  a	
  cluster)	
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7.3. K-MEANS ALGORITHMS 255

clusters than there really are, the measure will rise precipitously. The idea is
expressed by the diagram of Fig. 7.9.

Average
Diameter

Number of Clusters

Correct value of k

Figure 7.9: Average diameter or another measure of diffuseness rises quickly as
soon as the number of clusters falls below the true number present in the data

If we have no idea what the correct value of k is, we can find a good value
in a number of clustering operations that grows only logarithmically with the
true number. Begin by running the k-means algorithm for k = 1, 2, 4, 8, . . . .
Eventually, you will find two values v and 2v between which there is very little
decrease in the average diameter, or whatever measure of cluster cohesion you
are using. We may conclude that the value of k that is justified by the data lies
between v/2 and v. If you use a binary search (discussed below) in that range,
you can find the best value for k in another log2 v clustering operations, for a
total of 2 log2 v clusterings. Since the true value of k is at least v/2, we have
used a number of clusterings that is logarithmic in k.

Since the notion of “not much change” is imprecise, we cannot say exactly
how much change is too much. However, the binary search can be conducted
as follows, assuming the notion of “not much change” is made precise by some
formula. We know that there is too much change between v/2 and v, or else
we would not have gone on to run a clustering for 2v clusters. Suppose at some
point we have narrowed the range of k to between x and y. Let z = (x + y)/2.
Run a clustering with z as the target number of clusters. If there is not too
much change between z and y, then the true value of k lies between x and z.
So recursively narrow that range to find the correct value of k. On the other
hand, if there is too much change between z and y, then use binary search in
the range between z and y instead.

7.3.4 The Algorithm of Bradley, Fayyad, and Reina

This algorithm, which we shall refer to as BFR after its authors, is a variant of
k-means that is designed to cluster data in a high-dimensional Euclidean space.
It makes a very strong assumption about the shape of clusters: they must
be normally distributed about a centroid. The mean and standard deviation
for a cluster may differ for different dimensions, but the dimensions must be



K-­‐means	
  as	
  an	
  opDmizaDon	
  problem	
  
•  Let	
  ENCODE	
  be	
  a	
  funcDon	
  mapping	
  points	
  in	
  the	
  dataset	
  to	
  {1…k}	
  
•  Let	
  DECODE	
  be	
  a	
  funcDon	
  mapping	
  {1…k}	
  to	
  a	
  point	
  

•  Alternately,	
  if	
  we	
  write	
  DECODE[j]	
  =	
  cj,	
  	
  
we	
  need	
  to	
  find	
  an	
  ENCODE	
  funcDon	
  and	
  k	
  points	
  c1,	
  …,	
  ck	
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K-­‐means	
  terminates	
  
•  Consider	
  the	
  objecDve	
  funcDon.	
  	
  

•  There	
  are	
  finitely	
  many	
  possible	
  clusterings	
  (Kn)	
  

•  Each	
  Dme	
  we	
  reassign	
  a	
  point	
  to	
  a	
  nearer	
  cluster,	
  the	
  objecDve	
  
decreases.	
  

•  Every	
  Dme	
  we	
  recompute	
  the	
  centroids,	
  the	
  objecDve	
  either	
  stays	
  
the	
  same	
  or	
  decreases.	
  	
  

•  Therefore	
  the	
  algorithm	
  has	
  to	
  terminate.	
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Local	
  opDma	
  
•  Depending	
  on	
  iniDalizaDon	
  K-­‐means	
  can	
  converge	
  to	
  different	
  

local	
  opDma.	
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Example

J = 0.22870 J = 0.3088

COMP-652, Lecture 15 - October 20, 2011 27

Finding good initial configurations

• The initial configuration can influence the final clustering

• Assigning each item to random cluster in {1, . . . ,K} is unbiased. . . but
typically results in cluster centroids near the centroid of all the data in
the first round.

• A di�erent heuristic tries to spread the initial centroids around as much
as possible:

– Place first center on top of a randomly chosen data point
– Place second center on a data point as far away as possible from the

first one
– Place the i-th center as far away as possible from the closest of centers

1 through i� 1

• K-means clustering typically runs quickly. With a randomlized
intialization step, you can run the algorithm multiple times and take
the clustering with smallest J .
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IniDal	
  ConfiguraDon	
  
•  StarDng	
  with	
  a	
  random	
  assignment	
  …	
  cluster	
  centroids	
  will	
  be	
  

close	
  to	
  the	
  centroid	
  of	
  the	
  enDre	
  dataset	
  

•  Farthest	
  first	
  heurisDc	
  
–  Choose	
  first	
  centroid	
  to	
  be	
  a	
  random	
  point	
  
–  Choose	
  next	
  centroid	
  to	
  be	
  the	
  point	
  farthest	
  away	
  from	
  the	
  current	
  set	
  of	
  

centroids.	
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Outline	
  
•  Distance	
  measures	
  

•  Clustering	
  algorithms	
  	
  
–  K-­‐Means	
  Clustering	
  
–  Hierarchical	
  Clustering	
  

	
  
•  Scaling	
  up	
  Clustering	
  Algorithms	
  

–  Canopy	
  Clustering	
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Hierarchical	
  Clustering	
  
•  Start	
  with	
  all	
  points	
  in	
  their	
  own	
  clusters	
  

•  Repeat	
  
– Merge	
  two	
  clusters	
  that	
  are	
  closest	
  to	
  each	
  other	
  

•  UnDl	
  (stopping	
  condiCon)	
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Example	
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a	
  

b	
  

c	
  

d	
  

e	
  

f	
  

a b c d e f	
  

ab	
  

abc	
  

de	
  

def	
  

abcdef	
  

Distance	
  metric:	
  Euclidean	
  distance	
  



Distance	
  between	
  Clusters	
  
•  Different	
  measures	
  for	
  distance	
  between	
  two	
  clusters.	
  	
  

•  Single	
  Linkage	
  
	
  d(C1,	
  C2)	
  =	
  min	
  x	
  in	
  C1	
  min	
  y	
  in	
  C2	
  d(x,y)	
  

•  Average	
  Linkage	
  
	
  d(C1,	
  C2)	
  =	
  average	
  x	
  in	
  C1,	
  y	
  in	
  C2	
  {	
  d(x,y)	
  }	
  

•  Complete	
  Linkage	
  
	
  d(C1,	
  C2)	
  =	
  max	
  x	
  in	
  C1	
  max	
  y	
  in	
  C2	
  d(x,y)	
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Stopping	
  CondiDon	
  
•  Dendogram	
  

	
  
	
  
	
  
Stopping	
  condiDon	
  can	
  depend	
  on:	
  	
  
•  Number	
  of	
  Clusters	
  
•  Distance	
  between	
  merging	
  clusters	
  
•  Size	
  of	
  the	
  largest	
  cluster	
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a b c d e f	
  

ab	
  

abc	
  

de	
  

def	
  

abcdef	
  



Complexity	
  
•  Need	
  to	
  idenDfy	
  the	
  closest	
  clusters	
  at	
  each	
  step	
  

•  Hence,	
  need	
  Ω(n2)	
  computaDon	
  just	
  to	
  compute	
  all	
  the	
  pairwise	
  	
  
distances.	
  	
  

•  We	
  will	
  see	
  ways	
  to	
  speed	
  up	
  clustering	
  next.	
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Outline	
  
•  Distance	
  measures	
  

•  Clustering	
  algorithms	
  	
  
–  K-­‐Means	
  Clustering	
  
–  Hierarchical	
  Clustering	
  

	
  
•  Scaling	
  up	
  Clustering	
  Algorithms	
  

–  Canopy	
  Clustering	
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Scaling	
  up	
  Clustering	
  
•  Efficient	
  clustering	
  is	
  possible	
  when:	
  	
  

–  Small	
  dimensionality	
  
–  Small	
  number	
  of	
  clusters	
  
–  Moderate	
  size	
  data	
  

•  How	
  to	
  scale	
  clustering	
  when	
  none	
  of	
  these	
  hold?	
  	
  

Lecture	
  17	
  :	
  590.02	
  Spring	
  13	
   37	
  



IntuiDon	
  behind	
  Canopy	
  Clustering	
  
•  Do	
  not	
  compuDng	
  all	
  O(n2)	
  pairwise	
  distances.	
  

•  For	
  every	
  point	
  x,	
  idenDfy	
  c(x)	
  a	
  small	
  subset	
  of	
  points	
  in	
  the	
  
dataset	
  which	
  are	
  most	
  likely	
  to	
  be	
  in	
  the	
  same	
  cluster	
  as	
  x.	
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Canopy	
  Clustering	
  [McCallum	
  et	
  al	
  KDD’00]	
  

In	
  mul'ple	
  
canopies	
  

Each	
  element	
  
has	
  a	
  single	
  

primary	
  canopy	
  

Input:	
  MenDons	
  M,	
  	
  
	
  	
  	
  	
  	
  	
  	
  d(x,y),	
  a	
  distance	
  metric,	
  
	
  	
  	
  	
  	
  	
  	
  thresholds	
  T1	
  >	
  T2	
  

Algorithm:	
  
1.  Pick	
  a	
  random	
  element	
  x	
  from	
  M	
  
2.  Create	
  new	
  canopy	
  Cx	
  using	
  	
  

menDons	
  y	
  s.t.	
  d(x,y)	
  <	
  T1	
  
3.  Delete	
  all	
  menDons	
  y	
  from	
  M	
  

s.t.	
  d(x,y)	
  <	
  T2	
  (from	
  consideraCon	
  in	
  this	
  algorithm)	
  

4.  Return	
  to	
  Step	
  1	
  if	
  M	
  is	
  not	
  empty.	
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Summary	
  
•  Clustering	
  algorithms	
  have	
  a	
  number	
  of	
  applicaDons	
  	
  

•  K-­‐means	
  and	
  hierarchical	
  clustering	
  are	
  popular	
  techniques	
  

•  Canopy	
  clustering	
  helps	
  scale	
  clustering	
  techniques	
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