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on DNA nanostructures with relatively smaller scales of complexity (where steric
hindrance does not greatly influence reactions).

2.2 Prior and Related Work

(a)

(b)

Fig. 1: (a) A rendering of
a double-stranded DNA duplex
(nanoengineer). (b) A cartoon
rendering of the duplex.

The visual representation of DNA nanostruc-
tures often termed DNA cartoons is widely
used (such as in Figure 1b as a representa-
tion of Figure 1a). They provide a visual rep-
resentation of the secondary structure of DNA
nanostructures, including 5’ to 3’ directional-
ity and hybridizations between single strands
of DNA. Their goal is to abstract away individ-
ual base-pairings and helical twists to provide
a domain-based representation. Though there
are many variations on this, most cartoon ren-
derings represent a strand with a line that ter-
minates in an arrow at the 30-end. When two
complementary antiparallel strands hybridize
to each other through base pairing, a series
of lines between the strands represent the
hybridization bonds between each base pair.
DNA cartoons are frequently used in practice
for describing DNA nanostructures and may also be used by visual GUI software,
e.g., for graphical specification and rendering of DNA nanostructures. Alterna-
tives to string-based methods, such as explicit graph structures, are needed in
order to model certain DNA nanostructures, especially those with branched or
pseudo-knotted regions. Many earlier examples of such graph-based approaches
that provide abstractions of DNA nanostructures and their reactions have been
developed. Jonoska made early use of graphs for representing DNA-based com-
putations Jonoska et al. (1998). Reif developed a graph model for representing
DNA nanostructures with representation of 50 to 30 directionality and hybridiza-
tions between single strands of DNA Reif (1999). In addition, Birac et al. have
made use of graph-based data structures for the design and modeling of DNA
nanostructures Birac et al. (2006). Other more recent graph models for DNA
nanostructures include those of Kawamata et al. Ibuki et al. (2011); Kawamata
et al. (2012). None of these model base-stacking which can be essential for some
DNA reactions Woo and Rothemund (2011). There are various prior works on
coarse-grained modeling of dynamic DNA nanodevices that transition between
distinct DNA nanostructures. Cardelli (2011); Phillips and Cardelli (2009); Lakin
et al. (2012a, 2011) developed an algebra for representing a restricted set of
DNA-based reactions, such as see-saw gates Qian and Winfree (2009). Yin et al.
made use of a graphical representation of biomolecular self-assembly pathways, in
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Our	Graph	
Rewriting		
System	(GRS)	
for		
DNA		
Nanostructures:	
	
	
	
GRS	Notation:	

1.2. DNA Graph Notation:

We will define the following notation for DNA graphs in order to facilitate the
introduction of our DNA graph rewriting system (note that we will subsequently
show that a subset of DNA graphs, called well-formed DNA graphs, are equivalent
to pseudo-DNA nanostructures).

A DNA graph is formally defined as an 8-tuple G = (V,E, LV , LE ,Σ, vl, el, δ)
where:

1. V is a finite set of vertices (domains or strand ends)
2. E is a finite set of edges (bonds or strand-end edge)

3. LV =
{

, , ,
}

is the finite set of vertex labels, where:

(a) : unhybridized vertex
(b) : hybridized vertex
(c) 3′: 3 prime end.
(d) 5′: 5 prime end.

4. LE =
{

, , ,
}
is the finite set of edge labels, where:

(a) : base-stacking, where the arrow direction indicates 5′ to 3′

directionality.
(b) : hybridization.
(c) : covalent bond between two domains (arrow indicates strand

directionality)
(d) : is an edge label that signifies a strand-end

5. Σ is the set of all possible domain names. For each d ∈ Σ, its complement is
denoted as d̄.

6. vl : V "→ LV , is a function that assigns a label to each vertex.
7. el : E "→ LE , is a function that assigns a label to each edge.
8. δ : V "→ Σ is a mapping between vertices and domain names.

1.3. Well-Formed DNA Graphs

3′

5′

5′

3′

d1

d̄1

d2

d̄2

Figure 1.2: An example well-
formed DNA graph

To be concise, we will define a DNA strandgraph
here as a maximal subgraph that consists of one or
more vertices with a label in the vertex label subset
{ , } connected only via edges labeled .

There are two types of strands: circular (see
Appendix C) and non-circular, where a non-circular
strand has an explicit start and end, as opposed to a
circular strand, which maintains directionality with-
out having ends.

A well-formed DNA graph (referred to as
WFDG), is a DNA graph that adheres to the six
constraints below. Some of the constraints apply differently to circular strands, and
that will be made clear.

The in-degree of a vertex is the number of edges which are directed into that
vertex. The out-degree of a vertex is the number of edges which are directed out

3
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c. : covalent bond linking base pairs between two domains, where the
arrow direction indicates strand directionality.

d. : is an edge label that signifies a strand-end, where the vertical bar
location indicates strand directionality.

5. ⌃ is the set of all possible domain names. For each d 2 ⌃, its complement is
denoted as d̄, and it represents the reverse-complement base sequence. It is
assumed that each d 2 ⌃ has a unique complement d̄ 2 ⌃ s.t. no other symbol
in ⌃ � {d} can have a complement d̄. Each domain d is mapped to a base
sequence, which is a string over the set {A, C, T, G}, and the complement of
each member is Ā = T , T̄ = A, C̄ = G, Ḡ = C.

6. vl : V 7! LV , is a function that assigns a label to each vertex.
7. el : E 7! LE , is a function that assigns a label to each edge.
8. m : V 7! ⌃ is a mapping between vertices and domain names.

3.3 Well-Formed DNA Graphs

s1

s3

s2

a

ā

b b̄
c

c̄

Fig. 2: A three-arm
junction

30

50

50

30

d1

d̄1

d2

d̄2

(a)

50 30d̄1 d̄2

(b)

Fig. 3: (a) An example well-
formed DNA graph. (b) An
example of a DNA strand
graph

To be concise, we will define a DNA strand graph
here as a maximal subgraph that consists of one or
more vertices with a label in the vertex label subset
{ , , 30, 50} connected only via edges labeled

. In other words, it is a graph representing
only one strand, with no hybridization or base-
stacking labeled edges (as shown in Figure 3).

There are two types of strands: circular (see 4)
and non-circular, where a non-circular strand has
an explicit start and end, as opposed to a circu-
lar strand, which maintains directionality without
having ends.

A well-formed DNA graph (referred to as
WFDG), is a DNA graph that adheres to the six
constraints below. Some of the constraints apply
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Rule	1:	Toehold	Binding	
12 Mokhtar et. al

Rule #1: Domain Binding

Cartoon Rendering
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Rewrite Rule
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d
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Rewrite Rule: Two complementary DNA domains d and d̄ hybridize together to form a duplex,

or double-stranded DNA. Note, the cartoon represents two strands each made up of one do-

main, but the strands may be surrounded by other domains (vertices) in either direction, while

maintaining their original directionality.

L: The unhybridized domains d and d̄ are each represented by a circle, with no edge between

them.

R: They are each represented as solid circles (hybridized). The dashed edge represents the

hydrogen bond(s) between d and d̄.

Rule #2: Strand Displacement
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Rule	2:	Strand	Displacement	
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Rewrite Rule: Two complementary DNA domains d and d̄ hybridize together to form a duplex,

or double-stranded DNA. Note, the cartoon represents two strands each made up of one do-

main, but the strands may be surrounded by other domains (vertices) in either direction, while

maintaining their original directionality.

L: The unhybridized domains d and d̄ are each represented by a circle, with no edge between

them.

R: They are each represented as solid circles (hybridized). The dashed edge represents the

hydrogen bond(s) between d and d̄.
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d̄2Modeling DNA Nanodevices Using Graph Rewrite Systems 13

Rewrite Rule: Five domains are involved in this transformation. The vertex with domain label

d̄2, which corresponds to the domain covalently bound to the complex on the left-hand side,

displaces a vertex labeled with the same domain d̄2, which corresponds to the domain hybridized

to d2.

L: The upper strand region is composed of domains d1,d2. d1 is hybridized to d̄1, and d2 is

hybridized to its complement d̄2.

R: The hybridization bond between vertex d̄2 and d2 has been removed, and d̄2 has now been

relabeled with . The vertex with domain d̄2, which is covalently bound to d̄1, is relabeled as

hybridized ( ), and a hybridization edge has now been added to connect this vertex to vertex

d̄2.

Rule #3: Base stacking

Cartoon Rendering
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d2
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Rewrite Rule
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Rewrite Rule: Two double stranded DNA complexes, each comprised of two vertices with

domains d1, d̄1 and d2, d̄2, respectively, are present. All the vertices are attached to 50 or 30-

labeled vertices, where the vertex labeled d1 is connected to a vertex labeled with a 30, and d2

to a vertex labeled 50, etc. A base-stacking bond between them is formed. Since base-stacking

may be assumed to be directionally independent Woo and Rothemund (2011), the directionality

of the domains on each duplex relative to their neighbors do not really matter, so this rule can

be extended to include all configurations of antiparallel duplex directionality.

L: Solid vertices with labels d1 and d̄1 are connected by a hybridization edge. The vertex labels

30 and 50 show the directionality of each domain represented by the vertices. Similarly for d2

and d̄2.

R: The two duplexes form a base-stacking bond with each other. This is represented by the

edges between vertices labeled d1 and d2, and between d̄2 and d̄1.



Rules	for	
Base	Stacking	

Modeling DNA Nanodevices Using Graph Rewrite Systems 13

Rewrite Rule: Five domains are involved in this transformation. The vertex with domain label

d̄2, which corresponds to the domain covalently bound to the complex on the left-hand side,

displaces a vertex labeled with the same domain d̄2, which corresponds to the domain hybridized

to d2.

L: The upper strand region is composed of domains d1,d2. d1 is hybridized to d̄1, and d2 is

hybridized to its complement d̄2.

R: The hybridization bond between vertex d̄2 and d2 has been removed, and d̄2 has now been

relabeled with . The vertex with domain d̄2, which is covalently bound to d̄1, is relabeled as

hybridized ( ), and a hybridization edge has now been added to connect this vertex to vertex

d̄2.

Rule #3: Base stacking

Cartoon Rendering
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Rewrite Rule: Two double stranded DNA complexes, each comprised of two vertices with

domains d1, d̄1 and d2, d̄2, respectively, are present. All the vertices are attached to 50 or 30-

labeled vertices, where the vertex labeled d1 is connected to a vertex labeled with a 30, and d2

to a vertex labeled 50, etc. A base-stacking bond between them is formed. Since base-stacking

may be assumed to be directionally independent Woo and Rothemund (2011), the directionality

of the domains on each duplex relative to their neighbors do not really matter, so this rule can

be extended to include all configurations of antiparallel duplex directionality.

L: Solid vertices with labels d1 and d̄1 are connected by a hybridization edge. The vertex labels

30 and 50 show the directionality of each domain represented by the vertices. Similarly for d2

and d̄2.

R: The two duplexes form a base-stacking bond with each other. This is represented by the

edges between vertices labeled d1 and d2, and between d̄2 and d̄1.
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Rule #4: Base stacking with overhangs

Cartoon Rendering
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d3

d̄1

d1

d̄2

d2

d4

d3

Rewrite Rule: Similar to rule # 3, however, here one of the double stranded DNA complexes

actually has overhangs (domains d3,d4) on both ends.

L: Vertices with labels d1 and d̄1 have covalently-labeled edges with d3 and d4, and the edge

directions show the strands’ 50 to 30 directionality. The vertices labeled d2 and d̄2 explicitly

show directionality, through the 50 and 30 labeled vertices connected to them via strand-end

edges.

R: The vertices with 50 and 30 labels are destroyed. Base stacking bonds are formed between

d2 and d1. Likewise between d̄1 and d̄2.
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Rule #5: Remote Toehold Genot et al. (2011) mediated
Strand Displacement

Cartoon Rendering

r*
d1

d̄1

d3. . .. . .
. . .. . .

d̄2

.
.
.

d2

d̄2

d3

d̄2. . . . . .

. . .

. . .
d1

d̄1

d2

d̄2

. . .. . .

Rewrite Rule

r*

d1

d̄1

d2

d̄2

d3

d̄2

d1

d̄1

d2

d̄2

d3

d̄2

Rewrite Rule: Similar to rule # 2, but the double-stranded DNA complex now has an extra

unhybridized domain d3, which separates the domains d1 and d2. The overhanging domain d̄2

has to locate the hybridized domain d̄2, and then displace it.

L: Vertex with domain d1 is hybridized to d̄1, and d2 to d̄2. The vertices labeled d1, d2, d3

are connected via covalent bonds, and the d3 domain is hollow-labeled to indicate that it is

unhybridized.

R: A vertex labeled d̄2 replaces another vertex mapped to the same domain. Vertex d̄2 is

relabeled with a hybridization label, and the other vertex labeled d̄2 is now unhybridized, hence

it is relabeled as hollow. Note that variations of rule # 5 exist, where the separator
between the two parts of the duplex is not a single-stranded region, but di↵erent
structures that may act to separate both sides (a hairpin, for example), without
preventing the reaction from occurring. In addition, rules # 2 and # 5 are also
valid, with reverse directionality of the strands.

4.1 Distal Toehold Mediated Strand Displacement

In order to describe reactions in the last step of the example in 8, we need to use
conditional graph rewriting rules. A conditional check is performed before the
application of this rule, whether the two distal parts participating in this reaction

16 Mokhtar et. al

are connected via hybridization and covalent bonds. In other words, the structure
connecting the two parts is irrelevant, so long as it connects them.

*
d1

d̄1

. . .. . .
. . .. . .

d̄2

.
.
.

d2

d̄2
d̄2. . . . . .

. . .

. . .
d1

d̄1

d2

d̄2

. . .. . .

(a) Cartoon

*

d1

d̄1

d2

d̄2

d̄2

d1

d̄1

d2

d̄2

d̄2

(b) Rule

5 Correctness of Our DNA Graph Rewriting Systems

To prove the correctness of our DNA graph rewriting systems, or that every
graph generated by the systems is a pseudo-DNA nanostructure, we need to
prove two things: 1) the class of structures generated by our graph rewriting
systems and the class of well-formed DNA graphs WFDG are equivalent and
2) that WFDG and the class of pseudo-DNA nanostructures are equivalent.

The first part involves first proving a) that every DNA graph obtained by
applying a rewrite rule to a well-formed DNA graph is also well-formed (Theo-
rem 1), and b) that any member of the class of well-formed DNA graphs can
be generated by our graph rewriting systems, by demonstrating that every well-
formed DNA graph can be obtained, given a well-formed input set of DNA strand
graphs (Lemma 1), thus showing that our graph rewriting systems does not pro-
duce DNA graphs that do not belong to the class of well-formed DNA graphs.

Together, these two propositions (Theorem 1 and Lemma 1) show that, given a
well-formed DNA graph, any DNA graph produced by our graph rewriting systems
is also well-formed, and that every well-formed DNA graph may be produced by
our graph rewriting systems, hence, the class of graphs produced by our graph
rewriting systems is equivalent to the class of well-formed DNA graphs.

In the second part (Theorem 2), we show that the class of well-formed DNA
graphs is equivalent to that of the class of pseudo-DNA nanostructures. This is
done by proving a) every pseudo-DNA nanostructure has a corresponding well-
formed DNA graph (Lemma 2) and b) every well-formed DNA graph represents
a pseudo-DNA nanostructure (Lemma 3).
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Rule #5: Remote Toehold Genot et al. (2011) mediated
Strand Displacement

Cartoon Rendering

r*
d1

d̄1

d3. . .. . .
. . .. . .

d̄2

.
.
.

d2

d̄2

d3

d̄2. . . . . .

. . .

. . .
d1

d̄1

d2

d̄2

. . .. . .

Rewrite Rule

r*

d1

d̄1

d2

d̄2

d3

d̄2

d1

d̄1

d2

d̄2

d3

d̄2

Rewrite Rule: Similar to rule # 2, but the double-stranded DNA complex now has an extra

unhybridized domain d3, which separates the domains d1 and d2. The overhanging domain d̄2

has to locate the hybridized domain d̄2, and then displace it.

L: Vertex with domain d1 is hybridized to d̄1, and d2 to d̄2. The vertices labeled d1, d2, d3

are connected via covalent bonds, and the d3 domain is hollow-labeled to indicate that it is

unhybridized.

R: A vertex labeled d̄2 replaces another vertex mapped to the same domain. Vertex d̄2 is

relabeled with a hybridization label, and the other vertex labeled d̄2 is now unhybridized, hence

it is relabeled as hollow. Note that variations of rule # 5 exist, where the separator
between the two parts of the duplex is not a single-stranded region, but di↵erent
structures that may act to separate both sides (a hairpin, for example), without
preventing the reaction from occurring. In addition, rules # 2 and # 5 are also
valid, with reverse directionality of the strands.

4.1 Distal Toehold Mediated Strand Displacement

In order to describe reactions in the last step of the example in 8, we need to use
conditional graph rewriting rules. A conditional check is performed before the
application of this rule, whether the two distal parts participating in this reaction

using	a	connectivity	predicate	check	
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Table 1: One sequence of rule-applications representing one possible reaction
pathway

Cartoon Rendering Intermediate Graph Gi
Matching
Rule

d1
d2

d4
d3

d5

d̄3

d̄2

d3

d4

d1

d2

d̄4

d̄1

d5 d̄3 d̄2

Initial input
species (G0)
has matching
subgraph
consisting of
vertices with
domains d3 and
d̄3, which
matches the
LHS of Rule
#1.

d1

d2

d4

d3
d5

d̄3

d̄2

d5d̄3

d̄2

d3

d4

d1

d2

d̄4

d̄1

Rule #1

d1

d2

d4

d3
d5

d̄3

d̄2

+

d3d̄5 d2

d5d̄3

d̄2d1

d4

d3

d2

d̄4

d̄1
Rule #1

Continued on next page
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Table 1 – Continued from previous page

Cartoon Rendering Intermediate Graph Gi
Matching
Rule

..

d1

.

d2

.

d4

.

d3

.

d5

.

d̄3

.

d̄2

.

d̄5

.

d3

.

d2

d5d̄3

d̄2

d2d3

d̄5

d1

d4

d3

d2

d̄4

d̄1

Rule #2

..

d1

.

d2

.

d4

.

d3

.

d5

.

d̄3

.

d̄2

.

d̄5

.

d3

.

d2 d5d̄3

d̄2

d2

d3 d̄5

d1

d4

d3

d2

d̄4

d̄1

Rule #2

d1
d2

d4
d3

d5

d̄3

d̄2

d̄5

d3

d2

d̄5d3d2

d̄2 d̄3 d5d1

d4

d3

d2

d̄4

d̄1

7 Brief Description of our Prototype Software System

We implemented a prototype that generates all the states possible depending
on a subset of the basic rules defined in Section 4. Choosing a subset of the
states, we display one specific sequence of reactions in Table 1. The DNA Graph
Rewriting System (DAGRS) is a simple prototype implemented in Python 2.7
Python Software Foundation (2014) that uses the graph-tool library Peixoto
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We start with a set of 4 DNA complexes, 3 hairpins A, B, C and an initiator
I. Initiator I and hairpin A hybridize via a toehold a, followed by subsequent
strand displacement to give complex A + I. On strand displacement of hairpin
A, the stem loop is opened, exposing domain b̄, and allowing it to react with
hairpin B. Again, this is followed by stem loop opening of hairpin B, forming
complex A + B + I. Domain c̄ is now exposed, which hybridizes with hairpin C

and subsequently opens the stem loop.
Note that a region of hairpin C, namely b̄ā is complementary to the arm

ab of the original hairpin A. By a process of remote-toehold mediated strand
displacement Genot et al. (2011), the domain b̄ā displaces the attached initiator,
creating the final 3-arm junction A + B + C, and releasing initiator I, which is
free to catalyze the formation of another structure A + B + C.

Fig. 6: Catalytic hairpin-based trigger branched junction
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Fig. 7: The figure shows a sequence of graph rewrite rules that can be applied
in succession. We obtain the 3-arm junction in the above design by Yin et al.
(2008). Note that the application of rule #5 here includes the variation of the
original (see Subsection 4.1).
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Fig. 9: The set of states generated by the graph rewriting rules given the input species. There are 26 states. Those circled in red (state 0) and blue mark
the chosen subset of states in Figure 8
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8.3 Hybridization Chain Reaction

Figure 13 shows how to apply the rewrite rules to basic HCR system designed by
Dirks and Pierce (2004). We use two graph rewrite rules: toehold binding and
strand displacement.

Fig. 12: Depiction of HCR system reaction

A description
of basic HCR sys-
tem as shown in
Figure 12: there
are two types of
hairpins (H1 and
H2) and one type
of single strand
(I) in this sys-
tem. The reac-
tion starts with
hybridization be-
tween a domain
of I and a do-
main of H1 (rule
#1). Hairpin H1
is opened by ini-
tiator I after toe-
hold binding (rule
#1). c domain of
I ⇤ H1 hybridizes
with c domain of
hairpin H2 (rule
#1). Hairpin H2
is opened by I ⇤

H1 after toehold
binding (rule #2).
The ba domain of
I ⇤ H1 ⇤ H2 will
be the initiator in
the next cycle.
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Fig. 13: The figure shows how to apply our graph rewriting systems to the basic
HCR system designed by Dirks and Pierce (2004)
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Fig. 15: States generated by DAGRS given the subset of rules supplied. Those circled in red (state 0) and blue mark the chosen
subset of states in Figure 14



Qian,	L.,	&	Winfree,	E.	(n.d.).	A	simple	DNA	gate	motif	for	synthesizing	
large-scale	circuits.	rsif.royalsocietypublishing.org	

Example:	See-Saw	Gates	
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Rule #9: Strand-displacement via polymerization

Cartoon Rendering

*
d1 d2

d̄1 d̄2

d1 d2

d̄1 d̄2 d2

Rewrite Rule

*
30d1 d2

d̄2d̄1

30d1 d2

d̄2d̄1

d2

Rewrite Rule: A region of double-stranded DNA made up of three strands, comprised of
four vertices with domains d1,d2 and on the third strand, d̄2d̄1. The domains d1 and d2 are
both hybridized to d̄2d̄1. A DNA polymerase extends the 30; end of vertex v1, resulting in the
domain d2 which is complementary to d̄2. In the process, it displaces the existing vertex v2

(with domain d2).
L: Hybridized v1 and v4, each connected via hybridization edges to v5 and v3. In addition,

vertices v1 and v2 have a base-stacking edge between them.
R: A new vertex v5 with domain complementary to vertex v3 (d2) is added. It is connected

via a covalently-labeled edge with v1, and it is connected to vertex v4 via a hybridization-labeled
edge. The existing vertex u now becomes a hollow vertex outside the complex.

Rule #10: Restriction Enzyme Nicking

Cartoon Rendering

*
d1 d2

d̄1 d̄2

d1 d2

d̄1 d̄2

Rewrite Rule

*
d1 d2

d̄2d̄1

d1 d2

d̄2d̄1

Rewrite Rule: A double-stranded DNA region made of two strands, with domains d1, d2

and d̄2, d̄1. A restriction enzyme creates a ”nick” at the base pair location between domains
d1 and d2, which is represented by the removal of the edge between domains d1 and d2.

L: The edge between domains d1,d2 is a covalently-labeled edge.
R: The edge between the vertices labeled d1,d2 is removed.
Rewrite Rule: A double stranded DNA region made of three strands. These are comprised

of four vertices, with domains d1,d2 and d̄2, d̄1. A ligase joins the domains d1 and d2, by adding
a covalently-labeled edge between the vertices with labels d1 and d2.
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Rule #9: Strand-displacement via polymerization

Cartoon Rendering

*
d1 d2

d̄1 d̄2

d1 d2

d̄1 d̄2 d2

Rewrite Rule

*
30d1 d2

d̄2d̄1

30d1 d2

d̄2d̄1

d2

Rewrite Rule: A region of double-stranded DNA made up of three strands, comprised of
four vertices with domains d1,d2 and on the third strand, d̄2d̄1. The domains d1 and d2 are
both hybridized to d̄2d̄1. A DNA polymerase extends the 30; end of vertex v1, resulting in the
domain d2 which is complementary to d̄2. In the process, it displaces the existing vertex v2

(with domain d2).
L: Hybridized v1 and v4, each connected via hybridization edges to v5 and v3. In addition,

vertices v1 and v2 have a base-stacking edge between them.
R: A new vertex v5 with domain complementary to vertex v3 (d2) is added. It is connected

via a covalently-labeled edge with v1, and it is connected to vertex v4 via a hybridization-labeled
edge. The existing vertex u now becomes a hollow vertex outside the complex.

Rule #10: Restriction Enzyme Nicking

Cartoon Rendering

*
d1 d2

d̄1 d̄2

d1 d2

d̄1 d̄2

Rewrite Rule

*
d1 d2

d̄2d̄1

d1 d2

d̄2d̄1

Rewrite Rule: A double-stranded DNA region made of two strands, with domains d1, d2

and d̄2, d̄1. A restriction enzyme creates a ”nick” at the base pair location between domains
d1 and d2, which is represented by the removal of the edge between domains d1 and d2.

L: The edge between domains d1,d2 is a covalently-labeled edge.
R: The edge between the vertices labeled d1,d2 is removed.
Rewrite Rule: A double stranded DNA region made of three strands. These are comprised

of four vertices, with domains d1,d2 and d̄2, d̄1. A ligase joins the domains d1 and d2, by adding
a covalently-labeled edge between the vertices with labels d1 and d2.
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Rule #11: Single-stranded Ligation

Cartoon Rendering

*
d1 d2

d̄1 d̄2

d1 d2

d̄1 d̄2

Rewrite Rule

*
d1 d2

d̄2d̄1

d1 d2

d̄2d̄1

L: The edge between vertices labeled d1, d2 is removed.
R: The edge between vertices labeled d1, d2 is a covalently-labeled edge.

Rule #12: Blunt end Ligation

Cartoon Rendering

*
d1 d2

d̄1 d̄2

d1 d2

d̄1 d̄2

Rewrite Rule

*
d1 d2

d̄2d̄1

d1 d2

d̄2d̄1

Rewrite Rule: Two double-stranded DNA regions, made up of four vertices, with domains
d1,d2,d̄2,d̄1. A base-stacking labeled edge exists between the two vertices with domains d1 and
d2. A ligase creates two covalent bonds at the same location on both strands, connecting the
vertices with domains d1 and d2 together, and likewise for d̄2 and d̄1. This results in a single
double-stranded DNA complex.

L: The edges with domains d1 and d2, as well as d̄2 and d̄1 are base-stacking labeled edges.
R: The edges are relabeled as covalent.
Rewrite Rule: A double-stranded DNA region made of 4 strands, which are represented

by 6 vertices, with domains d1, d2, d3 and d̄3, d̄2, d̄1. A ligase creates two covalent bonds, at
di↵erent locations on both strands. This relabels the edges between vertices with domains d2

and d3 together, as well as d̄2 and d̄1. This results in a double-stranded DNA region.
L: The edges between the vertices with domains d2 and d3, as well as d̄2 and d̄1 are

base-stacking labeled edges.
R: The edges are relabeled to be covalent.
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Rule #13: Sticky-end Ligation

Cartoon Rendering

*
d1 d2 d3

d̄1 d̄2 d̄3

d1 d2 d3

d̄1 d̄2 d̄3

Rewrite Rule

*
d1 d2

d̄1

d3

d̄2 d̄3

d1 d2

d̄1

d3

d̄2 d̄3
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9 Enzymatic DNA Graph Rewriting Rules

These rules di↵er from the non-enzymatic ones defined in Section 4 in that they
require a regular expression, which represents a restriction site, to be matched on
one or both strands (depending on the enzyme). This is why each rule is separate
than its perceived reverse reaction. These rules have not been implemented in
DAGRS.

Rule #6: Restriction Enzyme Cutting (Overhang formation)

Cartoon Rendering

*
d1 d2 d3

d̄1 d̄2 d̄3

d1 d2 d3

d̄1 d̄2 d̄3

Rewrite Rule

*

d1 d2

d̄1

d3

d̄2 d̄3

d1 d2

d̄1

d3

d̄2 d̄3

Rewrite Rule: A double-stranded DNA complex is made up of two strands
with domains d1, d2, d3 and d̄1, d̄2, d̄3. A restriction enzyme recognizes the re-
striction site d2, and cuts the strands at di↵erent base pair locations. Strand
d1, d2, d3 is cut after d2, and strand d̄1, d̄2, d̄3 after d̄2.

L: Each domain is represented by a hybridization-labeled vertex. The hybridization-
labeled edges show hydrogen bonding. The edges between the vertices labeled
d1,d2,d3, which have covalent labels, show directionality and covalent bonding
between the domains (and likewise for d̄3,d̄2,d̄1).

R: The edge between vertices with domains d2 and d3 are replaced by base-
stacking labeled edges, and likewise for vertices d̄2 and d̄1.

Rewrite Rule: A double-stranded DNA complex is made up of two strands with domains
d1, d2 and d̄1, d̄2. A restriction enzyme recognizes the restriction site d1, and cuts the strands
at the same base pair location.

L: Each domain d1, d2 is represented by solid vertices. Solid edges show directionality and
covalent bonding, while the dotted edges show hydrogen bonding.

R: The covalently-labeled edges are relabeled to base-stacking edges.
Rewrite Rule: A double-stranded DNA made up of a vertex with domain d1 hybridized to

d̄1, which is covalently bound to vertex d̄2 (which is unhybridized). The 30 vertex is connected
to d1 and indicates the end of the strand. A DNA polymerase extends the 30 end that is
connected to d1, and forms a complementary domain to vertex d̄2.
L: Hybridized vertices d1 and d̄1, and hollow vertex d̄2. A 30 vertex is connected to d1.
R: A new vertex with domain d2 is created, with domain complementary to d̄2. It is connected
via a covalent edge with d1, with the same directionality (the edge is pointing towards vertex
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Rule #7: Restriction Enzyme Cutting (Blunt-end formation)

Cartoon Rendering

*
d1 d2

d̄1 d̄2

d1 d2

d̄1 d̄2

Rewrite Rule

*
d1 d2

d̄2d̄1

d1 d2

d̄2d̄1

Rule #8: Polymerization

Cartoon Rendering

*
d1

d̄1 d̄2

d1 d2

d̄1 d̄2

Rewrite Rule

*
d1

d̄2d̄1

30 d1

d2d̄1

d̄2 30

d1). The edge between vertex d1 and the 30 vertex is removed, and replaced with an edge from
vertex d1.


