
Fall 2021 Algorithms Qualifying Exam
NAME:

Prob # Score Max Score

1 15

2 20

3 30

4 20

5 15

Total 100

1



Problem 1: [15pts] Let T be a rooted binary tree with n nodes. The depth of a node u in T is
the number of edges on the (unique) path from u to the root of T. A subtree H of T is any
connected subgraph of T, and H is complete if every internal node of H has two children
and every leaf of H has exactly the same depth in T (e.g. the largest complete subtree is
shaded in the figure).

Describe an O(n)-time algorithm for computing the size of a largest complete subtree in T.
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Problem 2: [20pts] Let X be a set of n intervals on the real line. We say that a set P of points
on the real line stabs X if every interval in X contains at least one point in P. Describe an
efficient algorithm to compute the smallest set of points that stabs X. Prove the correctness
of your algorithm and analyze the running time.
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Problem 3: [30pts] Let G = (V, E) be a directed, strongly connected graph, with |V| = n
and |E| = m, c : E→ R the edge-weight function (c(e) may be negative), and t ∈ V a vertex.
For each vertex v ∈ V, a finite value ∆(v) (which can be any real number) is also given.

(i) Describe an O(m + n)-time algorithm to verify whether ∆(v) is the cost of the shortest
path from node v to t, for all v ∈ V. Note that you are not being asked to compute the
cost of the shortest paths; you are just being asked to verify.

(ii) Assume that ∆(v), for all v ∈ V, is indeed the cost of the shortest path from v to t.
Let t′ ∈ V be another vertex in G. Describe an O((m + n) log n)-time algorithm to
compute ∆′(v), the cost of the shortest path from v to t′, for all v ∈ V. Prove the
correctness of your algorithm. (Hint: It is useful to redefine the edge weights as follows:
for an edge e = (u, w) ∈ E, define c′(e) = c(e) + ∆(w)− ∆(u). What is the relationship
between the costs of the shortest paths from v to t′ using the two different edge weights c and
c′? What is the advantage of using c′?)
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Problem 4: [20pts] A sequence is called a palindrome if it is the same as its reversal, e.g.,
RACECAR or AMANAPLANACATACANALPANAMA. Describe an O(n2)-time algorithm that
takes a sequence A = a1 · · · an (stored in an array) as an input and returns the length of the
longest palindrome subsequence in A. For example, the longest palindrome subsequence
in MAHDYNAMICPROGRAMZLETMESHOWYOUTHEM is MHYMRORMYHM. Prove the
correctness of your algorithm.
(Hint: For i ≤ j, let L(i, j) be the length of the longest palindrome subsequence in ai · · · aj. Write a
recurrence relation for L(i, j) and use dynamic programming.)
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Problem 5: [15pts] Let G be an undirected graph with weighted edges. A heavy Hamiltonian
cycle is a cycle C that passes through each vertex of G exactly once, such that the total weight
of the edges in C is more than half of the total weight of all edges in G. Prove that deciding
whether a graph has a heavy Hamiltonian cycle is NP-complete.
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